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Exact N-envelope-soliton solutions of the Hirota equation

JIAN-JUN SHU

School of Mechanical and Production Engineering, Nanyang Technological University,
50 Nanyang Avenue, Singapore 639798. :

We discuss some properties of the soliton equations of the type du/dt= S[u, u], where Sis a
nonlinear operator differential in x, and present the additivity theorems of the class of the soliton
equations. On using the theorems, we can construct a new soliton equation through two soliton
equations with similar properties. Meanwhile, exact N-envelope-soliton solutions of the Hirota
equation are derived through the trace method.
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The trace method, which has been applied to the Korteweg—de Vries equation [1],
modified Korteweg—de Vries equation [2], Kadomtsev-Petviashvili equation [3],
sine-Gordon equation [4], [5] and Gz Tu equation [6], is useful for understanding these
equations. The N-soliton solutions and some other results of these equations [7] have
been derived through the trace method.

The present paper deals with an application of the trace method to the nonlinear
partial differential equation as follows:
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where o, f; are complex constants, 1, ;, Sy are nonnegative integers,

= N . — N . _ _ _ . _ _ _ _
ry = 2,::=or”""’ S T Z;yf:osm,k’ N == =Ty, ST, 5= 5= .. =5y, =
and d = r+ 5 2 2; r, s satisfy one of the relations:

s21 for r=s+1, (i)
s=0 for r=2. (i)

Substituting the formal series
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into Eq. (1), we obtain a set of equations for @~ "+ (n=0, 1,2, ...):
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where Egs. (3) and (4) correspond to relations (i) and (ii), respectively,

$(x.1) = ALY ep(Pex— Q). 2, = L1,02P)),

N,
Lx) = ¥ a1,
k=0
Ay(0) and Py are complex constants (k= 1,2, ..., N), and C© = 0,
We can obiain the solutions for Eqs. (3) and (4) in the following form:
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where 7@ =1 and
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Theorem 1. Let

ou, . v QU . 4 A
3% +Lu = NJ(u, ), 5 +Lu = Nx(tf, it)
be two arbitrary equations that are defined by Eq. (1). If r' =77, 5" = s, w® = g™
(n=0,1,2,...), then, for equation
au * -
3 + L;u = N, (u, t)
(where L;‘ = aL, +_‘ bL}, N;(u, 'i;) = aN (u, )+ bN_(u, &), and a,/b are two
arbitrary real numbers), we have 7™ = '™ = ' ™@n=01,2..). .o o
Proof. We consider the case (ii) by mathematical induction. Obviously 7 0 = 7O
=r"® =1 Assume 7°® = '™ = 1™ (n=0, 1,2, ..., k). When n=k + 1, from Eq. (4),
C’(k-l" n_ acl(k+ 1) + bcu(k-!» l)’ and from Eq. (8) )
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For the case (i), we can prove it in the same manner.
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We introduce two NxN matrices B and D whose elements are > given respectively
BY By = [V(Ppy + P)10n(x, DO,(X, 1), Dy = [1/(P + P)10n(x, )u(x, ).

Theorem 2. Let

du
ot

be two arbitrary equations that are defined by Eq. (1). If they have respective solutions

+ L = Ny, @), %‘.t‘ +Liu = Nj(u, )

«' = Tr[B,f(D'D)] (or Tr[B,g(B)]1),

= Tr[Bf(D"D")] (or Tr[B;g(B")])

where f, g are arbitrarily derivable functions in the neighbourhood of zero, then, for
equation

gi; + L = Ny(u, &)

(where L, = aL_+bL,, N,(u, &) =aN, (u, u)+bN (u, u) and g, b are two
arbitrary real numbers) we have solution

= Tr[B}f(D*D™)] (or Tr[B;g(B")).

Proof. Since f, g are arbitrarily derivable functions in the neighbourhood of zero,
£, g can be expanded into power series in convergence region. Correspondmgly, ' u
can be expanded into power series. Comparing the coefficients, we have r=r"
s'=s", 7" =" (n=0, 1,2, ...). From Theorem 1, we obtain

w" = Tr(B;f(D"D")] (or Tr(B;g(B))).

On using Theorems 1 and 2, we can construct a new soliton equation through tW0

soliton equations with similar properties. As an example, we use the trace method (0
solve the Hirota equation {8] as follows:

v+ i3alylPy, + py,, + oy, + Sly|y = 0 ®)

where &, p, 0 and § are positive real constants with the relation /o= 8/p = A. Inone
limit of &= 0=, the equation becomes the nonlinear Schrodinger equation [9] that

describes a plane self-focusing and one-dimensional self-modulation of waves in
nonlinear dispersive media

iy, + py, + 8y’ = 0. (10)
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In another limit of p = § = 0 the equation for real ¥, becomes the modified
Korteweg—de Vries equation [10], [11]

v, +3ay’y, + oy, = 0. an

Hence, the present solutions reveal the close relation between classical solitons and
envelope solitons. Substituting the formal series

yo= D y@ ey (12)

into Eq. (9), we obtain a set of equations for !//(2""1) (k=0,1,2,..)
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We can solve the set of equations iteratively:
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Where ¢k(x t) Ak(O)exp(ka th) :Qk'"—ZIpPk +46Pk, Ak(O) aﬂd Pk are C()mpicx
Constants relating respectively to the amplitude and phase of the k-th soliton



544 ‘ J.-J. Suu

(k=1,2, .., N). We introduce two NxN matrices B and D whose elements are given
respectively by:

Ban = (5 a0 D05 0 Dn = [

oy ] 0, (% £)Palx, 1)

With matrices B and D, w" and y® are expressed as:

i

w(l) Tr(B,], 18)

(3)
v

i

-g Tr [B,(DD)]. a9
In general, we can prove that

y@ D =y & e (0BY, =012 @0

satisfies Eq. (15).
With the definitions of matrices B and D
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Here and in the following we simplify the expressions by writing 1,2, ..., 2n + 1 instead
of by, Iy, ..., I, , 1. There should be no confusion about this. We have
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Substituting two identities

)




Letter to the Editor 545
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into Eq. (22) and using Eq. (20) for y®** D (k < n), we obtain

. (2n+ 1 )
_2 ) T PVix 1OY rx

-1
= (2m +1) 20+1) (28-20-2m—1)

Therefore we obtain the N-envelope-soliton solution for Eq. (9) in the following
form:

¥ =Tr i -1)* i;:: {Bx(pﬁ)*} = 'rr[B,(i +%D§)_l] 25)
k=0

Where IDDY < 8/4 in a certain region. In particular, for N = 1, we obtain the
one-envelope-soliton solution
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wix, t) = A12(0) sech[(P; + P)x — (2, +Q1)t + 1]

x exp[(P, — P{)x - (2, -Q1)t - 7] (26)
where
1 ( MAAO)]“)
n =z ———s\
8(P1 -+ P])
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