Exercise Solutions

Chapter 1

Exercise 1.1 The payoff C is that of a put option, whose strike price K = $3
can be determined by trial and error.

Exercise 1.2 Each of the two possible scenarios yields one equation:

S5a+ =0
2a+ 3 =6,

a=-2

with solution
B8 = +10.

The hedging strategy at ¢ = 0 is to shortsell —« = +2 units of the asset
S priced Sy = 4, and to put 8 = $10 on the savings account. The price
Vo = aSp + B of the initial portfolio at time ¢ = 0 is

Vo=aSo+8=—-2x4+10 = $2,
which yields the price of the claim at time ¢ = 0. In order to hedge then
option, one should:
i) At time t =0,

a. Charge the $2 option price.
b. Shortsell —a = +2 units of the stock priced Sy = 4, which yields $8.
c. Put 8 =$84 $2 = $10 on the savings account.

ii) At time t =1,

a. If S1 = $5, spend $10 from savings to buy back —a = +2 stocks.
b. If S1 = $2, spend $4 from savings to buy back —a = 42 stocks, and
deliver a $10 - $4 = $6 payoff.
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Pricing the option by the expected value E*[C] yields the equality
$2 = E*[C]
=0xP*(C=0)+6xP"(C=6)
:OXIP*(Sl :2)+6><IP*(51 :5)
=6x¢",

hence the risk-neutral probability measure IP* is given by

2 1
p*:H’*(S1:5):§ and q*:Il’*(5’1:2):§.
Exercise 1.3
a) Each of the stated conditions yields one equation, i.e.
da+p=1 a=2
with solution
S5a+ 3 =3, =-T7.

Therefore, the portfolio allocation at ¢ = 0 consists to purchase a = 2
unit of the asset S priced Sy = 4, and to borrow —f3 = $7 in cash.

We can check that the price Vj = aSp+ 5 of the initial portfolio at
time t = 0 is
Vo=aSy+5=2x4—-7=8%1.

b

=

This loss is expressed as
ax$2+p=2x2-7=—-$3.

Note that the $1 received when selling the option is not counted here be-
cause it has already been fully invested into the portfolio.

Exercise 1.4

a) 1) Does this model allow for arbitrage?

ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | ‘ ‘By borrowing on savings | v ‘ ‘N.A. |

b) i) Does this model allow for arbitrage?

ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | ‘ ‘ By borrowing on savings | ‘ ‘ NA. | V ‘
¢) i) Does this model allow for arbitrage?
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ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | v/ ‘ ‘By borrowing on savings | ‘ ‘N.A. | ‘

Exercise 1.5
a) We need to search for possible risk-neutral probability measure(s) P* such
that E*[S{"] = (1 +r)S}"). Letting

1) _ o)
p* =P* (Sp) = S(()l)(l +a)) =P* (Sl S0 _ a) ,

(1) _ o)

(1) (1)

Sy =S,

=P (s{) = (1+0)s{) = P* ( O ) ’
0

We have

{ (1+a)p™S5 + (1 +0)87 S + (1 +e)g"ss) = (1+7)S)
p* +0* +q* — 17

from which we obtain

(1=0%)c+6*b—r

{p*a-‘rﬁ*b-‘rq*c—r, Pt = c—a — €(0,1),
=

* % *: . _ 1_9* _e*b

e =1 g == a 0_();1 € (0,1).

In order for p* and ¢* to belong to the interval (0,1), we should have

0<(1=0")c+0b—r<c—a,
0<r—(1-6")a—0"b<c—a,

T—cC T—a
<0 <
b—c b—c’
T—=cC T—a
<0 <
b—a b—

Therefore, there exists an infinity of risk-neutral probability measures de-
pending on the value of

. . r—cr—c . [(r—ar—a
0 6(Max<7b—c’7b—a>’mm<b—c’7b—a>>7
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in which case the market is without arbitrage but not complete. This is
the case when a < r < c.

b) Hedging a claim with possible payoff values Cy, Cy, C; would require to
solve

(1+a)eMWs) 4 (141089 = ¢,
(1+0)eWst + (14108 = ¢,
(1+0)eWsh + (147050 = .,

for §(0> and 5(1), which is not possible in general due to the existence of
three conditions with only two unknowns.

Exercise 1.6

a) The risk-neutral condition E*[R;] = 0 reads

BP*(Ry = b) + 0 x P*(Ry = 0) + (=b) x (R = —b) = bp* — bg* =0,

hence
* ok 1-0"
p=q9 = 5
since p* + ¢* + 6* = 1.
b) We have
. s _ g .
Var 1ST0 =E*[R?] - (E*[R])*
0
- B[R
=02 P*(Ry = b) + 02 x P*(Ry = 0) + (—=b)2 x (Ry = —b)
=0 (0" +¢")
b2 (1—6%)
= 0'2

hence 6* =1 — 02 /b2, and therefore

1=0" o?

* *

P =q 9 721727

provided that o2 < b2,

c¢) Here, the risk-neutral probability measure is clearly not unique, therefore
the market is not complete and not all claims are attainable. The fact that
we can select a certain risk-neutral probability measure does not affect this
statement, and does not imply uniqueness of the risk-neutral measure.

Exercise 1.7
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a) We denote the risk-neutral measure by p* = P*(S1 = 2), ¢* = P*(S =
1).

i) ‘Yes | ‘ ‘No | v ‘ Comment: No loss is possible, while a 100%

profit is possible with non-zero probability 1/3.

if) ‘Yes | ‘ ‘No | v ‘ Comment: The (unique) risk-neutral measure

(p*,q*) = (0,1) is given by
$2xp" +$1x g  =$1x (14+7r)=$1 and p*+¢° =1,

and is not equivalent to IP given by (p,q) = (1/3,2/3).

b) We denote the risk-neutral measure by p* = P*(S; = 2), 6* = P*(S; =
1), ¢* =P*(S1 =0).

i) Comment: The risk-neutral measure (p*, 6*, ¢*)

is given by the equations

$2xp +$1x0*+$0xg* =$1x(1+7) =9%1 and p*+60"+q¢* =1,
(S.1)

which clearly admit solutions, see (biv) below.

—-
=
=

‘Yes| v ‘ ‘No | ‘ Comment: Realizing arbitrage would mean

building a portfolio achieving no strictly negative return with prob-
ability one, which is impossible since the probability of 100% loss is
P(S1=0)=1-1/4-1/9=23/36> 0.

ii

=

‘Yes | ‘ ‘No | v ‘ Comment: Examples of claims that cannot be

attained can be easily constructed in this market. For example, the
claim 1g, -0y cannot be attained since there is no portfolio allocation
(v, B) satistying

$2xa+p=5%1
$1xa+p=9%1
$0 x o+ 5 = $0.
iv) ‘Yes | ‘ ‘No | v ‘ Comment: The risk-neutral measure is clearly

not unique, as for example
(p*,0%,¢") = (1/4,1/2,1/4) and (p*,0",¢") = (1/3,1/3,1/3)

are both solutions of (S.1).

Exercise 1.8
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a) 1) We have by; = dkpf g k1 =1,2.

2) We have
dp = di(pj1 +Pk2) = bg1 tbg2, k=12
3) We have
b1 b1
P =—r=—" k=12
Phi =g, b1 + beo’ ’ ’
b) 1) There are 7 unknowns 8, ui, u2,p’{71,p’{‘2,p§,1,p§,2 and 44 2 = 6 equa-
tions.

2) We have

bi,1u1 + by gug = dugpg1 + dugpr2 = duy, k=1,2.

3) Diagonalization shows that, up to a multiplicative constant, we have
either:
i)

V/(b1,1 —b1,2)% +4b12b2 1 — (b1 — b22) 0
ur| _ | 2b9 1 <
ug ’

1
and
5= bii+ba2 — /(b1 — b2,2)? +4by 2bo 1
= 5 ,
ii) or
bii —bag+ /(b1,1 — b22)% +4by 2ba 0
ur] _ 2031 ~
u ’
1
and .
b b bi1—0 4b1 2b
5= 1,1+ 2,2+\/( 1,1 2,2)% + 4b1 2621 >0,

2

and we check that only the second choice (i) yields positive values.
4) We find

1b 2b1,1
P11 = <011 = ,
g bii+boo+ 1/(b11 —ba2)2 + 4b1 2b21
1 U2
— Zh o2
P12 5 1,2u

4by 2021
(b1,1 — b2 + /(b1 — b2,2)? + 4b12b2,1) (b1,1 + b2 + /(1,1 — b2,2)? + 4b1,2b21) '
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oy = le L b1 —boo+ /(b11 — b2,2)% +4b1 2bo1
' 6 “Tun by +boo 4 /(011 — bao)? + 4b1oba1
2bo 2

- bia+boo + /(b1 — b22)2 +4b1obay

1
= b
P22 = 5bo2

Exercise 1.9

a) The possible values of R are a and b.

b) We have
E*[R] = aP*(R =a) +)P*(R=1)
o ab—r +br—a
T b—ua b—a
=r.

¢) By Theorem 1.6, there do not exist arbitrage opportunities in this market
since from Question (b) there exists a risk-neutral probability measure IP*
whenever a < r < b.

d) The risk-neutral probability measure is unique hence the market model is
complete by Theorem 1.13.

e) Taking

B —a
So(b—a)’

b) —
":a(Hm)(b_BSH) and €=

we check that
{nm +&So(14a) =a if R=a,

nm +ESp(1+b) =B if R=0,

which shows that

nm +&51 =C
in both cases R = a and R = b.
f) We have
m0(C) = nmo + €So
_a(l+b)-p(1+a) N B—a
1+ 7)(b—a) b—a
a4 -p+a)— (1+r)(a-H)
a (1+r)(b—a)
_ab—pa—r(a—p)
= T 0t-a) (5-2)
g) We have
E*[C] = aP*(R = a) + fP*(R =)
O 863
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b—r r—a
b7a+ﬁb7a'

(S.3)

=«

h) Comparing (S.2) and (S.3) above, we do obtain

1
T l4r

m0(C) E*[C]
i) The initial value mo(C) of the portfolio is interpreted as the arbitrage-
free price of the option contract and it equals the expected value of the

discounted payoff.
j) We have

11— 5, ifK'>S17
C:(K—51)+:(11—51)+:

0 if K <85;.
k) We have Sy =1,a=8,b=11,« =2, 8 =0, hence

= B—a  0-2 2
- So(b—a) 11-8 3

and
_a(l+b)-p(1+a) 24
n m(b—a) T 3x1.05

1) The arbitrage-free price mo(C) of the contingent claim with payoff C' is

7!'0(0) = nmo + £Sp = 6.952.

Exercise 1.10

a) At times ¢t = 0, 1, the value of the quantity X; of asset X quoted in units
of Y is
XS =Y,

and we have
LP; =Y + XiS; = 2Y; = 24/CS;.

We note that in the CPAMM model, the dollar amounts in X and Y
remaining in the pool at times ¢ = 0,1 are both equal to Y; = C'S;.
b) We have

Vi =Yy + Xo0S: = /CSo (1-‘1—%), t=20,1.
0

c) We have
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This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

—LP, = \/CSO<1+St>72\/CSt \/CSO<1,/St> >0, t=0,1.

d) We need to satisfy the conditions

Vi—LPy =¢la—So| if S1=a,
Vi—LPy =¢&b—So| if S1=hb,

2
\/050(1—1/5%> :5<1—Sio> if S, = a,
5\’ b
CS°<1’/SO> = (S—()fl) if S = b,
hence ( ; )2 ( 5 )2
B 1—a/5)? L
R ey VAT

Exercise 1.11 Letting R denote the price of one right, it will require 10R/3
to purchase one stock at €6.35, hence absence of arbitrage tells us that

§R+635—8

from which it follows that

3

=150

8 —6.35) = €0.495.
Note that the actual share right was quoted at €0.465 according to market
data. See also Exercise 17.12 for the pricing of convertible bonds.

Exercise 1.12 Let a := (152 —180)/180 = —7/45 and b := (203 —
180)/180 = 23/180 denote the potential market returns, with r = 0.03.
From the strike price K and the risk-neutral probabilities

_ bh—
pr = biz = 06549 and ¢ = d — 0.3451,

the price of the option at the beginning of the year is given from Proposi-
tion 1.16 as the discounted expected value
1
1+7r

1

(K - 50" = 1

(pi(K —203)* + ¢} (K —152)7).

Equating this price with the intrinsic value (K — 180)" of the put option
yields the equation

@) 865
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1 X *
(K —180)* = e (P (K —203)" + g7 (K —152)")

which requires K > 180 (the case K < 152 is not considered because both
the option price and option payoff vanish in this case). Hence we consider the
equation

K —180 = (Pr(K —203)" + ¢ (K —152)"),

1+r
with the following cases.
i) If K € [180,203] we get
(L+7r)(K —180) = ¢ (K — 152),
hence

(147)180 — ;152 (1+1r)180 — ;152
1+7r—q B pi+r

= 194.11.

K=

ii) If K > 203 we find

~180(1 + 7) — 203p} — 152¢;
T

K < 203,

which is out of range and leads to a contradiction.
We note that the above formula

(1+7)180 — g£152  28b— 180a + r(180(b— a) + 152)
pE+T n (b+1—a)r—a

K =

yields a decreasing function K (r) of r in the interval [0,100%)], although the
function is not monotone over R .

K(r)

o 0.5 1 1.5 2

B

Fig. S.1: Strike price as a function of risk-free rate 7.
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Chapter 2

Exercise 2.1 Let m := $2,550 denote the amount invested each year.
a) By (2.1), the value of the plan after N = 10 years becomes

mi(l +r)k = m(1+r)7(1+r2N — 1,
k=1

which in turns becomes
ol 1+m)V -1

(1 +r)NmZ(1 +r)F =m(1 +T)NH%’
k=1

after N additional years without further contributions to the plan. Equat-
ing

1+7r)N -1

A= 30835 = m(1 4 N1 LEDNT =1 TZ

shows that

)

(L4 r)2NH— (14 )N 4
r m
with m = 2550, or
21 _ 11
(147) (1+47) :30835:12092157

r 2550

hence r ~ 1.23% according to Figure S.2, which is typical of an annual
fixed deposit interest rate.

0 o T S T T T S T S SO S S S S S |
0 0.10.203040506070809 1 1.11.21.314151.61.71.81.9 2
rin%

Fig. S.2: Graph of r — ((1+7)2' — (1 +7)11) /7.

In the hypothesis r = 3.25% we would find

N (I+m)N -1
.

A=m(l1+7r) = 42040.42.
O 867
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b) Taking N = 10, m = 2,550 and r = 0.0325, we find

N
Agy : =m(1+r)N Z(l + )Nkl
k=1

N
1+7‘NZ 1+r
k=1

)N+1(1+7)

=m(l+r
r

= $42,040.42.

¢) In this case, with N = 10, m = 2,550 and r = 0.0325, we find

N N
A — N—k+1 _ (I1+r)¥ -1
Aoy =Ay=m E (1+7) =m(l+r) "

k=1

= $30,532.79.

Exercise 2.2

a) Let m := $3,581 denote the amount invested each year. After multiplying
(2.1) by (1+7)" in order to account for the compounded interest from
year 11 until year 20, we get the equality

A=m(l+ r)NHi(l N -1
r
shows that

50862

21 11

- = ~ 14.
(1+r) (1+r) TR 4.2033r,

showing that r ~ 2.28% according to Figure S.3.

11112131.4151.61.71.81.9 2 212.223242526272829 3
rin%

Fig. S.3: Graph of r — ((1+7)2' — (1 +7)11) /7.
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b) Taking N =10, m = 3,581 and r = 0.0325, we find

N
Agy : =m(1+r)N Z(l + )Nkl
k=1

N
1+7‘NZ 1+r
k=1

)N+1(1+7)

=m(l+r
r

= $59,037.94.

¢) In this case, we find

N _
(14+n)7-1 = $42,877.61.
T

N
Ay = mZ(l + T)N’k'*'l =m(l+r)
k=1

Exercise 2.3

a) We find m = $10, 000.
b) Denoting by Ay the amount owed by the borrower at the beginning of

year n° k = 1,2,..., N, the amount A1 = A can be decomposed at the
beginning of the first year as

A1:m+(A1—m),

where Ay —m is subject to interests at the rate r = 2% i.e. at the end
of the first year there remains Ay = (A; —m)(1+7r) to be refunded.
Similarly, the amount Ay due at the beginning of the second year can be
decomposed as Az = m — (A2 —m), i.e. at the end of the second year
there remains

(s —m)(1+7) = (A1 —m)(1+7) — m)(1+7)
=AA+7)2—mA+r)2—m1+7r)

to be refunded. After repeating the argument, we find that at the end of
year k there remains

! 1-(1+7)"
(141)54, 7m;(1 +r)l=(1+7r)*4, —-m@ +T)m
=(1+n) A +m(1 +r)17(1,7,+r)k

to be refunded. At the end of year N, the loan will be completely repaid
if hence Ay = 0, which reads

869

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

1—(14n)V

+rN1ta4+m =0,

and yields

(1+7)N-1trd rA
A+m)N—1 " (Q+r)(1—-0+r)-N)

m =

Taking N = 10, A = 100,000 and r = 0.02, we find

rA ~0.02 x 100,000

A+ (1—(1+r)N) ~ 1.02x (1-1.02-10) $10,914.36.

m =

o
=

In this case, amount remaining on the account at the end of the first
year is (A —m)(1+r), and at the end of the second year it becomes
((A=m)(1+4r) —m)(1+r). After repeating the argument, we find that
at the end of year k there remains

k—1 k
((1 +rFlA—m S (1 +r)l> (147) = 14+ A—m4ndFD =1 ’;) -1
1=0
on the account. Therefore, what is left at the end of year N is
(4+rNA—m(1+ T)w
Taking N = 10, A = 100,000 and r = 0.02, we find
1.02'% x 100,000 — 10, 000 x 1.02 x % = $10,212.29.

Exercise 2.4

a) By (2.1), the the discounted value of the loan after N months is

=

N K N1=04nY -4
m(1+r) : 0(1+T) =m(l+7) 1—(1+7r) r 7

which should match A = $3,000 with m = $275 and N = 12, hence as in
Proposition 2.1 we have

1—(1+7r)712

= é = 10.909090909,
r m

see Equation (2.2), hence

r~1.49767% per month.
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b) The yearly interest rate is given by
(14N —1= (147" —1=1.0149767"% — 1 ~ 19.529% per year.
Remark: Computing the interest rate as

12 x $275

-1=01=10
$3000 %

is not correct because this implicitly means that the 12 x $275 = $3, 300
are repaid as one lump sum at the end of the 12¢h month, which is not
the case.

The analysis of replies to Question (c) shows that “All of the above” was
the most popular answer, followed by “Block”.

¢

N

12

Frequency
6

r T T T )
Reply

Fig. S.4: Histogram of replies to Question c).

Exercise 2.5

a) We start by borrowing $A. After the first month we receive ryent A, mean-
ing that the account is at A + rrentA = (1 + ryent)A. After the second
month we then receive an additional Aryent(1 4 rrent) A, meaning that the
account is at

(1 + 7'rent)A + TrentA(l + Trent)A = (1 + Trent)zA'

Proceeding similarly, after N months the account will be at A(1 4 rrent)™,
according to interest rate compounding. However, what we actually 're-
ceived’ is A(1+ rrent)N — A. On the other hand, we also have to refund
the amount $A initially borrowed by paying an identical amount $m every
month, and this occurs at the rate ria,. Refunding the amount $A at the
rate roan over N months imposes the relation
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é o 1- (1 + Tloau)iN

m Tloan

as recalled in the hint. Given the values of m, 70, and N, this relation
actually imposes a condition on the amount A that we are allowed to
borrow. After refunding the loan we have no debt left, but we still own the
amount A(1+ rrem)N obtained from renting out the property. Therefore,
after the loan is refunded, the account contains A(1+ 7'rem)N , which also

equals

1—(1 )N
(14 ront) ¥ A = m(1 4 o)V L= F Tloan) 7

Tloan

where N is the number of refund payments. If we want to deduct the loan

repayments, which add up to mN, we can write

1- (1 + Tloan)_N

Tloan

A1+ rrent) N = mN = m(1 + reem)™ —mN.

b) This is the amount accumulated on the investment account, which is

n(l +7'inv)N -1

T

1—(1+7imy) N
:m(1+rinv)N7( Tinv)

Tinv Tinv

¢) According to the graph of Figure 2.7, Scenario (i) is more profitable.

Exercise 2.6 We check that for any IP* of the form
P*(R,=-1):=p*, P*(Ry=0):=1-2p*, P*(R, =1):=p",

we have

]E*[Sl] = So(Qp* +1- Qp*) = 5o,

and similarly
E*[Sy | S1] = S1(2p” + (1 - 2p")) = 54,

hence the probability measure IP* is risk-neutral.

Exercise 2.7

a) In order to check for arbitrage opportunities, we look for a risk-neutral

probability measure IP* which should satisfy
E [ A =(+nsY, k=01, N1,
with r = 0. Rewriting E* [S,(:Bl \ ]:k} as
* 1
E [SI(ch)l | Fi k}
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=(1- b)Sl(cl)]P*(RkJrl =-b|Fi)+ Sl(cl)]P*(RkJrl =0|F)
+ (14 0) S P (Rsr = b | Fi)
= (1=b)SIP* Ry = —b) + SUP* (Riepy = 0) + (14 b)SP* (Ryeyy = b),

k=0,1,...,N —1, it follows that any risk-neutral probability measure
P* should satisfy the equations

{ (1+B)SP (Rygr = b) + SUP* (Rysr = 0) + (1-5)SUP* (Ryyy = —b) = SV
P*(Rgt1 = b) + P*(Rpp1 = 0) + P*(Rppq = —b) = 1,
k=0,1,...,N —1, ie.

BP*(Ry, = b) — bP*(Ry, = —b) = 0,

{IP*(Rk = b) + P*(Ry, = —b) = 1 —P*(Ry, = 0),

k=1,2,...,N, with solution

P (R =) = P* (B = ) = 1
k=1,2,...,N.
b) We have
e L capg® _ oD
E [+5<1> Fie WIE [Sein = Sp | Fi)
k k
1 wra(l wrall
S0 E B A B s | 7))
k
1 wrall 1
@(]E [Sih 1 7] = 5)
k
= 07
and

@) 873

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

= V"P}(Res1 = —b| Fi) + P} (Rsr = b | Fi)

_ =P (B = 0) Jr1721—]1’3(Rk+1 =0)
2 2

=0*(1-0%)

— 0'2’

k=0,1,...,N —1, hence
2
* " o
PRy =0) = 0" =1- 7,
and therefore
_1-Pi(Ry=0) o3

]P;(Rk = b) = ]P;(Rk = 7b) 2 2p2°

k=0,1,...,N —1, under the condition 0 < 6% < b2.

Exercise 2.8

a) Every eligible Tencent shareholder received the equivalent of

HK$281.40

= HK$13.4.
21 $13

b) For the put warrant holder, the anticipated payoff is (K —1.03 x S)™ /100
with K=HK$426.06, see HSB Ltd. (2021), .e.

1 1.03
— (K —1. = 2(0. K—Sp)*
100( 03 x St) 100 (0.97087 x Sr)
1
= —(0.97087 x K — Sp)".
97087 x 7)

Therefore, after adjusting the put option strike price to
0.97087 x K = 0.97087 x HK$426.06 = HK$413.65,

the warrant holder will own 1/97.087 = 0.0103 options. In other words,
one option is now worth 97.087 warrants, which is the adjusted entitlement

ratio.
¢) For the call warrant holder, the anticipated payoff is (1.03 x Sy — K)T /100,
i.e.
1 L 103 N
105 (1:08  S1 = K)* = J50(Sr — 0.97087 x K)
1
= ——(Sr—0. K)*
oo (57— 0.97087 x K,
874 O
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hence the adjustment in strike price and entitlement ratio is the same as

for put options.

Exercise 2.9

a) 1) We have by; = dgpfgs kl=1,...,N.
2) We have

N N
d=dp Y phy =Y bk
=1 1=1

3) We have

o, = Ot X
L T

which yields the equation Bu' = éuT.

b) 1) There are N2+ N + 1 unknowns &, u1,..

and N2 + N equations.

2) We have

—

N N
> brgu = dug Y pra = Sug,
=1 =1

‘ﬂuN7pz,l7 kal = 17‘“7N¢

k=1,...,N.

3) We note that B is a positive matrix, in the sense that by; > 0, k,l =
1,..., N. Consequently, by the Perron-Frobenius theorem there exists

a choice of eigenvalue § and eigenvector (ui,...,uy) such that 6 > 0
and ug > 0, k =1,..., N. Moreover, this choice is unique.
4) Once the unique set of parameters 6 > 0 and u, >0, k =1,..., N has
been determined, we use the relation
_ b
Pk = Sur

to recover the transition probabilities pj,; from the binary option prices

by, kyl=1,...,N.
5

=

In this case, the probabilities pj; = py and pj ; = p}, do not depend on

le{l,...,N} and we have by, ; = dkpz’l = dip; and uiby; = dugpr; =

duyp; hence the relation

wdgp] = Sugpy, k,l=1,...,N.

By summation over [, this gives dj, Z{\il wp; = dug, hence

875
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oug

=" — k=1,...,N.
u1py + - FuUNpy
If in addition dj = d does not depend on k = 1,..., N, we find that

6uk
upy + - +unpy’

hence u = uy, does not depend on k =1,..., N, and

oug ou

Twpi e tunply  upl 4o Fupl

)

and therefore pj =p;, [ =1,...,N.

Exercise 2.10

a) The possible values of Ry are a and b.

b) We have
]E*[Rt+1 | ft] = a]P*(Rt+1 =a ‘ ]:t) + b]P*(Rt+1 =b | ]:t)
B b r—a —
9% b—a ’

c) Letting p* = (r—a)/(b—a) and ¢* = (b—7r)/(b— a) we have
k

E*[Sen | Fil = Y (0" (¢")* ('j) (1+0)'(1+a) s,

=0

<> “(140)) (¢*(1 + a))*
“(1+b) +q"(1+a))*

k
(1+b)+b (1+a)>

o
=S (p
_st<
=1+

Assuming that the formula holds for & = 1, its extension to k > 2 can
also be proved recursively from the tower property (A.33) of conditional
expectations, as follows:

k
7”) St.

E*[Spi | Fi] = B[E"[Spap | Fran—1] | F
= (1+7)E"[Str-1 | Fi]
= (L+7r)E* [E*[Stsk—1 | Frrn—2] | Ft]
= (1+7)E*[Six_2 | Fi]

876 @)
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= (L+7)°E*[E*[Sitx—2 | Frrns] | Fil
= (1+7r)°E*[Sirx_3 | Fi]

1+ r)*2E*[Spsa | Fi
VB [E*[Spr2 | Fiaa] | Fi
k=B [Syy1 | Fi

=
+
3
2222

Exercise 2.11

a) We check that

E*[Rit1 | Fi] = alP*(Rp1 = a | Fi) + 0P (Ry1 = b | Ft)

_ b""+b7“—a7
_ab—a b—a_r'
b) We have
*[Q _ 1 .
E*[Si11| Fi] = A0(1+r)t+1]E [Sir1 | Fi]
1 y .
- W((l +a)SP*(Ris1 = a | Fi) + (1+0)SP*(Rip1 = b | Fi))
! b—r r—a
- -  (a b-r
Ag(1+ 1)t (( +a)Stb7a+( +b)5tb7a>
_gboat®-ar
TP A+ (b—a)

=S, t=0,1,...,N—1.

¢) We have

HEZ

E*[(Sy)?] = SoE* [

1+Rk>

N
H1+Rkﬁ

= SoE*

N
= So [JE*[(1+ Rp)?],
k=1

after using the independence of the returns (Rj)r—1.2

14y

N, with
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B[00+ R’ = (1 +a) 1= 4 (140

r—a

b—a’

k=0,1,...,N,

hence we find

b AN
E*[(Sy)"] = 5§ ((H“)ﬁﬁ*(”b)ﬁ; a)
d) We have
P*(S; > ad; forsomet e {0,1,...,N}) =P*( Max ﬂ>a
> s Ly ? t=0,1,...,n A/, ~
E[(My)?
< El(My)7]

X Oéﬁ

since the discounted price process

St
(Mg)i=0,1,...N = (*)
' A t=0,1,....N

is a nonnegative martingale by part (b).
e) Since (My)¢—o,1,..,n is a nonnegative martingale, we have

E[Sp41 | Ft] = E[Mi14¢11 | F]
= A1 E[Mi11 | F
= App1 My
> A M,
=5, t=0,1,...,N—1,

because r > 0, hence (S¢)¢=0,1,... N is a nonnegative submartingale. There-
fore, we have

) < E[(J:fﬁw)"]

< (%)B <(1+a)‘32_—r+ (1+b)ﬂF>N

—a —a

IP*( Max S; >z
t=0,1,...,n

Chapter 3

Exercise 3.1 (Exercise 2.6 continued). We consider the following trinomial
tree.
878 o
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Sp=4,C=0

S =2,0=0

S =0,C=1

S =2,C=0

So =1 S=1,C=0

S =0 Sy=0,C=1

S =0,C=1

At time t = 0, we find

(€)= o (K - $2)"]
=p (" + (1 =2p") +p*) + (1 = 2p")p" + (p*)?
=p 4 (1—2p")p" + (p*)?
=2p" — (p")%.

At time t = 1, we find

m(C) = m]E*[(K*SﬂJr | 51]
p* if S1 = 28y,
= p* if 51 = S,
1 if Sy =0.

Exercise 3.2 We have p* = (r—a)/(b—a) =1/2and ¢* = (b—r)/(b—a) =
1/2, and the following underlying asset price tree:

@) 879
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So=4,C=3

So=2 C=1

* Sl:2
/
50:1\
7 S1=1

il

So=1, C=3.

We first price, and then hedge. At time ¢ = 1, by Theorem 3.5 we have

3p*+q"

4
1+r 3 it 51 =2 4p* +q* S
m(C) =V = X « and m(C) =Vo = = =2
DA _ g =1 3 1dr 9
1+7r 3 ! ’

This leads to the following option pricing tree:

So=4, Vo=C=3

Vi=4/3
S1=2

A

So=1 Sy=2W=C=1

%
Vo =8/9
y\)

Vi =4/3
S1=1

/

So=1V,=C=3.

Regarding hedging, if S1 = 2 the condition
£-52 =68 +mAy =V =C

reads ( 2
4 +m(1+7)*=3
S1 =2 = 9
26 +m(l+r)* =1,
hence (£2,7m2) = (1,—4/9). On the other hand, if S; = 1 we have

880 @)
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26 +m(l+r)? =1
S1=1 )
S+ml+r)? =3,

hence (£2,72) = (—2,20/9). Finally, at time ¢ = 0 with Sy = 1 the condition
&-81 =681 +mAL =V yields
4
2 +m(l+r) =g

4
SG+m(l+r) =3

hence (&1,71) = (0,8/9). The results can be summarized in the following
table:

S1=2,V4 =4/3 |S; =4
So=1 (& =1,n=-4/9|Va=3
Vo =8/9 So =1
&1 = Vo =3
m=8/9| S1=1,V1 =4/3 [Sa =
o =219 =20/9|Vo =3

Table S.1: CRR pricing and hedging table.

In addition, it can be checked that the portfolio strategy (&, 7k)k=1,2 is self-
financing, as we have

&151 +mAr

Exercise 3.3
a) We have

E*[Si11 | Ft] = E*[Si41 | St

= %P*(Rt = —0.5) + S, P* (R, = 0) + 25, P*(R, = 1)

7,,*
= (5 +q* +2p*) Sy

=S, t=0,1,

@) 881
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with r = 0.
b) We have the following graph:
Sy=4,0=25
LA
¥ =1/
*=1/4
S=2 s Sy=2,C=05
s >
172 S=1,0=0
S =2,0=0
p~;xlr\
q-=1/4
Si=1 S =1,0=0
P
X‘ S 205C=0
S=1,0=0
=1/
¥ —1/
*=1/4
S =05 i / Sy =05C=0
P
172 Sy =025,C=0

¢) The down-an-out barrier call option is priced at time ¢t = 0 as

3
Vo =E*[C] = 2.5 x (p*)2 4+ 0.5 x p*¢* = TR

At time t = 1 we have

. N 1 1 3
Vi=25xp*"4+05x¢q 72‘5><4+0.5><4 =7
if S1 = 2, and V4 = 0 in both cases S; = 1 and S; = 0.5.

d) This market is not complete, and not every contingent claim is attainable,
because the risk-neutral probability measure IP* is not unique, for example
(r*,q¢*,p*) = (1/4,5/8,1/8) and (r*,q*,p*) = (1/2,1/4,1/4) are both
risk-neutral probability measures.

Exercise 3.4 The CRR model can be described by the following binomial
tree.
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. (l+b)230
/
. (1+b)So
/ \
9*
So=1 (I4+a)(1+b)So
\ /
9*
(1+a)So
X}
(1+a)2S0
a) By the formulas
* _ 1 *
i = I—_H]E Vo | F1] = 1+r]E [Va | Si]
_ So(14b)* =8, . 2
= T P*(Sy = So(1+0)" | S1)
_ *(50(1_'—1))278)]1
=p T 1gr Si=S4n)
and
Vo = ——E*[Vi | o]
0= T, 1170
1 L (So(1+0)2-8 . .
=1 < (0(17+),) x P*(S1 = Sp(1+b)) 4+ 0 x P*(S; :s0(1+a)))
_ (o2 (So(1+b)% —8)
- (p ) (1+7‘)2 )
we find the table
So =
S1=3Vi=1/4| Vo=
So = So =
Vo =1/16 Vo =0
S1=1,V1=0 So =1
Vo =0

Table S.2: CRR pricing tree.

Note that we could also directly compute Vj from

@) 883

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

Vo= E*[Va | Fol.

ot
(1+7)2
b) When S1 = So(1+b), the equation €259 + 2 A2 = Va reads
£280(1+ ) +m2A40(1+7)% = So(1 +b)*> -8
{ £50(1+0)(1+a) + 2 Ag(1+7)* =0,
which yields

So(1+b)2 -8

. (So(1+b)2—8)(1+a)
T So(b—a)(1+0)

(b—a)Ao(1+7)?

& and 12 = — (S.4)

When S; = So(1 + a), the equation 252 + 242 = Va2 reads

&So(1+a)? +mAo(l+7)2 =0
€50(1+b)? +1240(1+7)2 =0,

which has the unique solution (£2,72) = (0,0). Next, the equation & 51 +
mA; = Vi reads

P*(So(1+b)*—~8)

&S0(1+b) +mAg(1+7) = Trr

&150(1+a) +mAg(l+7) =0,
which yields

. So(1+0)*—8

L (1+a)(So(1+0)%—8)
P S —a)(1+7) :

f= G- a)do(1 1 1)

and 7 = —p

(8.5)
This can be summarized in the following table:

S1=3 V1 =1/4 So =9

So=1 Vo =
Vo=1/16 [ & =1/6,m2 =—1/8 [ S2 =
&1 =1/8 S1=1,Vi=0 Vo=0
m =-1/16 So =
§2=0,1n12=0 Vo=0

Table S.3: CRR pricing and hedging tree.

When S; = So(1+ a) at time ¢ = 1 the option price is V4 = 0 and the
hedging strategy is to cut all positions: £& = 12 = 0. On the other hand, if
S1 = So(1+ b) then there is a chance of being in the money at maturity
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and we need to increase our position in the underlying asset from &; = 1/8
to & = 1/6.

Note that the self-financing condition
&5 +mAr = &S+ 24, (5.6)

is verified. For example when S1 = Sp(1 + a) we have
1><S 1A*O><S +0xA; =0
g XS g = 1 1=0,
while when S1 = Sp(1 + b) we find

1 1 1 1 1
LS — A = — xS — = x A =~
g XS m g xSy A=

c) We can also use the self-financing condition (S.6) to recover (S.5) by
rewriting the system of equations as

&150(1+0) +mAo(14+7) = &So(1+b) +m2Ao(1+7)
{ &1So(1+a) +mAo(l+7) =0,
with (£2,72) given by (S.4), which recovers
3 2 1

- ——=-if 5] =3,
8 16 4

i =&5 +mar = 1 9
- —— = if =1.
FTARR

Exercise 3.5

a) We build a portfolio based at times ¢ = 0,1 on a4 units of stock and
$6;+1 in cash. When S; = 2, we should have

dag+ P2 =0
200+ B2 = 1,
hence (ag,82) = (—=1/2,2). On the other hand, when S; = 1 we should
have
201 + 51 =1
{al +681 =0,

hence (az, 82) = (1,—1).
b) When S; = 2, the price of the claim at t = 1 is

@S+ B2 =(-1/2) x2+2x1=1.

@) 885

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

When S7 = 1, the price of the claimat t = lisaaS1+ 2 =1x1—-1x1=
0.
At time ¢t = 1 we build a portfolio using «; units of stock and $3; in cash.

We should have
2001 + 61 =1
a;+p1 =0,

C

N

hence (a1, 1) = (1,-1).

The price of the claim C at timet = 0isa1Sp+ 51 =1x1+(-1) x1 = 0.
The probabilities (p*,¢*) = ((r—a)/(b—a), (b—7)/(b—a)) = (0,1) are
clearly risk-neutral in the sense of Definition 2.12, as they yield

]
— =

E*[Sy | Si] =S5  and  E*[S;|So] = So.

with the risk-free rate »r = 0. However, this does not form a risk-neutral
probability measure P* equivalent to IP in the sense of Definition 2.14
when ¢ =P(R; =0) =P(R2 =0) > 0.

In case (p,q) = (0,1), the probabilities (p*,¢*) = (0,1) would yield a
risk-neutral probability measure equivalent to IP.

According to Theorem 2.15 this model allows for arbitrage opportunities
as the unique available risk-neutral probability measure P* are not be
equivalent to the historical probability measure P when ¢ = P(R; =
0) = P(R2 = 0) > 0. In this case, arbitrage opportunities are easily
implemented by purchasing the option at the price 0 of part (d) while
receiving a strictly positive payoff at maturity. More generally, arbitrage
opportunities exist when the underlying price may increase with nonzero
probability, without a possibility of strict decrease.

f

=

In case (p,q) = (0,1), no arbitrage is possible as prices remain constant.

Exercise 3.6 We have the model-free answer

1
(L+7r)N-Fk

1
= WE*[Q + BSn | Fi)

@ B
= E*
(L+7)N-F + (1+7)N-F [Sn | Fi]
«
= A oF et 8% k=01.N.

m(C) = E*[A(SN) | Fil

The hedging portfolio strategy is to hold 8 units of the underlying asset
priced Sy, and /(1 +7)N units of the riskless asset priced Ay, = (14 7)F at
time k =0,1,..., N.

Note that in the particular case of the CRR model, this answer is also com-
patible with (3.19)-(3.20).
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Exercise 3.7 Call-put parity.

a) The relation (z — K)Jr =r—K+ (K — )™ can be verified by successively
checking the cases * < K and x > K.

b) Respectively denoting by C(k) and P(k) the call and put prices at time
k=0,1,...,N, by part (a) we have

C(k)

(1+7) " VVE (s~ K) " | ]

(1+7) " WRE[Sy — K + (K — Sx)* | Fi]

(1+7) N PE Sy | Fi] - (14 r) W HK
+(1+7)"WVPE (K - Sy) | A

=S~ (1+7) " VPE 4 (14+7) " VPE[(K - Sy)" | Fi]
= Sp—(1+7)" VMK 4+ Pk).

Exercise 3.8
a) This range forward contract can be realized by

¢ holding one unit of S,

¢ holding one put option with strike price K1,
o shorting one call option with strike price Ko,
¢ borrowing $F in cash.

b) The graph of the payoff function of the range forward contract with K; =
$80, F' = $100, Ko = $110 is as follows:

x-F + (K3-X)* - (x-Kp) ¥ e
a0 -
20 -

ok
1
i
[
-20 B
'
1
-40 - i
i i ! i 1 1 i ;
50 60 70 80 90 100 110 120 130

K1y sr F K>

(=)o)

Fig. S.5: Range forward contract payoff as a combination of call and put payoffs.*
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See also http://optioncreator.com/st7ulpk.

Exercise 3.9

a) Taking ¢* = 1—p* = 1/4, we find the binary tree

25 = (14b)?

6
%

25=1+b

—
L

%
So=1 1.25:(1+a)(1+b)
7\
05=1+4+a
q\
0.25 = (1+a)?
b) We find the binary tree
. S2=0625and Vo =0
L
N S;=25and V] =
P
/ 9\*
So=1and Vp) =1/64 & Sy =125and V5 =0
— _—

7§ =05and V; =1/8

/

7
Sy =0.25and V5 =1
and the table
* The animation works in Acrobat Reader on the entire pdf file.
888 O

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


http://optioncreator.com/st7ulpk
https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

So =6.25
S1=25Vi=0| Va=0
So=1 Sy = 1.25
Vo=1/64 Vo=0
S1 =05,V =1/8[52 =0.25
Vo=1

Table S.4: CRR pricing tree.

¢) Here, we compute the hedging strategy from the option prices. When
S1 = So(1 4 b) we clearly have & = 2 = 0. When S1 = Sp(1 + a), the
equation &259 + 2 Ay = V5 reads

{5250(1 +a)? +n(1+7)? = (K —-5S0(1+a)?)
£So(1+b)(14a)+m(1+7r)2=0
hence

(K — So(1+a)?)
So(b—a)(1+a)

(K —So(1+a)?)(1+b)
So(b—a)(1+7)?

& =—

and 1y =

Next, at time ¢ = 1 the equation £1.51 + 1 A1 = Vi reads

(K — (1+a)(1+))

5150(1+a)+771(1+r):50q Ty

.5130(1 -+ b) + 7]1(1 + 'r) =0
which yields

(K = Sy(1+a)(1+b)) ¢ (K —So(1+a)(1+b))(1 +b)4

&= and 1 =

So(b—a)(1+71) So(b—a)(1+7)?

This can be summarized in the following table:

S1 =25 V1 =0 [S2=6.25
So=1 Vo=0
Vo=1/64 Er2=0,m2=0 So = 1.25
& =-1/16|51 =05,V =1/8] Vo =0
n =5/64 Sy = 0.25
Eo=—-1,m2=5/16] Vo =1

Table S.5: CRR pricing and hedging tree.

If S1 = Sp(1 + a) then there is a chance of being in the money at maturity
and we need to short sell further by decreasing & from & = —1/16 to
& = —1. Note that the self-financing condition
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&151 +mAr = §51 + 2
is satisfied.

Exercise 3.10 The risk-neutral measure is given by

, r—a 1-05 3
5

P e T 2= (-05)

[}

and
b—r 2—-1

* = = _

Ty =" 2-(=05 &

and we have the binary tree

36 = So(1+b)?

_——

12 = Sp(1+b)

% *}
6=25S0(1+a)(1+b)
X} p/r
2= So(l+a)
q\

1=25(1+ a)2
and

Sy =36and Vo =0

Si=12and V} =
p/
So=4and V=1

\

7 S =2and V; =7/2

/X

I
*

Sy=6and Vo =5

/'y

7 Sy —1and Vs =10
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and the table

So = 36

S1=12, Vi =1|Va=0

So =4 So =6
Vo=1 Vo=5
S1=2,V1=7/2[S> =1

Vo =11

Table S.6: CRR pricing tree.

This can be summarized in the following table:

S =12, Vi =1 |5, =36
So=4 Vo=0
Vo=1 |§&a=-1/6,12=3/2[52=6

G =-1/4] S1=2, V1 =7/2 |Va=5
m =2 So =1

Ey= 1,10 =11/4 |V3 =10

Table S.7: CRR pricing and hedging tree.
We also check that the self-financing condition

151 +mAL = §&S1 + Ay

is satisfied. The attached IPython notebook* can be used to recover the
above results.

Exercise 3.11

a) The binary call option can be priced under the risk-neutral probability
measure IP* as

1

- 147
1 *
= 757 E [ ,00) (53]
1
= P* >
T, ¢ (v > K)

s

p
147’

m0(C)

E*[C]

with p* := P*(Sy > K).

b) Investing $p* by purchasing one binary call option yields a potential net
return of

* Right-click to save as attachment (may not work on G)
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 1,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "# This code implements hedging and pricing using backward recursion\n",
    "\n",
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=2;S0=4\n",
    "\n",
    "r=1;a=-0.5;b=2\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "        \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15)\n",
    "    nx.draw_networkx_nodes(g,pos,node_color='lightblue',alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N+0.5,N+1.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():        \n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock())"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 2,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge.add_edge((k,l),(k+1,l+1))\n",
    "                hedge.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "     \n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 3,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_hedge_risky(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_risky = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)\n",
    "            hedge_risky.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']-price.nodes[(k+1,l-1)]['value'])/(b-a)/(S.nodes[(k,l)]['value'])\n",
    "    return hedge_risky"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 4,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_hedge_riskless(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_riskless = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "        hedge_riskless.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)\n",
    "            hedge_riskless.nodes[(k,l)]['value'] = ((1+b)*price.nodes[(k+1,l-1)]['value']-(1+a)*price.nodes[(k+1,l+1)]['value'])/(b-a)/pow(1+r,k+1)\n",
    "    return hedge_riskless"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 5,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Strike Price K=11\n",
      "Option prices:\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Risky hedging strategy:\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Riskless hedging strategy:\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "K = input(\"Strike Price K=\")\n",
    "\n",
    "print('Option prices:') \n",
    "plot_tree(European_put_price(float(K))) \n",
    "print('Risky hedging strategy:') \n",
    "plot_tree(European_put_hedge_risky(float(K))) \n",
    "print('Riskless hedging strategy:') \n",
    "plot_tree(European_put_hedge_riskless(float(K)))"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.10.7"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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¥
SL=p" Sy sy >k,
p p
O_ k
$p*p = —100% if Sy < K.

¢) The corresponding expected return is
* i * _
p*x p —1)+(1-p*)x(-1)=0.
d) The corresponding expected return is

p* x0.86+ (1 —p*) x (-1) =p* x1.86 -1,

which will be negative if
< LY 0.538
LT

That means, the expected gain can be negative even if
0.538 > p* =P* (Sy > K) > 0.5.
Similarly, the expected gain
(1-p*) x0.86+p* x (—=1) = 0.86 — p* x 1.86,
on binary put options will be negative if 1 — p* > 1/1.86, i.e. if

0.86
>~ (0.462.
P =186
That means, the expected gain can be negative even if 1 — 0.462 >
P* (Sy < K) > 0.5. In conclusion, the average gains of both call and
put options will be negative if p* € (0.462,0.538).

Note that the average of call and put option gains will still be negative,
as
p*x1.86—1 n 0.86—p* x1.86 0.86—1

2 2 2 < 0.
Exercise 3.12
a) Based on the price map of the put spread collar option:
892 )
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130 -
Put spread collar price map f(S) =——— -7

120 yzSnint o 2
110 -
100

90 =

80 SO L

70 —

60 70 80 90 s, 100 110 120 130
K1 Ky oW K3

Fig. S.6: Put spread collar price map.

we deduce the following payoff function graph of the put spread collar
option in the next Figure S.7.

20
15

Put spread collar payoff function

10

60 70 80 90 100 110 120 130
Ky Kz sy K3

Fig. S.7: Put spread collar payoff function.

b) The payoff function can be written as

—(Ky—2)" 4+ (Ky—2)" — (z— K3)*
=—(80—2)" + (90 —2)* — (z — 110)*,

see also https://optioncreator.com/stp7xy2.
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-(K1-x) ¥+ (Kp-x)*
15 -(x-K3)* Z

10 -
1

5+ i -
1

20 L !
60 70 80 90 100 110 120 130

K1 K2 sy K3
EE

Fig. S.8: Put spread collar payoff as a combination of call and put option payoffs.*

Hence this collar option payoff can be realized by

1. issuing (or shorting/selling) one put option with strike price K; = 80,
and

2. purchasing and holding one put option with strike price Ko = 90, and

3. issuing (or shorting/selling) one call option with strike price K3 = 110.

Exercise 3.13

a) Based on the price map of the call spread collar option:

140
Call spread collar price map f(S) =———
130 y=S ---- L

120 L

110 s

100 =

90

80 =

70 e

60 k=
60 70 80 90 g 100 110 120 130
K1 VoK K3

Fig. S.9: Call spread collar price map.

we deduce the following payoff function graph of the call spread collar
option in the next Figure S.10.

* The animation works in Acrobat Reader on the entire pdf file.
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Call spread collar payoff function

60 70 80 90 s 100 110 120 130
Ky N, K3

Fig. S.10: Call spread collar payoff function.

b) The payoff function can be written as

(K1 —a)" + (o = K) " — (o - K3) "
=—(80—2)" + (z —100)" — (z — 110) T,

see also https://optioncreator.com/st3edcz.

20 -
“(K1-X) ¥4 (x-Kp)t e
15 -(x-K3)* =

10 =

-
[S)
T

60 70 80 90 100 110 120 130

K1 s Ko Kz
(=)o)

Fig. S.11: Call spread collar payoff as a combination of call and put option payoffs.*

Hence this collar option payoff can be realized by

1. issuing (or shorting/selling) one put option with strike price K; = 80,
and
2. purchasing and holding one call option with strike price K2 = 100, and

* The animation works in Acrobat Reader on the entire pdf file.
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3. issuing (or shorting/selling) one call option with strike price K3 = 110.

Exercise 3.14 We have

E* {(D (W)] <E* [M since ¢ is convex,

_ Efo(S1)] + - + E*[é(Sn)]

N
E*[¢(E*[Sy | F1])] + - - + E*[¢(E*[Sn | F) . .
_ Elo(E" Sy | A ~ [o(E"[Sw | Fn))] because (Sp)neN is a martingale,
< E []E [‘O(SN) ‘ ]:1]] + N+ E []E [¢<SN> ‘ ]:\” by Jensen’s inequality,
= E*[p(5n)] + N +E[#(5)] by the tower property.

= E*[¢(SN)]-

The above argument is implicitly using the fact that a convex function ¢(Sy,)
of a martingale (Sp)neN is itself a submartingale, as

o(Sk) = ¢(E*[Sn | Fr]) S E*[6(Sn) | Fil, k=1,2,...,N.

Exercise 3.15 (Exercise 2.10 continued).

a) The condition Vy = C reads
{WNWN +év(1+a)Sn-1=(1+a)Sn-1— K
NTN +En(1+0)Sy—1 = (1+b)Sy-1 — K,

from which we deduce the (static) hedging strategy £ = 1 and ny =
—KQ+7)"N/m.
b) We have
{ IN-17TN-1 +En-1(1+a)Sn2 = nnay_1 +En(1+a)Sy_2
IN—1TN—1 +En—1(1+b)Sy_2 = nnay—1 +En(1+b) SN2,

which yields éxy_1 = &y = 1 and ny_1 = gy = —K(1+7)~N/m.
Similarly, solving the self-financing condition

neme + & (1+a)Si—1 = mame + &1 (14 a)Si—1
memy + & (1+0)Si—1 = mep1m 4+ &1 (1 +5)Sp1

at time ¢ yields

K
& =1 and t:71+r_N—, t=1,2,...,N.
Ui
o)

¢) We have

896 @)

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

7T//(C) = ‘/L
= meme + &St
=8 —K(1+r) N
0

=S —K(1+r)" -0,
d) Forallt=0,1,...,N we have

(1+7) VB[O | Al = (1+7r) N VE Sy - K | A,

= (14r)  WIB Sy | A - (1+7) VUK | R

= (147)" V=001 4 r)Ntg, — K(1+47)~ (N1

=8~ K(1+7)~™=0

= V;g = ﬂt(c).
For a futures contract expiring at time N we take K = So(1 + )N
and the contract is usually quoted at time ¢ using the forward price
A+r)V S — KA +r)N ) = A +r)V 1S — K = (1+7r)V71S, —
So(1+7)V, or simply using (1 + r)N~tS,. Future contracts are “marked
to market” at each time step ¢ = 1,2,..., N via a positive or negative
cash flow exchange (14 r)N7tS; — (1 +7)V"tF1S,_; from the seller to
the buyer, ensuring that the absolute difference |(1 +7)V~tS; — K| has
been credited to the buyer’s account if it is positive, or to the seller’s ac-
count if it is negative.

Exercise 3.16
a) We write
v {§N3N1(1+1/2)+77N— (Sn-1(1+1/2))?
N =

EnSn-1(1—-1/2) +ny = (Sn-1(1 - 1/2))?,

which yields
{EN =25N-1

v = —3(Sn-1)?/4.
b) i) We have
E*[(Sn)? | Fvo1] = p*(Sn—1)*(1+1/2)% + (1= p*)(Sv-1)*(1 - 1/2)*
= %(SN—l)Q (1+1/2)%+(1-1/2)?)
=5(Sy_1)%/4.

ii) We have

@) 897

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

EN_1SN—2(1+1/2) +nn1

EN—1SNn—2(1—1/2) + N1

=Vna

= 5(51\[,1)2/4

B {5(SN_2(1 +1/2))?/4
5(Sy_a(1—1/2))%/4,

EN-1SN-1 +N-140 = {

hence

En—1 =55N_2/2
{77N1 = —15(Sn—2)?/16.
iii) We have
En—1Sn—1 +1nv—140 = BSN_2Sn_1/2 — 15(Sn_2)?/16
5(Sy_2)2(1+1/2)/2—15(Sn_2)%/16
- { 5(Sn—2)%(1—1/2)/2—15(Sn_2)%/16
15(Sn_2)%/4 —15(Sn_2)%/16
{ 5(Sy_2)% —15(Sn_2)%/16
45(Sn_2)2/16
- {5(SN2)2/16,

and on the other hand,
ENSn-1+nnvAo = 2(Sn—1)? = 3(Sn-1)?/4
2(Sn_2)2(1+1/2)2 = 3(Sn_2)2(1+1/2)2/4
N { 2(Sn_2)2(1—-1/2)% = 3(Sn_2)>(1 —1/2)%/4
45(Sn_2)2/16
N {5(5,”)2/16.

Remark: We could also determine (£5_1,1x—_1) as in Proposition 3.12,
from (¢n,7nn) and the self-financing condition
EN-15N-1 +NN-140 = ENSN-1 + NAN-1,

as

61\/,13}\/,2(1 + 1/2) + NMN-1
EN-1SN—2(1=1/2) + N1
=EnSn-1+nnvAo
=2(Sy_1)2—3(Sy_1)%/4

EN-1SN—1 +N_1A0 = {
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B {2(SN2>2(1+1/2)2—3(5Nz>2(1+1/2>2/4
| 208n-2)2(1 - 1/2)2 — 3(Sy_2)%(1 — 1/2)/4,

which recovers £x_1 = 5Sn_2/2 and ny_1 = —15(Sy_2)2/16.

Exercise 3.17

a) By Theorem 2.19 this model admits a unique risk-neutral probability mea-
sure IP* because a < r < b, and from (2.16) we have

b—r 0.07-0.05

Pr(Be=a) = 7 = Tor— 002’
and 0.05 — 0.02
rTr—a Uo — UL
P = = =
(Fe=0) = 3=, = 0o7—002’
t=1,2,...,N.

b) There are no arbitrage opportunities in this model, due to the existence
of a risk-neutral probability measure.

¢) This market model is complete because the risk-neutral probability mea-
sure is unique.
d) We have
C= (SN )2¢
hence (Sw)
C=-"No = (X
(1 ¥ T‘) N ( N )1
with
h(z) = 2*(1 4+ 7). (S8.7)
Now we have ~
Vi = o(t, Xt),

where the function v(¢,z) is given from Proposition 3.8 as

=X (N Yo (o (7)) ).

k=0

Using (S.7) and the binomial theorem, we find

o(t,x) = 2*(1+ r)NNZ_t <N1; t)

k=0

ks Ntk 1450 2k 1+a 2(N—t—k)
<)) 147 147
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—t
1+r < i >
(r—a +0) k (b—7)(1+a)? Ntk
X((b +7) ) (b 1+r>2>
(r—a)(1+40)? , (b—r)(1+a)>\" "
“+n)? <(b )(1+r)2+(b*a)(1+7“)2>
22 ((r—a) (1402 + (- r)(1+a)2)V
- (14 7r)N=2t(p— a)N-t

2 ((r—a)(1+2b+82) + (b—r)(1+2a+a2))" "

(14 r)N-2(b—a)N-1
22 (r(142b+b2) — a(1 4 2b+b2) + b(1 + 2a + a?) —r(1 + 2a+a2)) V"

(1+7r)N=2t(b— )Nt
2 (1+r(a+b+2)—ab)V—t
(1 +r)N-2t

=T

e) We have

o (LA ) o (L HEXe)
Xi-a(b—a)/(1+7)
(1+b) (
1+r
=X ara
:Stfl(a+b+2)(

& =

9 (14 r(a+b+2)— )Vt
+7) (14 7)N-=2t

14+r(a+b+2)—ab)VN-?
A +rhT ’

representing the quantity of the risky asset to be present in the portfolio
at time ¢. On the other hand we have

gOZW_ftht
T X?
:Vt—ftht
0
X=X a(a+b4+2)/(1+7)
= X1 2) —ap) Nt L]
(I+r(a+b+2)—ab) (L F )2
St —Si—i(a+b+2)
_ o \N—9t = St-1
=S (1+r(a+b+2)—ab) B C s
L (1+a)(1+b)
—(Si-1)%(1 b42)— apyN—t1F A0+
(St—1)*(L+r(a+b+2) —ab) o+ )N
900 O
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t=1,2,...,N.
f) Let us check that the portfolio is self-financing. We have

Gea1- 8t = §150 + 415!
()2 g N-t-1 (1 a)(1+D) oo
= (St) (1+T(a+b+2) (lb) 7T0(1+T‘)N St

(1+r(a+b+2) —ab)N—t-1
(14 r)N-t-1
— (A+r(a+b+2) —ab)N-t-1
= (St)2 e
x((a+b+2)(1+7)— (1+a)(1+D))
1

= W(Xt)2(1+r(a+b+2) —ab)N—t
1+

+(S)*a+b+2)

Exercise 3.18
a) We have

Vi = &St +mmy
= ft(l + Rt)Stfl + 7],5(1 + 7‘)71},1.

b) We have
E*[R|Fi—1] = aP*(Ry = a | Fiz1) + bP*(Ry = b | Fi—1)
*ab r+br a
T b-a b—a
I

b—a ab—a,
=r.

¢) By the result of Question (a), we have
E*[V; | Feo1] = E*[&(1 + Rt)St—1 | Fe—1] + B [ne(1+ 7)1 | Fio1]
= &S E*[14 Ry | Fe—1] + (1 +r)E* w1 | Fi—1]

(T +7)&Se—1 4 (1 +7)meme—1
(L +7)&—1Si—1 + (1 + 7)mp—1m—1
(

1+7)Vi-1,

where we used the self-financing condition.
d) We have

@) 901
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1
Viei = —E*[V; | Fiei]

1+7r
3 * 8 *

= 174»7'1[) (Rt =a | ]:tfl) + 174»7”11) (Rf = b ‘ ]:tfl)
o 1 0.25—-0.15 0.15—0.05
T 14015 < 025005 0.2570.05>
1 (3 8
T 115 (5 + 5)
= 4.78.

Problem 3.19 CRR model with transaction costs.

a) i) In the event of an increase in the stock position &, the corresponding
cost of purchase (14 X) (41— &:)St > 0 has to be deducted from the
savings account value 7y A¢, which becomes updated as

Ner1Ar = mAr — (1+ ) (&1 — &) S,
hence we have
Ner1 A + (1 4+ X)&41St = neAs + (L+ X)Ee S

ii) In the event of a decrease in the stock position &, the corresponding
sale profit (& — &+1)(1—X)S¢ > 0 has to be added to from the savings
account value 1Az, which becomes updated as

M1 Ae = Ay + (& — &+1) (1= A) Sy,
hence we have
M1 Ap + &1 (1= NSy = medy + & (1 — N) Sy
b) We have:

i) If &+1(BSi-1) > &(Se-1),

(&(St-1) = &+1(8Si-1))BSi-1 = (41 (BSe-1) = me(Se-1))p-
i) Tf &41(8Se-1) < &(St-1),

(€1(St-1) = &+1(BS-1)) BuSt-1 = (ne41(BSe-1) = me(Se-1))p,

and

iii) If &4 (aSt,I) > &(Stfl),
(&(Si—1) — &41(aSi1)) o' Syt = pey1(eSi—1) — pie(Si-1).

902 O)
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iv) If &1 (aSi—1) < &(Si-1),
(&(Si-1) = &+1(aSe-1)) @, Se-1 = presr (@Se-1) = prie(Si-1).
¢) We find
95(6(Si=1), €41 (BS1=1)) (€ (Si—1) — &1 (8S1=1)) Se—1 = pms1(BSe—1) — pin(Se—1).
and
9a(&(St=1), €141 (aS1-1)) (€¢(St—1) — &1 (aSi—1)) St—1 = pim1(aSe—1) — pire(Si—1).
d) The equation is

S1-195(&(Si-1), E041(8Si-1)) (€ (Si-1) — E41(8Si-1))
—S1-190(&(S1-1), &1 (Si-1)) (&(Si—1) — &1 (aSi—1))
= pi+1(BSt—1) — pne+1(aSt—1),

which can be rewritten as
f(z,8-1) =0 (S.8)
at © = &(S;—1). The function
x = fx,S-1)
is continuous by construction, and its derivative is the function
z = g5(2, &+1(8S1-1)) — ga(@, &41(aSi-1)),

which can only take four values 8" — o', 3" —ay, B, — o', B, — a;, which
are all strictly positive due to the conditions

a:=a(l+ ) <B(l-X) =8,
apr=a(l=X) <B(1-A) =4,
al:=a(l+X) <p1+A) ="

Hence z +— f(z,S:—1) is strictly increasing, and we have

aEgrzloof(a:, Si—1) = —oo and Zlglgo f(z,St—1) = o0.

Therefore, Equation (S.8) admits a unique solution z = &(S;—1).
e) We have

€(Sim) = p= N+ 1(BS—1) — g1 (@Se—1)
Si—1(98(&(Se-1) &11(8S1-1)) — gal&(Si-1), &41(Si-1)))
O 903
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n E+1(8St-1)95(6(Se-1), E+1(BSt-1)) — Er1(@St—1)ga (&(St-1), &1 (aSe-1))
98(&(St-1), &+1(8S1-1)) = ga(&(Se-1), &1 (Si-1))

)

and

ne(Si-1)

-

_ §t71ga(&t(st—l)yft+1(a5t—1))g;3(£t(st—l)7ft+1(5st—1))ft+l(ﬂst—l)
£9a (€ (St-1), &1 (aSi-1)) — pgp(&(Si-1), &1 (8Si-1))
“5. 98(&:(Se-1),&41(8St-1))ga (& (St—1), 1 (@Si—1)) &1 (uSs—1)
p9a (&t (St-1), &+1(aSi-1)) — pgp(&1(Si-1), &e+1(8Se-1))
(& (St=1), &1(aSi—1))ne+1(BSi—1) — 95(&:(Si—1), Et4+1(BSi—1))meg1(Si—1)

9o
* G0(€(S11), &1 (a0 1)) — 95 (E1(St1), E41(BS1 1))

i) In case f(&+41(aSi—1),Si—1) = 0 we have &(Si—1) < &1(aSi—1)
because f is increasing, hence

9a(&(Si=1), &1 (aSi—1)) = aT(1+ N)a

ii) In case f(&+1(aSi-1),5i-1) < 0 we have &(Si—1) > &+1(aSi—1)
because f is increasing, hence

9a(€t(St-1),&11(aSi-1)) = ap = (1= Ao

Note that in case f (5t+1 (aSi-1), St,l) = 0 we have &(S;—1) = &+1(aSi—1)
hence there is no transaction from S;_1 to aS;—1. Similarly,

iii) If f(&41(8Se=1), S¢—1) = 0 then &(Si—1) < &+1(8S¢—1), hence
98(&(St-1), &+1(8Si-1)) = BT (1 + A)B.
iv) Tf f(&+1(8Se-1), Si—1) < 0 then &(Si—1) > &+1(8Si—1), hence
95(&(St-1), &4+1(BSi—1)) = B, = (1 = A)B.
Note that in case f(&+1(8S¢-1), St—1) = 0 we have & (Se—1) = &41(B8Si-1)
hence there is no transaction from S;_1 to BS¢_1.

With the parameters N =2, K =$2, Sp =8, p=1,a = 0.5, 8 = 2, and
the transaction cost rate A = 12.5%, we find the tree of asset prices
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So =32
51:16/
30:8/ \52:8
| =
\
So =2

Fig. S.12: Tree of market prices with N = 2.

At maturity time N we use the equations (4.4.4)-(4.4.5) of Proposi-
tion 4.11, which read here

h(BSn-1) — h(aSn_1)

En(Sn-1) = (G —a)Sns , (4.4.4)
where h(t,z) = (z — K)*, and
_ Bh(aSn_1) —ah(BSn-1)
7]N(SN71) - (ﬁli Q)AN L ) (445)

as the evaluation of the terminal payoff is not affected by bid/ask prices.
This yields

(m2(16),£2(16)) = (=2,1) and  (12(4),&2(4)) = (=2,1).

In this case we check that f(£2(16),S0) = f(1,8) = 0 and f(&2(4), So) =
f(1,8) = 0, which yields the hedging strategy £1(8) = £2(16) = &(4) =1
and 71(8) = 1m1(15) = ni1(4) = —2 as the portfolio is self-financing. This
static hedging involves no transaction costs and gives the initial price
Vo=8x1-2x1=$%6.

Due to the simplicity of the case K = $2, we now consider the case
K = $4. In this case, (4.4.4) and (4.4.5) give

(12(16),£2(16)) = (—4,1) and (n2(4),&2(4)) = (-4/3,2/3),
which yields
F(&2(16),80) = £(1,8)

= () 1) - ga(1,2/8) (1~ 2/3) - D)
1 1
=T3nTty
=t Nag %
905
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= Losmxiyl
Ty ey Ty
> 0,

hence
98(61(50),£2(B50)) = By = (1 +A)B.

We also have

f(&2(4),50) = f(2/3,8)

= g5(2/3,1)(2/3 — 1) — ga(2/3.2/3)(2/3 — 2/3) — w

1 1
= 755T+ g

1 1
—Z(1 Z
S+ X5+ 2
1

2
- 211254
3 t3

<0,

hence
9a(€1(S0),&2(aS)) = ap = (1 — Na.

Therefore, we find

n2(BSo) — n2(So)
So(gs(€1(So0), éz( 850)) = 9a(€1(S0), £2(S0)))
L& 2(850)95(£1(S0), £2(B50)) — £2(uSo) ga (€1 (S0), &2(@S0))
98(€1(S0),&2(850)) — 9a(€1(S0), &2(xS0))
72(BS0) — n2(aSo

£1(So0) =

&(680)(1+ )8 — &2(aSh) (1 — Na

)
_p§o((1+x) - Na) A+ 07— (1-Na
—(-4/3) 1.125 x 2 — (2/3) x 0.875 x 0.5
8(1.125>< 2-0.875 x 0.5) 2% 1.125— 0.5 x 0.875
= 0.8965,

and

9o (€1(S0), &2(aS0))g(£1(S0), £2(B8S0))€2(8S0)
£9a(€1(50),&2(aS0)) — pgp(€1(S0),€2(8So))
_ 5, 98(61(5), 1(8%))ga(&1(50), £2(@90))é2(50)
p9a(£1(S0), &2(aS0)) — pgp(€1(So), €2(8S0))
9a(£1(S0), &2(S0))n2(BS0) — g5(&1(S0), £2(850) )n2(aSo)

m(So) = So

+

9a(&1(S0), &2(aSo)) — 95(£1(50), £2(BS0))

906 @)
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& (1= Na(1L+X)p&(BS) & (L+NB(1L-Nak(as)
oI =Na—p(l+NB 7 0= Nap— 1+ N)Bp
(1= A)amz(BSo) — (1 + A)Bnz(exSo)
1-Na—(1+)8
_ 0875 X 0.5 X 1125 x 2 — 1.125 x 2 x 0.875 x 0.5 x 2/3
0.875 x 0.5 — 1.125 x 2
+0.875 x 0.5 x (—4) —1.125 x 2 x (—4/3)
0.875 x 0.5— 1.125 x 2

+

= —2.1379.
This leads to the initial option price
Vo = 0.8965 x 8 —2.1379 = 5.0345.

Remark: Note that with A = 0 and K = 4 we would find

2 44
&(So) = g =0.88, n(So) = —50 =-222, and Vp= 9= 4.88.

Therefore, the presence of transaction costs increases the price of the
option, and requires a higher stock position and a higher level of debt.
h) Please refer to the attached IPython notebook.*

Remark: Transaction costs in the CRR model were originally introduced in
Boyle and Vorst (1992). The present solution is based on the method of
Mel'nikov and Petrachenko (2005), which originally also takes into account
different borrowing and lending rates p* = 1+ " and p; = 1+ r|, which can
be regarded as bid/ask prices for the riskless asset, and can also represent
transaction costs.

Problem 3.20 CRR model with dividends (1).

a) Denoting §2 the asset price at time 2 before the dividend is paid at the
rate a, we find that the ex-dividend asset price Sy after dividend payment
is

Sy = Sg — aSa,
hence

Va = €85 +1pAs + ataSs

S
= &5 + 1m2 A9 +a£21 2
—

S:
=& 2 Ay,

[e%

* Right-click to save as attachment (may not work on e)
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "!pip install networkx"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=2;S0=8\n",
    "\n",
    "r=0;a=-0.5;b=1;lamb=0.125\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "    \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15,font_family='sans-serif')\n",
    "    nx.draw_networkx_nodes(g,pos,node_color='red',alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='purple',alpha=0.9,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N+0.5,N+1.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():        \n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock())"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def gb(x,y,b,lamb):\n",
    "    if x <= y:\n",
    "        return (1+b)*(1+lamb)\n",
    "    else:\n",
    "        return (1+b)*(1-lamb)\n",
    "\n",
    "def ga(x,y,a,lamb):\n",
    "    if x <= y:\n",
    "        return (1+a)*(1+lamb)\n",
    "    else:\n",
    "        return (1+a)*(1-lamb)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_hedge(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_risky = nx.Graph()\n",
    "    hedge_riskless = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l-1))    \n",
    "                hedge_riskless.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l-1))    \n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "        hedge_riskless.nodes[(N,l)]['value'] = None\n",
    "        \n",
    "    for l in range(-N+2,N+2,2):\n",
    "        hedge_risky.nodes[(N-1,l)]['value'] = (price.nodes[(N,l+1)]['value']-price.nodes[(N,l-1)]['value'])/(b-a)/S.nodes[(N-1,l)]['value']\n",
    "        hedge_riskless.nodes[(N-1,l)]['value'] = ((1+b)*price.nodes[N,l-1]['value']-(1+a)*price.nodes[(N,l+1)]['value'])/(b-a)/(1+r)**N\n",
    "\n",
    "    for k in reversed(range(0,N-1)):\n",
    "        for l in range(-k+1,k+3,2):           \n",
    "            if gb(hedge_risky.nodes[(k+1,l-1)]['value'],hedge_risky.nodes[(k+1,l+1)]['value'],b,lamb)*(hedge_risky.nodes[(k+1,l-1)]['value']-hedge_risky.nodes[(k+1,l+1)]['value'])-(1+r)**(k+1)*(hedge_riskless.nodes[(k+1,l+1)]['value']-hedge_riskless.nodes[(k+1,l-1)]['value'])/(S.nodes[(k,l)]['value']) >= 0:\n",
    "                g_a=(1+lamb)*(1+a)\n",
    "            else:\n",
    "                g_a=(1-lamb)*(1+a)\n",
    "            if -ga(hedge_risky.nodes[(k+1,l+1)]['value'],hedge_risky.nodes[(k+1,l-1)]['value'],a,lamb)*(hedge_risky.nodes[(k+1,l+1)]['value']-hedge_risky.nodes[(k+1,l-1)]['value'])-(1+r)**(k+1)*(hedge_riskless.nodes[(k+1,l+1)]['value']-hedge_riskless.nodes[(k+1,l-1)]['value'])/(S.nodes[(k,l)]['value']) >= 0:\n",
    "                g_b=(1+lamb)*(1+b)\n",
    "            else:\n",
    "                g_b=(1-lamb)*(1+b)\n",
    "            hedge_risky.nodes[(k,l)]['value'] = (g_b*hedge_risky.nodes[(k+1,l+1)]['value']-g_a*hedge_risky.nodes[(k+1,l-1)]['value'])/(g_b-g_a)+(1+r)**(k+1)*(hedge_riskless.nodes[(k+1,l+1)]['value']-hedge_riskless.nodes[(k+1,l-1)]['value'])/(g_b-g_a)/(S.nodes[(k,l)]['value'])\n",
    "            hedge_riskless.nodes[(k,l)]['value'] = g_a*g_b*S.nodes[(k,l)]['value']*(hedge_risky.nodes[(k+1,l-1)]['value']-hedge_risky.nodes[(k+1,l+1)]['value'])/(g_b-g_a)/(1+r)**(k+1)+(g_b*hedge_riskless.nodes[(k+1,l-1)]['value']-g_a*hedge_riskless.nodes[(k+1,l+1)]['value'])/(g_b-g_a)    \n",
    "    \n",
    "    return hedge_risky,hedge_riskless"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock())\n",
    "print('Risky hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K))[0])\n",
    "print('Riskless hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K))[1])\n",
    "print(European_call_hedge(float(K))[0].nodes[(0,1)])\n",
    "print(European_call_hedge(float(K))[1].nodes[(0,1)])"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def Hedge_then_price(K):\n",
    "\n",
    "    hedge_riskless = European_call_hedge(K)[1]\n",
    "    hedge_risky = European_call_hedge(K)[0]\n",
    "    S = graph_stock()\n",
    "    hedge_then_price = nx.Graph()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                hedge_then_price.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_then_price.add_edge((k,l),(k+1,l-1))\n",
    "        \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "        hedge_then_price.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            hedge_then_price.nodes[(k,l)]['value'] = hedge_risky.nodes[(k,l)]['value']*S.nodes[(k,l)]['value']+hedge_riskless.nodes[(k,l)]['value']*(1+r)**k\n",
    "    return hedge_then_price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock())\n",
    "print('Risky hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K))[0])\n",
    "print('Riskless hedging strategy:')\n",
    "plot_tree(European_call_hedge(float(K))[1])\n",
    "print('Hedge then price:')\n",
    "plot_tree(Hedge_then_price(float(K)))\n",
    "print(Hedge_then_price(float(K)).nodes[(0,1)])"
   ]
  }
 ],
 "metadata": {
  "kernelspec": {
   "display_name": "Python 3",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.10.4"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 4
}
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b) Denoting §1 the asset price at time 1 before the dividend is paid at the
rate a, we find that the ex-dividend asset price S after dividend payment
is

S1 = §1 - oz§1,
hence

Vi = 681 +mA; + a5

S
25151+711A1+C¥€11 :
—
S1
= Al
51170‘—0-771 1
¢) If S; = 3 we have
9
2 L2 —$1 if Sp—09,
Vo= S Ay — 1-o
2=y _tmd= 36

+m22 =0 ifSy=3,
11—«

hence (&2,m2) = ((1—«)/6,—1/8).
If S; = 1 we have

3
s 152a+n222:0 if Sy = 3,
Vo =622 tipdy =
1-« &2 2 . _
+1m22°=0 if S9 =1,
l1-—a
hence (€2,m2) = (0,0).
d) We have
1—- 1 1-2
Vi =651+ 22 =3 x% a72><§: 4a if S1 =3,
Vi=86S1+2np=0x14+0x2=0 ifS =1.
e) We have
3 1-2
S 1fla+2m: 4@ if5 =3,
‘/1:511_1(1+U1A1: ¢
L top =0 ifS =1,
11—«

hence (¢1,m1) = ((a—1)(2a—1)/8,(2a— 1) /16).
f) At time k = 0 we have
(a—1)(2a—1) +2a71 _ (2a-1)2
8 6 16

Vo =8&So+m =

908 @)
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g) Multiplying the prices (S;)g—1,2 of the original tree by

() = () - (6)

we find the prices (S )r=1,2 = (Sk/ (1 — oz)k)k:m as in the following tree:

. Sy=16
/
. S1=4
/ \
7* B
So=1 . Sy =16/3
\ /
7 _
S1=4/3
xi
So =16/9

h) The market returns found in Question (g) are @ = 1/3 and b = 3, with
r = 1%. Therefore we have

r—a 1-1/3 1

* = == d o = = =2,
Py —aT3—13 1 M T T3T1/3 b—a 4
i) If S; = 3 we have
1 — pt 1
—_E* —K)* =3]=%$1x ===
Tyl (S KT IS =3 =815 =4,
which coincides with
3 2 1
= oy =222
Vi = &51 + 2n2 573
If S; = 1 we have
1 _
—FE* —-K)*" =1]=0,
Trr [(S2—K)Y |51 =1]=0,
which coincides with
Vi =881+ 20 =0.
j) At time k£ = 0 we have
1 ()2 _ 1
E*[(S2—K)"] = =—
(T+7)2 [(82 = 8)"] (1+m)2 64
O 909
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which coincides with

3 1 1
%—6150‘5'771—@—5—@-
We also have
pf 1 1 1 1
E*Vi]=-—"—x-=-x-=—
M= X 575"

Problem 3.21 CRR model with dividends (2).

a) We have
1+b)(1-a)sV, i R,=b
5(1)7 k—1 'k
W=
1+a)(l-« S(IJ if R, =a
k-1
=(+R)(1-a)S,,  k=12....N,
and
k
sV =s [+ R),  k=0,1,...,N,
i=1

with the binary tree

(1+5)(1—a)sV

(1+a)(1—a)s!

b) The asset price before dividend payment is S,(Cl) /(1 —a), hence the divi-

dend amount is W W
Sk _ S(l) — ask
l1-« k 1-«

therefore, the dividend value represents a percentage o/ (1 — «) of the ex-

dividend price S,(cl)

following relation

1
Sith

E*
1—a

Fio| = B [(1+ RSV | 7]
910
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b7
b7
=1+ns", k=01, N1

rT—a
=, 008!+

,
“(1 +a)st

«
¢) When reinvesting the dividend amount 17@@ S,il) into the new portfolio
—a

allocation, we have

= &S + S0

= ka;Cl) +"71€S](€0) n - fafksl(cl)
(1)

S
= Gt sy,

at times kK = 1,2,..., N — 1. Moreover, at time N we will similarly have

s<1>
VN = ENS](\}) + %fNS](\}) + UNS( = fN + 77N51<v)1

therefore the self-financing condition reads

(1)

Vi = &k

0
O k=1,2,...,N. (S.9)

d) By the self-financing condition (S.9) we have

. S(l) 5(1)
Vi = Vo1 = Gpp1 s 50 + 1 — Sk S0 Tk
k k 1
(1) (1)
&S Sp
= ([))kik‘i‘nk_fk% ~ Tk
Sp/(1—a) S
(1) (1)
S S
=& || Kk=L2...N,
S, (1—a) S
which allows us to conclude from Question (b) that

E* [vk | Fio1] — Vi1 = IE*Wk Vit | Fio—1]

ok S}il) Slgrl—)l
=E" | & x O OR Fr—1
Spl(1—a) S
(1) (1)
S, Sy
= &E O k - 150)1 Fr—1
Sy/(1—a)  Sp4
O 911
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(1)
_ & | S 1)
5O (E [(1ka) 'f'”} (HT)S’“)

=0, k=1,2...,N,

therefore (Vk)k 01, N-1

e) Assummg that the portfoho strategy attains the claim C' we have C = Vi
and C = VN, hence by the martingale property of (Vk)kzo 1. n_p under
P*, we find '

is a martingale under IP*.

Vi =E*[Vy | 7] =E*[C|F], k=0,1,...,N,

which shows that

1

Vi =
P )Nk

]E*[C‘]:kL k=0,1,...,N,

f) By a binomial probability computation, we have
1
(L+7)N-F

_ 1
(L) Nk

Vi = E*[h(Sn) | Fil

N
h (33 11 (1+R,)) ‘ fk} ,
l z*S“)
"k

E*

1
(L) Nk

N—k
D S G [ L A T C (R RO LR S ROLRY
=0

= C’o(k, S]El)(l — oz)AL'“,N,aL,b7 7').

g) We “absorb” the dividend rate « into new market returns by taking
Qo b, To such that

l+an=(14+a)(l—a), 1+b,=(1+b)(1-a), l4+ra=1+r)(1-a),
i.e.

o =—a+a(l—a), bo=—-a+bl—0a), ra=—-a+r(l—a).

As a consequence, we have

1

R

912 @)
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N—k

3 (YT @ 0 R N R - e
=0

_ (1-a)Nk NF Nk N W\ N—ke (1) ke
TN & ( | >(p V(g )N RS (14 ba) B (14 a)NE )

= (1 - O‘)NikCO(kv S](Cl)1 N, aq,ba, 7"0),

where . . .
=P (R, =0)= > % =__ 0
P ( ¥ ) bafaa b*(l> ’
and , ,
F PR —g) = e Ta b
! By =) bo—ao b—a >0,
k=12,...,N.
h) We have
Vi = ! C kS(l)N b E=0.1 N
k_m a(, PREEARY 2% m’ﬁx), =0,1,...,N,

hence by the martingale property we have

Vk mca(k S)(C )7N aaybm"‘a)
= E* [Vis1 | Fi]
1
= e E [Calk+ 1.5, Ny aa b ra) | 7]
_ 1 , ) )
TG (P Ca(k+1,8,"(14ba), N, aa,ba;7a)

+0"Ca(k+ 1,817 (14 a), N, e by ) )
This yields
(14 7)Ca (b, SN, a0 ba 7a) = p*Cla (k4 1, S (14 ba), N, s by 7a)
+ 0 Colk+1,50 (14 a0), N, aa, b, 7a)-
i) We find the equations
S\ + 6.(1+ aa) S, = Ca(k, (1+a0) S, N, s by 7a)
{ S\ + & (14 ba) S, = Ca(k, (14 ba) S, N, s bay 7a),

which imply
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‘5 Ca(k7 (1 * ba)s]ga)l’ N7 o ba’ TO‘) B Ca (k7 (1 + aDt)SIEIJD N7 Qqy ba, 7'04)
E =

(ba — aa) S,
Co(k, (1+ba)SM N, g, bas )
(ba — ) S,
v Co(k, (14 aa) S, N, s ba, )
(ba — aa)SL, ’

=(1-a)NF

—(1-a)

and

(14 ba) Ca (b, (14 ba) SLY |, N, Gy by 7 )
(ba —aa)S,(co_)l
(14 aa)Ca (k, (1 + )8}, N, a0, ba, 7o)
(ba — aa)S](:J_)l
v (1 00)Co(ky (14 5a) S N, aa, by ra)
(ba — aa)S]iO_)l
- (Lt a0)Co(k, (1 +aa)SL"1 N, da, ba, o)
(ba —aa)S,iO_)l 7

Nk =

=(1-a)

-1l-«

k=1,2,...,N.
j) A possible answer: We have

7;1\77]6 N—Fk s\k( x\N—k—l
gk_(b*a)s;il,)lg( 1 )(p) (¢")
X (h((l - a)kaSI(Cl)(l + )P+ 4 )N k1)

—h((1= @)V ES (14 b1+ )V )

and
—;N% N =K\ ok o\ Nk—i
" T (™7 o)
% (L B)R((1 =) 5 (1 4+ ) (1 +a) N H14)
~(+a)h((1 - )V ESP (14 0 (14 )N )
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k=1,2,...,N. Differentiation with respect to « of the general term inside
the above summations yields respectively

(14 a)yh' (1 +a)y) — (1 +b)yh' (1 +b)y) (S.10)
for &, and
(L +b)yh (L +b)y) — (L +a)yh/((1 +a)y), (8.11)

for ng, with y:= (1 — a)N_kS,il)(l + )k +a)V*"and a < b.

We note that the sign of the above quantities (S.10)-(S.11) depends on
whether the function z — zh/(x) is non-decreasing, which is the case for
example for the payoff functions h(z) = (x — K)T and h(z) = (K — )T
of both European call and put options.

In particular, when the function x — xh’(z) is non-decreasing, the
amount invested on the risky (resp. riskless) asset will be lower (resp.
higher) in the presence of a higher dividend.

We also note that the expected return
P(1+b)(1-a)+¢ (1+a)(l-a)=r(1—-a)
and the variance
p(1+0)2(1—a)®+¢* (1 +a)’*(1—a)® =31 —a)?
=(1-a)?(p"(1+0)*+q" (1 +a)? =%

of returns are lower in the presence of dividends.

Problem 3.22

a) In order to check for arbitrage opportunities we look for a risk-neutral
probability measure IP* which should satisfy

E [ [ A) = (1+msY, k=01, N-1
Rewriting [E* [Slglﬁl ‘ -Fk] as
E*[S{), | Fi] = (1+ a)SUP* (R = a | Fi) + SUP* (R = 0| Fi)
+(1+ ) SIP* (Reyy = b | F)

= (1+a)SP* Ry = a) + SLVP* (Byyy = 0)
+(1+)SIP* (Ryyy = b),

@) 915
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k=0,1,...,N —1, it follows that any risk-neutral probability measure
IP* should satisfy the equations

(147)sH =
(14 ) SIP* (Rysy = b) + SUP Ry = 0) + (14 a)SUP*(Re 1 = a),
P*(Rgy1 = b) + P*(Rpy1 = 0) + P*(Rpyq = a) =1,
k=0,1,...,N—1, ie.
bP*(Ry, = b) + alP*(Ry = a) =,
{H’*(Rk =b)+P*(Ry =a) =1—-P*(Ry =0),
k=1,2,..., N, with solution

r—(1-P*(R,=0))a r—(1-0%a
b—a N b—a

P*(R), = b) =

and (1= P*(Ry, = 0))b (1-6)b
— e = —r — —r
P*(R. = a) = k =
(Ry=a) b—a e
k=1,2,..., N. We check that this ternary tree model is without arbitrage
if and only if there exists 8* := P*(Ry, = 0) € (0, 1) such that

(1—-0")a<r<(1-6%)b, (S.12)
or ,
. ' e br 175 ifr >0,
0 < 6" < min - = r
@ 1-— ifr<0.
a
Condition (S.12) is necessary in order to have
P*(R,=b) >0 and P*(R;,=a)>0,
and it is sufficient because it also implies
P*(Ry =b) =1— 0" —P*(R, =a) < 1

and
P*(Ry=0a)=1-6*—P"(Rp=0) < 1.

b

=

We will show that this ternary tree model is without arbitrage if and only
ifa<r<b.

(7) Indeed, if the condition a < r < b is satisfied there always exists
0 € (0,1) such that

916 @)
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a<(l-0la<r<(1-0)b<b,
as can be seen by taking

0 e <07min <r7a7b7r>>7
—a b

hence there exists a risk-neutral probability measure IPj, and the market
model is without arbitrage.

(#3) Conversely, if this ternary tree model is without arbitrage there exists
some § = P*(R; = 0) € (0,1) such that

(1-0)a<r<(1-06)b.

N

¢) When » < a < 0 < b the risky asset overperforms the riskless asset,
therefore we can realize arbitrage by borrowing from the riskless asset to
purchase the risky asset. When a < 0 < b < r the riskless asset overper-
forms the risky asset, therefore we can realize arbitrage by shortselling
the risky asset and save the profit of the short sale on the riskless asset.

Under the absence of arbitrage condition a < r < b, every value of 6 €

(0,1) such that
0 < 6 < min (rfa b*?“)

d

=

—a’ b

satisfies

(1-0)a<r<(1—-0)b,
and gives rise to a different risk-neutral probability measure, hence the
risk-neutral measure is not unique and by Theorem 5.11 this ternary tree
model is not complete.
In particular, every risk-neutral probability measure P} will give rise to a
different claim price

0 1 .
wt“(C):WJEG[Cm], t=0,1,...,N.
e) We have
s _ g
Var* % F
Sk
(1) (1) (1) (1) 2
* Sy1 — Sk o | Ski1 =5
-2 |2 ) A - (2 A
k k
O 917
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1 1

(1)
Sk
= a®Py(Rys1 = a | Fi) + 0P (Rgy = b | Fi) —r*
—a? (1-TP5(Rey1 =0))b—r + b27" — (1 =P} (Ry1 =0))a 2
b—a b—a
ab(0 —1) +r(a+b) —r?

= 027

Fi| —r2

k=0,1,...,N —1, hence

Pi(R,=0)=6=1+

and therefore

r—(1-P:(Rr=0)a o>—r(a—r7)

gl =p) = _

o (B =) b—a b(b—a)

and )
1—PX(Ry, = 0))b— )

P (R — a) — (1-P:(R,=0))b—r _ rlb—r)—o 7

b—a a(b—a)
k=1,2,..., N, under the condition
o2 > Max(—r(r —a),r(b—1)),
in addition to the condition 0 < 6 < 1, i.e.
rb—r)+rb<o® < (b—r)(r—a).
Finally, we find
—r(r—a) <o?< (b—r)(r—a),

if r € (a,0], and
r(b—r) <o?< (b—r)(r—a),

if r €]0,b).
In this case the ternary tree becomes a trinomial recombining tree, and
the expression of the risk-neutral probability measure becomes

f

=

r(b+1)+(1-0)b

PRy =1b) = ZEETE
and (1— 0%
* N — —-r
(R = a) = (b+ 1)
918 O
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. The market model is without arbitrage if and only if there
R =0) € (0,1) such that

b

b
7(170)b+—1 <r<(1-6)b,

or

r
0<f<1—-—.
b

g) Using the tower property (A.33) of conditional expectations, we have

f(k,S,(cl)) = WE*[C | Fil
1

= WE*[E* [C| Frra] | Fl
1

= B Y e 18 [ 7]

1 *
= T E kLS [

= 1 (P 1500 )Py = 0) + 10+ 1.5 )Py, = 0)

f (k41,80 (1 + b)) Py (Ry, = b)) .

h) In this case we have f(N,z) = (K —2)T.
i) See the attached code.*
j) Taking 6 = 0.5 we find the following graph:

k25

(a) Underlying asset prices. (b) Put option prices.

Fig. S.13: Put option prices in the trinomial model.

* Download the modified (trinomial) IPython notebook that can be run here or
here.

T Download the corresponding (binomial) IPython notebook. The Anaconda distri-
bution can be installed from https://www.anaconda.com/download/ or tried online at
https://jupyter.org/try.
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=2;S0=1\n",
    "\n",
    "r = 0.1; b=1.0; a=-b/(1+b);\n",
    "\n",
    "theta = 0.5; \n",
    "p = (r-(1-theta)*a)/(b-a)\n",
    "q = ((1-theta)*b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g,color):\n",
    "    pos={}\n",
    "    lab={}    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15,font_family='sans-serif')\n",
    "    nx.draw_networkx_nodes(g,pos,node_color=color,alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.autoscale(enable=True)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k,k+1,1):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():\n",
    "        k=n[0]\n",
    "        l=n[1]\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock(),'lightblue')"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k,k+1,1):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N,N+1,1):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "     \n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k,k+1,1):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l)]['value']*theta+price.nodes[(k+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "put_price = European_put_price(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock(),'lightblue')\n",
    "print('European put prices:')\n",
    "plot_tree(put_price,'purple')\n",
    "print('Price at time 0 of the European put option:',float(\"{0:.4f}\".format(put_price.nodes[(0,0)]['value'])))"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.11.6"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}



{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "!pip install networkx"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=2;S0=1\n",
    "\n",
    "r = 0.1;a=-0.5;b=1; # change \n",
    "\n",
    "# add definition of theta \n",
    "\n",
    "p = (r-a)/(b-a) # change \n",
    "q = (b-r)/(b-a) # change \n",
    "\n",
    "def plot_tree(g):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "        \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15)\n",
    "    nx.draw_networkx_nodes(g,pos,node_color='lightblue',alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N-0.5,N+0.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k,k+2,2): # change range and step size\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "#           add edge\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():\n",
    "        k=n[0]\n",
    "        l=n[1]\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock())"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_call_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k,k+2,2): # change range and step size\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "#               add edge\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N,N+2,2): # change range and step size \n",
    "        price.nodes[(N,l)]['value'] = np.maximum(S.nodes[(N,l)]['value']-K,0)\n",
    "     \n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k,k+2,2): # change range and step size         \n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r) # add theta       \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "K = input(\"Strike K=\")\n",
    "\n",
    "call_price = European_call_price(float(K))\n",
    "\n",
    "print('Underlying asset prices:')\n",
    "plot_tree(graph_stock())\n",
    "print('European call prices:')\n",
    "plot_tree(call_price)\n",
    "print('Price at time 0 of the European call option:',float(\"{0:.4f}\".format(call_price.nodes[(0,0)]['value'])))"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.10.4"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
}
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There also exists extensions of the trinomial model to five states (pentanomial
model), six states (hexanomial model), etc.

Chapter 4

Exercise 4.1 If 0 < s < ¢, using the facts that E[B] = 0 and E[(B;)?] = ¢,
t > 0, we have

E[B;Bs] = E[(B; — Bs)Bs] + E[(B;)?]
= E[(B; - B,)|E[B;] + E[(Bs)?]

and similarly we obtain E[B;Bs] = t when 0 < ¢ < s, hence in general we
have
E[B;B;] = min(s,t), s,t = 0.

Exercise 4.2 We need to check whether the four properties of the definition
of Brownian motion are satisfied.

a) Conditions 1-2-3 can be checked using the time shift ¢ — ¢+ ¢. As for
Condition 4, Beyt — Beys clearly has the centered Gaussian distribution
with variance ¢+ ¢ — (¢ +s) = ¢t —s. We conclude that (Beys — Be)ier,
is a standard Brownian motion.

We note that B is a centered Gaussian random variable with variance
ct? - not t, hence (B2 )ier, is not a standard Brownian motion when
c# 1.

Similarly, checking Conditions 1-2-3 does not pose any particular problem
using the time change ¢t — ¢/c2. As for Condition 4, Byt — Begs clearly
has a centered Gaussian distribution with

b

=

o
=

Var (c(Bt/Cz - BS/CQ)) = *Var (Bt/c2 - Bs/c2)
= (t—s)c?/c?

=t—s.

As a consequence, (Bt /cz) (R, 82 standard Brownian motion.

d) This process does not have independent increments, hence it cannot be a
Brownian motion. For example, by (4.1) we have

E[(B;+ By/2 — (Bs + Baj2)) (Bs + Byya)]
=E [BtBs + BiBg/o + By /o Bs + Bt/QBS/2:|
-E [BsBs + BsBs/2 + BS/QBS + Bs/ZBs/Z}
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=2,

which differs from 0, hence the two increments are not independent. In-
deed, independence of By + By /9 — (BS + B, /2) and B, + By /9 would yield

E[(Bt + Bija — (Bs + Bs2)) (Bs + By 2)]
= E[B; + Byja — (Bs + By/2) | E[(Bs + By /2)]
=0.

Exercise 4.3 By Definition 4.5, we have

T
fo 2dB; = 2(Br — By) = 2Br,

which has a Gaussian distribution with mean 0 and variance 47". On the other
hand, by Definition 4.5 again, we have

T
J, @x Ljo.73)(8) + L2y (t))dBe = 2(Br/a — Bo) + (Br — Bra)
= Br + Brya,

which has a Gaussian distribution with mean 0 and variance

Var[BT + BT/Q] = Var[(BT — BT/Z) =+ QBT/2]

= Var[Br — By /o] + 4 Var[Br/s)
T 4T
2

2
57
o

Equivalently, using the Ito isometry (4.8), we have

Var KJOT@ X Ljo.r/2)(t) + ]1<T/2>T](t))dBt>}

T 2
=E <J0 (2 Lio,7/2) (t) + Liz/2,1) (t))dBt>

T
= f, @xLozy(t) + Lizyam(t)dt

T/2 T
:4f/dt+ dt
0

T/2
5T
7
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2
Exercise 4.4 By Proposition 4.12, the stochastic integral Io 8 sin(¢) dB; has

a Gaussian distribution with mean 0 and variance

27 1 27
sin? = — — 3 =
jo sin® (t)dt = fo (1 — cos(2t))dt = .

Exercise 4.5 By the It6 formula (4.28), we have

d(f(t)By) = f(t)dBy + Bydf (t) + df (t) - dBy
= f(t)dB + Bif'(t)dt + f'(t)dt - dBy
= f(t)dBy + By f'(t)dt,
and by integration on both sides we get
L rwanct [ B @i = [ atr) )
= f(T)Br - f(0)Bo
=0,

since f(T) = 0 and By = 0, hence the conclusion. Note that this result can
also be obtained by integration by parts on the interval [0,T7], see (4.11).

Exercise 4.6

a) The stochastic integral fol t2dBy is a centered Gaussian random variable
with variance y
1 1 1
2 4
t“dB = f=—.
(IO #2d t) , that -

b) The stochastic integral fol t=1/2dB, has the variance

1 2
<jo t’l/det>

In fact, the stochastic integral [01 t=1/2dB; does not exist as a random
variable in L2(Q)) because the function ¢ s t=1/2 is not in L2([0,1]).

Remark. Writing Relation (4.11) with f(¢) = t~1/2 gives

E

11
E :fo Jdt = too.

Voo, _ Br 1l g
fot dBt—ﬁ-i—ifOt Budt,

however this is only a formal statement as f is not in C* ([0,1]). Informally,

T
we can check that the term Io =3/ 2B.dt has the infinite variance
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J‘TB F(t)dt ’ =E ['TB F(e)dt J'TB.f'(s)ds
o ! Jo 7t o °
T (T
=E UO jo ByBif'(s) f’(t)dsdt}
T (T

= |, [, 7'(&)f OE(B.B/dsdt

_ 1T T 39,370 .

= 4[0 -[0 s7% min(s, t)dsdt

T . T T
ijo t=3/2 fot 57°/2dsdt+if0 t75/2ft 732 dsdt
O R Y Ly LT 52 (T 372
7Zj0t fs detJ'_Zjot L s dsdt

+o00

E

t
0

where we used Relation (4.1) or the result of Exercise 4.1

T
Exercise 4.7 The stochastic integral ID By dB; has mean 0 and variance

T 2
( 0 BtdBt>

T
In addition, by (4.31), we find that the square 1+ 2f0 BydB/T = B%/T

of the normal random variable By /v/T =~ N(0,1) has a gamma distribution
with shape parameter A = 1/2 and scale parameter 2, i.e. a x> distribution
with one degree of freedom.

2

T T T T
E =E Uﬂ |Bt\2dt] :jﬂ E [|B[?] dt:jo tdt = —-.

Exercise 4.8

a) By Proposition 4.12, the probability distribution of X,, is Gaussian with
mean zero and variance

2
2
Var[X,,| = E (JO " sin(nt)dBt)
2

= jo " sin2 (nt)dt

1 2r 1 r2m
=3 fo cos(0)dt — 3 jo cos(2nt)dt
=, n > 1.

b) The random variables (X;,)n>1 have same Gaussian distribution, and they
are pairwise independent as from Corollary 4.13 we have

27 27
E[X"X,,L]:IE[JO sin(nt)dB; JO sin(mt)dBt]
@) 923
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27
= fo sin(nt) sin(mt)d¢

1 p2n 1 r2r
=5 jo cos((n —m)t)dt — 3 fo cos((n + m)t)dt
=0
and the vector (X, Xp) is jointly Gaussian, for n,m > 1 such that

n # m. Note that this condition implies independence only when the
random variables have a Gaussian distribution.

Exercise 4.9 We have X; = f(B;) with f(z) =sin’z, f/(z) = 2sinzcosz =
sin(2z), and f”(x) = 2cos(2z), hence

dX; = dsin®(B;)
= df(By)
= F/(BdBy+ " (Bu)dt
= sin(2B;)dB; + cos(2B;)dt.

Exercise 4.10

a) Using the Ito isometry (4.16), we have
. T T
E[B}] = E UO dB, (T+2 [ BidB
T T T
—TE UO dBt} +2E UO dB; fo BtdBt}

=2F UOT BLdt]

T
= QIO E[B;]dt
=0.

We also have
E[B}] =E

T 2
<T 12 JU BtdBt>

2
, o .
T% 44T JO BdB; + 4 <j0 BtdBt>

( JOT BtdBt)2

=E

_ g2 T
= T2+ ATE JO BydB,| +4E

924 0)
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— 7% 4 4E UT |Bt\2dt]
—T2+4j [1B:*]dt
:T2+4fg tdt
:T2+4T7
=372

b) If X ~ N(0,0%), we have X ~ Br with 02 = T, hence the answer to
Question (a) yields

E[X*] =0 and E[X']=30"

We note that those moments can be recovered directly from the Gaussian
probability density function as

3 2322/ (2
]E[X}f\/ﬁf 2127 gy = 0
and E[Xx4] = 4 —22/(20%) g — 354
[X ] = \/Wj zte = 30".
Exercise 4.11
a) We have 54| 5. H
t | B, t
E [.fo Tds] L=
with
1
E[|Bs|] = \/? fjo 17|6712/(25)d:c
[~ f 71 25
_ _ a—x?/(2s)
'\l \/E [ < ]0
_[2s
=\
hence
HIBs| 1 _ (t EllBsl]
E UO Tdé] =, s
O 925
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_ 2t e
_\/;fos ds
t
zg\ﬁ
T

< 0.
b) We have
~ t Bg
E[B,] = E {Bt -, ?‘ds]
+ E[B,
—E[B] - fo %ds

=0.

Next, since E[BsB,] = v when 0 < u < s, see Relation (4.1) and Exer-

cise 4.1, we have
t Bg 2
<BL - JO ?d5> :|

t [E[BsB t B, t B,
= E[B% - zfo %ds +E UO s jﬂ Tudu}

t—ZI(:der2fotfos @duds

—t+2 fot % ﬁ: duds

t
—t+ 2f0 ds
—t 42t
=1t

E[B}] = E

¢) Similarly, we have

COV(B,g7 Et) = IE[BtEt]

=E [Bt (Bt - fot %ds)}

t E(BsB
= E[B}] - || [: g
t 8
=t [ Zas
0 s

hence Et is independent of By for all ¢ > 0.

Exercise 4.12 Taking expectation on both sides of (4.39) shows that
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This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance
0 = E[(Br)]
—E|C+ IT dB
= 0 Ct,rdBy

T
—c+E|[ ran)
=0

by (4.17), hence C = 0. Next, applying Itd’s formula to the function f(z) =

23 shows that
(Br)® = f(Br)
T / 1 T 1"
= f(Bo)+ || f(B)dB.+3 || f(Br)dt
=3 (Bt) dB, +3[ Bydt.
By the integration by parts formula (4.11) applied to f(¢) = ¢, we find
T T T
fo Bydt = TBy — fo tdB; = jo (T —t)dB,,
hence
3_qo(Tipy2 (T
(Br)? = 3f (B,)2dB, + 3 ( TBr fo tdB,
_3I *tJr Bt) )dBt,

and we find ¢, = 3(T —t + (B;)?), t € [0,T]. This type of stochastic inte-
gral decomposition can be used for option hedging, cf. Section 7.5.

Exercise 4.13
a) We have

[ Iy ()

]—‘t] — ol £ dBSIE{ i F(s)dBs

= ofi B oS s1905.]

= exp (j £(s)dB, +2j |2de>, (S.13)

s

< t < T, where we used the Gaussian moment generating function

0
T
E[eX] = e?*/2 for X ~ N(0,02) and the fact that L f(s)dBs =~

N(O,L f2(s)ds> by Proposition 4.12.

3
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b) We have
EFW(Kf@M&—%LH%ﬂ*NﬁJ
— exp <f% Jot f2(s)ds) E [exp <J(:f(s)st) fu]
— exp (7% ) f2(s)ds> E {exp ( I ssyams+ ! f(s)ng> ]-'}
::ap(ﬁfbMBy—%ﬂf%ﬂ%>E[%p(ffGMBQ EJ
- <J;J"f(s)dBé - % [: f2(s)ds> E [exp (J f(s)dEg)]
— exp (jo“ F)aBy— 3 [ P(s)ds + 5 | fz(s)ch)

T2

= exp (fouf(s)st L jou f2(s)ds> , 0<u<t.

This result can also be obtained by directly applying (S.13).
c) We apply the conclusion of Question (b) to the constant function f(t) :=
o, t>0.

Exercise 4.14 We have
ds; = d(stV - s1¥)
= ast —as®?
= SVt + o1 dw) — (us? dt + ooa?)
= u(S™M = 5 dt + ar1aw M) — aadw ).

The process My := o1 th — (rzW,@ is a continuous martingale, with

AMy - dM; = (o1d WY = ood WD) - (01dW Y — opa?)

= o2aw Ve awV — 20100aw Y« aw® + o2aw? < aw?
= (0? — 2po109 + 03)dt.

o= \/0% —2poio + 0'%

M,
Wi Mo _ oty o)
g ag (o

Therefore, letting

and
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by the Lévy characterization theorem, see e.g. Theorem IV.3.6 in Revuz
and Yor (1994), the process (W¢)er. is a standard Brownian motion with
quadratic variation dW;« dW; = dt, with

sy = u(s™ = sPdt + oraw V) — opaw?
= pSydt + odWy.

Remark: Since p € [—1, 1], we have

0% —2p0109 + 0% = 0% — 20109 + 05 = (01 — 02)% > 0.

Exercise 4.15

a)

b)

Using (4.31), we have

T
E {exp <5 I, BtdBtﬂ = B[e#(B7-T)/2)
= ¢ PT/2E [emBT)?/z}
_ e*ﬂT/? jm e/jzz/Zefzz/(QT)dz
V2rT Y-

-BT/2 .

V2nTT 7=

o—BT/2 [Oo e—72/(2/(1/T—B))
- VI=BT - \/2x/(1/T - B)

B o—BT/2

V18T

for all B < 1/T, where we applied Relation (A.38) to the function ¢(z) =
e#7%/2 Lnowing that By ~ N(0,T).

The square B%/T of the normal random variable By/v/T ~ N (0, 1) is
known to have a 2 distribution with one degree of freedom. In other
words, B%/ 2 has a gamma distribution with shape parameter 1/2 and
scaling parameter T

T

From the answer to Question (b) we know that 7'/2 + fo BydB; = B2./2

has a gamma distribution. This fact can be recovered from the answer to
Question (a) and the relation

dx

T (oo 1
By, =1 =y/T g, _
T()\)fo eyt e Y  dy = =g B<1/T,

applied with A = 1/2, which shows that the function g — 1/+4/1— T

is the moment generating function of the gamma distribution with shape
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parameter A = 1/2, scale parameter 7', and probability density function

(y1)" /e v/,

I(1/2)

Exercise 4.16
a) Letting Y; := " X;, we have

dY; = d(e®Xy)

= be" Xydt + "dX;
= beP Xydt + P (—bXydt + aedBy)
= 0dBgy,

hence
t t
Y =Yo+ | dYs=Yo+o [ dB, = Yo+0By,
and
X = e MY, = e MYy +oe B = e Xg+0e B,

Alternatively, we can also search for a solution X; of the form X; =
f(tht)v with
of of 10%f
dXy = df (¢, Bt) = —(t, By)dt + == (t, Bt)dB; + = —5 (¢, By)dt
L= () = D Bde+ S BB+ S S B)
from the Ité formula. Matching this expression to the stochastic differen-
tial equation (4.40) would yield

) 102
%(t, B+ 53720“’ By)dt = —bX, = —bf (1, By)
and oy
of _ bt
o (t, Bt) age s
hence
of 19°f _ of bt
E(t,x) + iw(t,x)dt = -bf(t,z) and %(t,x) =oe

z € R, which can be solved as f(t,z) = f(t,0) + oze " and

of o
E(tvo) - 7bf(t7 0)1

which gives f(t,0) = £(0,0)e~", and recovers

Xi=f(t,B)) = Xoe " +oe B, ¢

WV
o

930 @)
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Remark. This type of computation appears anywhere discounting by the
factor e is involved.

b) Letting ¥; = e® X;, we have

=

dY; = d(e®Xy)
= bl Xydt + MdX,
= beb' Xydt + et (— bX,dt + oe~"dB;)
=gelt=9gp,,

hence we can solve for Y; by integrating on both sides as
t t
Yi=Yo+ [ dYi=Yo+o [ "B, tz0.
This yields the solution
t
X, = e Y = e X, +ao*btf0 elb=9sgp. t>0.  (S.14)

Remark. In part (b) the solution cannot take the form X; = f(¢, By) when
a # b. Indeed, solving

6f _ —at
P (t,x) =o0ce
gives f(t,z) = f(t,0) + cxe™, yielding
of 19%f _of —at
E(t,x) + gw(t,x) = E(t,()) —aoze™™,

which cannot match —bf(¢,x) unless a = b.
t
¢) The stochastic integral L) =934 B, cannot be computed in closed form.

t .
If r # —a, the stochastic integral jo e~ (@+7)sgB is a centered Gaussian

random variable with variance

—2(a+r)t
[ e esmings = 1—e®emt
0 2(a+r)

From (S.14) we conclude that X; has a Gaussian distribution with mean

e Xy, and variance
5 027‘t _ Cf2at -
o2 =
2a+r) 77

When a = —r we have X; = e" X + o e By, which has variance o2t e,

Exercise 4.17

a) Note that the stochastic integral

@) 931
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T 1
jo TfsdBS

is not defined in L2(Q) as the function s ~— 1/(T — s) is not in L%([0, T]),
and by the It6 isometry (4.8) we have

<J;]TT%dB>2 J‘T;ds:[ 1 ]WZ%Q

Jo (T —5s)? T—5s],
On the other hand, by (4.27) and (4.42) we have

X\ dXy 1 1
d(Tft)*T +Xtd( )+dXt d<—T7t)
_dXy Xy
7T—t+(T—t)2dt
_ dB
s

E

hence, by integration over the time interval [0,¢] and using the initial
condition Xo = 0, we find

X, Xo ¢t [ Xs ¢ dB,
_ X0 s ) = : <t<T.
T—i- T ' 0d<Tfs> UJOT757 Ost<
b) By (4.17), we have
E[X,] = (T ftUIEU —dB} 0<t<T.

¢) By the It6 isometry (4.8), we have

t o1
Var[X,] = (T —t)%0? Var[ . T_SdBS]

<j0 T1 dB“>2

t 1
= (T —t)%0? f 5 ds

— (T )2 2]E

o (T —s)2
1 1
_p_p22f( Lt 1
=(T—t)c (Tft T)
T—t
2
=0 t—— 0<t<T.
o T <
d) We have
932 O
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2 t?
fn s = iy Verf] = o i (1 7 ) =0

Exercise 4.18 Exponential Vasi¢ek (1977) model (1). Applying the Ito for-
mula (4.29) to Xy = "t = f(r) with f(z) = e”, we have

dX; = de'
1
f/(Tz)d’l"t + Ef”(rt)d” . d’f‘t

1

e"tdry + 3 e’tdry- dry
1

= e"((a—bry)dt + odBy) + 2 e’ ((a—br)dt + UdBt)Z
0'2 .

= " ((a—br)dt + odB;) + —-e™dt

02
= Xt <a + 7 — b]og(Xt)> dt + O'XtdBt
= X,(@—bf(X,))dt + og(X,)dB,,

hence
2

a=a+ % and b=b
the functions f(z) and g(z) are given by f(z) = logz and g(z) = z. Note

that this stochastic differential equation is that of the exponential Vasicek
model.

Exercise 4.19 Exponential Vasicek model (2).

a) We have Z; = e~ %7 + Jjot ef(tfs)adBS.

b) We have V; = e~ %Yy + g(l - efat) + Ufot e (t=s)agp .
¢) We have dX; = X; <9 + %2 - alogX,,) dt + o X;dBy.

0 t
d) We have r; = exp (efat logrg + 5(1 - efat) +0o fo e7<t75)“dBk

N~

e) Using the Gaussian moment generating function identity E[e™] a?/2

for X ~ N(0,a?) and the variance formula (4.10), we have

e

0 t
E[r | Fu] =E {exp <efat logro + g(l —e ) + Ufo e*(tfs)“st> ‘ w
_ Ce*“t logTo+%(l—e"“’)+0J: e*(t**‘)’lstIE exp (U jt e*(t—S)ast> ‘]_-u
u

@) 933
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e~logro+2 (l—e"“)Jr{f I’y 97<t75)astIE

exp <o jt 07(“5)‘1st>}

0
_ at 1. —(t—s)a 2(t—s)a
—exp(e logr0+—a(l—e )+(rf e dBg +—f d9>

= exp (ef‘“‘/ logrg + g(l —e ) +O’I0 e~t=9agp, 4+ T o (1 —e 2<t7“)“))

exp (e’(t’u)" (eﬂw log 7o + Q(l —e "™ +o jou e’(’“s)adBS)
a

0 o?
Y1 _ —(t—u)a 9 1 a2(t—u)a
+o(l-e )+ (e ))
= exp e—(t—u)a log 1 + 2(1 _ e—(t—u)a) + 072(1 _ e—Q(t—u)a)
“a 4a

~(t-wa ) , 2
=r, (t—u) exp <7(1 _ ef(tfu)a) + 0—(1 _ 672(t7u)a)> )
a 4
In particular, for v = 0 we find

2
E[re] = ¢ " exp <+§(1 — o) %(1 _ C72at)> )

a

f) Similarly, we have

E[r?| F]=E

260
exp <2 e logrg + E(l — 7‘”) + 20 e —s)aqB, ‘ .Fu]

)
exp (20 ~(t=s)egg ) ‘]—‘u}
)

exp <20 e (t=9)agp }

29 ‘”10177‘0+29 (1 97‘”)+2lfju —(t= =)astlE

2e  logro+2 (1—e~at) 420 [ e~ (t=)adB,

20
exp (2 e %logrg + o (1 — ’“t) + QOI e (t=9)agp 4 92452 L e’Q(t’S)“ds>
t 26 t —(t— o 2(t
2¢ logro+ - (1— e +20j (t=s)agp, +7( — e~2t-way

= exp (2 e~ (t-u)a (2 e “logry + —0(1 e ™) + chf e’(ufs)"st,‘)
a
(

+%€1—e(t wae) 4 = (1 e “>)>
=exp (2e (W og +=(1 & “>a) +J—2(17 e2(t=ua)
= exp g Tu .

934 )
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hence

Var[re | Fu] = E[r? | Fu] — (E[rs | Fu])?

2
= Tie*(t—u)a exp <%(] _ e—(i—u)a) + %(1 _ e—2(t—u)a)>
—(t—u)a 20 o o2 i
—r2e exp <;(1 _ et u)a) + %(1 o2t u)a))
2

= 7.3e—(t—u)a exp (%(1 — e*(tfu)a) + %(1 _ 972(t—u)a)

2
g) We find lim E[r{] = rgexp (g + U—) and
t—o0 a 4a

2 2
lim Var[r;] = exp <% + 0—) (1 — exp <—0—>>
t—oo a a 2a
=exp|— exp|— | —1].
a a

Exercise 4.20 Cox-Ingersoll-Ross (CIR) model.
a) We have
t t
re=ro+ [ (a—Br)ds+o [ VrdB, >0, (S.15)
b) Taking expectations on both sides of (S.15) and using the fact that the

expectation of the stochastic integral with respect to Brownian motion is
zero, we find

u(t) = E[r]
=E {m + jot(a — Brs)ds + crf; \/EdBS]

—E {ro + j(f(a - [irs)ds}

=r+E [jot(a - ﬂrs)ds}
o + jot(oz — BE[ry])ds

=ro+ jot((y — Bu(s))ds

@) 935

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault
which yields the differential equation u/(t) = a — Bu(t). Letting w(t) :
ePtu(t), we have
w'(t) = BePlu(t) + Pt/ (t) = ae®,
hence

E[r = u(t)
= e Plw(t)

e Pt <w(0) + afot eﬁsds>
o Pt (u(()) + %(eﬂt - 1))

— e Py + %(1 ) ) (8.16)

¢) By applying It6’s formula (4.29) to
't it
r? =f (m + JO (= Prs)ds + O'JO \/FSdBé.) ,
with f(z) = 22, we find

1
d(re)? = f'(re)dre + 5f//(rt)d7't - dry
= 2r¢dry + dry - dry
= rt(02 + 2a — 20ry)dt + QUT?/QdBt

or, in integral form,
- jot ro(0? + 20— 2Brs)ds + 20 f: P24B,, t>0. (S.17)
d) Taking again the expectation on both sides of (S.17), we find
v(t) = E[r{]
=E {rg + jot rs(0? + 20— 26r,)ds + 20 fot rg/Qst}
= +E {fot rs(0? 4+ 20 — Qﬁrlg)ds]
=2+ JZ(O'Q]E[TS] + 2aE[rs] — 2BE[r2])ds

=v(0) + f:((rQu(s) + 2au(s) — 2pv(s))ds,

936 @)
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and after differentiation with respect to ¢ this yields the differential equa-
tion

o' (t) = (02 + 2a)u(t) — 2Bv(t), t>0.
By (S.16) we find

V(1) = (0 + 20) (g+ (To—E) ,m> Sopu(r), ¢

Looking for a solution of the form

V
o

u(t) = co+c1cfﬁt+52072ﬁt, t>0,
we find
V' (t) = —Bere Pt — 2Bcp e
= (02 +20) <% + ( ro — E) 75‘) —2B(co 4 c1e7 P 4 e
= %(02 +2a) + (6% +20) (ro - %) e Pt —28c) — 2Bc1 et — 2Bcpe P,
> 0, hence

0= — (02 +2a) — 28co,

ad
B
—Be1 = (02 + 20) (ro — %) — 2f¢y,

and

2
« ‘4 2a o
¢ 2 = - —
co = 25 (0% 4 2a), c1 5 <r0 ﬁ)’
with
rg =v(0) =co+c1 + e,

which yields

czzrg—co—cl

2
=3 - QﬁQ(U +2a) — g ;20[ <7’07%>
:Tg,(g2+2a)<%,%>1

and

E[r{] = v(t)

=cta e P4 cpe 2

937
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2
2
= 2&62(02 +2a) + HTQ <r0 - g) et

+ <r(2) — (0% +2a) (%0 - %)) e 20, t

Var[r] = E[r?] — (E[r])?

2
= %(02+2a) -+ g ;2(1 <r0—g> e Pt

+ (rg — (6% +20) (%0 — 222>> e 20t

WV
o

e) We have

a\? 2a a\ g 9 @ o\’ _28t
-(5) % (%) <7°2T°ﬂ+<ﬂ> ‘
2

2 2 2
= 7’0% (e_m e_QﬂL) + —ZZZ - 70;302 Bty (;;2 —28¢
2 2
_ .9 —Bt —24t ao —Bt\2
=ro—|(e e + —=(l—e , t=0
( )+ 550

Problem 4.21

a) The Itd formula cannot be applied to the function f(z) := (z — K)*

because it is not (twice) differentiable.
b) The function = + fz(z) can be plotted as follows with K = 1.

We note that f. converges uniformly on R to the function z — (z — K)T

as we have

Oéfg(x)f(ach)JrgZ, z eR.

¢) Applying the It6 formula to the function f; we find
r ., 1 T 1"
J-(Br) = f-(Bo) + || (BB + 5 | f2(B)dt
T 1 T
= [o(Bo) + [ BB+ - [ Ve escre) (B,
and to conclude it suffices to note that

938
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[J Ke K K+e

Fig. S.14: Graph of the function = — fe(z).

T
(({te0,T] : K—c< B < K+¢}) :fo Lk s re)(Be)dt.

d) The derivative f.(z) of f-(z) is given by

1 ife>K+e¢,
1
(z) = Z(x—KJr.e) ifK—ec<az<K+e,
0 ifoe<K-—e.
.
o
o K-g K K+

x

Fig. S.15: Graph of the derivative z — fL(z).

Hence we have

s o0 () = FO 2,y = J (L) (@) = f2(@))

K+e
= [ (WHIfi(@))da
<2t f:f: (r— K +¢)’da
K+e

— [(I - K+ E)B]Kﬁ

@) 939
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2e
=2 —.
e+ 3

e) i) We have

E UOT (L o0) (Be) = fé(Bt))th} = IOT]E {(H[K,oo)(Bt) - fé(Bt))Q] dt

2 .2 1
- - @) e L
K+€ 9 . 1
< I (1) = fia)) e K2 Oy

y (|
< ||11[Km)(4)7f€(-)\|§2(mj0 o (K )2/(2t)\/tdt

2mt
2e 2 1
9 o—(K—€)?/(21) dt
<E+3>I0 Vort

where

IT o (K—2)2/(2) _1
0 V2mt

T 2 1
dt < eI/ __— gy < 00,
IO V2wt
. T , 2
for ¢ < K/2, hence gg%]E {fo (H[K,oo)(Bt) — fL(By)) dt} =0, and
by the Itd isometry

B (07 om0 - 1m0} | = [ sy (50 - 30 ]

we find that
hm]E [(I ¢ o0) (Bt)d Bt — f fe Bt)dB{) ] =0,

which shows that [ fo(B;)dB; converges to jooo L(g o0) (Bt)d Bt in
L%(Q) as ¢ tends to zero.

ii) By (S.18) we have

€

2
E|((Br—K)*" - £(Br)"| < 5,
hence f.(Br) converges to (Br — K)* in L2(Q).
ili) Similarly, f=(Bo) converges to (Bp — K)T for any fixed value of By.
As a consequence of (ei), (eii) and (eiii) above, the equation (4.47) shows
that

Sl ({tel0T] - K—c<Bi<K+e))

940 @)
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admits a limit in L?(Q2) as ¢ tends to zero, and this limit is denoted by

,C[’((] AR The formula (4.48) is known as the Tanaka formula.

Problem 4.22
a) We have

0 < E[(X —¢)7]

— 1 oo *12/(202)
= @9
1 "0 —a?/(202) € o _22/(202)
= xe dx — e dx
Vet Va7 )
2
— g —22/(202) d _ S
o ¢ |, ez
2
=2 o=/ _p(X >¢)
= e c > o),
Voro?
which leads to the conclusion.
b) We have
P(Xe€de | X+Y =2)= P(x ePcia):(aidYXeJ;); € dz)
z
_ P(X edrandY € (dz) —x)
P(X +Y €dz)
. 27r(a2 T 52) efxz/(Zaz)—(z—x)z/(zﬂz)d
B 2raf e—22/(2(a2+82)) z
= M ef(z2<1+52/012)+(12+22*2IZ)(1+a2/ﬂ2)fz2)/(2(a2+[32))dw
oz
= w 6_(12(2+ﬁ2/02+a2/ﬁ2)+2202/;92—2x2(1+a2/ﬁ'2>)/(2(a2+/32))dx
27
- we*(z(ﬂ/wa/ﬁ)*za/ﬁﬁ/(2(a2+ﬂ2)>dx
27
- wc*‘“<“2+ﬁ2>/<<¥ﬁ>>7w/6>2/<2<a2+52>>dx
27
= Me*(I*mQ/(a2+ﬂ2))2/(2/(1/a2+1/52)))dx.
V21

¢) Given that B, = z we decompose

B, = (Bv - B(u+v)/2) + (B(u+U)/2 - Bu) +z,

and apply the result of Question (b) by taking

@) 941
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X =By —Bu  and Y =By = By,

v—u

a?=p2= and z=y—u,
which shows that the distribution of B, ,)/2 = @ + X given that By, =«

and B, =y is Gaussian N’ <$ tyvo u) with mean

2 7 4

" a?z +yfx T+y q . a?p? v—u
T+ —5—>5 =z = and variance =
o + B2 2 2 o + (2 4

d) Four linear interpolations are displayed in Figure S.16.

Fig. S.16: Samples of linear interpolations.

e) Clearly, the statement is true for n = 0 because Zﬁo) and B; have the

same N (0,1) distribution. Next, assuming that it holds at the rank n, we
note that the terms appearing in the sequence

+1 +1 +1 +1 +1
200 = (0,205 0, 2 2 20 L 2.

can be written for any £k =0,1,...,2" — 1 as

Z(n+1) + Z(n+1)

(n+1) 2k /2n+1 (2k+2)/2n+1 42 (n+1)
"'7Z2k/2n417 2 +N(071/2n )7Z(Qk.+2>/2n\17"'
_ (n) 2k /2n+1 (2k42) /2741 19\ (n)
o . FN(0,1/272), 250
(n) (n)
B PO Zopyanir T Zigg gy janr 1 o)
| TR2m 2 Yont2 | T (k+1)/2m0
(S.19)

On the other hand, the result of Question (c) shows that given that

Bogjon+1 = @ and By g)/gn+1 = y, the distribution of B(opy1)/on+1
is

942 O)
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2 ’ 4
Y sz/2n+1 + B(2k+2)/2n+1 1
N 2 ’ on+2

N (ng/zw + Boktay/ontt (2k +2) /27 — (2k + 2)/2"“)

(S.20)

Given that Z(™ and B(™) have same distribution, we conclude by compar-
ing (S.19) and (S.20) that Z("t1) and B("*1) also have same distribution.
f) We have

(S‘”’ 2 -z >f”>
te(0,1]

_ (n+1) (n)
= P(kzo}}f%n,l 1Z ats1) s2n 1 = Diapany pomsa | 2 En)

(n+1) (n)
<P U {‘Z(2k+1)/2"+1 - Z(2k+1) 2n+1‘ }
k=0,1,...,27 —1
N p(10tD) ()
n+ n
< Z IP(‘Z(ZkJrl)/Z"H - Z(2k+1)/2”+1‘ )
k=0

+1)
Qn]P(‘Zl;Lywl - Zi?;rﬁl‘ = En)

() |
Zyyyn + L |

=2p | |zl - s,
g) Since
2t = % FN(0,1/2") = 270,00 + N(0,1/27F2),
we have
P <t§[1(1)pl] |z — z() > s) (|Zl’;2+,}+1 - Zf%m\ > en)

Z(") + Z(")
1 n n
— onp Zir/t;rm)l ~ “o/2 . 1/2 >en

=2"P (JN(0,1/2""2)] > &)
on/2 _e29nl

<
= enV2m ’

where we applied the bound of Question (a) to the Gaussian random
variable
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2+ 285,
2t = P s N (0,1/272),

h) We have

Z]P(HZ(H-H) _ Z(n)”oO > 277L/4) _ Z]P ( Sup |Zt(n+1) - Zt(n)‘ > 571)

n>0 o \telo.
2n/2

<
<
>0 enV 2T

1 1+n/2
=) 9in/i2 < o0
75 2

T n>0

2 on+1
e—En2"

since

P _ol4(n+1)/2
93(n+1)/4 -2 Lin/2
lim s =93/ Jim ~272(V2-1) — g,
n—00 23n/4 e—2 +n n—00

Hence the Borel-Cantelli lemma shows that
]P(HZ(”“) — 2| = 274 for infinitely many n) =0,
therefore we have

P(| 2D — 20|, < 277/% except for finitely many n) = 1.

i) The result of Question (h) shows that with probability one we have
p—1
lim [|2® - 29|, = lim Zz<n+1) _z0)
Pg—00 P00 || =

oo

N

p—1
. (n+1) _ »(n)
p}llgloo;ﬂz ZM oo

N

. (n+1) _ »(n)
Jim 12 AL
nz=q

0,

hence the sequence (Z("))nzo is Cauchy in Cy([0,1]) for the || - ||co norm.

Since Co([0,1]) is a complete space for the || - ||oo norm, this implies that,

with probability one, the sequence (Z(™),5¢ admits a limit in Co([0, 1]).

j) 1. By construction we have Z((J") = 0 for all n € N, hence 7y =
(n)

limp 00 Zy = 0, almost surely.
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2. The sample trajectories ¢ — Z; are continuous, because the limit Z
belongs to Cy([0,1]) with probability 1.

3. The result of Question (e) shows that for any fixed m > 1, the sequences
Ziy = Zigy ity — Lty Lty — Dty

and
Btl - BtovBtz - Bt11 ce 7Bt'rn, - B

tm—1

have same distribution when the ¢, s are dyadic rationals of the form
ty = in/2" k = 0,1,...,n. This property extends to any sequence
to,t1,...,tm of real numbers by approximation of each ¢ > 0 by a
sequence (in)peN such that ¢ = lim, 500 i /2" and taking the limit
as n tends to infinity.

4. By a similar argument as in the above point 3, one can show that for
any 0 < s < t, Z; — Zs has the Gaussian distribution N'(0,¢ — s).

Problem 4.23

a) We have

E[Q] = > E[(Bir/n — Be-1yr/n)’]

k=1
n
=Y <kz — (k- 1)Z>
n n
k=1
=T, n>1

b) We have
n 2
E[(Q")?) = E (Z(BkT/n - B(kl)T/n)2>

n
=E | > (Bir/n— Bu-1yr/n)*Bir/n — Bu-1yr/m)’
k=1
n

=) E { Byt /n — B 1)T/n)4]
=1

Z { Byrn — B(kq)r/n)z] E {(BlT/n - B(l—l)T/n)Q]
1<k<

Z (kT /n — 71)T/n)2

@) 945
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+2 Y (kT/n—(k—=1)T/n)(T/n—(1-1)T/n)

1<k<i<n
T2 n—1)12
= 37 + %
n
272
=T+ ax1,

hence

var (] = E[(@)?] - (lQ)* =22, azu

n
¢) We have
10 = T2 ) = EL(@F ~ B[]
= Var [QT }
_ kT g
n
_r
T on
hence 2
. (n) 2 = lim 2L =
Ji 197 = T2 = Jim = =0

showing that

in L2(Q).
d) We have

n
Z Byt /n = B—1)r/n) Be—1)1/n = ZBkT/n k VT /n
k=1

—_

“qu

(Bir/n — Br—1yr/n) (Brr /n = Be—1yr/n)

1 n
) > (Bir/n = Bi—1yr/n) (Brr/m = B1yr/n)

which converges to ((Br)? —T)/2 in L?(Q) as n tends to infinity, hence
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T . n
fo BydB; = lim_ I;(Bk:r/n = Be—1yr/n)Be-1)r/n

_ (Br)*-T
=

e) We have

I
M=

]E[Nin)] ]E[(B(kfl/2)T/n7B(k71)T/n)2}

>
I
—

((k—1/2)T/n— (k—1)T/n)

I
IS TM

n>1.

Next, we have

E[(Qf [(Zn: (k—1/2)T/n — B(i— 1)1/n)2> }

k=1

=E | > (Bu-1/27/n — Boe1yr/n)*(Biryn — B(ll)T/n)2:|
k,l=1
Z Be—1/2)7/n — Bie1yr/n)?]
+2 > E[(Byi/2yr/n — Bu—iyryn) JE[(Bu-1/2)r/n — Ba-1yr/n)’]

1<k<i<n
—32 k—1/2)T/n— (k—1)T/n)?

+2 ) (k=1/2)T/n—(k—=1)T/n)((1—-1/2)T/n—(1—1)T/n)
1<k<i<n
n(n—1)T?
4n?
n(n+2)7?2
4n?

T2
Finally, we find
105 —T /2|22y = E[QF ~ E[QW])?]
= Var [Q{"]

@) 947
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_ n(n+2)T? B T72
4n? 4

T2

m

hence
2

. ~(n) 9 s 2 _
7}3’%@ Ry — T/2HL2(Q) = lim =0,

n—oo 2n
showing that

T
Jim Q= 5
in L2(Q).
f) We have
n
> (Bur/n = Be1yr/n) Bl—1/2)7/m
k=1
n
=" (Bir/n — Bk-1/2yr/n) Be—1/2)7/n
k=1

n
> (B—1/2yr/n = Be—1yr/0) Blk-1/2)7/n
k=1

[ R

n
Z kT /n — k 1/2)T/n
k=

1
1 n
—5 Z Bir/n = Be—1/2)1/n) (Brr/n = Bm1/2)1/n)

+
N | =
M: i

2 2
Bli_1/97/m = Ble—1)yr/n

=~
Il
—

M=

1
3 (Bie—1/2)7/n = Bem1yr/n) (Bee1/2)7/n — Bim1)1/n)

=~
Il
—

n

1 1
= 5(31‘)2 5 > (Bir/n = Ba1/2)7/n) (Bir/n — Bim1/2)7 /)
k=1

M=

1
+5 (B(k-1/277/n = Bk—1y1/n) (B(k=1/2)7/n — B(k—1)7/n)>

=~
I
—

which converges to ((Br)? —T +T)/2 = (Br)?/2 in L?(Q) as n tends
to infinity, hence

T - (Br)®

fo BiodB; = 1; Brr/n = Ble-1yr/m)Be-1/27/m = =5
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see Section 2.4 of Mikosch (1998) for further details on the Stratonovich
integral.

g) We have

E[Q}"]

n 2
> E[(Bg—ayr/n = Bu-1yr/n) )
k

—

S

(k=a)T/n—(k—1)T/n)

1

= (1704)T

51

k=

n=1.

Next, we have

k=1

n 2
IE[(@WV] =E [(Z(B(ka)T/n - B(kl)T/n)2> }

=E |:Z (k—a)T/n — B(Ic—l)T/n)Q(BlT/n - B(ll)T/n)Z:|
k=1

n
= ZIE (k—a)T/n — Bae—1yr/n)"]

+2 Z k a)T/n — B(k—l)T/n)Z}]E [(B(lfa)T/n - B(Z—I)T/n)Q]
1<k<i<n

i kE—a)T/n— (k—1)T/n)*

k=1
+2 Z k—a)T/n—(k—1)T/n)((l—a)T/n—(1-1)T/n)

1<k<l<n

T2 n(n—1)T?
—3(1—a)? 4+ (1—a)2 %
e
2)T?
2M7 n>1.

=(l-a)

Finally we find

n

10— (1 - )T /2220y = E[(QF ~ E[QW])’]
= Var [0}]

—(1- @274%22”2 —(1-a)’T?

2T2

)

=2(1-a)
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hence

5(n) 2 PRI o
Jim Q7" — (1= )T [72(q) = (1—a)? lim — =0.

n—oo n

Next, we have

M=

(BkT/n - B(k'fl)T/n)B(k'—a)T/n

k=1
n
Z BkT/n k (y)T/n (k—a)T/n + Z (k—a)T/n — B(k—l)T/n)B(k—a)T/n
k=1
1 1
2 2
=3 Z Bir /= Blo—a)yr/m — 3 Z(BkT/n = Bli—ayr/n) (Ber/n = Blk—a)T/n)
k=1 k=1
1 n
2 2
+3 2 Blk-ayr/n = Bl—nyr/n
k=1

+
DN =
=

(Btk—a)r/n — Be—1y1/n) (Bk—a)r/n = Be=1y1/n)

=
Il
—

1 n
~3 Z Bir/n = Bli—ayr/n) (Ber/m = Bli—a)r/n)

+

DO | =
M=

(B(k—a)r/n = Bth=1)1/n) Blk=a)r/n — Bs—1)1/n)
k

Il
_

which converges to

(Br)?—aT+(1-a)T _ (Br)*+(1—-2a)T
2 B 2
in L2(Q) as n tends to infinity, hence

n

T
JO Biod"B, = lim_ ;(BkT/n = B—1)7/n)Bi—a)T/n
=1

_ (Br)*+ (1 -20)T
—

In particular we find

n

T i (Br)2+T
jo Biod’B; = Jim ];(BkT/n = Be—1yr/n)Brr/m = —7%5——

B )

and we note that
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T 1 T T
jo BiodB, = (fo B:dB; +j0 BtodlBt> )

h) We have

n—oo n
k=1
T < T
= lim — k— —a lim — —
n—oo n = n—oo n — n
1 T2
=72 lim (n-; )—a lim —
n— o0 n—oo n
T2
=5

which does not depend on « € [0,1]< hence the stochastic phenomenon
of the previous questions does not occur when approximating the deter-
ministic integral f()T tdt = T?/2 by Riemann sums.

In quantitative finance, we choose to use the Itd integral (which corre-
sponds to the choice @ = 1) because it is suitable for the modeling of
market returns as

dSe  Siyat— St

= ulAt+ oAB; = pAt + (Byyas — Bi)o
Sy Sy

or
dS; ~ Sy ar — St = wSiAt + 0SsABy, = p1SiAt 4+ 0S¢ (Byyar — Bt),

based on the value S; at the the left endpoint of the discretized time
interval [t,t+ At].

Chapter 5
Exercise 5.1 For all z € R, we have

P(Sr<z) = ]P(Sg e Br+(n—0?/2)T < 73)

2
:IP<UBT+<;47%>T<10g§O)
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1 T o?

= < — - _
p(orsg (o (%))
_ J‘(lOg(w/So)f(ufaz/2)T)/<7 nyz/(ZT) dy

—00 27T
. I(log(z/So)f(p‘fo'Q/2)T)/(J\/T) 6722/2 dz

j,

where

onT’
denotes the standard Gaussian cumulative distribution function. After differ-
entiation with respect to z, we find the lognormal probability density function

_ dP(Sp < )
fo)=—"@—
:gI(log(z/su)*(ufaz/Q)T)/U o—v?/(21) dy
Ox J—o0 2nT
9 1
=52 (o (o= (+-7) 7))
1 T o
= ~Z\r
v (v (o5 (- 5)7)
_ 1 Cf(f(u—az/Z)T-%—log(w/So)) /@a*T) s,
27T
where

1 .2
o(y) =D (y) := 75° V2 yeR,

denotes the standard Gaussian probability density function.

Exercise 5.2

a) We have
dlog S, = ~ds, (dS)? = rdt + odB a0
== =r o - — > 0.
g5t = g d5t— 252 t t— 5 dts
b) We have f(t) = f(0)e (continuous-time interest rate compounding),
and
St _ SO eoBz—ozt/2+1'l,7 t> 07

which is a geometric Brownian motion.
c) Those quantities can be computed from the expression of S* as a function
of the NV (0,t) random variable B; for n > 0. Namely, we have
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]E[Stn} —E [Sg enth—nnzt/QJrnrt]
_ 567, efno'Qt/Qﬁ»nrt]E [eno'Bg}
_ S['r)z efnazt/2+nrt+n2cr2t/2
2
_ SgenrtJr(n—l)nd 1‘//27
where we used the Gaussian moment generating function (MGF) identity

(A1), i.e.
E [eno'Bg} — e71202t/2

for the normal random variable B; ~ N (0,t), t > 0.
d) By the result of Question (c), we have E[S;] = Spe™ and

IE[S?] _ ]E[Sg eZanfaQtJrQrt]

_ 2
— S(Q)C o t+2Tt]E[C2UBL]

_ Sg eoltt2rt t>0.
e) We note that from the stochastic differential equation
t t
Se=So+r | Seds+o [ SdBs,
the function u(t) := E[S] satisfies the Ordinary Differential Equation
(ODE) #/(t) = ru(t) with u(0) = Sp and solution u(t) = E[S;] = Spe".
On the other hand, by the Ité formula we have
dS? = 25,dS; + (dSy)? = 2rS2dt + 0% S2dt + 20S2d By,
hence letting v(t) = E [Sﬂ and taking expectations on both sides of
t t ¢
S2=S%+2r fo S2du + o2 fo $2du + 20 jo S2dB,,
we find
v(t) = E[S7]
_ 2 2 t 2 t 2
=82+ (2r+0*)E UO Sudu] +20E UO SudBu}
it
= G2+ (2r +0?) JO E [52] du
t
=83+ (2r+4?) J{) v(u)du,
hence v(t) := E[S?] satisfies the ordinary differential equation
V(1) = (0 + 20)0(t),
O 953
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with v(0) = S2 and solution
u(t) = E[S?] = 83l +2)t,
which recovers

Var[Sy] = E[S?] — (E[S:])?
= u(t) — (1)
_ Sge(oz+2r)t _ Sg o2rt

= SZeXt(e”t 1), t>0.

Exercise 5.3 According to (5.26), taking ¢ = one year, we have

E [St] = Mt = 1+0.1349094 = 1.1349094

So
and s
Var [Si] = (e’ — 1) = 0.2535152% = 0.06426996,
0
hence
1 = log 1.1349094 = 0.1265528
and

o= \/log (1 + e—2110.06426996) = 0.2206656.

Exercise 5.4

a) From Table S.8 and the interest value $40.83, we infer that ACBC bank
used linear compounding of the form 1+ rt/365.

Duration (days)| Linear compounding| Exponential compounding
182 $40.39 $40.66
183 $40.61 $40.89
184 $40.83 $41.11
185 $41.05 $41.34

Table S.8: Fixed deposit returns.
b) According to Table S.8, the investment duration was ¢t = 184 days.

Remark: The actual investment dates were from March 11 to Septem-
ber 11, i.e.

31-11+30+31+30+31+31+11 = 184.
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Please select tenor
1 Month @ 0.05 %
2 Months @ 0.05 %
3 Months @ 0.05 %
4 Months @ 0.05 %
5 Months @ 0.05 %
6 Months @ 2.7 %
7 Months @ 0.1 %

8 Months @ 0.1 %

® 9 Months @ 0.1 %

o
10 Months @ 0.1% O
11 Months @ 0.1% O
12Months @ 0.1% O
13 Months @ 0.15% O
14 Months @ 0.15% O
15 Months @ 0.2 %

18 Months @ 0.2 %

o
o
[¢]
o
o
[¢]
o
o

24 Months @ 0.2 %

36 Months @ 0.2 %

Fig. S.17: Phone screenshots.

Exercise 5.5

a) We have
av(t)  dXi(t) dX,(t)
V() Vét) MR
) | da()
=m(t) 50 + o m(t) (1)
=m(E)pa (£)dt + - - 4 mn (8) o (t) dt
+ ()Y o1 k() dBr(t) + -+ ma(t) Y ok (t)dBy(t)
k=1
= (t)dt + ) ok (t)dBy(t
k=1
where
A(t) = m()pa(t) + -+ mn(Epn(t)
and

ar(t) = m o1 k(t) + -

Remark: Note that from

dX;(t)
X;(t)

we have

+ Wn(t)o'n,k (t)

= p;(t)dt + zn: o1, (t)dBy (1),

k=1
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f = 4K (@dXi(0)?
Xi(t) 2X2(t)

2

n

(t)dt + Z o1 (1) dBy(t) — % > ofy(t)dt,

k=1 k=1

hence the relation

b) We have

dlogmi(t) = dlog X;(t) — dlog X (t)

k=1 k=1
—( ( dt+z O',k —O’k ))dBk(t)
Remark: Note that from
T = A0+ Y (0B,
k=1
we have
2
dlogV (t) = d‘i/(tt)) - %"EB
— a(dt+ Y ar()dB(t) % S GR(t)dt,
k=1 k=1
hence

Exercise 5.6 Using the bivariate I1t6 formul

1
= =

4.26), we find

0 0
4 (5, ¥0) = 9 (5, vp)ds, + a—g(st,n)dn

19 19 0
L s s + 5a—f<st,m<dm2 + 2L (s vdsiav;
= %(St, Y})(Tstdt + U'StdBt) (St, }/t)(/,l,}/tdt + T]Ytth)
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262 52
Z 2 g achgc(SmK)dt +

2v2 52 2
nY7 o f 2*f
2t BTIQ(SMYt)dt+panSthm(St,Yt)dt.

Exercise 5.7 Taking expectations on both sides of (5.27) shows that

T
E[S7] = C(So,r,T) + E UO GrdBi| = C(So, 7, T),

hence
C(SQ, T, T) = ]E[ST}
_ ]E[So erT+oBr1‘702T/2}
=S, erTfaQT/Z]E[eoBT]
=S, o T—0>T/2+0°T /2
— S(J CTT,
where we used the moment generating function
IE[GUBT] _ er,sz/Z
of the Gaussian random variable By ~ N(0,T). On the other hand, the

discounted asset price Xy := e~ "'S; satisfies dX; = 0X;dB;, which shows
that

T
Xp = Xo+ (rjo X,dB,.

Multiplying both sides by e"” shows that

Sp=eTSy+o f T X,dB, = TSy + aJ eT=0r8,4p,,

T T
0 0

which recovers the relation C(Sp,r,T) = Spe'”, and shows that (;7 =
oeT=0rg, te0,T).

Exercise 5.8

a) We have Sy = f(X3), t > 0, where f(z) = Spe® and (Xt)er, is the Ito
process given by

t t
X, = fo osdBs + jo usds, >0,
or in differential form
dXt = UtdBt + utdt, t 2 0,
hence
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dSy = df (Xy)
= J(X)dX0 + 5 (X0 (X0
= wf'(Xy)dt + oo f'(Xy)dBy + %a?f”(Xt)dt
= SougeXtdt + Soo,eXtdB, + %soaf eXtdt
= wSydt + 015, dBy + %afstdt.

b) The process (Sy)icr. satisfies the stochastic differential equation

1
ds; = (ut + 503> Sydt + 01.SpdBy.

Exercise 5.9

a) We have EE[S;] = 1 because the expected value of the It6 stochastic inte-
gral is zero by Relation (4.17) in Proposition 4.21. Regarding the variance,
using the It6 isometry (4.16), we have

. . 2
<I eaBb—st/Qng>
o .

t 2,79\ 2

— o2E Uo (CaBsfa 3/2) ds]
=2 j(:lE {(e”Bs—UQS/Q)Q] ds

it
_ ‘72J E [620357023] ds

t
=o? jo e 7 [eQ(’BS} ds
=o? J‘t 0775020

t -
=02 jo 7’ 5ds

2
=%t 1.

b) Taking f(z) = logz, we have
dlog(S:) = df (S)
= f'(S,)dS, + %f”(St)(dSt)Q

1
_ Ufl(St) eaBt—azt/ZdBt + §U2f//(St)620B67U2tdt
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2
g (TBf—UZt/2dB o ZUBt—n'Qtdt S.21
5, ° Y ¢ ’ (8:21)

¢) We check that letting Z; := e"Bf’”%/?7 t > 0, we have

2
log Z: = 0By — 0%t/2, and dlog Z = odB; — %dt.

On the other hand, we also have
2

2
g g 2 g 2
dBy — Todt = e Bimot2qp, - T g20 Bty
TRt ‘a2t

showing by (S.21) that the equation
dlog 7y = leaBgfaQt/QdBt _ i626B67ﬂ2tdt
Z, 277

is satisfied. By uniqueness of solutions to (S.21) we obtain
log St = log Zy = 0By — a2t/2,

and we conclude that S; = Z; = e"Bt—”Qt/Q, t>0.

Exercise 5.10

a) Leveraging with a factor 8 : 1 means that when the fund value is Fy, the
amount &.S; = [F; is actually invested on the risky asset priced S;. In
this case, the fund value F} at time ¢t > 0 decomposes into the portfolio

F

A t>0,
4,

F;
Fi = &S +mA = ﬁgzsi -(B-1)

with ft = ﬁFf/Sf and M = 7(57 1)Ft/Af,, t 2 0.

b) We have
dFy = §dS; +med Ay
F F
= Btds, — (B—1)-tdA
5, 05 8 )Az ¢
F
= ,BgdSt — (ﬁ — I)TFtdt
t

= ﬂFt(Tdt + (TdBt) - (ﬁ — 1)T‘Ftdt
= TFtdt + ﬂ(TFtdBt, t 2 0.
The above equation shows that the volatility So of the fund is 8 times

the volatility of the index. On the other hand, the risk-free rate r remains
the same.
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¢) By Proposition 5.15 we have

F, = Fy oPoBitrt—p202t/2

— Fo(eoBf,Jrrt/ﬂ—,Ba%/Z)/@

=F ( eaBt+rt—g2t/2—(1—1/5)n,(ﬂ,1)62t/2)5

_ FO(Oah’t+rt702t/2)/3C—(B—l)rt—(,ﬁfl)ﬂazt/z

= (SpeoBeri=o®t/2)B o= (5-1)rt—(8-1)p0%/2

_ §f e (B-Drt=(5-

Exercise 5.11

1)Ba2%t/2 t>0.

a) For ¢t € [0,T] and 7 = 1,2 we have

E[s;"]

_ S(()i)euz—afz/zlE[eth(z }

—E [S((]l) e,utJrath(i)fa?t/Z}

)

— S(()i) eht—o?t/2+02t/2

= S(()i) eHt

b) For all ¢ € [0,T] and i = 1,2, we have

]E[(S( )) ] = ]E[(S( ))zeZytJrQUth(?)—o'ft}

hence
var [5(7] = E[(s
= (st
- &
¢) We have

Var [5(2) - s{V]

with

2 Zut(

(Sé 2 ot azt]E[ 20¢Wz(i)}
= (st
= (

) e
)2 2ut—o2t+202t
S(()l )2 2,uf+(rzt

) - (E[s))

2 2u,t+<72t (S(l) 2 2ut
o) e

-1), telo,T),

E [Sgl)St(Q)} —E [Sél)s(()z) eQ;LL+01Wt(1)—(rll/2+02W( )—(J'SI,/Q:I
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1 2
_ S(()l)s((]?)e?utfo%t/Zfo'gtﬂlE[eath( ) 4o )]

= S0 5D e2ut=ott/2=0h1/2 oy G]E[(Ulwz(l) n @Wf”)ﬂ) ,
with
]E[(”lwt(l) + UQWL(Q))Z} = IE[(”IWL<1))2} +2E [”1Wt(l>”2wt(2)] +]E[(”2Wl(2>)2}
= 012t + 2po10at + a%t,

hence
E [St(l)st(Q)} — S[()l)Sé2) e?,ui#»po'llmt7

and

Coe (5,59 = E[50757] ~ E[SIVE(5(%] = S082 e (epmon 1)
and therefore

Var [ — 5]

= (S(gl))zeZ”t(e”%t —-1)+ (S(()Q))QeQ“t(e"gt —-1)— QSél)S(()Q) e2Ht(ePorozt _ 1)
= o ((sfl) et 1 (s et agil s et (52 s{l)).

Exercise 5.12 Letting Xy := f(t) eBt=0%/2 and noting the relation
deUBt—(rzl,/Q _ O'f(t) erIBt—(rzl,/QdBt7 t> 07

that follows from Proposition 5.15 and the It6 formula Relation (5.24) with
=0, we have

dXy = "B 1 (4)dt + f(t)de? B
= B2 () dt 4 o f(t) e Bio"/2g,
_ ')

f(@)
= h(t)Xtdt + O’XtdBt,

Xtdt + G’XtdBt

hence
o) =20 — ),

which shows that ’
log f(t) = log £(0) + [ h(s)ds,

and
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X, = f(t) e(rBt—nzt/Z

— () exp <f0t h(s)ds + 0By — %2t>

WV
o

it 2
= Xgexp (JO h(s)ds + oB; — %t) , t

Exercise 5.13
a) We have
St = eXt
t t 1 ot
= X0 +j Ug eX"'dBS +J vseX"ds + if u2. eXsds
= eXO+0I eXsdB, +Vf XSdSJr f eXsds
= Sp+ ojo SedBs + VJO Seds + ? jo Sids.

b) Let r > 0. The process (St)ter, satisfies the stochastic differential equa-
tion
dSt = T‘Stdt + O'StdBt

when r = v +02/2.
¢) We have

Var[X,] = Var[(By — By)o] = o2 Var[By — B,)] = (T —t)o?, t€[0,T].

d) Let the process (S;)ier, be defined by S; = Sp e?Betvt ¢ > 0. Using the
time splitting decomposition

ST _ St& _ Ste(BqﬂfBg)cH»m'7
St

we have

P(Sp > K | 8; = z) = P(SpeBr—Bolot(T-tv 5 | g, — 1)

]P( (Br—Bt)o+(T—t)v N K)
]P( (Br—Bt)o > Ke—(Tft)V/x)
Br — Bt 1 (Tt )
=P log (K
( JT—t ovI—i og (Ke /z)
N
oVT
_® log (Ke’(T’t)V/x)
= Y
962 O
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_® <1og(x£1\2+w) ’

where 7 =T —t.

Problem 5.14 (Exercise 4.21 continued).

a) The option payoff is (B — K)T at maturity.
b) We can ignore what happens between two crossings as every crossing resets

¢

d

e

N

=

~

the portfolio to its state right before the previous crossing. Based on this,
It is clear that every of the four possible scenarios will lead to a portfolio
value (Br — K)*1 at maturity:

i) If Bg < 1 and By < 1 we issue the option for free and finish with an
empty portfolio and zero payoff.

ii) If By < 1 and By > 1 we issue the option for free and finish with
one AUD and one SGD to refund, which yields the payoff By — 1 =
(Br—1)*.

iii) If By > 1 and By < 1 we purchase one AUD and borrow one SGD
at the start, however the AUD will be sold and the SGD refunded
before maturity, resulting into an empty portfolio and zero payoff.

iv) If By > 1 and By > 1 we purchase one AUD and borrow one SGD
right before maturity, which yields the payoff By —1 = (Br —1)%.

Therefore we are hedging the option in all cases. Note that P(Br = K) =

0 so the case By =1 can be ignored with probability one.

Since the portfolio strategy is to hold AU$1 when B; > K and to and

borrow SG$1 when B, > K, we let

&= Lk o0)(Br) and me = —Lg o) (Br), t € 0,77,

which is called a stop-loss/start-gain strategy.

t
Noting that Io nsdAs = 0 because A, = Ay is constant, ¢ € [0,7], we find
by the It6-Tanaka formula (4.48) that

t t T
IO nsdAs + IO §sdBs = IO l[K,oo) (Bt)dBt
1
= (Br—K)" = (Bo—K)" = 5Lf 1.
Question (d) shows that
t t 1
(Br— K)* = (B~ K)* + [ nsdAs + | €dBs + SLf 1,
i.e. the initial premium (Bg — K )% plus the sum of portfolio profits and

losses is not sufficient to cover the terminal payoff (By — K)T, and that
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we fall short of this by the positive amount %C[Ig )

portfolio allocation (&, 7¢),¢[o,r] 18 not self-financing.

> 0. Therefore the

Additional comments:

The stop-loss/start-gain strategy described here is difficult to implement in
practice because it would require infinitely many transactions when Brownian
motion crosses the level K, as illustrated in Figure S.18.

3 )A .M.A.M‘.
WY

T T T L',
T T T

-1 -0.5 o 0.5 1
Q0

Fig. S.18: Brownian crossings of level 1.*

The arbitrage-free price of the option can in fact be computed as the expected
discounted option payoff
T = ei(Tit)T]E*[(BT - K)+ ‘ ]:t}
e~ T=U'E*[(By — By + 2 — K)* | Filoenp,
= ¢ T-U"E*[(Bp — B+ 2 — K)*]u—p,

= o0 [ (y4 By — K)tev/r-n__ W
—00

27 (T —t)
T [y B KR T %Y
¢ jK—Bz(y i~ K)e 2 (T — 1)
— (Tt [ —y2/er-n)___ Ay
¢ Jic-nve (T —1)
(B — K)o To0r [ emtseren) W
K-By 2 (T —t)
_ (1=t [ —y2/2 dy
¢ J(K—B,)/ 7=Y°¢ Vor
K)o (T-tr (% —y2/2 4y
+HB - K)e I(K—BL)/ 7= ¢ Vor
964 e
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_ o—(T—0)r {7C7y2/2]oo

V2r (K—By)/vT—t

_ T kB /)
V21
+(By— K) e~ T (Bt - K)
T—1
=:g(t, By),

where the function

—(T—t)r _K
e 2 x
b)) = - ¢ (K=2)?/(2(T-1)) _K)e T-thrg (X2 telo.T
g(t, ) T +(@-K)e ) €[0,T),
solves the Black—Scholes heat equation

dg dg 19%g _

ot (b T, (ba)+ 5, (he) =0

with terminal condition g(T,2) = (z — K)*. The Delta gives the amount to
be invested in AUD at time ¢ and is given by

Jg

&= %(t By)
e—(T—t)r 5
—(K—B))—— o~ (K=B)?/(2(T-1))
BB o ©
+ (B — K)ﬂef(Bc—K)z/(Z(T—t)) 4o Ty (Bt - K)
2 (T —t) T—1
= o T-trg [ Bz K
(T-1)
=i h(t,Bt),
with X
() e o (Tt (£ = ) -
h(t,z) = e <\/T77t . telo,1),
and A(T,z) = 1k o) ().
O 965
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A

o 0.1 0.2 0.3 0.4 o.s o.6 0.7 o.8 0.9 1

Fig. S.19: Brownian path started at By > 1.

(Be-K)*

a(t,By)

o ] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Fig. S.20: Risk-neutral pricing of the FX option by m(B:) = g(t,Bt) vs. stop-
loss/start-gain pricing.

Lo ) (Be)
h(t,Bp)

IO o 0.17 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Fig. S.21: Delta hedging of the FX option by & = h(t, Bt) vs. the stop-loss/start-gain
strategy.

The “one or nothing” stop-loss/start-gain strategy is not self-financing be-
cause in practice there is an impossibility to buy/sell the AUD at exactly
SGD1.00 to the existence of an order book that generates a gap between
bid/ask prices as in the sample of Figure S.22 with 383.16964 < 384.07141.
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Order Book (XBT/USD)
Buying Selling

[Voume + | e I~ prce * voume ¢
0.868 $383.16964 $384.07141 6.0
1.731 $382.5001 $384.07142 3.6
1.942 $382.5 $384.93987 1.1
0.020 $382.01074 $384.95984 1.0
9.175 $381.77 $384.95986 1.0
13.079 $380.79 $384.95988 1.1
2.220 $380.4864: $385.04889 20.352
22.736 $379.80742 $385.99981 21723
0.115 $379.61141 $386.81846 22.145
21.804 $378.98301 $386.9714 .02
8.320 $378.95708 $387.70357  19.811

Fig. S.22: Bitcoin XBT/USD order book.

The existence of the order book will force buying and selling within a certain
range [K — e, K + ¢, typically resulting into selling lower than K = 1.00 and
buying higher than K = 1.00. This potentially results into a trading loss that
can be proportional to the time

(({tel0,T] : K—e<Bi<K+e})
spent by the exchange rate (B)yc|o,r) Within the range [K —¢, K +¢].

The It6-Tanaka formula (4.48)
(Br — K)* = (B —K)++IT11 (B)dB, + 1K
T — R0 o "~ [K0)\PL/EBLT 50,1

precisely shows that the trading loss equals half the local time L:{SAT] spent
by (Bt)iejo,r) at the level K. When ¢ is small we have

1 .k 1
5L0,m = QZ({t €[0,T] : K—e<Bi <K +¢}),
therefore the trading loss is proportional to the time spent by Brownian

motion (B;)ier, within the interval (K — e, K + ¢), with proportionality
coefficient 1/ (4e).
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0 005 01 015 02
Fig. S.23: Time spent by Brownian motion within the range (K —¢, K +¢).

More generally, one could show that there is no self-financing (buy and hold)
portfolio that can remain constant over time intervals, and that the self-
financing portfolio has to be constantly re-adjusted in time as illustrated
in Figure S.21. This invalidates the stop-loss/start-gain strategy as a self-
financing portfolio strategy.

Problem 5.15

a) We have
0=d(XpY,! ™)
= (1 - a)XPY, “dY; + oV o XX,
= —(1 - Q)Si X2V, “dX; + ¥V X0 dXy,
hence

—(1 — O()StXtht + OthdXt = 0,
and therefore
aYy Y

S ="  —~—
T hoax Xy

t>0.

b) We have

Y csg
LPg =Yy + XoSp = - = =0 — = (1+7)

csg
1—a (1—a)y> '

,ya

We note that when a = 1/2, i.e. in the CPAMM model, the dollar
amounts deposited at time ¢ = 0 in X and Y are equal.

At time t > 0, the value of the quantity X; of asset X quoted in units of
Y is

o
=

Y}
XSt = 10 L=y,
-«
and we have

- . osy Sy
LPt*Yt+XtSt*1_a*(1_a),ya*(1+'7) v
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As above, we note that when o = 1/2, i.e. in the CPAMM model, the
dollar amounts in X and Y remaining in the pool at any time ¢ > 0 are

equal.
d) We have
V. =Yo+ XoS: = Ci‘) <1+w&> :
Y S0
e) We have
Sy CS¢
V; —LP 2 (1+ —) -t
e ¥So)  (1—a)y™
S\ S,
56 (1-n 2t 2t
( 1+ (5) +05
()
0
where Oga
o(z) := A/ao (1-(14+7)z%*+7z), z > 0.
f) We have
CS“ St sy
LP 1+—)-——
Vim kb= ( 750> (1—a)ye

CcSg Si\* S
=—"0(1-(1 =zt =zt
7 ( ( +7)<So> M

CSO . (Sz>
So

(@) = 1— (1+7)a" +7a

where the function

is nonnegative and reaches its minimum value 0 at z = 1 since ¢/ (z) = v—
(L+7)az®! ¢"(z) =az®2 20,2 2 0,and /(1) =v— (1+7)a = 0.
g) We note that the function % is convex on (0, 00) since ¢ (z) = az®~2 > 0,
z > 0. Hence, by Jensen’s inequality, we have
o St
E[Vi ~LP,] = CSEE | &
0
St
> CSy
o (x[5))
= CSH(1+vyet — (1+7)e).
h) We need to satisfy the conditions
O 969
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Vi —LPy =¢&la—Sy| if St =a,
Vi—LP; =¢b—So| if Sy =b,

i.e. )
C a a
—1—-/=) =¢(1-—= if S1=a
50( So §< SO) e
2
C b b
iy 2] =e( 1) s =0
So< So> £<So ) if S1 =19,
hence
c= C WS—va)P _ ¢ (VS-Vb)?
VS So—a VS b=Sy 7
or
_ oS-V _ V-5
So + VaSy So+ v/bSy
i) We have

E[V; — LP,] :%E {1_(1+7) (i)aJr Sz]

So 7S
e e[(2)
pya

sy 1S
Z20R
v So { ]

+v ~a =

So

csy  CS§ CSy 2
— ’Ya[) _ ’ya() (1 +’Y) euulE[eanBt—mrzl,/2] 4+ ,YU,U e/l'l']E[e”Bt_”l[’/Q}
jo3 {o3
— (1 4 ,ye,ut)cio _ C‘i{) (1 +’Y) ea#t67Q62t/2]E[eaGB‘]
Y
oSsg

b (1 +,Yeut _ (1 +'Y) ea;ttf(lfa)aa2t/2), t>0.
The ask rate S; refers to how many units of Y the pool is asking in order
to deliver one unit of X. The bid rate S; refers to how many units of ¥’

the pool agrees to deliver in order to receive a deposit of one unit of X.
If AX; > 0, we have

=

0= d(xpY, )
= (1-a)XPY, ¥dY; + (1 — k)oY X2t X,
= —(1-a)S, X2V, %X, + (1 — k)Y X0 1dX,,
hence
0=—(1-0a)8;X¢dX; + (1 — r)aYdXy,
i.e. the bid rate from the pool when changing Y into X is

970 @)
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Y:

Sy=(1- 5)727

WV
=]

On the other hand, if AY; > 0, we have

0=d(XPY,'™®)
= (1-kr)(1 - )XY, %Y, + oV~ X 1dX,

=—(1-kr)(1-a)S XAV, dX; + V! X2 dX,,
t 5t t t

hence _
0= —(1 — K,)(l — Oé)StXtht -+ OzYthXt,

i.e. the ask rate from the pool when changing X into Y is

T Y Y
S, = — t>0.
¢ 17/{)(,57

Additional question: Find a way to exactly compensate the liquidity
provider at the opening of the pool in a multistep or continuous-time model.
Approximate and exact solutions have been proposed in Fukasawa et al.

(2024; 2023) using variance and gamma swaps.

Chapter 6

Exercise 6.1

a) By the Ito formula, we have

p) p) 19°
AVy = dg(t, By) = 22(t, By)dt + 2 (t, B,)dB; + 5873

ot ox

(t, By)dt.

(5.22)

Consider a hedging portfolio with value V; = niA; + & By, satisfying the

self-financing condition

dVy = mdAy + §dBy = §dBy, t = 0.

(S.23)

By respective identification of the terms in dB; and dt in (S.22) and (S.23)

we get
__0Og 19%g
0= E(t,Bt)dt + iw(t’Bt)dt’
9g
By = —(t,By)dB,
§1d By B (t, B;)dBy,
hence
O
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dg 19%g
0= t, B —(t,B
ot (0 P+ 5 g2 (1 B,
g
=% B
& 6x( , Bt),
and 5 o
9 197
0= t, B —-—(t,B
ot (0 P+ 5 g2 (1 B),
7]
&= 69 (t,By),
hence the function g(¢,x) satisfies the heat equation
dg 19%g
0=—(¢ ——=(t,: >0 S.24
% (1,0) 42 28 (1), w0, (524)
with terminal condition g(T,z) = 2, and & is given by the partial deriva-
tive 9
& = 89 (t,B), t>0.

b) In order to solve (S.24) we substitute a solution of the form g(t,z) =
22+ f(t) in to the partial differential equation, which yields 1+ f(t) = 0
with the terminal condition f(T') = 0. Therefore we have f(T'—¢) =T —t,
and

glt,z) =224 f(t) = 2® + T -, 0<t<T.
¢) By (6.3), we have
99
& =6&(By) = %(t7Bt) = 2By, 0<t<T,

which recovers the value of & found page 216 in the power option example.
We also have

mAt:mAQ:g(t,Bt)fftBt:TfthtQ, OétéT

Exercise 6.2 By the It6 formula, we have
dVy = dg(t, St) (5.25)
_Jg dg 0%g
=% 24, St)dtJrﬂ(a—St)a—(t Sy)dt + a%‘ta 2(

By respective identification of the terms in dB; and dt in (6.39) and (S.25)
we get

t, S dt+a\/§t (t,5¢)dBs.
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Tg(t, St)df + ﬂ(a - St)&df - r&Stdt

g (t,Sp)dt + B(a— S/)g

O'&\/EdB[, =0 S[,%(i, S[,)dBL,

(t,S¢)dt + UQS, i

o (b, Sy)de

hence

rg(t, Sp) + Bla— Sp)& — r& Sy = 99 99(t,8,) + Bla— st)d (t,S¢) + 025,5‘)

ot Ox 02
99
& = %(t, St),
and
dg 5 0%g
rg(t,Sp) —r&Se = n (t St) + 0 S‘d g(t St),
99
t,S
& = or == (t, St),
hence the function g(¢,z) satisfies the PDE
9y Jg 12, Dy
rg(t,x)7E(t,x)+rxa(t,x)+f . 5 (tx), x>0,
and & is given by the partial derivative
Jg
= =z > 0.
ét 8I(t75t)’ t = 0

Exercise 6.3

a) Let V; := &5 +n;A; denote the hedging portfolio value at time ¢ € [0,7].
Since the dividend yield 0.5; per share is continuously reinvested in the
portfolio, the portfolio change dV; decomposes as

dV; = ntdAt + fr,de, + §§t5tdt
——— N——

trading profit and loss  dividend payout

rneArdt + {t((u — 5)5,5(125 -+ O'StdBt) + 6&:Sedt

= T‘ntAtdt + &(uStdt + O’StdBt)

= T%dt + (/L - r)EtStdt + ”EtStdBt-, t 2 0.

b) By Itd’s formula we have

dg dg
dg(t, Sp) = N 9 (1, 8y)dt + (1 - 5)5}(9 (t,Sp)dt
1 2 0%g dg
+50’2S a (f St)df+05ta (f St)dBt,
O 973
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hence by identification of the terms in dB; and dt in the expressions of
dV; and dg(t, St), we get

ag
oz

and we derive the Black-Scholes PDE with dividend

& = 5= (t,S),

15} 0 1 0?
rg(t,z) = a—i(t, z)+ (r— 6)1%(15@) + 50212Tx‘g(t, x). (S.26)

In order to solve (S.26) we note that, letting f(t,2) := e(T=9g(¢, 2) and
substituting g(t,2) = e~ (T=D3f(¢, z) into the PDE (S.26), we have

N of of 2f
rf(t,x) =6f(t,z) + a(t,z) + (r—&)l%(t,z) +

o
=

-5 (@),

hence f(t,z) := C<T_‘)5g(t,x), satisfies the standard Black-Scholes PDE
with interest rate r — d, i.e. we have

2
(r=0)7(2) = (1.0 + 000022 (10) + L0229 L 12),

with same terminal condition f(T,z) = g(T,z) = (z — K)™, hence we
have
f(t,z) =Bl(z,K,0,r —6,T —t)
= a®(d5 (T — 1)) — Ke =0T (a2 (T 1)),
where
log(z/K)+ (r— 6 £02/2)(T —t)
oT —t '

Consequently, the pricing function of the European call option with divi-
dend rate ¢ is

g(t,e) = e T=0f (¢, 2)
07<T7t)5B1(;L‘,K,J,T'*(?,Tft)
T (& (T~ 1)) - Ke T (> (T~ 1)), 0<t<T.

(T —t) =

We also have
g(t,z) = Bl(xef(Tft)‘s, K,o,r,T — t)
= e T=BI(z, K" g r, T—1), 0<i<T.

d) As in Proposition 6.4, we have
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&= %(t, 5p) = e T (d% (T — 1)), 0<t<T.

Exercise 6.4
a) We check that g.(¢,0) = 0, as when x = 0 we have d4 (T —t) = d_(T —
t) = —oc for all t € [0,T). On the other hand, we have

+o00, x>K,
limdy(T—t)=limd_(T—t)=<¢0 r=K
Jmdi(T-8) = limd-(T-t) =40, ==K
—o00, =<K,

which allows us to recover the boundary condition

9e(T, ) = lim ge(t, z)
z®(+0) — KP(+o0) =2—-K, z>K

r K

= - — — = T = = (x — +
55 =0 r=K = (z-K)
z®(—00) — KO(—oc0) =0, r< K

at t = T. Regarding the Delta of the European call option, we find

P(+0) =1, z>K

lim ®(d+ (T —t)) = == =
lp @ (T—1) ={ @0) =1, =K
P(—0) =0, z<K

see Figure 6.6. Similarly, we can check that

o2

+oo, 1> 5

. 0'2
A=t =q0. r=
o2

—00, r< 7,

and limy_, o d4 (T —t) = 400, hence
lim Bl(z,K,o,r,T —t)
T—o0
=z lim ®(d (T 1))~ lim (e T @(d_(T 1))
T—o0 T—o0
=ux, t>
975
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b) We check that g,(t,0) = Ke~(T=9" and g, (t,00) = 0 as when z = 0 we
have d4 (T —t) = d_(T —t) = —oo and as = tends to infinity we have
di(T—t) =d_(T—t) = 4o for all t € [0,T). On the other hand, we

have
K®(+00) —a®(+o0) =K -2z, 2<K

go(Toa) =4 52 =, p=K = (K-
K®P(—o00) — 2P(—00) =0, z>K

at t = T'. Regarding the Delta of the European put option, we find
P(—00) =0, z>K
1
— lim ®(—d (T —t)) =< — =—= =
Jim (=d+(T—1)) 2(0)=—35, =K
—®(+o0) =1, 2 < K

see Figure 6.13. Similarly, we can check that

0.2

+oo, > 5

. o2
%Lnécd,(T—t): 0, r=
o2

—o00, r< 50

and limy_, o d4 (T —t) = 400, hence

WV
o

lim Bly(z, K,o0,7,T—1t) =0, t
T—o0

Exercise 6.5 (Exercise 3.16 continued).

a) Substituting g(z,t) = 22f(t) in (6.40), we find f'(t) = —(r +o2)f(t),
hence

f(t) = f(0) o (rta)t _ f(T)e(TJFUQ)(T_t)7

hence g(z,t) = f(T)a2e+o*)(T=t) = 32 6(r+*)(T—t) Finally, the termi-
nal condition g(z,T) = 22 f(T) = 2% shows that f(T) = 1.

b) We have & = %(Stvt) = 25’te(7“+(72)(T—t)7 and

1
"= (g(Si,t) — &St)
1 r+o? — r+o? —
= (7T (i)
976 O
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2 -
7ie(T—2t)r+(T—t)(rz7 te [O,T].
Ag

Exercise 6.6
a) Counting approximately 46 days to maturity, we have
(r—0%/2)(T —t) +log(S:/ K)
oVT —t
(0.04377 — (0.9)2/2)(46/365) + log(17.2/36.08)
0.94/46/365

d_(T —t) =

= —2.461179058,

and
d4 (T —t) =d_(T —t) +0.9/46/365 = —2.14167602.

From the standard Gaussian cumulative distribution table we get
P(d (T —t)) = P(—2.14) = 0.0161098

and
O(d_(T —t)) = ©(—2.46) = 0.00692406,
hence
F(t,81) = S ®(dy (T 1)) — Ke~ T 0(d_(T — 1))
= 17.2 x 0.0161098 — 36.08 x e~ 0-04377x46/365 » () 00692406
= HK$ 0.028642744.

For comparison, running the corresponding Black—Scholes ‘R script of

Figure 6.23 yields
BSCall(17.2,36.08,0.04377,46/365,0.9) = 0.02864235.

b) We have

0,

N = a—]xc(t,St) =®(d4 (T —t)) = P(—2.14) = 0.0161098, (S.27)
hence one should only hold a fractional quantity equal to 16.10 units in
the risky asset in order to hedge 1000 such call options when o = 0.90.
From the curve it turns out that when f(¢,5;) = 10 x 0.023 = HK$ 0.23,
the volatility o is approximately equal to o = 122%.

N

C

This approximate value of implied volatility can be found under the col-
umn “Implied Volatility (IV.)” on this set of market data from the Hong
Kong Stock Exchange:
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Updated: 6 November 2008

Basic Data
DW Issuer UL Call DW Listing Maturity Strike Entitle-
Code /Put Type (D-M-Y) (D-M-Y) &%  ment
v & Ratio”
01897 FB 00066 Call Standard 18-12-2007 23-12-2008 36.08 10
Market Data

Total O/S Delta 1IV. Day Day Closing T/0 UL
Issue (%) (%) (%) High Low Price # ('000) Price
size O A D (5) (9) (%) (%)

138,000,000 16.43 0.780 125.375 0.000 0.000 0.023 0 17.200

Fig. S.24: Market data for the warrant #01897 on the MTR, Corporation.

Remark: a typical value for the volatility in standard market conditions
would be around 20%. The observed volatility value o = 1.22 per year is
actually quite high.

Exercise 6.7

a) We find h(z) =
b) Letting g(¢, ), the PDE rewrites as

(z —a(t))r = —d/(t) +ra,
hence a(t) = a(0)e™ and g(t,2) = = — a(0) e™. The final condition
g(T,z) =h(z) =2—-K

yields a(0) = Ke™ and g(t,2) = # — K e~ (70,

¢) We have
Jg
& = E = (t,8;) =
hence
_ _ —Ke (T—t)r _
m= &St _ g(t,5) =S _ Si—Ke St _ et
At At At

Note that we could also have directly used the identification
Vi=g(Set) =8 —Ke T =5, - Ke T A = &5, +ni Ay,
which immediately yields & = 1 and 7y = —Ke~ "7,
d) It suffices to take K = 0, which shows that g(t,2) =z, & = 1 and n; = 0.
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Exercise 6.8

a) Under the risk-neutral probability measure IP*, we have
E*[Sr | F]=eT97s, 0<t<T.
b) The range forward contract can be priced as

e T=UTE*[Sp — F + (K1 — S7) " — (S7 — Ka) ™ | A

_ e—(T—t)r]E*[ST ‘ ft] _ o (T-trp
+e T B [(Ky — Sp)* | F) = o T-"E*[(Sp — K2) T | Fi

=8 — e T4 (Kie T ®(—d_(T — 1)) — $,@( — ds (T —1)))
(8@ (d4 (T — 1)) — Koo T @ (d_(T 1))

=8 — e T p 4 K1 e~ T®(—d_(T - 1))
S~ di (T — 1)) + (ds (T — 1)) + Kz~ T D(d_(T 1))

= o T p L Kie T (—d_ (T~ t)) + Koo~ T (d_(T - 1)),

0<t<T.

Exercise 6.9
a) We develop two approaches.

(i) By financial intuition. We need to replicate a fixed amount of $1 at
maturity 7', without risk. For this there is no need to invest in the
stock. Simply invest g(t,S:) := e~ (T=07 at time ¢ € [0,T] and at
maturity T you will have (T, Sp) = ¢T=D7g(¢, S;) = $1.

(ii) By analysis and the Black-Scholes PDE. Given the hint, we try
plugging a solution of the form g(¢,xz) = f(t), not depending on the
variable z, into the Black—Scholes PDE (6.41). Given that here we

have
dg _ g _ dg o
%(t,x) =0, @(t,x) =0, and E(t,x) = f'(¢),

we find that the Black-Scholes PDE reduces to rf(t) = f/(t) with
the terminal condition f(T) = ¢(T,z) = 1. This equation has
for solution f(t) = e~(T=" and this is also the unique solution
g(t,z) = f(t) = e~ (T=D" of the Black-Scholes PDE (6.41) with
terminal condition g(7',z) = 1.

b) We develop two approaches.
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(i) By financial intuition. Since the terminal payoff $1 is risk-free we do
not need to invest in the risky asset, hence we should keep & = 0.
Our portfolio value at time ¢ becomes

Ve=g(t,8) = e~ T = &8, + Ay = Ay

with A; = e, so that we find n; = =", t € [0,T)]. This portfolio
strategy remains constant over time, hence it is clearly self-financing.

(ii) By analysis. The Black—Scholes theory of Proposition 6.1 tells us

that 9
_ 99,
gt - o (t,l’) Oa
and
_ Vi — &S _ 4 _ e~ (T=t)r — T
it A, A, ert :

Exercise 6.10 Log contracts.

a) Substituting the function g(z,t) := f(¢) +logz in the PDE (6.42), we

have
o2
0:f’(t)+r—7,
hence
o2
10 =10~ (r- 5 ).
o2
with f(0) = (r— 7) T in order to match the terminal condition

g(x,T) := log x, hence we have

2
gz, t) = (T—%) (T —t) +log, x> 0.

b

=

Substituting the function

2

Rz, t) = u(t)g(z, t) = u(t) ((r - %) (T =)+ log :r)

in the PDE (6.42), we find «'(t) = ru(t), hence u(t) = u(0)e™ =
e~(T=D" with u(T) = 1, which yields
2

h(z,t) = u(t)g(z,t) = e~ T-0r <<r - %) (T—t)+ 10gx> ,

x>0,te0,T).
¢) We have
980 O
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Oh e (T=0)r
=—(t =D <t<T,
&t 0,7:( ,St) 5 0
and
t = i(h(t St) — &5¢)
0 A
ef'rT 02
- — TN (T =t) +logz—1
o <<r 2>( t)+logx ),
0<tLT.

Exercise 6.11 Binary options.

a) From Proposition 6.1, the function Cy(t, x) solves the Black—Scholes PDE

aC, aC, 1 2C,
rCqy(t,z) = a—fd(t, z) + ’rwa—Td(t, z)+ 50’21'2 BTQd (t,x),

Cd(Tvx) = ]l[K,oo)(x)
b) We can check by direct differentiation that the Black—Scholes PDE is

satisfied by the function Cy(t,z), together with the terminal condition
Ca(T, %) = L[k o)(x) as t tends to T.

Exercise 6.12

a) By (4.35) we have
¢
S = Soe! +o [ el=dB,.

b) By the self-financing condition (5.9) we have

dVy = mdAy + §dSy
= T'ﬂtAtdt + aftStdt + OftdBt
= T‘tht + (Ot - r).f;“tStdt + UftdBt, t 2 0. (828)

Rewriting (6.44) under the form of an It6 process

Sp =S+ [ veds+ [ usdBs, t=0
t = 20 JOUSS JOUS ER = U,

with

ur =0, and v = &Sy, t>0,
the application of It6’s formula Theorem 4.24 to V; = C(t, S¢) shows that
oC oC

dC(t, St) = ’l}t%(t, St)dt + ut%(t, St)dBt

O 981
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oC 22C
+—=—(t,S;)dt + —|ut|2 (t Sy)dt

ot
_ocC oC 2 0%C oC
= 0t (f Sz)dt*f’()/sta (f St)dt+ —0 ﬁ(f St)dt+0'0 (f St)dBt

(5.29)

Identifying the terms in dB; and dt in (S.28) and (S.29) above, we get

oC aoC o2 92C
’I‘C(t,st) = E(t,st) + TSt o (f St) 2 (9922 (t, St),
oC
&= %(t’ St),

hence the function C(t,z) satisfies the usual Black—Scholes PDE

aC oC 1 ,0%C
rC(t,z) = p —(t,x) +ra——(t, )+7 20 3

E (t,x), >0, 0<

t< T,
(S.30)

with the terminal condition C(T',z) = e%, z > 0.

¢) Based on (6.45), we compute
ocC , o? ,
5 ——(t,x) = <r +ah/(t) + gh(t)h (t)) C(t,z),
9 (1a) = h()C (1)
o*c
O () = (h(1)°C (1),
hence the substitution of (6.45) into the Black—Scholes PDE (S.30) yields
the ordinary differential equation
0'2 0'2
xh!(t) + Eh’(t)h(t) + rzh(t) + ?(h(t))Q =0, 2>0, 0<t<T,
which reduces to the ordinary differential equation h'(t) 4+ rh(t) = 0 with
terminal condition h(T) = 1 and solution h(t) = ¢T=97 ¢ € [0, T], which
yields
o2
C(t,z) = exp <7(T —t)r+zeT V4 4—(02(T7t)" - 1)> .
T
d) We have
_oc _ (T—t)r o’ 2(T—t)r
&=, St) = exp (Ste + (e ).
982 O
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Exercise 6.13
a) Noting that ¢(z) = @ (z) = (27)~1/2e2*/2, we have the

gd(s d) = Sp(d+ oVT) — K e o(d)
_ s C—(d+m/T)2/2 _ K T o—d*/2
V2T V2r
_ S CfliZ/QfJﬁdfazT/Q _ K T Cfd2/2A
V2 V2 ’

hence the vanishing of %(S d.(S)) at d = dy(S) yields

S o —d(8)/2-0VTdu(S)-o?T/2 _ _K o1 T o= (8)/2 _ g

V2 V2r
2
ie do(S) = log(5/K) J:/T,lgw 7 T/Q. We can also check that
o
9*h _ 9 (S (as+ovT) 2 K o1 _a2(s)2
de(s d*(S))—%<Ee \/ie e >
S (d(s)+ovT) 2 K T —d2(S)/2
= —(d«(S T)— —d«(S *
(()-‘ra\ﬁ)me +\/ﬂ()e e
K 2 K 2
— _(d(S T ST —d2(S)/2 4(§) 6T o—d2(5)/2
(du( )+0\/>)—me e +—m (S)e e

K 2
= —oVT——— e T k(52 < 0,
V2T

hence the function d — h(S,d) := S®(d + ovT) — K e "Td(d) admits
a mazimum at d = d.(S), and
h(S,d.(S)) = SP(du(S) + oVT) — K e "T®(d,(S))
2 )
— 5o <log(S/K) +(r+o /2)T> CKeTo <log(S/K) +(r—o /2)T>
oVT oVT

is the Black—Scholes call option price.
b) Since 94(S,d(S)) = 0, we find

d _on

’ 8
2
= ®(d.(S) + oVT) = D (log(S/K):\/TTTJra T/Q) ‘
Exercise 6.14
© 983
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a) When o > 0, we have

9g¢
do

0
= 2® (dy (T — t))%d+(T —t)
—(T—=t)r —t)r+log(x 0
CKe— (T <I>'(d+(Tft))e(T t)r-+log( /K)aigdf(Tit)

= 0 (0 (T 1)) o

where we used the fact that
1 2
O (d (T —1)) = —(d_(T—1))2/2
= L @ (@-1))2/24(T-t)r+log(a/ K)
Vor
- (d+ (T _ t)) e(Tft)'H»log(z/K).

Relation (6.46) can be obtained from the equalities
2 2
(d4 (T - )) —(d-(T-1))
= (de(T —t) +d_ (T— ) (A (T =) —d—(T —t))
=2r ( —t)+2log ?

Due to the call-put parity relation (6.24), the Black—Scholes call and put
Vega are identical, 7.e.

%—a?—\/idf(ch( ).

The Black—Scholes European call and put prices are increasing functions
of the volatility parameter o > 0.
b) We have

9ge _
or

+HT-t)Ke T-0®(d_(T — 1))
0
= 2@ (d4(T - t)) gy d+(T 1)
7KC—(T—t)rq)/(d+ (T _ t)) C(T—t)'r’-%—log(&t/K) %d, (T _ t)
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+HT - t)Ke T-®(d_(T — 1))

= 2@/ (dy (T — t))% (di(T—t) —d_(T—1)) + (T — t)K e~ T ®(d_(T — 1))
2@ (dy (T — t))% (oVT—1) + (T — )K= TP @ (d_(T - 1))

= (T-t)Ke T"0®(d_(T - 1)),

where we used the fact that

D(d_(T—-t) = —(d—(T-))?/2

1
Var
= 1 e

V2
_ CI),(d+ (T _ t)) C(T—t)r+log(z/K).

—(d—(T—t))?/2+(T—t)r+log(z/K)

The same relationship is used to simplify the formulas of the Black—Scholes
Delta and Vega. We note that the Black—Scholes European call price is
an increasing function of the interest rate parameter 7.

Regarding put option prices gp(t,z), the call-put parity relation (6.24)
yields

N )
= (T-t)Ke T ®(d_(T—1t)) — (T —t)Ke "(T-0
= (T-t)Ke T-0"(D(d_(T - 1)) — 1)
= (T-t)Ke T=D"®(—d_(T — 1)),
therefore the Black—Scholes European call price is a decreasing function
of the interest rate parameter r.

Exercise 6.15 Gamma hedging.

a) Since the portfolio is self-financing, its discounted differential is §td§t —
dCy(t, St), and after application of the Itd formula, it is martingale when

, »OC,
Cf(Tft)r& _ Cf(Tft)raimo(t7 St) =0,

i.e. when its Delta vanishes, which yields

oC,
&= 370("’5” =Mo(t, ).

b) Since the portfolio is self-financing, its discounted differential is ftdgt +
¢dCy(t,Sy) —dCo(t, St), and after application of the It6 formula, it is
O 985
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martingale when

0C1
Ox

(T t)r 9Cy

o~ (T=trg, 4 o=(T=0r, 01 -

(t,5¢) — (t Sp) =

i.e. when its Delta vanishes, which yields

e e
&= F 0 (1.5) — G (1,51 (8.31)

Differentiating Relation (S.31) yields the gamma

aa o0 o

e —(T— tTCf o

(t,51),

5 (t,St) —

of the discounted portfolio, which vanishes when

9%Cy

Ct — Ox? ( St) _ ro(t, St) (S 32)
3201 s Fl(t, St)7 '
Oz2 (¢ 50)
hence
To(t,St) To(t, St)
= Ao(t,St) — A1(t,S;) =———== and = —"
& = No(t,St) — A ( t)r1(t7 S Gt T1(,5)
Exercise 6.16
a) Given that
«_Tn—an 1 q «_by—ry 1
pib}v*(l]viQ an qibj\/*(l]vi?’

Relation (3.14) reads
(t,x) = %m +T/N,z(14+rT/N)(1-0y/T/N))
+%E(t+T/N,x(1 +rT/N)(140VT/N)).

After letting AT := T'/N and applying Taylor’s formula at the second
order we obtain

( (t+ AT, z(14rAT — oVAT)) —0(t, )
%( (t + AT, (1 + AT + 0VAT)) — 5(t, z)) + o(AT)
<AT (t,) + z(rAT — o VAT) §~(t z)
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x?

(rAT — oV/AT)? 22@ m)+o(AT)>

g
+% <AT§; (t,z)+ T(’I‘AT + (r\/ﬁ) (t x)

%( AT+J\/FT) (r ) +0(AT)> +o(AT)

o v x? 20%v
= ATE(L@) + r:rAT%(t,x) + ?(0 AT) W(t,x) +0(AT),

which shows that

o o 0% 0% o(AT)
E(LCE)-FTx%(t,I)-Fﬁ 2 Ox z(t ) 7?7
hence as N tends to infinity (or as AT tends to 0) we find*

20] v 02 0%
0= at(tz)+1"Ta( )+7 02(1‘ x),

showing that the function v(t,z) := e ="3(¢,2) solves the classical

Black-Scholes PDE

ov v o2 59%
ro(t,x) = E(t,w) +r:ca—x(t,x) + 7x2w(t,m).

b) Similarly, we have

5(1)(1) _v (t7 (1 +bN)z) —-v (t, (1 +‘1N)‘T)
¢ .’L‘(bN—llN)
v(t,(14+7/N)(14+0VT/N)z) —v (t,(1+r/N)(1—0oVT/N)z)
B 20(1+r/N)oVT/N
= P,

as N tends to infinity.

Chapter 7
Exercise 7.1 (Exercise 6.1 continued). Since r = 0 we have IP = IP* and

g(t,By) = E*[B} | 7]

* The notation o(AT) is used to represent any function of AT such that
limar 0 o(AT)/AT = 0.
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=E*[(Br — Bi+ B)* | 7]
=E*[(Br—Bi+)?],_ B,
—lE*[(BT B;)? 4 2z(Br — Bt)+z}z:Bt
= E*[(Br — By)?] + 24E*[Br — B] + B?
=B}+T—-t, 0<t<T,

hence & is given by the partial derivative

Jg
="24,B)=2B 0<t<T,
&t 835(’ 1) ts
with
_g(t,By) —&By
m=—>
Ag
_ B+ (T —t)-2B}
Ao
(T—t)-B}

et N P L
Ag

Exercise 7.2 Since By ~ N (0,T), we have

E[6(S7)] = [ (SoCaBT+(r—az/2)Tﬂ
f $(Spevt(r=o 2/2)T Ye *y2/(2T)dy

\/ 27rT
J o(z (02/2—r)T+log x)2/(202T) 4T dx
\/27r02T T
— [ o@)oe)
—o0

under the change of variable

T = S()eaer(r—az/?)T7 with dz = oSy eUy+(r—a2/2)Tdy = oxdy,

i.e.
2/2 —7)T +1
y:((r/ r)T +log(z/So) and dy—d—x
o ox
where
(@) 1= —— o~((?/2-)T +105(2/50))*/ (20°T)
zV2mo?T

is the lognormal probability density function with location parameter (r —
a2/2)T +log Sy and scale parameter oVT.
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Exercise 7.3

a) By the Itd formula, we have

ds? = pSPds, + p(pi;USf’QdSt - dS,

_ -1 _
= pSP L (rSpdt + 0 S:dB:) + Msg’ 2(rStdt + 0SidBy) + (rSidt + 0S:dBy)
= prSPdt + opSYdB; + o? ( )Spdt
- <pr + 02@> SPdt + crpSdet.

b) By the Girsanov Theorem 7.3, letting

yim L ((pf 1)r+02@> ;

po
the drifted process
Byi=Bi+uvt, 0<t<T,

is a standard (centered) Brownian motion under the probability measure
Q defined by

dQ(w) = exp <7VBT - V;T) AP (w).

Therefore, the differential of (S7)icRr, can be written as

sy = (p’r 42—l - D > SPdt + opSPdB,

= (r +pov) SPdt + opSYdB;
= rSPdt + opSP(dBy + vdt)
= rSPdt + opSLdBy,

hence the discounted process S; := e "SY satisfies dS, = opS,dB,, and
(St)ter. is a martingale under the probability measure Q.

Exercise 7.4 We have

E*[¢(pSt, + ¢S1,)] < E*[pd (S, ) + a6(ST,)] since ¢ is convex,
= pE” [¢(ST1 )] + qE"[6(ST,)]
=pE"[¢(E" (ST, | Fry])] + ¢E" [¢(ST,)] because (St)icr, is a martingale,
< pE"[E*[6(ST,) | Fry]] + ¢E” [6(STy,))] by Jensen’s inequality,
= pE"[¢(S1,)] + qE" [#(ST, )] by the tower property,
O 989
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=E"[¢(ST,)], because p +q = 1,

see Exercise 13.7 for an extension to arbitrary summations.

Remark: This kind of technique can provide an upper price estimate from

Black—Scholes when the actual option price is difficult to compute: here the

closed-form computation would involve a double integration of the form
E*[0(pSt, +955,)] = E* [6 (pSoePn="11/2 4 g5 c7Pro=r'T2/2)]

— E* [¢ (So (BT —0°T1/2 (p+qe(BT,_,fBTl)Uf(Tzfﬂ)UZ/Z))]

B )
T J—00 J—co

o2/ (T2 ((Ty-my))___ drdy
T (T> —Th)
1
_ % J‘ix;o J;oooo (SO 601702T1/2 (p + qeo'y*(TZ*Tl)U2/2) _ K)+
w o= 22/ (2T~ (2(Ty-y)) ____dxdy
T (T> —Tv)

1
o f{(z,y)eJR? : 8o €9 (phqeov—(Te=T1)o2/2)5 | ¢o?T1/2}
(SO enm—ole/Z(p+ qe(fy—(TQ—Tl)(Tz/z) —K)
o2/ (T2 ((T-my))___ drdy
T (T> —Tv)

Exercise 7.5

a) The European call option price C(K) := ¢ "TE*[(St — K)*] decreases
with the strike price K, because the option payoff (St — K)* decreases
and the expectation operator preserves the ordering of random variables.

b) The European put option price C(K) := e "TE*[(K — S7)7] increases
with the strike price K, because the option payoff (K — Sr)T increases
and the expectation operator preserves the ordering of random variables.

Exercise 7.6

a) Using Jensen’s inequality and the martingale property of the discounted
asset price process (e "1S;)ieR ., under the risk-neutral probability mea-
sure IP*, we have

C,(Tft)r]E*[(ST _ K)+ | 7] > C*(Tft)r(]E*[ST - K| ]—'t])+
= e_(T_")’(e(T_L)TSt - K)+
990 ©
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= (S —Ke =) 0<t<T.

Black-Scholes European call price
Lower bound

100

5
Underlying (HK$) 80 1o

> 15
60 0 Time to maturity T-t

Fig. S.25: Lower bound vs. Black-Scholes call price.
In terms of the break-even price (6.26) defined as
BEP; := K + ¢~ T=OTE*[(Sp — K)* | F),
we obtain the bound
BEP; > K + (S — Ke~(T-07) ",
b) Similarly, by Jensen’s inequality and the martingale property, we find

e T-U"E*[(K - 5p)* | F]

\%

ei(Tiwr (]E*[K —Sr ‘ ]:tD+
_ e—(T—t)r(Ki e(T—t)rSt)+
= (Ke ™0 —5)% 0<t<T.

Black-Scholes European put price
Lower bound

.10 -
Time to maturity T-t

Fig. S.26: Lower bound vs. Black—Scholes put option price.
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We may also use the fact that a convex function of the martingale
(e"Sy)ier .. under the risk-neutral probability measure P* is a submartingale,
showing that

ert]E*[(efrTK_ e—'rTST)+ ‘ -7:1} > ert(efrTK_ efrtSt)Jr
= (Ke T )" 0<t<T.

In terms of the break-even price (6.27) defined as
BEP, := K — e T-0"E*[(Sy — K)t | 7,
we obtain the bound
BEP; < K — (Ke T=07 —5,)".

Exercise 7.7

a) (i) The bull spread option can be realized by purchasing one European
call option with strike price K and by short selling (or issuing) one
European call option with strike price Ka, because the bull spread
payoff function can be written as

T (x— K1)t — (z — Ko)T.

see https://optioncreator.com/st3ce7z.

(x-Kq)*
-(x-K2)*

50

/

-50 L
100
Sr

(=)o)

Fig. S.27: Bull spread option as a combination of call and put options.*

o
U e - - o
28

An
N ©

(ii) The bear spread option can be realized by purchasing one European
put option with strike price K3 and by short selling (or issuing) one
European put option with strike price K, because the bear spread

* The animation works in Acrobat Reader on the entire pdf file.
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payoff function can be written as
r— — (K1 —2)T + (K2 —2)7,

see https://optioncreator.com/stmomsb.

“(K1-x)*
(K2-x)*
100 - -
50 -
o r T
' '
1 1
50 1 L 1 i
o 50 100 150 200
Ky sy K2

(S

Fig. S.28: Bear spread option as a combination of call and put options.*

b) (i) The bull spread option can be priced at time ¢ € [0,T) using the
Black—Scholes formula for call options as

Ble(St, K1,0,7,T —t) — Ble(St, Ko, 0,7, T — ).

(ii) The bear spread option can be priced at time ¢ € [0,7') using the
Black—Scholes formula for put options as

Bl, (S, K2,0,r,T —t) — Blp(Sy, K1,0,7,T — t).

Exercise 7.8

a) The payoff of the long box spread option is given in terms of K; and K>
as

(z—K)"— (K1 —2)T—(2—-K)" + (Ko —2)t =2 — K1 — (2 — K2)
=Ko — K.

b) By standard absence of arbitrage, the long box spread option payoff is
priced (Ko — K1)/ (1+7)V=F at times k =0,1,...,N.

¢) From Table S.9 below, we check that the strike prices suitable for a long
box spread option on the Hang Seng Index (HSI) are K; = 25,000 and
Ky = 25,200.

* The animation works in Acrobat Reader on the entire pdf file.
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Basic Data Market Data

-2020]28-05-2021 -[24600] 5.11/(0.001)[33.268]  HKD|[0.034] 314
17535| UB_|HSI| Put [Standard]13-11-2020[28-05-2021 -[24600] 10000[300,000,000[22.07[(0.001)[29.507]  HKD|0.025]0.017] 0.023] 132]
17589] CS [HSI| Put |Standard|13-11-2020[28-05-2021 -[24900] 9500425,000,000[ 8.61[(0.001)[30.838]  HKD|0.033]0.028] 0.033] 80|
18242] UB_ [HSI| Put [Standard|19-11-2020[28-05-2021 -[25000| 9500[300,000,000[18.51((0.001)[29.028]  HKD|0.030/0.023| 0.029| 265|
18606) SG [HSI[ Put 1 1 “[25088] 10000[300,000,000| 8.01[(0.002)30.96 HKD[0.054/0.042] 0.053] 459
19399) HT [HsI[Put 12-2020[29-06-2021 [25200] 10000[400,000,000| 0.06|(0.002)[32.190]  HKDl0.000/0.00 0.061] |
19485) BI [HSI[Put 12-2020[29-06-2021 [25200] 10000[150,000,000[21.41[(0.002)[28.154]  HKD|0.044[0.037] 0.044] 59|
22857 vT [Hsi| Put 02-2020[29-0¢ 1 [25000] 8000| 80,000,000[22.45((0.002)[30.905]  HKDI0.065/0.043] 0.064]1,165]
26601] BI [Hsi|call 1 1 25200] 11000[150,000,000( 0.00[ 0.018[25.347]  HKDI|0.390/0.360| 0.370 84|
27489 BP [HsI|Call[Standard[18- 1 25000 7500] 80,000,000[ 2.95[ 0.009]28.39: HKD[0.590/0.540] 0.540] 6]
28231] Hs |Hsi|Call|standard|30- 1 -|25118]7500200,000,000] 0.00[ 0.012[24.897]  HKD[0.000[0.000] 0570 0]

Table S.9: Call and put options on the Hang Seng Index (HSI).

d) Based on the data provided, we note that the long box spread can be
realized in two ways.

i) Using the put option issued by BI (BOCI Asia Ltd.) at 0.044.

In this case, the box spread option represents a short position priced
0.540 x7,500 —0.064 x8,000 —0.370 x11,000 4-0.044 x10,000 = —92
~—~—— —— —— ——

Long call Short put Short call Long put

index points, or —92 x $50 = —$4, 600 on 02 March 2021.

Note that according to Table 7.2, option prices are quoted in index
points (to be multiplied by the relevant option/warrant entitlement
ratio), and every index point is worth $50.

ii) Using the put option issued by HT (Haitong Securities) at 0.061.

In this case, the box spread option represents a long position priced
0.540 x7,500 —0.044 x8,000 —0.370 x 11,000 4-0.061 x 10,000 = 478
~—~— ——

Long call Short put Short call Long put

index points, or 78 x $50 = $3,900 on 02 March 2021.

e) As the option built in di) represents a short position paying $4, 600 today
with an additional $50 x (K2 — K1) = 200 = $10, 000 payoff at maturity
on June 29, I would definitely enter this position.

As for the option built in dii) it is less profitable because it costs $3, 900,
however it is still profitable taking into account the $10,000 payoff at
maturity on June 29.

By the way, the put option at 0.061 has zero turnover (T/O).

In the early 2019 Robinhood incident, a member of the Reddit community
/r/WallStreetBets realized a loss of more than $57,000 on $5,000 principal
by attempting a box spread. This was due to the use of American call and
put options that may be exercised by their holders at any time, instead
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of European options with fixed maturity time N. Robinhood subsequently
announced that investors on the platform would no longer be able to open
box spreads, a policy that remains in place as of early 2021

Remark. Searching for arbitrage opportunities via the existence of profitable
long box spreads is a way to test the efficiency of the market (Billingsley and
Chance (1985)). The data used for this test in Table 7.1 was in fact modified
market data. The original 02 March 2021 data is displayed in Table S.10, and
shows that the call option with strike price Ko = 25,200 was actually not
available for trading (N/A) at that time, with 0% outstanding quantity and
zero turnover (T/0).

_ . Basic Data _ _ | _ Market Data
DW [issuerf UL|Calll DW | Listing | Maturity | Strike [Strike[Entitle-  Total | O/S [Delta [ IV. |Trading |Day [ Day [Closing| TIO

Code| 4 |4 put| Type | (D-M-Y) | (D-M-Y) Currencyl 4 | ment | Issue | (%) | (%) | (%) [Currency|High|Low | Price ((000)
v al a - - - Ration| Size | A& | A | 4

HSI Put - HKD)|
HSI Put 12-2020]. - X HKD)| 0061 0
19485 Bl |HSI| Put 12-2020]

| 1 - HKD)| 0044 59
22857 VT |Hsi Put -02-2020[29-06-2021 -[25000] _8000] 8 HKD) 0.064|
26601 BI_|HS Call 12-2020129-06-2021 | rxdoooofo.000 WA

27489 BP |HSI Call

2020/29-06-2021
28231 HS |HSI Call 2020].

1
|

- HKD|0.590]0.590) 40|
7500200,000,000/ 0.00| 0.012[24.897| HKD|0.000/0.000] 0.570)|

-|25118

Table S.10: Original call/put options on the Hang Seng Index (HSI) as of 02/03/2021.

Exercise 7.9
a) The payoff function can be written as
(= K1)" + (v — Ko) " —2(2 — (K1 + K2)/2)"
= (- 50)" + (2 — 150)" — 2(x — 100) ", (S.33)

see also https://optioncreator.com/stnurzg.
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150 -
(x-Kp)F+(x-Kp)* =
-2(x-K1/2-K/2)*
100 | -
1
1
1
50 ' ~
1
1
1
o . -
' 1
! 1
-50 ! . ! !
o 50 100 150 200
Ky st K>

Q0

Fig. S.29: Butterfly option as a combination of call options.*

Hence the butterfly option can be realized by:

1. purchasing one call option with strike price K1 = 50, and

2. purchasing one call option with strike price Ko = 150, and

3. issuing (or selling) two call options with strike price (Kj + K2)/2 =
100.

=}
=

From (S.33), the long call butterfly option can be priced at time ¢ € [0,7")
using the Black—Scholes call formula as

BI(St, K1,0,7, T —t)+BI(Sy, Ko,0,7, T —t) —2BI(Sy, (K1 + K2)/2,0,7,T —t).

For example, in the discrete-time Cox-Ross-Rubinstein (Cox et al. (1979))
model, denoting by ¢(z) the payoff function, the self-financing replicating
portfolio strategy (&t(St,l))t:Lg,___,N hedging the contingent claim with
payoff C' = ¢(Sy) is given as in Proposition 3.10 by

o
=

E [0+ DI (04 By)) =00+ ) T (14 7))
() = (b—a)(14+7)N=t5

with # = S;_;. Therefore, & (z) will be positive (holding) when z = S;_1
is sufficiently below (K1 + K2)/2, and & () will be negative (short selling)
when z = S;_; is sufficiently above (K; + K2)/2.

* The animation works in Acrobat Reader.
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L0000 0000
“0OANONIMO®=

10
ime to maturity T-t

Underlying price

Fig. S.30: Delta of a butterfly option with strike prices K1 = 50 and K3 = 150.

Exercise 7.10
a) We have

Cr = e T=UEB*[S5p — K | ]

_ e—(T—t)r]E*[ST ‘ ]:t} _ Ke—(T—t)r

— ert]E*[e—rTST | ]:t] _ Ke—(T—t)r

_ erte—rtst _ Ke—(T—t)r

=5 — Ke (Tt
We can check that the function g(z,t) = z — Ke (T=H" satisfies the
Black-Scholes PDE

g 2 2

0 0
rg(a,t) = 5y (@ 1) + 1o (@) + Sa? 55 (w,1)

with terminal condition g(z, T) = z — K, since dg(xz,t) /0t = —rK e~ (T=0"
and dg(z,t)/dz = 1.
b) We simply take & = 1 and n; = —Ke ™ in order to have

Cy =£tSt+7]tert = St—Kei(Tiwr, 0<t<T.
Note again that this hedging strategy is constant over time, and the rela-
tion & = 8g(St,t)/Ox for the option Delta, cf. (S.27), is satisfied.
Exercise 7.11 Option pricing with dividends (Exercise 6.3 continued).

a) Let IP* denote the probability measure under which the process (Et)te]R N
defined by

dB, = """ at v aB,

o
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is a standard Brownian motion. Under absence of arbitrage the asset price
process (S¢)ier, has the dynamics
dSt = (,u - 6)Stdt + JStdB,,
= (r—6)8,dt + 0S;dB;,

and the discounted asset price process (§t)t6]R+ = (e "S;)ier, satisfies
dgt = —(ngdt + (Tgtdgt.

Assuming that the dividend yield §S; per share is continuously reinvested
in the portfolio, the self-financing portfolio condition

dVi = mqdAp+&dS +  0&Sdt

—_——— ——
Trading profit and loss ~ Dividend payout
= TT]tAtdt =+ &((T - (5)Stdt + O'Stdét) =+ 6&Stdt

TT]tAtdt + ét (TStdt + O'Stdét)
= rVidt + 06S:dBy, > 0.

In other words, no arbitrage is induced by the dividend payout. This yields

avi

d(e V)

—re "Vidt + eV,

ot e " 5,dB,

= 0&,5,dB,

= &(dS, + 6S,dt),  t>0.

Therefore, we have
~ ~ t  ~
Vi=Vo = [ dVa
t ~ A~
= o | &SudB,
1 ~ t ~
= [ €S+ [ Sudu,  t>0.

Here, the asset price process (e%S;)cr , with added dividend yield sat-
isfies the equation

d(e%S;) = redSydt + o e’ SydBy,
and after discount, the process (e~ e%S);cr, = (e’("’5)’5:3}),5@1{+ isa

martingale under P*.

b) We have
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~ ~ t ~ ~
Vi=Vo+o [ &S.dBu,  t>0,
which is a martingale under IP* from Proposition 7.1, hence
Vi = E*[Vr | F
= e "TE*[Vr | 7]
= e "TE*[C | A,
which implies
Vi=e"V,= e T-UEC|F], 0<t<T.

After discounting the payoff (S7 — K)T at the continuously compounded
interest rate r, we obtain

Vi = e T-E*[(Sp - K)T | R
_ e—(T—t)r]E*[(SO 0O Br+(r=8-0%/2)T _ K)* | 7
_ e—(T—t)&(e—(T—t)(r—é)]E*[(SO OB+ (r—3-0%/2)T _ K)+ Ea)
= o T8Iz, K, 0,7 —6,T — t)
= e T (5(d (T — 1)) — Ke T (d’ (T —1)))
= e T V50(d(T-1)) - Ke T (T-t)), 0<t<T,

where (oK 6 -
+(r—o+ 2 —t
- 0= PR A R

and 2
d‘i(T_t) — log(Si/K)+ (r—d6—o /2)('[_,5).

lo|V/T —t

We also have

g(t,z) = Bl(xe_(T_t)‘s, K,o,7,T — t)
= ef(Tft)’sBl(x,Ke(Tft)é,o,r,T — t), 0<t<T.

In view of the pricing formula
Vi = o T=008,0(d (T —t)) — Ke T @(d’ (T — 1)),
the Delta of the option is identified as
& = e T=0(d% (T — 1)), 0<t<T,

which recovers the result of Exercise 6.3-(d).
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Exercise 7.12

a) We have
—r-0rgs | X (T gu—
e E [Tfo Sydu— K| F,

1 0T
_ o —(T—t)rpp* | =
= E {T fo Sydu

]:t:| - Kei(Tit)r

—(T-t)r ¢ ~(T—t)r T
_ ¢ * € * _ —(T—-t)r
=~———E UO Sudu ft} + o E Ut Sudu ]:t} Ke
(Tt —~(T—t)r .
_ ¢ © * _ —(T—t)r
= ][ Sudu+ [ B[Sy | Fildu—Ke
—(T—-t)r -t —(T—t)r .p
_ € € (u—t)r _ —(T—-t)r
- JU Sudu + L DG, dy — Ke
07( CfrT

T—t)r "
— JO Sudu + Si

—(T—-t)r " S,
_& - 7 Pty —(T=t)ry _ —(T—t)r
T JO Sudu + T (1 e ) Ke .

7 JtT e"du — Ke—(T—t)r

b) Any self-financing portfolio strategy (&:);er, with price process (Vi)ier,
has to satisfy the equation

d% = T]tdAt + &dSt
= T?]tAtdt + thstdt + U&StdBt
= T‘Vvtdt+ ([L—T)gtstdt+0§t5tdBt7 t 2 0.

On the other hand, by part (a) we have

Cf(Tft)'r " Sy
= - ) Pt —(T—t)ry _ —(T—t)r
av, =d ( " JO Sds + 5 (1— e )—Ke

rT
—(T—t)r S,
_ T (Tt (? . e St (T—t)r
= e fo Ssdsdt + ————Sudt — T dt
_ o (T=t)r
I
rT
et
T (-t (*t 1-e _ —(T—t)r
= e fo Sedsdt + ———m——dS; ~rKe dt
1— o= (T-t)r
= rVdt + erdest — 51— e~ T=D")gy
1— e~ (T—t)r
= rVidt + T((u —71)Sdt + 0SidBy),
hence
1000 S)
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1— e~ (T=0r
£t - 7
rT
which can be recovered by differentiating the pricing function

te (0,7,

e—(T—L)r

ey 1 ey

rT (
t
in (S.63) with respect to z = St, with y = fo Sudu. We also have

(T—t)r
Vt:eideerf,gSt Ke T=0r  telo,T).

Exercise 7.13 We start by pricing the “inner” at-the-money option with payoff
(S, — S7y)" and strike price K = Sy at time T as

C—(Tszl)T]E*[(ST2 - Sp)" | Fr,]
oo ((r+02/2)(T2 1) +log(ST1/ST1)>
Ty Um

. 2 2
—sne (“FEEVEST) - spe e <7 =L n-T)).
ag a

where we applied (7.26) with T' = T, t = T, and K = Sp,. As a consequence,
the forward start option can be priced as

cf(Tlft)r]E*[O—(Tngl)rIE* [(ST2 _ ST1)+ | ]:Tl} {]:t}

e—(Tl—I,)r
- 2 _ 2
x E* {Sm@ (M VT2 *T1> —Sp e”(-Trg <#\/ T, — Tl) ‘ ]“t}
~ o= (Ti—t)r

X

2
<r+o /2 T2—T1> e”(-Trg (77" Z /2 \/ﬂ)) E*[ST, | Fi]

(o
2
SL< (r—i-a /2 Ty — T1> 7(T2*T1)7‘¢<¥ T27T1>>1
<

Ty

0t

Exercise 7.14 From the Black—Scholes formula we have
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- 2
o~ (Te—Th_)rs fT“} e <(, +02/2)(Th, — T — logK>

.
St g
ST o/ T —Tk—1
K e-TTioirg <(r — 2/2)(Ti ~ Ty 1) —1ogK> .

J\/kaTk—l

As a consequence, for t = Ty = 0 we have

+ +
ST, St
E* || — -K Fi| =B |E* || — -K F
2
:]E* e(Tk*Tk—l)Tq) (7”+0' /2)(Tk—Tk_1) —]OgK
o/T —Tk—1

o ((TU2/2)(Tk ~Tj1) logK>:|
r+02/2)(Ty — Tj1) —log K

K¢<(ra2/2)(Tka1)logK>-

o/ T —Tk—1

Hence, the cliquet option can be priced at time t = Ty = 0 as
n +
Z e—er]E* STk K
k=1 1.
_ Xn: o Ti1p (r+02/2)(Ty = Ty—1) —log K
et o/ T —Tp1

Ko Thp ((r —2/2)(T ~ T 1) —1ogK>> ‘

= oTTr-1)rp <(

04/ Ty, — T

Exercise 7.15 (Exercise 6.10 continued). We have
C(t,8) = e"TI"E*[log St | Fi]
2

= e (T-t)rE* [logSf, +(Br - By)o + <T - %) (T-1)] ft}

2
= ¢ T Uriog 8 + e~ (T-0F (r - %) (T —1), 0<t<T.

Exercise 7.16 (Exercise 6.5 continued).
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This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

a)

=3
=

Notes on Stochastic Finance

By (5.22), for all ¢ € [0,T], we have
C(t.8;) = e"T-ITE[S3 | Fy

—(T—1) 257
e E {St Sf?

g

Sz ]:t:|

St
¥
St

_ e—(Tft)rStZIE [eQ(BTfB,,)af(Tft)GQJrZ(Tft)r}

e7<T7t)TSt21E

ef(Tft)rS,?]E

ef(T—t)rS? o (T—t)o*+2(T—t)r|g [QQ(BTth)a]
_ Sge(rﬂfz)(T—t)
where we used the Gaussian moment generating function (MGF) identity

(A.41), ie.
]E[ez(BTth)a] _ eZ(Tft)UZ

for the normal random variable By — B ~ N (0,T —t), 0 < t < T. See
also Exercise 16.6 for a generalization.
For all ¢ € [0, T, we have

ocC

&= %(tvx)\wzst = Qgte(wa?)(ﬁt)’
i.e. 2
€S = 252 7T — 901, 5)),
and
C(t,S) — &S, —rt )
" % - QAT(Sf T+ (T—t) _ 962 o(r+0%)(T—t))
= ,Si? e”Z(T_t)+(T—2t)r
AO )
i.e.

A = 52 At o2(T—t)+(T—2t)r _52e7 2(T—t)+(T—t)r _ —O(t, 5).
0

As for the self-financing condition, we have

dC(t,S;) = d(S2er+o)(T=0))
—(r+o?) e(r+”2)(T7t)St2dt + e(T+02)<T7t)d(St2)

= —(r+0) et TD G244 4 (o) (T (25,48, + o252 dt)
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= —pelrtoNT-062g 4 9g, o (rto*) (Tt g,
and

2
€S + mpd Ay = 28, Ho) T gg, ’rj—t e (T=OHT =207 4, gt
0

_ 2Ste(r+n'2)(T—t)dSt _ T‘Stz eUZ(T—t)+(T—t)rdt,

which recovers dC(t,S;) = &dSi + mdAy, i.e. the portfolio strategy is
self-financing.

Exercise 7.17 (Exercise 6.12 continued).

a) The discounted price process X; := e~ "S; satisfies
dX; = (a—r)Xydt + ce "*dBs,

which is a martingale when o = r by Proposition 7.1, as in this case it be-
comes a stochastic integral with respect to a standard Brownian motion.
This fact can be recovered by directly computing the conditional expecta-
tion E[X; | Fs] and showing it is equal to X. By (4.35), see Exercise 6.12,
we have

t
S, = Spe™ + ajo et=9)agp
hence
t
X, = So +o—f e ™dB,,  t>0,
0
and

t
E[X: | Fs] = E [So +o jo e dB,

fs]
— E[So] + oF U: eTdB, | Fs}

5 t
= Sy +oE “0 e "UdB, i

]—‘5} +01E“ e~TUdB, ‘ ]—‘s]

5 t
=Sy+o jo e~"UdB, + oE U c’mdBu}

S
=S50+ rffo e "dB,
= X, 0<s<t.

b) We rewrite the stochastic differential equation satisfied by (St)ier, as

dS; = aSidt + odBy = rSedt + od By,

1004 @)
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where

dB, = 2= S,dt + dB,,

which allows us to rewrite (4.35), by taking « := —r therein, as
t ~ it ~
Sy = et (so +o e*”st) = Soe" 4o [ e(=IraB,.  (s34)

Taking

vo=2"1s, o<t<T,

in the Girsanov Theorem 7.3, the process (Et)teIR , is a standard Brownian
motion under the probability measure P, defined by

dIP T
= exp< f Wed By — j wﬁu)

_cxp< 3=

> j Sz dt)
and (X;)ier, is a martingale under P,.
Using (S.34) under the risk-neutral probability measure IP*, we have

o
~

C(t,8) = e T=I"E, [exp(Sr) | Fi]

= 0’(T7t)TIEa [exp (eTTSo + UJOT 0<T’")rd]§u> ‘ .7-}}

= B [exp (oS00 [) o aB, 4o [T oTraB,) | 5]
(- @t + 75K, {exp (o [ e™vras,) | ]-'t}
< T—t)r+ o1 t)TSt)]EUK {exp (a JtT e(T’“)"déu)}
( T —t)r+ o(T— t)rSt) exp( . LT 2(T—u)rdu>

exp (=

T—t)r+ T-0rg, +4 (e 2(Tf'f)"fl)), 0<t<T.

d) We have
ocC o2
_ Y _ (T—t)r | 9 ( 2(T—t)r _
&= 5o (1:5) = exp (Sie T+ 7 (e D)
and
_C(t,5) — &S;
nm = 7/1{,
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o—(T—t)r 2
_ & (T—t)r o 9 ( 2(T—t)r _
A exp (Sto + 4T(c 1))
Sy Tty |, O, o(T—tyr
7A—texp(5te +E(e 71)).

e) We have

o2

dC(t,S;) = re—(T—t)r exp (St eT=tr 4 ym

(0 1))

2
—rSyexp (Ste(Tft)T + Z—r(eZ(T%)T — 1)>dt
2 2
_ 0" (T-t)r (T—tyr o 9" ¢ 2(T—t)r _
5 © exp (Ste + ym (e 1))dt
o

+ exp (St (T 4 ™

(CQ(Tft)r _ 1))d5t
o
4r
0.2

E(eQ(T_t)T _ 1)>dt

+% T 07 exp (St eT=0r L 2 (ATt _ 1))02dt

=re T oxp (Sf,e(T_t)T +

o2

—rS;exp (St eT=0r 4 e

(2Tt _ 1))dt + &dS;.
On the other hand, we have

&dSy +nid Ay = £dSy

2
Z(GZ(Tft)r _ 1)>dt

t+re” TN oxp (Sl e(T=r 4 e

2
—rSt exp (St =t 4 Z—r(eQ(Tft)T - 1)>dt7

showing that
dC(t, St) = .ftdSt + ThdAh

and confirming that the strategy (&, m:)ser. is self-financing.

Exercise 7.18

a) Using (S.34) under the risk-neutral probability measure IP*, we have
C(t,8) = e T=E,[S3 | Fi]

. N2
<erTSO +UJ0T e(T—u)rdBu> ‘ ]:t:|

¢ N T N 2
<eTTSo to L; oT=0rgB, + UL e<T—“>TdBu> ‘ ]-}}

_ e—(T—t)r]Ea

_ e—(T—L)r]Eu
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N2
<“50+0J (T=wrg Bu> ‘}‘t}
T ~
#2000 (T8 g [ a, ), [ [T ot raB,

(LT e(T—u)rth)Z ) 7

e 00 (TS o [ ol “)’dBu> +o2e (T,

— TV,

+o2e~(T-0E,

2
<J;T e(T—u)rdB\u>

2
ef(Tft)T ( TTSO + o_f (T— u)rdB ) +0267(T7t)’r LT e2(T7u)'rdu

0.2
_ e(Tft)rSIIQ + E(E(Tft)r _ ef(Tft)'r)

= o(T-trg2 + 2T =) t)r)7 0<t<T.
T
b) We find
e,

&=5-(t5)= 20T-0rg, 0<t<T.

Exercise 7.19 (Exercise 5.11 continued, see Proposition 4.1 in Carmona and
Durrleman (2003)). Letting o := E*[Sp] = e”(S((]Z) - S(()l)) and
let((S[() ))2 o2t + (S( ))2ea§t _ 25(()1)5(%2) ePo102t _ (S(()Q) _ S(()l))2),

we approximate

)+ em(e=a)/2r?) gy

—rtIE* S + ~
€ [( T — ] \/ﬁj
(z—a)?/ (202 )d
\/27r7 j
2/20%) g @1%) g,
\/27r77 f \/27r7] f :

t
_ —12/2d 7Ke " o0 —12/2d
(K—a) x+a e T Jon I(K—a)/n T
—rt K —
= —Le [6712/2] —(K-a)e "® <— a>
Var (K—a)/ Ui
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—rt
Z e (K021 _ (K _ o) et <,K*a> ,
Nz e ( a)e ;

Remark: We note that the expected value E*[¢(S7 — K)] can be exactly
computed from

E*o(5r)] = E*[a(S7) = 51)] = [ [ (e — )1 (@) aly)dady,

where
1 —(r—=02/2)T +log(x/Sp))?
o) o (- =R AT e/
xo V21T 20T
is the lognormal probability density function of S(i>, i = 1,2. In particular,
we have
o0
Efo(50)) = " [o(s ~ ${)] = |7 6(:) ()
where
(oo}
p(z) = fO P1(2 4 y)p2(y)dydy
— [ o= (=(r=0%/2)T+log((=+y)/50))?/ (203T) —(—(r—03 /2)T+log(y/So))?/ (203T)
0

dy
«— %Y
2rToro2(2 +y)y

is the probability density function of Sp.

16F | ]
14}
12}

1l
0.8}
0.6
0.4}
0.2}

Gaussian PDF ——
__Integral formula
-1 -0.5 0 0.5 1
z

Fig. S.31: Gaussian approximation of spread probability density function.
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0.12

Integral evaluation
0.1 Monte Carlo estimation ]
Gaussian approximation

0 0.2 0.4 0.6 0.8 1
K

Fig. S.32: Gaussian approximation of spread option prices.

Exercise 7.20 (Exercise 6.2 continued). If C' is a contingent claim payoff of
the form C = ¢(Sr) such that (&, 7¢).e[0,r] hedges the claim payoff C, the
arbitrage-free price of the claim payoff C' at time ¢ € [0, 7] is given by

m(X) =V = e "TVE(p(Sr) | ],  0<t<T,

where [E* denotes expectation under the risk-neutral measure P*. Hence,
from the noncentral Chi square probability density function

fr— (l’)

(1= e AT-0Y P\ " 21 = ¢ BT-0) | e BT

48/ rize=B(T—1) )

* Taag/rr1 <gz(1_m>)

28 ( 2/6($+7‘teﬁ(Tt))> < x )""/"2‘1/2

of St given Sy, x > 0, we find

9(t,5¢) = e "B [9(S7) | F]

QﬁefTT t) f ¢
02(170 5Tt Sie™ ﬁTt)
—B(T—t)
468/ xSte e

X faaplorr <gz(1_m>)

ap/o?-1/2 2ﬁ<r+w7*ﬁ(>>
) e 2(1— e —B(T—1))

0 <t < T, under the Feller condition 2a3 > o?

Exercise 7.21
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a) We have
P P
D)= (—o?r2ia),  Laa)=osi,),
and 027
(Trj;(t,x) — a2f(t,2),
hence

dS; = df(t, By)
of 102f

_9f
= 5 (LBt + 5 (1 B)dBy + 5 55 (1 B)dt

= <r - %ﬁ) f(t,By)dt + o f (t, Bs)dBs + %o’zf(t, By)dt
= 7'f(t7 Bt)dt + Uf(t, Bt)dBt
= rSldt + JSLdBL.

b) We have

E[e"P7 | F] = E[ePr=BitB07 | 1]
— e”Bt]E[e(BT_Bt)J |f't}
— eo‘Bt]E[e(BTth)o}
— eJB”+‘72(T7t)/2,
¢) We have
E[Sr | F] = ]E[e"BT“q'_”ZT/2 | 4]
_ erTfaQT/Q]E[eaBT ‘]_-t]

o T—0°T/2 oBi+0*(T—t)/2

erT+oBt —o2t/2
_ e(Tft)rﬁ»aBt trt—o2t/2

=eT-trg,  0<t<T.
d) We have
ef(T—t)r]E[C | ]_—t]
e T-O"E[S — K | F]
= o T-E[Sp | 7] - e TOE[K | F]
=8 — e T-trp 0<t<T.

Vi

1010

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

e) We take & = 1l and ny = —Ke ™™/ Ag, t € [0,T].
f) We find
Vp =E[C| Fr] =C.

Exercise 7.22 Binary options. (Exercise 6.11 continued).

a) By definition of the indicator (or step) functions 1jx ) and 1jg g we
have

by [T b (P
z) = resp. ) =
[ 00) 0 ifz<K, [0.5] 0ifz> K,

which shows the claimed result by the definition of Cj and Pj.
b) We have
m(Cy) = e"T=ITE[C, | F]
— e_(T_t)T]E[]]-[K,oo)(ST) | St]
e T-0P(Sp > K | S)
= Cb(f,, St).
c) We have m;(Cy) = Cy(t, S;), where

Cy(t,z) = e T=P(Sp > K | Sy = 2)
R <(7” —0?/2)(T—1t) + 10g(5t/K)>
’ ovT —t

= T® (d_(T - 1)),
with
(r—a?/2)(T —t) +1og(S:/ K)
oV —1 ’

d) The price of this modified contract with payoff

d_(T —t) =

Ca = Lk ) (ST) + aljg 1) (ST)
is given by

m(Ca) = e T B[ o) (S7) + adjo 1) (S7) | S1]
= e T-UP(Sp > K | §) +ae”TP(Sy < K | S;)
= e TP(Sp 2 K | S) +ae” T (1-P(Sp 2 K | S))
:ae—< Ore=(T=0r 4 (1 —a)P(Sp > K | St)
Yo (T-0rgp <(T* tr— (T —t)o*/2+ log(S‘/K)> )
oVT —t

@) 1011
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200

100
Time to maturity T-t

0

0 Underlying (HK$)

Fig. S.33: Price of a binary call option.

e) We note that

Natd

L 00) (S7) + Lo, 5)(ST) = L{g,00) (ST)s
almost surely since P(Sp = K) = 0, hence

m(Cp) + m(Py) = E[Cy | Fi] + e"T-OE[P, | F]
"E[Cy + Py | Fi]
"B {1k 00)(S7) + Ljo, 5] (ST) | Fi]
-(T- ”15[]1000 Sr) | 7]
1 tr]E[l'.Ft]
e (’ O 0Kt T.

f) We have

m(By) = e T — 1, (Cy)

_ _ _ 2
— (Tt _ (Tt <(T tr — (T —t)o /2+10g(I/K)>
ovVT —t

= o T (d (T~ 1)
e~ D(—d_(T —1).

g) We have
dC;
&= Er (¢, 5)
o—1-0r 9 g <(T*t)7“* (T*t)a2/2+10g(w/K)>
Oz oT —1t =5,
1012 O
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—(T—t)r 1 o (d_(T—1))2/2

oSi\/2(T —t)m

=e
> 0.

The Black—Scholes hedging strategy of such a call option does not involve
short selling because & > 0 at all times ¢, cf. Figure S.34 which represents
the risky investment in the hedging portfolio of a binary call option.

3
25 180

Time to maturity T-t

160

120 140

1
60 80 underlying (HK$)

0 40

20

Fig. S.34: Risky hedging portfolio value for a binary call option.

Figure S.35 presents the risk-free hedging portfolio value for a binary call
option.

Bodto o

=" a0
120

100
Underlying (HK$)

Fig. S.35: Risk-free hedging portfolio value for a binary call option.

h) Here, we have

P,
&= E(t, St)
i g (_ (T - tyr— <Tft>o2/2+log<x/z<>>
Oz oVT —t 2=S,
O 1013
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—(T—t)r 1

=—e ——e
a 2(T7t)7r5t

—(d—(T—-1))?/2

< 0.

The Black-Scholes hedging strategy of such a put option does involve
short selling because & < 0 for all ¢.

Exercise 7.23 Applying It0’s formula to (e~ "¢(S;));cr. and using the fact

that the expectation of the stochastic integral with respect to (Bt)er, is
zero, cf. Relation (4.17), we have

C(z,T) =E[e™T¢(ST) | So = 2] (S.35)
T
0

=E |:¢(I) -r IOT eirt(b(st)dt + T'j eirtst(ly(st)dt

+o IOT e Sy (Sy)d By + % IOT e " (Sy) o2 (Sy)dt ‘ So = as}
= ¢(z) —1E UOT e "0 p(Sy)dt ‘ Sp = x} +7E UOT e S, (Sy)dt ‘ So = x]
+%]E UOT e (1)o7 (Su)dt | o = r}
= ¢(z) — fOT re " E[¢(S) | So = z]dt + rfOT e E[Si¢/(St) | So = z]dt
5 [T TR (S007(50) | S0 = o],

hence, by differentiation with respect to T we find

Thetay = %(efrT]E[qﬁ(ST) | So = z])
=—re "TE[$(S7) So = 2] + re "TE[Sr¢/ (Sr) | So = ]
%WT]E [6"(57)0%(S7) | So = z].

Problem 7.24 Chooser options.
a) We take conditional expectations in the equality
(Sr—K)" — (K —-S7)" =Sr - K
to find
C(t, S, K,T) — P(t,S, K, T)
— o PO (Sy— K)* | A - e TOE (K - 5p) | £
= e T-U'E*[Sp — K | Fi]
1014
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_ e—(T—t)r]E* [ST ‘ ]:t] 7Ke—(T—t)r
=S —Ke T-0r  0g<t<T.

b) The price this contract at time ¢ € [0,T] can be written as
o~ (T=O"E* [P(T, S7, K, U) | Fi]
_ e—(T—t)r]E* [e—(U—T)r]E* [(K*SU)JF |]:T} ‘]:t:|

e UTE* [(K — 5p)" | F]
P(t, S, K,U).

¢) From the call-put parity (7.51) the payoff of this contract can be written
as
Max(P(T, St,K,U),C(T,S7,K,U))
= Max(P(T, 7, K,U), P(T, S, K,U) + Sp — K e~ (U=T))
= P(T, St, K,U) + Max(Sg — Ke~U=T) ).

d) The contract of Question (c) is priced at any time ¢ € [0,T] as

o~ (T=O"E* Max(P(T, S, K,U),C(T, S, K,U)) | 7]
= o T=UTE* [P(T, Sp, K, U) | F
te (T-OrE* [Max(ST —Ke~ W=D gy .7-}]
= o g e =TI E*((K — Sp)* | Fr] | Fi]
+e” T E* [ Max (Sp — K™ V=7 0) | 7]
= o WHIME (K - Sp) T | F)
+e” T [ Max (Sp — Ko U= 0) | 7
= P(t,8,K,U) +C(t, S, K e~ W= ). (S.36)
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Fig. S.36: Black-Scholes price of the maximum chooser option.
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e) By (S.36) and Relation (6.3) in Proposition 6.1 we have
ocC

b=5- (t,Sp, K e W1 1) 4 PtSt,K U)
_ o losle W=, /K) + (r+0%/2)(T —t)
- oVT —t

® (_log(St/K) +(r+02/2)(U - t)>
oVU —t

® <10g(St/K) + (U -t)yr+(T—

g

i

t)a2/2>

_® (710g(St/K)+(r+a—2/2)(U7t)> '

q
ﬁ
I

100

0 40 60 Underlying

Fig. S.37: Delta of the maximum chooser option.

f) From the call-put parity (7.51) the payoff of this contract can be written
as

min(P(T, St, K,U),C(T, 87, K,U))

= min (C(T, Sp, K,U) = Sp + K e~ =" O(T, Sp, K, U))
=C(T,Sr,K,U) + min(—St + Ke’(U*T)T’O)
=C(T,Sr,K,U) — Max(Sp — Ke*(U*T)T7 0).

g) The contract of Question (f) is priced at any time ¢ € [0, 7] as

(T=OE* [min (P(T, S, K, U),C(T, Sp, K, U)) | F]
~(T-E*[C(T, S, K, U) | 7]

_ o (T=t)rp* [Max (ST _ Ko (U-D)r

_ e—(T—t)r]E*[e—(U—T)r]E*[(SU _

,0) [ Fi]
K)" | Fr] | 7]
1016
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—e " T="E*[Max (Sp — Ke~ V=1 0) | 7]
= e WAET [(Sy — K) T | F]
—e " T="E*[Max (Sy — Ke~ =T 0) | 7]
C(t, 8y, K,U) — C(t, Sy, Ke= W1 )., (S.37)

oRNWBULON®

6

Time to maturity Tt 4 100 120

80

Underlying

Fig. S.38: Black—Scholes price of the minimum chooser option.

h) By (S.37) and Relation (6.3) in Proposition 6.1 we have

& = g—i(t,SL,K, U) - %(t,sL,Ke*U*T)T,T)
e (log(St/K) + (r402/2)(U - t))
ovU —t
® (log(e(UT)TSt/K + (r+02/2)(T - t)>
oV —t
_ (10g(st/K) +(r+0%/2)(U ft)>
VU —t
S <log(St/K) +(U-t)r+(T- t)02/2>
oVT —t '
¢ 1017
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6

Time to maturity T-t 4 100 120

80
w0 &

0 o 20

Underlying

Fig. S.39: Delta of the minimum chooser option.

—
=

Such a contract is priced as the sum of a European call and a European put
option with maturity U, and is priced at time ¢ € [0, T] as P(t, S¢, K, U) +
C(t, S, K, U). Its hedging strategy is the sum of the hedging strategies of
Questions (e) and (h), d.e.

- (log(St/K) + (r+02/2)(U —t)
& _CD( oVT —t )
S (_1og(5t/K) + (r+02/2)(U - t))

o/T —t
_ log(S¢/K) + (r+0%/2)(U - t)
_24)( oVT —t ) -

j) WhenU = T, the contracts of Questions (c), (f) and (i) have the respective
payoffs

+ Max((Sp — K)*, (K —S7)*") =[S - K],

e min((S7 — K)*, (K —Sr)™) =0, and

o (Sr—K)* + (K~ Sr)* =[S~ K|,

where |Sp — K| is known as the payoff of a straddle option.

Problem 7.25
a) The self-financing condition reads
dVy = mdAy + §dS,

= ’I‘T]tAtdt -+ ,uftStdt -+ UftStdBt
= ’I"tht + (u - r){tStdt + a&tStdBt,

hence
1018
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T T
Vi = Vot [ Vet (n=r)&Sdt +0 | €SB
T T
—V+ L (rVi+ (1 — 1)€5S5)ds + o Jt £.S,dB,.

b) The portfolio value V; rewrites as

V, = Vp— JtT ( 71'5) ds — JtT 75dBs

 V— LT Vyds — _LT 75dBs.

¢) We have

Vi =Vp— 7»LT Vids — JtT mydB,
hence
dV; = rVydt + mdBy,
and after discounting we find

dV, = —re "tVdt + e "V,
= —re "WVidt + e " (rVidt + mdB;)
efrtmdét,

which shows that .
Vp=Vo+ fo e "mdB,,

after integration in ¢ € [0, T7.
d) We have

dV; = du(t, S;)
_ Ou

ou ou
(7t (t St)dt+l45ta (t St)dt + O'St(,) (t St)dBt
0?
+50252—8x7; (t, Sy)dt. (S.38)

e) By matching the Ito formula (S.38) term by term to the BSDE (7.54) we
find that V; = u(t, S;) satisfies the PDE

u ou 1, ,0% u
Bt (t, x)-i—ua (t, x)+fa 8—(25 z)=f t,:mu(t,x),mc%(t,x) .

f) In this case, we have

®) 1019
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ou ou 1 5 50%u ou _
¥ —(t,z) tura (t,z)+ 0% W(t,x) —ru(t,z) — (ufr)x%(tw) =0,
which recovers the Black—-Scholes PDE
) _ Ou Ou 1 95 %u
ru(t,z) = at( )+m8 (t,z) + 50T 012(t,x).
g) In the Black—Scholes model the Delta of the European call option is given

by

S ((7'+02/2)(T t) +10g(St/K)> ,

oVT —t
hence
2
Trt:UftSt:USt(I)<(r+U/2)(T t)HOg(St/K)>7 0<t<T.
oVT —t

h) Replacing the self-financing condition with

dVy = ned Ay + §dSy — (&) dt
T?]tAtdt + /LgtSzdt + Uftsdet - ’\/St(ft)idf
TWdt + (M - r)&tStdt - ’ySt(ft)_dt + thStdBt,

we get the BSDE
T
Vi=Vp— f (I‘VS+ (1 —7‘)7rs+'y(7r5)7) dS_L TsdBs.

i) In this case we have

f(taw7u7z):77nu7‘u ’Z*’YZ
and the BSDE reads
th = TU(t, St)dt + (M - r)ftStdt - ’YSt(ft)idt + UftStdBt.

j) We find the nonlinear PDE

i 2u u -
gt( )+r;r8 (t, 7:)+102 20—( )—"/O’JJ(%(t,m)) = ru(t,z),

Ox 022
(S.39)
with the terminal condition u(T',z) = g(z).
k) The self-financing condition reads
dVL = T]l{m>0}AL77Ldt + R]l{m<0}Al’mdt + &,dSl
= ’I‘At’r]tdt -+ (R - T)1{7]t<0}At7]tdt + EtdSt
1020 R)

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

= rVidt — rSi&dt — (R —r) (i A) ~dt + £dSe
= ’I“/tdt + (u - ’r)St&dt - (R - 7)(‘/2 - &St)idt + O'StstdBt,
which yields the BSDE
T B T
V, = Vp— L (Vs + (= )7 — (R—1) (Vs — £,55) ) ds — L sdBs,
hence we have
. _ (m—r) Z\~
flt,z,u,2) = —ru— Tz-‘r(Rfr) (ufg)

and the nonlinear PDE

ou ou 1 5 50% Ou _
oL —(t, x)-‘rua (t, :L)-i- o’z W(t z)+ f (t,x,u(t,x),ax%(t,x)> =0

rewrites as

ou ou 1, 202u B ou -
E(t,aﬁ)+7‘%(t,l‘)+ 29 5 5 (tz) =ru(t,z) + (r—R) | u(t, z) —xa(t,m)
1) The sum of profits and losses of the portfolio (&,7¢)¢cr, is

T T T T
Vot [, mdAc+ [ &dSy=Vo+ [ avi+ | dU;
=Vr+Ur—0Uo
> VT =C s
hence the corresponding portfolio strategy superhedging the claim payoff

Vi =C.

Exercise 7.26 Girsanov Theorem. For all n > 1, let
™= <t<
d)t = ]l{we[—n,n]}wh 0<t<T.

Since (d)t(n) )telo,r) is & bounded process it satisfies the Novikov integrability

condition (7.12), hence for all n > 1 and random variable F' € L1(Q) we
have

E[F]:]E{F(B+f0'z/;§”)ds)exp< j WMdB, —7f )}

which yields

E[F] = lim E [F (B.+ [ vi"ds) exp (7 S was, 3 [T >]
O 1021
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>E [hﬁgioréfF (B. + jo wﬁ”)ds) exp ( f w™aB, - %j )y 2(15)]
—E [F (B, +]; wsds) exp <7 JOJ bsdBs — 5 )}

where we applied Fatou’s Lemma A.12.*

Problem 7.27
a) We have

Cov(dS;/ St, dMy/ My)
Var[dM;/ Mj]
Cov((r+ a)dt + B(dMy/ My — rdt) + ogdWy, pdt + oprdBe)
- Var[udt + opdBy]
Cov ((r + a)dt + B(pdt + oprdBy — rdt) + osdWy, pdt + oprdBy)
- Var|pdt 4 oprdBy)
Cov (ﬂaMdBt + ogdWy, chdBt)
Var([op dBi]
Cov (BodBy, o0dBy) + Cov (05dWr, 0y dBt)
- Var[ondBy
Cov (BorrdBy, opdBy)
- Var|osdBy]
Cov (UMdBt, (f]\,dez)
Var[osdBy]

-y
b) We have

dM,
= (r+a)Sidt + <—t - 7‘> Sidt + oS dW;
= (r+ a)Sidt + BS; (udt + oprdBy — rdt) + 055 dWy
= (r+oa+B(u—r))Sidt + S¢(BorpdB; + o5dWy)
( ﬁO'MdBt + O'Sth

\/B%03, + o

=(r+a+B(u—r))Sidt+ St ﬁ20'12\4+(7:29

Now, we have

* E[limn— oo Fn] < limp— o0 E[Fy] for any sequence (Fn)pen of nonnegative random
variables, provided that the limits exist, see MH4100 Real Analysis II.

1022 @)
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BoadBy + ogdW, (BondBy)? + BonrosdBy - dW; + (05dWi)?

202, + 0% Bt + 0k
_ BP0}, (dBy)* + of(dWe)*
Bt + 0§
_ PPojydt +ogdt
B3 + 0%
=dt.

By the characterization of Brownian motion as the only continuous mar-
tingale whose quadratic variation is d¢, it follows that the process (Z¢)eRr
defined by

o BordBy + ogdWy

/52 2 2
B20%, + 0%

is a standard Brownian motion, see e.g. Theorem 7.36 page 203 of Kle-
baner (2005). Hence, we have

dZy

dS; = (r+a+ B(u—r))Sdt + S;(BorrdBy + o5dWy)

= (r+a+ 8(p—)Sudt + 58203, + 032

In what follows we assume that g is allowed to depend locally on the state
of the benchmark market index on My, as B(M), t € Ry.
c) We take

dB; =dB,+ 2" "at (S.40)
oM
and o
AW = dW, + —dt (S.41)
as
in order to have
M _ pdt + oy dBy = rdt + o dBY,
M;
s _ (r+ a)dt + B(M;) x % —rdt | + ogdW; (5.42)
Sy M,

= (r+ «)dt + op8(My)dBf + ogdW;
= rdt + UMﬁ(]ut)dBt* + Udet*.

d

=

By the Girsanov theorem, (B} ),¢[o,7] is a standard Brownian motion un-
der the probability measure IP}; defined by its Radon-Nikodym density

Py, pr o (p—r)?
= - Bp—-t—’rT
dIP P < OM T 20’12‘1 ’

®) 1023
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and (Wy),e(o,r] is a standard Brownian motion under the probability
measure Py, defined by its Radon-Nikodym density

dP}y a o?
= ——Wr———T).
dP exp( os T 20?9 )

We conclude that (B} )sejo,r] and (Wy)iejo,r] are independent standard
Brownian motions under the probability measure IP* defined by its Radon
Nikodym density

o (-7 o
Br= W= a1 50T
S M S

dP*  dIP%,  dPY, -

_ Py Py BT
dP dlP dlP oM
Indeed, for any sequence tg =0 <t} < -+ < tp_1 < t, =T we have

dP*
dP

th—1

E°[f(Bf, ~ Bi,.....B], ~Bi, )] = E [ J(B Bl B} - B;f",fl)]

th—1

— _ )2
X exp (7# TBwangwa%T)]
oM 20%, os 20%

=E[/(B, = Biyo... Bi, ~ Bi,_,)

2
* * * * n—=r nw—r
=E {f(Btl - Bf,...,B, —Bf, | )exp <7 o Br — QT>]

2
x E {exp (—;WT — ;—ZT)}
S gg

porp ()
=E [f(Bt*1 - Bf,...,Bf =B} | )exp <7WBT - WT

=E [f(Btl 7Bt07"‘7Btn 7Btn—l)} ’

and similarly for (W} );ep0,1)-
By (S.42), the discounted price processes

(S)ier, = (e7"'St)ier, and (Mt)tem = (e " My)ser,

satisfy - -
{th = oy MydBy,

dS; = o0 B(My)SdB; + 05S:dWy,

hence by the Girsanov theorem of Question (d) the discounted two-
dimensional process (gt, JE) ter, 1 & martingale under the probability
measure P*, showing that IP* is a risk-neutral probability measure. There-
fore, by Theorem 6.8 the market made of S; and M; is without arbitrage

1024 O}
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opportunities due to the existence of a risk-neutral probability measure
P*.

f) The self-financing condition for the portfolio strategy (&, Gy nt)sefo,r)
reads

77t+tht+dt + §t+dt5t+dt + <t+dt]wt+dt7 = ntAtert + gtSt+dt + Ct]\/ftert

which yields
Apyardne + Spyard€e + My qiGe = 0,

dAg - dng + dSe+ d€y + dMy - dGe + Ardny + Sed€e + Mid( = 0,
hence

dVy = mid Ay + §dS + Gd M,
+Aedn: + dng - dAg + Spd&t + d€e - dSp + MydGe + de - dM
= mdAy + &dS; + Gd My
=0.

g) By the self-financing condition we have

AV, = df(t, Sy, M)

= &dSt + Gd My + ned Ay

€(rSudt + o0g B(M)SsdB; + o5 S dW;) + Gy (rMydt + 040 Myd BY) + v Ayt
& Sydt 4 opg B(My)ESed By + 056.SidW[ 4 r Mydt + op G Myd Bf 4 riy Agdt
r&Spdt + rig Agdt + o5& SedWi + G Mydt + (on B(My) &St + on e My )d By
= rVidt + 05&SedWy + (op B(My)€Se + op €My )dB; . (5.43)

On the other hand, by the It6 formula for two state variables, we have

0, 0 192
af(t, e, M) = af (t, Si, My)dt + aff(t St My)dSy + 5 5= é(t,St,Mt)(dSt)z
2
+?(tysta]\/[t)d]\/ft+%%(t S, My)(dMy)? + - f (t Sy, My)dSy » dM
_of of
= = (t, S¢, My)dt + a*(t Stv]ut)(rstdt“rU]LI,B(ZWt)StdBt + 05 dW})
120G sy /32(M)52+0252)dt
2627tatM t)O $o¢)a
+ 675(2&’ S¢, M) (rMydt + opg MydBy) + 50y J;(t S, My)o2, MAdt
2 0% f
+ oy SeMB(Me) 5o o (t, e, My)dt
o 1025
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=9 s Mydt+ 8 gf (t, Su, My)dt + o0 3(M) S, gf (t, S0, My)dB;

ot
of 19%f TN (42 32 2 2 g2
+05Su (8 S, M)W + 5 25 (1,51, My) (o, 5% (My) SPt + 0§ 57 dt)

+T]\/fti (t,Sh]\/ft)dBt*

Ay
2
la f(t St,]\/[t)o'juﬂft dt+0’AIStAItB(Aft)daéf (t, St,Aft)dt

+77
f(t St, My)dt

f (t, St, ]\/[t)dt + UM]Mtg%

2 0y?
0 0 0
a{ (t St,]\/[t)dt-i-’!]\[taff(t St,]%)dt-i-rsta

+ 1oMMfg é(t,Sl,]Wl)dt—}— 10@52(1\@5&2%(@ Sy, My)dt

20 f 9*f
Sfa 2(t S/,]\[/)dt)+UIV]S/JL1L,6(]V[/)8 8 (t,SI/,]VL,)dt

0 0
(U}\[ﬁ(]\]t)st Bf (t St, ]\/[z) + U]L]]Vft 0f (t, St, ]\10) Cll?,;k (844)

+ O'SSt gf (t St, Aft)th

By identification of the terms in d¢ in (S.43) and (S.44), we find

0 0
Tf(t, St, A{z) af (f St, ]\/ft) + TSt 8f (f St7 ]\/[t)

0
(08 + 03462 (00)) 57 2 0.5, )
> f
(t, S, My)dt,

1
2

8f 1 2 282f 2 0
+ T]\/[f,afy(t wa ]\/{f) + §O'M]\/[t 8y2 (t, Stv ]\/[t) + O'A[Stﬁftﬁ(]\/ft) axay

+

which yields the PDE
rf(t,x,y) (S.45)
o 82
= U (1 2,) +re gL (1,2,9) + 50203+ 03B 1) T S (1,2,)
d 502 52
+rya§(t z,y) + UMy 9 ]zc(t z,y) + oheyBly ) 3eom (; (t,z,y),

with the terminal condition
f(T,z,y) = h(z,y),  ,y>0.

h) By identification of terms in dB; and dW;" in (S.43) and (S.44), we find

0,
&= ({Tﬁ(f/y Sy, My)
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and

19} 1o}
O'Mﬁ(]\/jl)staii(tv Sy, My) +UJ\JML87J;(K Sty My) = opiB(My)&Ss + onrGe My,

hence af
G = @(t’ St, My),

and by the relation V; = &St + My + nt Ay we find
_ Vi &S —aMy
Ay

f(t, S, My) — St%f, (t, St, My) — Mt%f (t, St, My)
= "’ Y ., 0<t<T.
A() ert

When the option payoff depends only on Sz we can look for a solution of
(S.45) of the form f(¢,z), in which case (S.45) simplifies to

aof 5} 1 9 02
rf(tz,y) = a*i (tzy)+ m%(t, z,y) + 5o (0% + oi;ﬁ%y))—a;; (t2,1),
(S.46)

When B(M;) = S is a constant, (S.46) becomes the Black—Scholes PDE
with squared volatility parameter

0% = O'Ev + (712\4/‘32.

When the option is the European call option with strike price K on Sp,
its solution is given by the Black—Scholes function

f(t,z) =Bl(z,K,0,r, T —1)
= 2®(d (T - 1)) = Ke T (d_(T - 1)),

with
. log(a/K) + (r + (0% +03,8%)/2)(T — t)
di(T—1t):= ENi ,
. log(a/K) + (r - (0% +02,8%)/2)(T —t)
d_(T —t):= oVT=i ,
and of
&= a(t, Se, My) = ®(d (T - t)),
with
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K K
m=——e IO (T—t) = e T"®d_(T~1), 0<t<T.
Ay Ao
j) Similarly to Question (i), when the option is the European put option
with strike price K on S, its solution is given by the Black—Scholes put
price function

flt,2) = Ke T0®(—d_(T—t)) —a®( - dy (T — 1)),

with
of
Ct:Fy(t,st,]\ft):—q)(—d+(T—t)), 0<t<T.
and K
n = Afe*”@(fd,(Tft)), 0<t<T.
0

Remark. By the answer to Question (b) we have

dSt = (r+a+B(p—r1))Sedt + Sp\/ B203, + 02dZ;

where (Zt)ier, is a standard Brownian motion, hence the answers to
Questions (i) and j can be recovered from the pricing relation

f(t,8) = e T B [¢(Sp) | ], O0<t<T.

Problem 7.28

1) a) It suffices to let 7, := T, n > 1. Then, the sequence (7p)n>1
clearly satisfies Conditions (v) — (vi), and the process (Mr, at)iejo,r] =
(M) efo,r) is & (true) martingale under .
b) Applying
i) the local martingale property to a suitable sequence (7,)p>1 of
stopping times, and
ii) Fatou’s Lemma A.12 to the nonnegative sequence (M, at)n>1,

we have
E[M; | Fs] = ]E[ lim M, At { .7:5}
n—oo

< liminf E[M,, a¢ | Fs)
n—o0

= liminf M, as
n—o00

= lim My as
n—oo

= M,, 0<s<t<T,

1028 O

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

which shows that (My),c[o,r) is a supermartingale.

¢) Since (]Mt)te[o,T] is a supermartingale by Question (1b), for any t €
[0, 7] we have E[Mp | F¢] — M; < 0 a.s., and there exists ¢ € [0, T] such
that E[E[Mry | F] — M;] < 0, otherwise we would have E[My | F;] —
My =0 a.s. for all ¢ € [0,T], and (My),e[o,r) would be a martingale
by the tower property.* Therefore, using again the tower property, we
find

E[Mr — M) = E[E[My | Fi] — Mo] < E[E[My | Fi] — My] < 0.
d) We have

C(0, Mg) — P(0, Mp) = e "TE[(e" My — K)* — (K — " Mp)*]
=E[(My — e TK)Y — (e7TK — Mp)T]
= E[Mr — ¢7"TK]
< E[M] - e TK,

showing that the call-put parity relation C(0,Mp) — P(0,My) =
E[Mpy] — e "TK is not satisfied.

2) a) The stochastic differential equation can be rewritten as dS; = o (¢, S;)dB;
where o(t,z) = /T —t, t € [0, T — €], satisfies the global Lipschitz
condition

\xfy\

lo(t,z) —o(t,y)| = , z,y € R.

Hence by e.g. Theorem V-7 in Protter (2004) this stochastic differential
equation admits a unique (strong) solution such that

Sy = So+ S dB57 0<t<T —e.

Next, we have

b) We have

*If My = E[My | Fi) for all t € [0,¢] then Ms = E[My | Fs] = E[E[Myp | Fi] | Fs] =
E[Mr | Fs],0< s <t<T.
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t\P/? ¢t dB,
E[\St\p]—5p< —f> IE[GXP (pfo T;Sﬂ
/2 2
ap _3 p P t ds
—S()(l T exp IOT—s

t (p—1)p/2
:S{]’(l—f) ., 0<t<T—¢,

hence lim;_,7 [E[|S¢[P] = oo for p > 1. Nevertheless, letting

¢t dB, tds T
Xt'_fom and f(t)'_joT—s_logT—t’

t € [0,T), by Theorem 1.6 in Revuz and Yor (1994) there is a standard
Brownian motion (Wy)er, such that (X;)ye(or) can be rewritten as
the time-changed process X; = Wf(t), and as a consequence of the law
of iterated logarithm Corollary 1.10 in Revuz and Yor (1994) we have

Wi
= lim =
T 0T —s t—=T (f) ’

hm log

hence

0VT—s 2J0oT—s

t dBg 1 ¢t ds
im f
t—=T
and lim;_,7S; = 0 almost surely, as can also be checked from the
graphs of Question (d) below.
Consider the stopping times

Tp = <<17%> T) Ainf{t € [0,T] : |S¢| = n}, n>1

For all n > 1, the stopped process (ST,LAt)tg[o,T] is given by

St Tn /At Su Su
Srant = So JO VT —u VT —u

0 <t < T, and the process (Ljg,(4)Su/ VT — t)ogugr, At is square
integrable as

1
dB, = So+ [ 1j0.,)(w) dBy,

2
du

T
E fO ]I[O»Tn](u)T

hence by Proposition 8.1 the stopped process (S, /\t)te[O,T] is a (true)
martingale under IP for all n > 1, and therefore (St)tE[O,T] is a local
martingale on [0, T]. Finally, we note that since 0 = E[St] # So, the
process (St)te[O,T] is not a martingale.

)

—u

S2 (1-1/n)T
] <5 [ 107
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d) The following code solves the stochastic differential equation dS; =
SidB¢/+/1 —t by the Euler scheme.

N=10000; t <- O:N; dt <- 1.0/N;

2 | dB <- rnorm(N,mean=0,sd=sqrt(dt));S <- rep(0,N+1);S[1]=1.0

for (k in 2:(N-1)){S[k]=S[k-1]4+S[k-1]*dB[k]/sqrt(1-k*dt)}

i | plot(t*dt, S, xlab = "t", ylab = "", type = "1", ylim = c(0,1.05¥max(S)), col = "blue",
Xaxs , yaxs = "i",cex.axis .6,cex.lab=1.8)

Listing S.1: ‘R code - Euler discretization.

t

Fig. S.40: Sample path of dS; = SidB/+/1—t.

3

=

a) The following code solves the stochastic differential equation dS; =
S?dBt by the Euler scheme.

N=10000; t <- O:N; dt <- 1.0/N;

2 | dB <- rnorm(N+1,mean=0,sd=sqrt(dt));S <- rep(0,N+1);S[1]=1.0

for (k in 2:(N+1)){S[k]=S[k-1]+S[k-1]"2*dB[k]}

1 | plot(t*dt, S, xlab = "t", ylab = "", type = "1", ylim = c(1.05*min(8),1.05*max(8S)), col
= "blue", xaxs = yaxs = ,cex.axis=1.6,cex.lab=1.8)

Listing S.2: ‘R code - Euler discretization.

e,

t

Fig. S.41: Sample path of dS; = S?dB;.
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t

Fig. S.42: Sample path of dS; = S?dB;.

1.0

b) With the change of variable y = 1/z and dy = —dx/ z2, we have

E[ST] = IOOO zor(z)d

e S o (1/x—1/8)? e (1/x+1/So) e

~Jo 22y/2rT P 2T P

— joc S exp (7 (;1/71/50)2> dU*J'OO 50 oxp< +1/SO >
0 27T 2T ’ 0 2xT

(oo So v o Sp s

n jfl/so VT exp( 2t dy L/So VorT &P 2T dy

[ So y? o0 So Yy

= sovm) P (‘7) W=y sovr) vam P (‘7) dy
= So®(1/(SoV'T)) = So®(~1/(SoV'T))

= Sp(1—2®(-1/(SoVT))).

c) We have
E[S7] = 25, <q> (#) N %)
=25, (Il;(sgf) 2/2 dzx J 2y da >
=25, jl/(smf) 2/2\}1%
= QIOUﬁ e*(y/So)Z/z%’

hence by the dominated convergence theorem we have

1032 @)
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1/\/T d
lim E[Sy] = lim 2 —(y/S0)2/2 %Y
So—r00 Sg—oo  JO m
= 2fl/ﬁ lim e’(y/50)2/2d7y
0—>oo \/ﬂ
1/f d
_ 2J 1/
_JZ
VT

d) With the change of variable y = 1/x and dy = —dx/x?, we have

E[(Sr— K)'] = [~ (e~ K)Por(e)de

o 1/x—1/8p)? 1/x+1/50)2

=5 [ Lam(’q’(*( o )>76Xp<7( oT )>>d1

JUK So < p(f(’!/*l/so)Q)ieXp <7(y+1/50)2>>dy

V2rT 2T 2T
UK g y—1/50)2 y+1/50)?

—KSy jo Wor <0Xp (— € oT 0) ) — exp <—7(‘/ oT o) >> dy
_ II/K—l/So So exp( 2>dy 1/K+1/8 Sy exp <_£) dy

~1/50 2T 2T 1/50 V2nT 2T

1/K—1/5 1/5 2
*KSOJ Owexp (,?L> dy

—1/So T 2T
VK+1/So y —1/5p Y

+K Sy .[1/50 727TT exp 9T dy
1

ol st) 5ol
oty obr) -5 (shs)

HKSWT <K\/> Soif) KTy (K\/> Soif)

e <K%/T - &jﬁ) TR <7 si/T)
e (K%/T - soi/T> TR <501/T>
-0 (r~5r) - (%)
—Sp® <Kiﬁ + Sol—ﬁ) + Sy (solﬁ)
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+KSVTy (Kif soif ) KSovTo (Kf SJF)
PURNR IR
ol i)l e
i) e (2]
1 1 1
+KSVTy (Kf Sof) ~ RSV (T\/T - SU\/T>
THe (501/7 - KLVT) ohe <%ﬁ " 501/T> ’

where ¢(z) 1= e /+/27 is the standard normal probability density
function, see Relation (2.1.2) in Jacquier (2017).
e) We have

E[(Sr — K)*] < E[S7]
=9 I'l/ﬁ e—('y/So)Q/?ﬂ

J0 V2T
<9 /VT dy
= f V2T
BN

T

Fig. S.43: “Infogrames” stock price curve.

Problem 7.29
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a) Relation (7.58) can be checked to hold first on the event A,, and then

b

=

on its complement A¢,. Taking the Q-expectation on both sides of (7.58)
yields

ol () o] (o).

Eq [d]P(QllAa )]—oz]EQ[Q]lAa—]> [

a0 (Q]IA )}—a]EQ[Q]lA—l],

dQ

2P(An) —1—a(2Q(A4q) — 1) > 2P(A) — 1 — a(2Q(4) — 1),
which shows that
P(Aa) —P(A) 2 a(Q(4a) — Q(4)),

allowing us to show that P(Aa) —P(A) > 0 since a > 0.
We check that dQ*/dIP* > 0 since C > 0, and

Q) = [ dQ’
aQ* o,
Q dP* P
3 c
~ JaEp-[C]

C
= Fr LE]P* [C]}
_ Ep-[C]
Ep-+[C]
=1.

dP*

In the next questions we consider a nonnegative contingent claim payoff
C > 0 with maturity T > 0, priced e "TEp«[C] at time 0 under the
risk-neutral measure P*.

Budget constraint. We assume that no more than a certain fraction
B € (0,1] of the claim price e "TEp«[C] is available to construct the
initial hedging portfolio Vj at time 0.

Since a self-financing portfolio process (V)er, started at Vo = Be "TEp+[C]
may not able to hedge the claim C' when 5 < 1, we will attempt to max-
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imize the probability P(Vr > C) of successful hedging.

For this, given A an event we consider the portfolio process (‘/;A)te[o,T]
hedging the claim C1 4, priced Vi* = e "TEp«[C1 4] at time 0, and such
that ij‘ = C1ly4 at maturity 7.

Using the probability measure Q*, we rewrite the condition (7.60) as

L LQ*] _ Ep-[C14]
AdP+ | T Epe[C]

o
N

Q*(A) = Eq-[14] = Ep- <8,

Q*(4) Q" (4a) = 5.
By the Neyman-Pearson Lemma, for any event A, the inequality Q*(A) <
Q*(Aqy) = B implies P(A) < P(Ag), which shows that the event A = A,
realizes the maximum under the required condition.

d) The obvious inequality is

=

P(4,) <P(Cly, = C) =P(Vie > C).
In the other direction, we note that the event B, := {Cly, > C} =
{Vj’f“" > C} satisfies (7.60), as
e "TEp: [VF*] = e "TEp- [C1p,]
= ¢ "TEp- [Clyc,, >0y
= ¢ TEp:[C14,]
= Be "TEp-[C],

where the last equality Ep« [C14,] = BEp-[C] follows from Q*(Aq) = 3
and the definition (7.59) of Q*.

Therefore, by the result of Question (c) we have

]P(C]lAa = C) = ]P(VT(Y = C) = ]P(Ba) < I[)(Aa)'

Ny

e) This hedging strategy starts from the initial amount
Ve = e T Ep.[Cl4,] = Be " Ep-[C],
and it satisfies

P(Vi'* > C) =P(Cla, > C) =P(4,)

which is the maximum hedging probability under the constraint (7.60).
f) We have

1036 @)
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_ 2
S = Soe(rBtJrrt act/2 _ Soe(th _ SoeBt, t

WV
=}

g) We have

P

P(Vi* > C) = P(Aa
= d - >a>
o (d aQ*

- * >ad‘ﬂ)*)

dP

C
(&> 1)
(uC < IEIP* ()
((Sr t <Ep+[C]/a)
(St K<]E]p*[ 1/a)
(ST < K 4 Ep~ [C]/Oé)
(SoePT < K +Ep+[C]/q)
(Br < log(K + Ep«[C]/))
<log(K+]E]p* [C]/a)) .

VT

=

C
d!
d

L [
0%%%‘%%‘%‘%

h) We have
Ep-[C]

e (VIR L PV > €))) - K

i) We have
Ep+ [C]IAQ] = [Ep+ [(ST — K)JF]IAQ]
= Ep~ [(ST — K) " 1y clog (K +Ep- [C]/a)}]

= Ep~ {(GBT — K) L (p, clog(i +Eps [C]/a)}]

log(K+Ep«[C]/a)/VT , _ _z2/9 dx
(log K)/VT (e _K)e ! ﬁ
jlog K+Ep«[C]/a)/NT oo _22/2 dx
(log K)/~/T \/ﬂ
B J‘log(KJr]E]P*[ C)/a)/NT 6712/2£
(log K)/VT Vor

J‘lOg K+Ep«[C]/a)/VT 1/27(171)2/2£

(log K)/T m

K (@(log(K + Ep+[C]/a)) - B(log K))
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_J—1/\F+1og K+Ep=[C]/a)/VT o1/2-22/2 dx
1+log K) /T m
K (®(log(K + Ep+[C]/a)) — ®(log K))

_ ﬁ(o <71+log(K\/+T]E]p*[C}/a)> e (%»

o () (1))

e "TEp«[C14,]
R <¢ (-1 +log(K+]E]p*[C]/a)> e <—1+logK>>

hence

VT VT
CKe—rT <¢ (10g(K+]E]P* [C]/a)> e <1ogK>> .
VT VT
j) 1) Wehave dy(T) =1, d_(T) = 0, hence by the Black-Scholes formula
we find

Ep-[(Sr — K)*] = VeSo®(ds (T)) - KD(d_(T))
= 1.64872 x 0.84134 —-1/2
= 0.88713,

and

e TEp«[(Sr — K)T] = So®(d1(T)) — Ke T"d(d_(T))
= 0.84134 — 0.60653/2
= 0.53807.

ii) By the result of Question (h), we have

_ Ep-[C]
exp (DL (P (Ve > ) - K
0.88714
exp (®-1(0.9)) — 1

0.88714

= o = 034165,

iii) By the result of Question (i), we find
¢ TEp.[CLa,] = (®(—1 -+ log(K + Ep- (€] /a)) — ®(~1 + log K))
—Ke7V2(d(log(K + Ep+[C]/a)) — P(log K))
= (®(~1+log(1 + Ep-[C]/a)) - P(~1))
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—e2(@(log(1 + Ep-[C]/a)) - @(0))
= (@(—1+1log(1+0.88713/0.34165)) — P(—1))
—e712(d(log(3.596604712)) — P(0))
= (©(0.27999) — @(—1))
—0.60653 x (P(1.279990265) — ©(0))
= (0.61026 — 0.158655) — 0.60653 x (0.899726 — 0.5)
= 0.20915.

In addition, we find

e "TEp-[C14,] _ 0.20915

TEp.[C] 053807 o103

B =

Problem 7.30

a)

b

=

d)

)

When the risk-free rate is 7 = 0 the two possible returns are (5 —4)/4 =
25% and (2 —4)/4 = —50%. Under the risk-neutral probability measure
given by P*(S; = 5) = (4—2)/(5—-2) = 2/3 and P*(S; = 2) =
(5—4)/(5—2) = 1/3 the expected return is 2 x 25%/3 — 50%/3 = 0%.
In general, the expected return can be shown to be equal to the risk-free
rate 7.

The two possible returns become (3 x5 —4—2x4)/4 = 75% and (3 x
2—-4—-2x4)/4 = —150%. Under the risk-neutral probability measure
given by P*(S; = 5) = (4—2)/(5—2) = 2/3 and P*(5; = 2) =
(5—4)/(5—2) = 1/3 the expected return is 2 x 75%/3 — 150%/3 = 0%.
Similarly to Question (a), the expected return can be shown to be equal
to the risk-free rate r when r # 0.

We decompose the amount F} invested in one unit of the fund as

F= R - (B-1)F,

———
Purchased/sold  Borrowed /saved

meaning that we invest the amount SF; in the risky asset S, and bor-
row/save the amount —(3 — 1) F; from/on the saving account.
We have

by

F;
Fy = &S +miAy = /jgzsz -(B- 1)At

At, t

WV
=

with §t = BFt/St and Nt = —(6 - 1)Ft/At, t 2 0.
We have

dFy = &dSy + mdA,
Fy F
=p=tds, — (B—1)=LdA
6St t (5 )At t
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F;
= 5§tdst —(B—1)rFdt (S.47)
t
= BF(rdt + 0dB;) — (8 — 1)rFdt
= T‘Ft(lt -+ ﬂO’FtdBt, t 2 0.
By (S.47), the return of the fund F; is S times the return of the risky
asset S, up to the cost of borrowing (8 — 1)r per unit of time. By the

Discounting Lemma 5.13, the discounted fund value ﬁt = e "F, >0,
satisfies the stochastic differential equation

dF; = BoFdBy,

hence by Proposition 7.1 it is a martingale.
f) The discounted fund value (e "F})icR, is a martingale under the risk-
neutral probability measure P* as we have

d(e ™F,) = Boe " FdB;, t>0.

g) We have
F, =R oPoBitrt—p20%t/2
and
57 = (o Oastmfa%/'z)” _ Ry oPoButfrt—pat/2.
hence

F, = Stﬁe—(/i—l)Tt—B(ﬁ—l)azt/Q’ t>0.

Note that when 8 = 0 we have F; = e”, i.e. in this case the fund F;
coincides with the money market account.

h) We have
e T [(Fr — K) T | 7]
— R <log(Ft/K) + (7*+,6’202/2)(T7t)>
|BlovVT —t
e (T—tyrg ((l08(Fi/K) + (T*ﬁ202/2)(T*t)>
xe o ( Flov/T = ’
tel0,T).
i) We have
® <log(Ft/K) +(r+6202/2)(T7t)>
BlovT—1
_® log (S, e~ (B=Vrt=B(8-10%1/2 ) K0} 4 (4 5262 /2)(T — t)
|BlovT —t
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<1og(sf/K) —(B=1)rt—B(B—1)o2t/2+ (r+ B202/2)(T — t))

=@
|BlovT —¢
_ o (loa(S7/ (K PO (T/2-0B-13%)) 4 (T — 1) Br + (T ~ 1)30° /2
|BlovT —t
_(log(S./Kg(t)) + (r+02/2)(T7t)>
=& < T R 0<t<T,

if 8> 0, with Ks(t) := K/ e(B=D)(T/B=(T/2t)0%),
j) When 8 < 0 we find that the Delta of the call option on Fp with strike
price K is

@ <log(Ft/K) + (r+ %02/2)(T - t))

BlovT —t
=0 log(S;/K) + (T = t)Br + (T —)Bo*/2
BlovT —t
w <7log(st/K@(t)()j;%02/2)(T - t)> . 0<t<T,

which coincides, up to a negative sign, with the Delta of the put option
on Sy with strike price Kg(t) := K'/8 e(B-D(rT/B=(T/2-t)0%)

Chapter 8

Exercise 8.1 We need to compute the average

1 T 1 T 1 T
TE UO det] = Tfo E[vg]dt = ?jo u(t)dt,

where u(t) := E[v;]. Taking expectation on both sides of the equation

t 't
v =g — A -fo (vs—m)ds+n -Io VsdBs,

we find
u(t) = E[vg]
—E [vo A oy —m)ds - [ \/@st]
=9 — A\E [fot(vs - m)ds}
= — )\jot(]E[Us] —m)ds
O 1041
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= — /\fot(u(s) —m)ds, t>0,

hence by differentiation with respect to ¢t € IR we find the ordinary differential

equation
o' (t) = dm — du(t),

cf. e.g. Exercise 4.20-(b). This equation can be rewritten as
(eMu(t)) = AeMu(t) + e M/ (t) = Ame™,

which can be integrated as

Mult) = (u(O) +m jot e*5d5>

= E[vg] +m(eM - 1)
=meM +E[w]-m  teRy,

from which we conclude that

u(t) = m+ (Efvo] —m) e ™, teRy,

and
%IE UOT vtdt] = % (]Tu(t)dt
- % (]T (m + (Efvo] — m)e ) dt
=m+ ]E[vo]%m IOT e Mt
=m+ (Elvo) — m)#

Exercise 8.2

a) By e.g. Exercise 4.20-(b), we have

E[v:] = Efvo]e ™ 4+ m(1 — e ™), teRy,

hence
! T 1 9
VSr = TIE [ 0 §(dst) }

= l]E J‘Ti <(T‘—OzUt)Stdt+St\/ﬁ+vtdB(l))2
T 0 S? t
1 T

= E [JO (5+vt)dt]
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= B =+ % IOT ]E[’Uddt,

VSr =+ % .ff(ﬂi[vo]e‘“ +m(l— e N))dt

=5+ L [ Rl (1 - e

=pB+m+ l(]E[vo] —m) j()T e Mdt

T
)\T71

= B+m+ (E[vo] — m) ™

AT

Note that if the process (v;)er. is started in the gamma stationary dis-
tribution then we have E[vg] = E[v;] = m, t € R4, and the variance swap
rate VS = 3 4+ m becomes independent of the time 7T'.

&)

b) The stochastic differential equation doy = aoydB;™ is solved as

oy =ope

hence we have

Exercise 8.3

a) We have

VSr

{IB£2>—02t/2 te ]R+
b ’

Ug T

T Jo
2

90 (.a2T

— —1).

aQT(e )

et dt
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b) We have
dv; = df (t, St,K,T,nK(gt),,n)
+S??g fdtJr 2"5%’:(%’:) dt+ atStaBJ:nag:dt
+a202t (% <a§f>2+gj;?“<> dt—&-aofslaag aa"—Kdt

c¢) This yields the PDE

df | oot O3f 2Ut af? (onk\* | of onk 9o O Onk
a et o\ B ) Taraer ) T g0an 00

The associated risky asset allocation

A?ABR — % a 0f 0771(

ox Sy dn 0o
is the Bartlett (2006) delta,
[SABR .— af 377K 2 af 877K
AN an 902
is the SABR gamma,

SABR ,_ 8f2 8771(

Vannay 0xdn do

is the SABR vanna, and the PDE (S.48) reads

af QUt 0 f 2015 SABR.
E+S’/ 2 922 ta 2 20

+ ao;j LS}VaLnnaS‘mR =0.

Table S.11 provides an extended list of Black—Scholes Greeks.*

* “Every class feels like attending a Greek lesson” (Course feedback).
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Call option Put option
Option price glt, St) S ®@(dy (T —1)) —Ke T U d(d_(T —t)) Ke T 0®(—d_(T = 1)) = S;P(~dy (T~ 1))
Delta (A) %(1,5,,) D(di (T 1)) =0 —O(—di (T~ 1)) <0
7 T[T 1)

g o9
Gamma ()| 5-4(t.5.)

=0

el VTt

SVT =t (do (T — 1)) 2 0

Wz %(«,. 50)
Theta () g—f(ﬁ.s,) W K e~ T (d_(T - 1)) <0 Wﬂm (T=0r (1 - 1))
Rho (p) %(LS{) (T—t)K e T=00(d_(T 1)) 20 —(T =K e T d(—d_(T—1)) <0
o3 g —
Speed ;Tg(z.,st) 7(d+(T7r)+\a\\/T7t)%
. & T 1) " .
Charm —(t,5¢) = —ﬁ>®(d»(mm
3 -
4 PR ) R ) N )
Colour | g (2 54) ( AT-1) "oVT1) STt
. 9% d_(T—1t) .,
vama | P9 15) - ) o' (ay (T - 1))
o g%(r,s,) A (T = )do (T - 1)5, YLt (@, (T - 1))

Exercise 8.4

Table S.11: Extended Black-Scholes Greeks.

a) Since the portfolio is self-financing, its discounted differential is ftdgt +
(tdP; — df, and after application of the It6 formula, it is martingale when

and

o—(T=trg, 4 e—(T—t)rCtd
ox

—(r-tyOf

p (t,v1,5) =0,

(t,ve,St) — e

—(T—t)r» OP —(r-t)r 9
eI Ct%(tyvt»st)*e -t Fﬁ(twﬁst) =0,

i.e. when its Delta and Vega vanish, see also Proposition 8.13, hence we

have

and

b) We find

and

Exercise 8.5

_of
oz

&

oP
+£t+§t07 =0
xr

of opP
v +Ct% =0
of
_of 0P gy
- Oz 0z OP
ov

of

B

a) Taking x = R(ZJ’T and xg = E [R(Z],T}v we have

O
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| Fir—ElRSr]  (Br—E[Ri,))’
Roz ~ \/E[R, 0.0 0T _ 1% T (S.49)
T JER, sER)Y

provided that R% o is sufficiently close to E [Rg T]'
b) Taking expectations on both sides of (S.49), we find

E[RS7] ~E[R3;] E[(R:; —E[R3;))°]

E*[Ror] ~ +/E [RgvT] +

2, /E[R2 ] S(E[R2,])"
= /E[R2 ],IE[(R&T_]E[R&T])Q]
S (B[R )
- ;7 Var[Riq]
VR

provided that R(Z)T is sufficiently close to E [Rg,T]'
Exercise 8.6 We have
Np 2 2
St T < St )
E log —*— =E log =) dN,
L; ( gsTkl> } Jy (ee gy ) ani
T 2
—E UO (Zn,.) dNt]
= f [(Zn.)*

— 2
_AJO 0?4 6%)dt
= \(n? +8*)T.

Exercise 8.7
a) We have S; = S) e”Bﬁ"’Qt/H”, teRy.
b) Letting St := e™"S;, t € Ry, we have Sy = Sy e?Br=o*T/2 anq dsS; =
0S;dBy, hence
- T -
Sp=So+ o—jo SidB;,

and
e_TTST e ST:| ST ST
2E* lo; = 2E* lo
So 7% So %5
1046 )

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

<1+ J dBt> < BT—g)

T S,
B —dB,
T )y 5,45

= 2[E*

2T .
— 9F* [UBT - OT] 1 202E* — o2TE* JO ﬂdBt

So

T T
0T + 202 E* jo dB, édBt

050

T St
—dt
0 Sp }

St} dt

= —o?T + 20%E*

T
— _ 52 2 *
= 0T+ 2 fOIE 2

T

—02T + 202 I dt
JO

—2T + 20%T

= o2T.

Alternatively, we could also write

2IE* 1 = 2E* It
{ So o8 So } So o8 So

= 2E* [eoBT?UZT/2 log eaBT?aQT/2:|

2
= 2E* {e“BT*UZT/Z <O’BT — —02T>]

= 25e 7 T/2 [Bre?Br] — o>TE* [eUBT*UZT/Q]

eirTST eiTTST ST ST:|

)
= 2ae_”2T/2%]E* [e7Pr] — 2T

—9ge-02T/29 0?1722
do

— 952T o= 0°T/2,0%T/2 _ 21

= o°T.

Exercise 8.8

a) By the It6 formula, we have

ST _ _ TdSt 1 T(Tt
1og5—0—logST—logSO—j0 S, 2o Sth

b) By (8.48) we have

®) 1047
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E* U{)Tafdt‘]'}] = 2E* UO dSSt

—2jtﬂ+2 T —t) - 2E* [logS—T’}}}.
0

7] -2k e 3 | 7]

c) At time ¢ € [0,T] we check that

t dS,

7(T7t)r£ —rT
Li+ e StSt+2€ (0 5,

+(T —t)r—l)At

_ e (T—0)r —(T—t)r [t dSu
=Li+2r(T—t)e +2e IO S,
— V.

d) By (8.49) we have

av; =d (Lz +2r(T —t) e~ (Tt 4 ge=(T—0)r fot d%)

=dL;—2re”T=07qt 4 272(T — t) e~ Tt
¢ dS, ds,

ope—(T—t)r u 9o~ (T—t)r &t
+2re fo S, —dt + St
dSu
0 Sy

2
=dL;+ e*(T*”ngSﬁQe”T( +(T—t)r—1> dAs;,
t

with dA; = re"dt, hence the portfolio is self-financing.

Exercise 8.9 We have
t 1 ot 1
log S; = log Sp + fo osdWs — 3 fo Ugcls7 dlog Sy = oy dWy — iafdt,
and d(log S;) = o2dt, hence
T T T
E* UO Std<logS>t} =E* UO Sto—?dt} = E* UO Stafdt} .
On the other hand, we have
St S| . [Sr (T 1 T o2
E* {Sol So]flE [So UO oWy - 5 [ otdt) |-

Using the It6 isometry, we find
IE* STJ (Ttth = ]E* S() -+ IT (ItStth IT O'tth
0 0
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= SoE* U (rtth} +E* U atStthj gtth}
=E* UO UfStdt]
T
= ]E* |:j0 Sﬂ(log&)} y
and, by integration by parts,
E* STI 24t = E* _de 5 [ o2ds
/o (U
[T T
—E* f Statzdt} +E* U I desdst}
— E* j smtdf} +E* U atstf o ds‘th]

= E* _jo Stotzdt}

=E* I Srd(log St)
Jo 1d(log Sp) | -
Hen(,e, we obtain

STI ST}

E*
So So

= §E [STI otth} - ?113

STI o dt:|

F1E* U Sid{log sg} ,

and

5T Jog 5T } , (S.50)

1 * _ *
5 F UO Std<1ogst>} =92E [s log g

see Fukasawa et al. (2023). In case

S; = Spexp (j osdWs +7t,,j 2(15) t>0,
Relation (S.50) can be rewritten as

E* UO B d(logSt)] = 2E* {&1 og iT}

where Fy := e!Sy denotes the futures contract price on Sy, 0 <t < T.

Exercise 8.10 By second differentiation of the moment generating function
(8.9), we find the two expressions
O 1049
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Sr\? St Sr\?
* 4 _ * P j B * 2L _ * 2H
E [ROKI‘} =4E <log Fo) + 2log o 4E <log F0> 4E [ROJ],
and
ST ST 2 ST
= 4E* log— ) —2log —
E*[Ry 7] = T <<0g Fo> 8 o
.| ST>2 2
=4E log — — 4E* | R,
Fo < g b [ o,T}
Chapter 9

Exercise 9.1

a) We have fi.(z) = —log(x/K*) and fJ.(x) := —1/x, hence

1 S dS:)?
i (5) = Sie- (S8 + 3 e (S)(d)? = ~log s~ D2

On the other hand, we have

ds;  (dSy)?
dlog Sy = —* —
0g ot 5 257
hence )
ds,
7(251) = Sydlog S; — dS;,

which yields
s
Sidlog S; = df e (S;) + log K%wh

and leads to (9.22) by integration over [0,7].
b) We note that fr=(K*) = fj«(K*) = 0, hence by Lemma 2.3 we have
* *\ £/ * K* +
Fiee (@) = frer (K" 4 (@ = K" fie- (K™) + [ 7 (2 = 2)" fee (2)d2
+ (x —2) T fla(2)dz

:_j i I C -

As a consequence, we have

T K* dK
— _ + _ _ +y
Jo Sedrog sy = [* (K = 50)" — (K —S1)") %

1050 @)

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

o dK T St
_ +_ _ 2 el
+ K*((SO K) (S —K)™) % + 0 <1+log K*) dSy,

and the entropy swap payoff can be hedged in a self-financing way by:

o holding (1 + log(S;/K*) units of S,
K* dK S dK
. . _ + _ + 2 . .
holding IO (K —Sp) Sy (So—K) 7 cash,
« shorting a static portfolio of call options with strike prices K > K*
and a static portfolio of put options with strike prices K < K*.

Exercise 9.2

a) The first order time derivative can be approximated as

ac O, K) - C(Th, K)
BK(T’K) - AT ’

oC
b) Under the condition 8—T(T, K) < 0, consider the following portfolio strat-
egy:

a) At time ¢ = 0, purchase one call option with strike price K and ma-
turity 7%, and sell or issue one call option with strike price K and
maturity 77.

b) At time ¢ = T7, shortsell one stock if Sy, > K.

¢) At time t = T5, the payoff of this portfolio is

(57, = K)* = (S = K)* + Ly, > iy (Sy — S13.)

which can be checked to be nonnegative by separately inspecting each
of six cases Sy, < S, < K, Sy < K < Sp,,, K < S < Sp,
St, <81, <K, S, < K < Sp, K< Sp,, < Spy.

On the other hand, the cost C'(T», K) — C (T4, K) of this portfolio at time
t = 0 is negative, hence, this portfolio constitutes an arbitrage opportu-
nity according to Definition 5.3. See also page 30 of Bergomi (2016) for
more detail on the construction of arbitrage opportunities based on the
negativity of the numerator in (9.12).

Exercise 9.3

a) We have
ac _C(T,Ky) —C(T,K))  9C _C(T, K3) — C(T, Kz)
axc (T 2) = AK » ar (D) = AK '
(S.51)

Reusing (S.51), second order spatial derivatives can be similarly approxi-
mated as

@) 1051
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9%C 1 aC aC
e (1) = e (G (o) = SLT k)

C(T K3) + C(T, K1) —20(T, K)
(AK)?

2

9*C
b) Under the condition e

(Sr— K3)" + (Sp — K1)t —2(Sp — Ka) "

(T, K3) < 0, the portfolio with terminal payoff

has the negative initial price
C(T,K3)+C(T, K1) —2C(T,K3) < 0,

hence it constitutes an arbitrage opportunity according to Definition 5.3,
see https://optioncreator.com/stzrvij with K = $80, K2 = $100, K3 =
$120.

150 -
(X-K) 4+ (x-K2) *-2(x-(K1 +K3)/2)+
100 -
50 [ -
. —/\7
' '
' '
50 1 . 1 ,
o 50 100 150 200

Ky sy K>
(=)o)

Fig. S.44: Butterfly option payoff as a combination of call and put options.*

Exercise 9.4

ac _of x
a) We have =~ (T —t,2,K) = =~ (Tft,?> and

Z
g—g(Tft,x,K) = a% (Kf (Tft, %))
) R ea)
=—o(T t,x,K)f%g—c(T t,z, K)
* The animation works in Acrobat Reader on the entire pdf file.
1052 O
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hence

oC 1 K oc

T b0, K) = (T —t,2,K) — ~ 22 (T — 1,2, K).
ax( t,z, K) IC( t,z,K) xaK( t,z,K)

2 2
b) We have ZC(Tft,a;,K) _ 1oy (Tft,

x
22 K 922 7) and

K
2
OK?
. 2
- (Tt %)t (Tt ) + i (T4 %)
2 92
22 9°C

= ﬁw(T—t,%K),

(T —t,z,K)

hence

92C K2 9%C

S (M=t K) = Z o (T~ b2, K).

¢) Noting that

oC aoC
W(T—t»%K) = _87T(

we can rewrite the Black—Scholes PDE as

_oc
ar

T—t1,K),

rC(T —t,z,K) = (T—t,z,K)

1 K oC
SO(T -t K) — ~ (T — 4,0, K
+rx (xC( t,z,K) xf)K( t,x, ))
o%z? K? 9%C
2 22 aKQ(T7t7x7K)7

i.e.

ocC aC o222 K2 0°C
a—T(T—t,x,K) =—rK—(T—-tuz,K)+ 5 22 5K

3K (T —t,x,K).

Exercise 9.5

a) Using the Black—Scholes Greek Gamma expression

PO e k)= — L @d (1))
022 Y oxT —t *
I S ¢ G LY
ox\/2m(T —t)
O 1053
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and the relation

1 2 1 (log(x/K)+ (r—o*/2)(T —t) 2
—plontr -0 = o (M)
771<log(z/K)+(r+02/2)(T7t)

) lo|VT —t

(d4(T = 1)) + (T = t)r +log 1,

2
x
> +(T7t)r+log?

1
2

which can be obtained from

(d+(T=1)* = (d-(T - 1))

— (T =)+ 4 (T =) (A (T~ 1)~ d(T ~1)

=2r(T —t) + 2log %

we recover the lognormal probability density function

(T—t)r °C

er(K) =e W(T—t,x,K)
2 52
T_p) 2 0°C
= o(T-1) ﬁW(Tft,x,K)
— &C—m(ﬂmz/z
oK2.\/2m(T —t)
- ! o (d—(T=0)2/2
oK /27 (T —t)

1 o [T = /(T 1) + log(z/K))*
oK\/2rn(T —t) P 2(T —t)o? ’
see Exercise 5.1.

b) Using the expressions of the Black—Scholes Greeks Delta and Theta, see
Table 6.1, we have

8C(T_t¢waK) = —%(T—t,l’,]{),

T
ocC 1 z 9C
a—K(T—t,x,K) = ?C(T—nx,K) - K%(T—t,x,K),
d
o 9?C z2 9%C
—8K2(T—t,x,K) = ﬁ@(T—t,x,K),
which yields
1054 O
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Qg—g(T th)—‘rrKgI(é( —t,z, K)
K2gKC;(T—t,ac,K)
) 2—%(T—t,z,K)+rK (%C(T—t,x,m—f{‘?s(T—t,x,K))
xZ(;?(Tft z, K)

_ 2@ (d (T 1))/ JVT —1) +rK e~ T0r®(d_(T —t))
2?®'(d (T = 1))/ (wovV/'T — 1)
rC(T —t,z,K) —rz®(d+(T —t))
22®'(dy (T —t))/ (x0T — 1)

Exercise 9.6 We have
aC o—(K—50)2/(2nT)

ax (1K) = —(K —5) R

)
o K-S0
wWT )’

oC? 1
o Ky =
OK? ( ) n2rT

and

o~ (K=50)?/(20°T)

which is the Gaussian probability density function of Sy = So + nBpr. We
also have

Zg (T,K) = 5 727 Tef(KfSc))Q/(ZnQT) _(](2;7;;0)2 ;ref(Kfs'o)Q/(ZnQT)
Y
(K — 50)2 7K —So
+ T3z ¥ T
| e—(K—SoV/(zn?T)
2/ 2m
772 302
= 5 OK?2 (T, K)7
hence
O 1055
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and the equation satisfied by (St)te]R+ is

dSt Sta(t St)dBt =n IS ‘dBt = 7751gn (St)dBt = nth,
where dW; := sign (S¢)dBy is also a standard Brownian motion by the Lévy
characterization theorem, o(t,y) = n/y, and S; = So + nB;. Indeed, as in
Exercise 18.7, the price of the call option in the Bachelier model is given by

C(T,K) = E[(Sr — K)*]
= E[(So + nBr — K)T]

oo 2 dl’
= @+ So— K)e /) —_
f(K—su>/n(nT+ 0o-K)e 2T

=1 J‘OO $e_x2/(211>7dx — (K —50) J.OO e—=*/(27) dz
(K—=5S0)/n 21T (K—5S0)/n 27T

_ 1 _—a2/2m)]™° o -~ e i
=1 27r[ ¢ ](K—Su)/eta (K SO)V[(K—So) VT © V2r

Exercise 9.7

a) We have
OM, oC ocC
aKC (K S,r, T) = ﬁ(Kv S»Uinll)(K)’T’T) + O'i,mp(K)E(Kvsa Uimp(K)vr7T)'
b) We have
oC oC
E)K(K S, Gimp (K),7,7) —}—a{mp(K)a (K, S, 0imp(K),r,7) <0,
which shows that
ocC
, 8K(K S, Cimp (K),7,7)
Jimp(K) < - 9C
e — (K, S, 0imp(K),r,7)
¢) We have
1056 O
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opP

oP
ﬁ(Kv Swaimp(K)yraT) +O'i,mp(K)%(KvS7Uimp(K)7T77—) >0,
which shows that
oP
, ﬁ(K7S7Uimp(K)»TrT)
Jil!lp(K) = = oP
%(K1 S»O'imp(K)a"’vT)
Exercise 9.8
a) We have
K+S
Uimp(K’S) = Oloc ( B >
K+58 2
=oo+p < 5 50>
=09+ g(Kf (280 — S))?

Ocin % ——

O in % ——

L L
200 0 50 100 150 200
s

I
0 50 100 150
s

(a) At the money K = Sp. (b) Out of the money K > Sp.

Fig. S.45: Implied vs. local volatility.

b) We find
) 8Bl
75 (BI(S, K, T, 0imp (K, S), 7)) = %(z,K,T, oimp(K,S),7), _¢
Oimp 0Bl
95 90 K T0r) g (ks)
= a2 (5~ (25 9)),
where Bl
A= %(:U,K,T, Timp (K, 9),7), _g
@) 1057
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is the Black—Scholes Delta, and

is the Black—Scholes Vega, cf. §2.2 of Hagan et al. (2002).

Exercise 9.9 We take ¢ = 0 for simplicity. We start by showing that for every
A > 0, we have

%]E {exp (,\ N ofdt) - 1] = QS‘%: (J;)FO P(T,K)Kcé{i)/\ +j;: C(nK)%) .

By Lemma 8.2, we have

%IE [exp (AJOT a?dt) — 1} = %]E {(%)m — 1] , A>0.

Using Relation (9.19), i.e.

2 ~M 2 M
o0°C T

TT — 8 P
or(K)=r¢ 0 (r,y) =e R (m,9),

otar) 1] = e[ ()" 1]

[SPA FPX}

we have

{exp

)\F“]E

e ([ Ry - 1)
(oo}

,\FP* <j KPr o, (K)dK + jFO K2 (K)dK — Fé’*)

1 0, 0P o 9°C
T P, T P, _ qQbx
(e fo KA (7,K)dK + e IFO KPS (7, K)dK — SP ) .

YR OK? OK?

Next, integrating by parts over the intervals [0, Fy] and [Fp, co0) and using
the boundary conditions

oP e

P(r,0) = C(1,00) = 0, aK(T O)Za—K(T,oo):(),
with the relation
oP oC o
aK(T K)-— 8K('r K) - =0
1058 O
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and the call-put parity
P(r,Fy) —C(1,Fy) = So— Fpe'™ =0
as boundary conditions, we find

%]E {exp ()\ I()T (r?dt) - 1]

oP

— 1 T QPA _ rr Fo pa—1 8P
= ASEY ( So 3K(T»Fo) pae jo K —8K(T,K)dK
r‘r 2% _ rr pa—19C _ omr
S BK(T’F") pxre IFOK A 8K(T,K)dK St >

T

e Fo oP 0 aC
o pA—127 pA—1 7
DA <JO KD o (r KK + ng K (7, K)dK)

ASEY 0K
P)\CM -1 Fy _o
= )\Sg* <S(I)7A P(T¢FO)+(I7/\*1) IO KPx P(T, K)dK

—SPTLO(r, Fy) + (pA— 1) f;: K20 (7, K)dK)

_oa@a=1) o (Fo o " repa—2
- J K P(T,K)dK+JFOK C(r, K)dK

2e"T Fy dK dK
:TgX <.O P(r, K)KQZJ +J TK)K2 p})
2e"T Fy dK dK
:TgX <.O P(r, K)KQZJ +J TK)K2 p})
Finally, taking
pri=py =1/2—=1/4+2X
and letting A tend to zero, we find
7 o2dt] = lim ~ T o2dr) —
E Uo ot dt] = Jim \E [EXP ()‘ jo ot dt) 1}

. 2" Fo dK ) dK
ﬂi‘b@(fo PWQW*L CWQW)

=2¢'" <f0F° K2 +f ) .

Exercise 9.10 (Exercise 8.10 continued). Taking ¢(x) = (log(z/Fp))? with
y = Fp, we have

) = 2 1oe L 1) = 2 (1 - 1os X
¢ (z) = . log 2 and ¢’ (z) = 2 1—log )
O 1059
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+f 2 Sr)te( dz+j (Sr— 2)* " (2)dz
()

o gyt (1—10e £
+2Lb(sT K) <1 IogF0> o

Therefore, we have

E* | (10g 22 ’ _QI E*[(K — ST)+] +2f E*[(S - k)] 45
Iz K?
R, Kd o K dK
-2 [ "E((K - Sr)* Jlog 77 K2 2j E* (81— K)"]log -7y
_ E*[p2 rT FO rT K dK
= B[R] —2¢"" [ P(T,K) log ~2¢ j O(T,K)og =
and
o R P A e dK T K\ dK
E [RO,T} = 8e jo P(T, )(1 og K) 7l —8e IFU C(T,K) logF e
(S.52)

Alternatively, taking ¢(z) = (z/Fp)(log(z/ Fp))? with y = Fp, we have

1 2 T
¢ () = 7 <10g o ) + Fologfo

and

hence

Therefore, we have
lo, S—T ’
$F

1060 @)
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- 2 K
+Lb E[(Sr~ K) )10 (1 +1log F) K.,

and
* dK
E* (R 7] *7 TTI <1+1°gp> K
8 o1 (™ dK .
o FOP(T )<1+logF)?74IE (RS 7).

Exercise 9.11

a) We have

—vr _ —px —vr _ —px
Iooo %dw - jooo : p+f dz
_ 71 e VT _ oTHT oo lfoo _pe VT _,'_Mef,uzdx
B p xP 0 xP
= foo e YxPdr + K Ioo e My Pdx
pJo p Jo
uP—vP
=—7IT(1-p).
p (1-p)
b) Taking v = 0 and p = Ry 7, we find
% _p w | [ “ARZ . dA
E*[R 7] = mﬂi {fﬂ (1 —e t,T) )\p+1:|
__r 0 s, —ARZp7y_dA
) Jy Q=B e o,
see § 3.1 in Friz and Gatheral (2005) with p = 1/2.
¢) Letting pf =1/2++/1/4 -2\, we have
« 4 o0 K[ —ARZ X
E*|R, = = 1—-E T
[Re7] Ta—p) fo ( [e ovas:
+
P e —rpE T« ST Px A
- _r 1- e TR o7 oA
(i) h < e | (%) DMH
+
P 0 St \Pa | dA
=7 _ E*l1- (2L
T(1-p) IO { <F0> s
1/8 ST\PA ] dx
= #I E*|1— (l) as
F(l — p) 0 FO AP
O 1061
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IR e

+r(17p)‘j1/815 V& exp(:t VB —T1log >
o)
Fo
0 e [T o (T 10e ST
T p) L/SIE 2 cos<2 8\ 1logF0>

= ﬁ JOUS IE*[m(ST)]% + ﬁm* [(S7)],

A\
Apt+l

1/8 dA\

\pt+1

& _r
p+1 T(1-p)

E*

5=

where

we have

-1

Px PN~ ;
¢1\(»L) = *pf PE and 451)/\@) = *Pf(l),j\: -1) P = 2>\T7
A A A
Ky £ I

hence with y := Fy we have ¢, (y) = 0 and

E*[6x(ST)]
+ +
Py —2 P
K K —2) [ (S - K) dK
Pf Fo pr
FO 0
Fo KpAi’Q 0o KPT*Q
=20 [ VE(K - Sp) ) S dK + [ BT [(Sp - K)T]=——dK
0 FPA Fy EPA
0 0

* pf o +
=E (ST_FO)?O_Q)‘IO (K —S7)

rT ol
=2\ [ p(r, )K" ~2dK + [Zer, K)KP 24K ) .

pr 0 Fo
0

Taking now

vla) = [ (1= oo (vr=Tiog 1) ) 52

we have

() = - ( V8X—Tlog ) dA

)\p+1

1 0o . 2
+W L/S sin <§\/8)\ —1log Fg) VB — 1W7

1 joc
2y Fpx J1/8
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which converges provided that p > 1/2, while ¢ (x) cannot be written as
a converging integral but can be estimated numerically from 1’ (x). Hence,

we have
E*[Ry7]
perT
CT(1-p)
-1/8 2 -Fo + ~00 + d\
Py —2 Py —2 il
JO e (JO P(T, K)KPx dK+JFO C(T, K)KPx dK> ~

+ IOF” P(T, K" (K)dEK + L:: O(T, K)W’(K)dK) .

1 | library(quantmod)

2 | today <- as.Date(Sys.Date(), format="%Y-%m-%d"); getSymbols(""SPX", stc = "yahoo")

# lastBusDay=last(row.names(as.data.frame(Ad(SPX))))

1 | lastBusDay=format(index(xts::last(Ad(SPX), 1)), "%Y-%m-%d")

S0 = as.vector(tail(Ad(SPX),1)); T = 30/365;r=0.02;F0 = SO0*exp(r*T)

6 | maturity<- as.Date("2026-07-07", format="%Y-%m-%d") # Choose a maturity in 30 days

SPX.OPTS <- getOptionChain(""SPX", maturity)

8 | Call <- as.data.frame(SPX.OPTS$calls); Put <- as.data.frame(SPX.OPTS$puts)

Call_OTM <- Call[Call$Strike>F0,];Call_OTM$dif = c(min(Call_OTM$Strike)-FO0,
diff(Call_OTM$Strike))

10 | Put_OTM <-Put[Put$Strike<F0,];Put_ OTM$dif = c(diff(Put_ OTM$Strike),

FO-max(Put_OTMS$Strike))

Listing S.3: ‘R code - Fetching option chain data.

1| pl <- function(lambda){return( 1/2+sqrt(1/4-2*lambda ))}; rho=0.9

2 | gl <- function(x){ f1 <- function(lambda){ - cos ( 0.5*sqrt(lambda*8-1)*log
(x/F0))/lambda~(rho+1)/sqrt(x*F0)/2}; return(f1)}

g2 <- function(x){ f2 <- function(lambda){ sin ( 0.5*sqrt(lambda*8-1)*log
(x/F0))/lambda”(rho+1)/sqrt(lambda*8-1)/sqrt(x*F0)/2}; return(f2)}

1 | g3 <- function (x) { integrate(gl(x), lower=0.125, upper=Inf,stop.on.error = FALSE)$value}

g4 <- function (x) { if (x>F0) {integrate(g2(x), lower=0.125, upper=1000000,stop.on.error =
FALSE)$value} else {integrate(g2(x), lower=0.125, upper=100000,stop.on.error =
FALSE)$value}}

6 | eps=1;psi2nd <- function(x){(g3(x+eps)+g4(x+eps)-g3(x)-g4(x))/eps}

f <- function(lambda){ return (2*(sum(Put_OTM$Last*Put_OTM$Strike**(pl(lambda)-2)
*Put_OTM$dif)) +sum(Call_OTM§$Last *Call_OTM$Strike*x*(pl(lambda)-2)
*Call_OTM$dif)/FO**pl(lambda)/lambda**rho)}

s | (sum(Put_OTM$Last*as. numeric(lapply (Put_ OTM$Strike,psi2nd)) *Put_ OTM$dif)

+sum(Call_OTM$Last*as.numeric(lapply(Call_ OTM$Strike,psi2nd))

*Call_OTM$dif)+integrate(Vectorize(f), lower=0,

upper=0.125)$value)*rho*exp(r*T)/gamma(l-rho)

Listing S.4: “R code - Volatility swap price estimation.
Exercise 9.12 From Lemma 9.3, we have
2 =9 (Y, _ Nt AN+
(z—y)* = 2f0 (z—2x) dz+2Lj (z—2)"dz,
hence
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SD? := E[(Sy — So + T2

=E U dt}

= 2E US‘”“ (z— Sp )+dz] +2E US

= QIOSOJMT]E [(z—Spr)t]dz+ 2jSo+TTIE [(Sp—2)t]dz  (S.53)

Note that

e — +
o T(Sl 2)Tdz

y Y .
QJO (zfx)erz:ZL (z—2)dz ifz<y

ZJoo(x—z)+dz = QIZ(x—z)dz ify<uw
y y

(z—y)? =

The following R code allows us to estimate SD? based on the discretization
of (S.53) and market option prices on the S&P 500 Index (SPX). The OTM
put strike prices and call strike prices are listed as
K < <KV <K =50 40T = K < K9 <o < KL,
and (S.53) can be discretized as
SD? = ZJSOJrrTP(t b K)AK +2 [ C(tt+ T, K)dK
—“Jo T SodrT N T

np—1

e (c)
=2 Z f 1“P tt+7,K dK+2ZL§;) O(t,t+7,K)dK
i1 i
np—1 (c
~2 Z f ”1P tt+7,KP) dK+2Zf L Ctt+ 7, K)dK
n,p—l Ne
=23 Pt +r KM (KD, - KP) 123 ot t 47, K1) (K - K[).
i=1 i=1
1064 O
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1 | # remotes::install_github("joshuaulrich/quantmod")

> | library(quantmod); getSymbols("~SPX", src = "yahoo")

# lastBusDay=1+as.Date(last(row.names(as.data.frame(Ad(SPX)))))

1 | lastBusDay=format(index(xts::last(Ad(SPX), 1)) + 1, "%Y-%m-%d")

S0 = as.vector(tail(Ad(SPX),1)); T = 30/365;r=0.02;F0 = SO+r*T

6 | maturity <- as.Date(lastBusDay, format="%Y-%m-%d")+31 # Choose a maturity in 30 days

SPX.OPTS <- getOptionChain(""SPX", maturity)

8 | Call <- as.data.frame(SPX.OPTS$calls);Put <- as.data.frame(SPX.OPTS$puts)

Call_OTM <- Call[Call$Strike>F0,];Put_OTM <-Put[Put$Strike<F0,];

10 | Call_OTMS$dif = c(min(Call_OTM$Strike)-F0,diff(Call_OTM$Strike))

Put_OTMS$dif = c(diff(Put_ OTM$Strike),FO-max(Put_ OTM$Strike))

12 | SD_imp = sqrt(2*(sum(Put_OTM$Last*Put_ OTM$dif)
+sum(Call_OTM$Last*Call_OTM$dif)))

c("Estimated SD"= SD_imp)

14 | c("S0 - SD"= S0 - SD_imp, "S0"= S0, "S0 + SD"= S0+SD_imp)

Listing S.5: ‘R code - Bachelier variance estimation.

Chapter 10

Exercise 10.1

a) By differentiating (10.2) with respect to T', we find

() = 2 P(r, <T)

oT
fQi]P(W > a)
T VT
_ 0 [ 2 oo 207
=ar <7*27rT L e dx

2 0 (oo 2

— - -y /2d

Vor 0T Jasvt © Y
=2 /D s (S.54)

VorT3 '
b) By differentiating (10.13) with respect to T', we find

9 -
ora(T) = gpP(7a < T)
d
= ___ P >
8TIP(TG >T)
0 ~
76—TIP(X6F<(1)

0 (AT |y goma O g (Z0—pT
8T<I>< JT >+0 OTq) Wi
<L+ ® >e—(a—uT)2/(2T)
2V2rT3  V2rT

+ ( a K > eQ,uaf(aJr,uT)z/(QT)
2213 2nT
O 1065
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= “ —(a—pT)?/(2T) T
- ¢ ) > 0.
2V2rT3
c¢) By differentiating (10.15) with respect to T, for > Sy we find
(1) = Zp(, <)
LPTT (,)T Ta
0 ia
= 7ﬁll’(7w >T)
= —(%,]P(MOT <)
__ 9% <*(V' - 02/2)T+10g(:p/50)>
oT ovT
N & 1-2r/02 iq) _(7‘—0-2/2)T—10g(x/30)
* or oVT
_ log(z/Sy) 1 ) ‘ ;
= v exp *20_2T((7"*0' /Q)Tflog(x/so)) , T >0,

which can also be recovered from (S.54) by taking a := log(So/x) /0 and
w:=r/0c—o/2. Similarly, when 0 < & < Sp we can differentiate (10.18)
in Corollary 10.8 to find

0 —(r —0?/2)T +log(x/So)
=572 T )

N <@>Hr/“2 iq)<(r—02/2)T+log(1'/So)>
aT o T

T
exp <7 2012T((7" - 02/2)T - log(z/So))2> , T >0,

_ log(So/z)
oV2nT3

which yields
_ og(So /)| <7

07, (T) = — =—="exp

—_ L((rfJQ/Q)Tflog(z/so)V), T >0,
a s

202T

for all z > 0.

Exercise 10.2
a) We use Relation (10.14) and the integration by parts identity

[oo v (2)u(z)dz = u(+oo)v(+00) — u(0)v(0) — j

Jo 0
1066 @)
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*y*MT/U) / 2/"’ 2uy/o
uly) =@ ——=—] and '(y) = —ye¥
(v) ( T W) ="y

which satisfy

1
u/(y) _ 7%6—(Z/+MT/J)2/(2T) and U(y) _ yeZ,uy/a o %EQ;Ly/U7

we have

E [Max Wt} =0oE {Max (W + /Lt/rr)}
te[0,7) t€[0,7]

2 oo 2 o0 —y—ul/o
=04/ — —(y—nT/0)?/(2T) g, _ oquy/og ( —Y—HL/O0
o TI'T-IU ye dy Q;LIO ye d>< T >d
2 oo 2 oo
=0\ [ yen WM CDay — o [T (y)u(y)dy
=04/ iT jo“” ye~W—nT/0)?/(2T) g,
s

— ou(+o00)v(+00) + ou(0)v(0) + o OOO o (y)v(y)dy

2
o2 (—nT/o2/T) g, T (YT
T f e dy QMCI) < o

%y o2/ o= (y+uT /o) (2T) gy |

_\/ﬁjo

2 o 2
— il —(y—uT/0)?/(2T)
o4/ IO ye dy

_ oiq) ,@ + o JOO ef(yfuT/a)z/(ZT)dU
2p o 2uv/27T Jo ‘

o0 o2uy/o— y+;LT/¢7)2/(2T)dy

2u\/7f

—(y—uT/a)?/(2T) dy

j —(y—pT/0)? /(ZT)dU _ aj(b ,@
\onT o2 4
o2 00 2
+ o~ (y=uT/0)?/(2T) 4
2uV 21T JO Y
. 0 BTN _y20m) a2 wT
— e dy— —@ | -
VorT j—uT/a <y+ o > ¢ Y 24 o
o o0 2
4+ e Y /(2T)d
2/“ /97T ffuT/a Y
—2/(27) 4
\/ 27T J MT/U v
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+uT+02/(2M)I renyg, e (VT
27T J—uT/o pm o
2
_ 2 [reen]™ e T\ o (VTN o [ /T
VT —uT/o o 24 o 2/ o
2 2
o) Lot (g o (YT g (VT
2w 24 o 24 o
=0 10’“2T/(2"2> + uT® ('M\F) (2@ (’uﬁ> — 1) ,
2T 2;1 o

see also Equation (A.20) in Stihli and Maringer (2025).
As o tends to zero, we find
uT®(+o00) = pT if p >0,

Max W,
t€[0,7]

E

uIT®(—oc0) =0 if p<0.
We also have

E { Max Wt}
te[0,T7]

(el (7))
2w 24 o
o2

T 2 VT w/T/o
4?7/ (202) I
o 2ﬂ_e + T@( ) L#\F/U

_yz/Qdy‘

20/ 27

Hence, as u tends to zero we find

E {Max Wt} :a\/ze_"QT/&” )+ uT® (Mf> o\ — +0( ), [p—0],
te[0,7) 2m 2m

and for ¢ = 0 and ¢ = 1 we recover the average maximum of standard
Brownian motion

2T
E {Max Wt} =1/ —,
te[0,T] ks
which represents two times the expected maximum
E[Max(Wr,0)] = — j’x Max(y, 0) e ¥*/ () gy
V2T 7=
/(2T)
-
1068 O
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- ! [~rev/en)™
2T 0

- /T

" Vor

b) By part (a) and the identity in distribution (=W;)ier, = (Wi)ier,, we
have

E { min Wt} =oE [ min (W, +ut/o)}
te[0,T) te[0,7]

= —0oE | Max (-W; — ,ut/(f)}

t€(0,T]

—oE [ Max (W; — ,u,t/(r)}
te(0,T)

2 _ 2
= o) Eemrrreet) 4 (rp T o (2T L g (VT
2T 2u o 2u o

In particular, as o tends to zero, we find

_ HT®(+o0) = puT if p <0,
E [ min Wt] =
tE[0.T] pT®(—00) =0  if p>0.

Exercise 10.3
a) We have S; = Sj eWr teR,.

b) We have
E[S7] = SoE[e?"T] = Spe7"T/2.
c) We have
"00 2/09ry  dx
P Max Wy >a)] =2 e/ (27) , a>0,
<te[o?1 ' ) J. VarT
and 4
a 2 [
P Max Wy <a) =2 e=/C7) , >0,
(wﬁ% ““) e var 7
hence the probability density function ¢ of N{a}q{] Wy is given by
te(o;
2 2
ola) = e a /(QT)]I[OYOO)(a), a €R.
d) We have
O 1069
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E[M{] = SoE {oxp (0 tlé/{(;dx] Wt>] = 5o foo e”“p(x)dx

2SO eI z2 T 2
_ d (x—0T)?/(2T)+o T/de
\V2rT f \/ 27702T I
= 25 o212 foo 0—2/(21) gy — 250 o?1/2 f“’o /2
27T oT V2 oVT
=25, e?’T/2 jaﬁ e 24y
—o0
=25, e”ZT/QCD(J\/f)

= 2E(S7]®(aVT).
Remarks:
(i) From the inequality
0 < E[(Wp —0T)7]

(z—oT) + —m2/(2T)dI

)
WJ;T(J'—U

e/ 2T gy

71 2T

\/mLT
= \/;Loo\/fxe’ﬁmdx— \/ﬂfaf e~ 24y
= \/g {e712/2}jﬁ—aT¢(—aﬁ)

=[5 o T(1 - @(oVT)),

aT

we get
O—UQT/Z

O(oVT) 21— ———,
oV 2rT

hence

E[M{] = 250e”"T/2®(ov/T)

—o2T/2
2250002T/2 1,L
oV2rT

—o2T/2
e
E[S 1—-—
[T]< o 27TT>
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2 1
=28y (e T/2 = ) .
0 ( ov2rnT

(ii) We observe that the ratio between the expected gains by selling at
the maximum and selling at time T is given by 2¢(Jﬁ), which
cannot be greater than 2.

2 ~

2 ®(oT?)

1.5

ratio
"

0.5 | =

o 0.5 1 1.5 2 2.5 3 3.5 a
time T

Fig. S.46: Average return by selling at the maximum vs. selling at maturity.
e) By a symmetry argument, we have

]P< min Wt<a> :IP<7 Max (—W4) éa)

t€[0,T7] t€[0,7]
=P (— Max W; < a)
tel0,T)

=P (Max Wy > —a)
te[0,T]

= 2foo o—a?/er) 4T . a<o,
—a 27T

i.e. the probability density function ¢ of II[liIl] Wi is given by
te[0,T]

2 2
pla) = ol /(2T>]1(_0070] (a), aeR.
f) We have
]E[m(ﬂ = SoE [exp <a min Wl>}
t€[0,T]
0
= Soj e’ o(z)dx
250 j /(2T)
— U'\L \L d
O 1071
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250 (z—0T)2/(2T)+02T/2
= dx
\/QWTI
_ 2% 0o2T/2 f*"T 022/ (2T) g
27T —o0
_ 25 eozT/ZJ ”\F ~22/24,
V2T —o0

= 25)e7"T2®( - o VT)
= 2E([Sr|®( - oVT).
Remarks:
(i) From the inequality
0 < E[(=oT —Wr)*]

—oT—z)te —=2/ (1) gy

1 oo
= VTl

—oT
7\/ﬁf (aT+:v)e’wz/(2T)dx
T

mfﬂ ﬁf we= /Mg

oVT 2 U\F 2
— P /2 P /2
— \/ﬂf do— /o f da
[T —oVT
—aTd> —U\F 2— 2/2
~oTd(—oVT) + 1/ em7T2,

! hence ]E[mOT] < 2%

oV2rT’ oV2rT

(ii) The ratio between the expected gains by maturity 7" vs. selling at
the minimum is given by 2&( — o/T), which is at most 1 and tends
to 0 as o and T tend to infinity.

we get

e"QT/2<I>( — U\/T) <
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2 ®(-0T1/2)

2 ®(oT1/2)
1.5 -

£}

I * -
0.5 -
° H H | —
o 0.5 1 1.5 2 2.5 3 3.5 a

time T

Fig. S.47: Average returns by selling at the minimum vs. selling at maturity.
(i) Given that E[M{ | = 2E[Sr]®(cv/T), we find the bound

2E[S7]®( — oVT) < E[Sr] < 2E[S7|®(oVT),
with equality if o = 0 or T = 0. We also have
2E([S7] - E[MI] = 2¢7"T/2(1 - ®(oVT))
=27 T20( - oV/T)
— Efmj].
hence we have
E[m{ ]| +E[M{] = 2E[Sr], or E[Sr]-E[m{] = E[M]]-E[Sr],
and

250
oV 2T

2E[S7] — <E[M{] < 2E[Sy).
Exercise 10.4

a) Letting M} := M[ax] By and M = M[a% By, we have
s€[0,t SE(t,

P(r <t) = P(M{ > MT)

=P <Max Bs > Max Bs>
s€[0,t] s€(t,T)

=P (Max (Bs — Bt) > Max (Bs — Bt)>
s€(0,t] selt,T)

=P <Max B > Max (Bs — Bl)>
s€[0,t] s€(t,T)
=P(|Z1] > | Z2]).

@) 1073
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b) Given X ~ N(0,1) and Y ~ N(0,1) two independent standard normal
random variables, we have

P(r <t)

Il
)
===

|Z1] > | Z2])

VI X| > VT —t]Y))
tX?> (T -1)Y?)
t(X2+Y?) > TY?)

<1>

Il [l
S— " " A" =

S
S
(&)
+17
-3
y
~

(=}
3
~
-
|
w
<
©

3

1r i | |
0.75 g
0.5 2
0.25 g
0 L L L 3
0 0.25 0.5 0.75 1

t

Fig. S.48: Cumulative distribution function P(r < t) of the time of maximum of
Brownian motion with 7" = 1.

Exercise 10.5 (Exercise 10.3 continued).

a) Regarding call option prices we have, assuming K > Sy,

1074 O)
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n

(exp <O’ Max Wt> - K ) }
te[0,T7]

- fo""(soew — K)*p(x)de

~00

= e’ — tea? i

\/ﬁjo (S e K) T /(2T)d
T -

E[(MJ - K)"] = SoE

== or _ —22/(27T)
JorT J tog(ic 1) (5077~ K) e da

o 250
T \VorT fa*llog(K/So)
2K
NG L—l log(K/S0) ©
25
- \/ﬁ fo‘*l log(K/So) ¢

eazsz/(2T)dx

—x2/(2T) de

7(zfoT)2/(2T)+a2T/2dI

712/(2T)dx

o~ Llog(K/5Sp)
_ 2Sp e”2T/2I
27rT oT+o~1log(K/So)

_TZ/(2T)dI

\/27rT J “tlog(K/S0)
=250 T/2® (VT + 0 log(So/ K ) /VT)
—2K® (o log(So/K)/VT).

—x2/(2T) dx

When K < Sp, by “completion of the square” and use of the Gaussian
cumulative distribution function ®(-), we find

£ [(tg% 5.~ K) T =F Lgﬁ% 5.~ K]

=E [tlev%% St] ~ E[K]

~E| ] -

= SoE [exp (a Max Wt>] - K
t€[0,7)

= So IOOO e’ p(z)dr — K

250 (% Lor-a?
= T) dx
V2T I

_ 250 j (@—0T)?/ () +0°T/2 3, _ |
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_ 2% ea2T/2f°° o2/ CT) gy _ K
2T —oT

=250¢”T20(oVT) — K
= 250”72 (1-@(~oVT)) - K
= 2E[S7r]®(cVT) — K,

hence

e TRE[(MT - K) ] = 250@(oVT) — Ke o T/2,

Recall that when r = 02 /2 the price of the finite expiration American call
option price is the Black—Scholes price with maturity 7', with

Blcan(So, K, 0,7, T)

= So®@(oVT + 0 ' log(So/K)/VT) — Ke_{’QTm@(J_l log(So/K)/VT)

250®(ov/'T + 0 og(So/ K) /VT) — 2K e~ T/2® (5 log (S / K ) /VT)
if K > Sp,
250®(oV/T) — Ke 7°T/2
if K < Sp.
{QXBlcaH(SU,K,O’,T,T) ifK}S(),

<

250® (o VT) — Ke "T/2 if K < S,
= Max <2 X Blcau(S(LK7077‘7T),250q>(0ﬁ) — Ke—(rzT/2> .

——  Upper bound

-

e
5 10
|

o.o o.s 1.0 EC) 2.0

Fig. S.49: Black-Scholes call price upper bound with Sp = 1.

b) Regarding put option prices we have, assuming Sp > K,

1076 @)
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+
<K7exp <O' min Wt>> }
te[0,T]

= IOOC(K — S0e?®) T p(z)dx

E[(K —m§)"] = SoE

2 -0 .2
e [° (5 = sper) e e
—llog(K/So) _22/(2T
f (K —5Spe™)e @/ (2T) gy
~1log(K/So) —22/(2T)
e dx
\/ 2nT f
_ 2Sp Jvrfl log(K/Sp) ecm_xz/(QT)dx
\/27rT
~Llog K/S’o) —a2/(2T)
dx
\/ 2nT f
B 250 J —1 log(K/Sp) (wiaT)z/(QﬂJrUzT/de
\/27rT
o~ 1log(K/So) 712/(2T)
\/7 f dzx
B 250 CUZT/Q ffaT+a T log(K/So) 0712/(2T>d:L‘
2nT -

= 2K®(~0 tlog (So/K)/VT)
—28) e"QT/QQ( —oVT -1 log(So/K)/\ﬁ)7
with
e’ T/2 [(K — mg)ﬂ =KeoT/2 _ 250<I>( - aﬁ)
if Sy < K. Therefore we deduce the bounds
Blpy (So, K, 0,7, T)
= Ke TR0~ 0 1og(So/K) /NT) — So®( — ov/T — o og(So/ K) /VT)

< American put option price

2K ¢~ T/2®( — o og(So/ K) /VT) — 250@( — ov/T — o' log(So/ K)/VT)
<! ifS>K

Ke o"T/2 _25,®( - ov/T) if Sy < K
2 x Blpyt (S0, K, 0,7, T) if So > K,
- {Ke"QT/Q —25,®( - oV/T) if Sp < K,
— Max (2 % Blpyt (S0, K, 0,7, T), K e~ T/2 — 25, ( — m/T))

1077
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for the finite expiration American put option price when 7 = /2.

—— Upper bound
—— Black—Scholes put price

N e

prce

Fig. S.50: Black-Scholes put price upper bound with Sp = 1.

Exercise 10.6 (Exercise 10.5 continued).

a) Using the expression

pyr(@) = e T ED et <l %T> . <o,
0 Vs

of the probability density function of the minimum

T —~
Xy = min W; = min (W; + ut)
te(0,T) te[0,T]

of drifted Brownian motion Wt = Wi + ut over t € [0,T] given in Propo-
sition 10.7, we find

0
]E[tg[loir%] St] = So J—oo emtp)v(T (z)dx
3 0
— 5 [° eor )2 o--um?/2m)
=S fiw e e dx

0 T
+2450 J_oo e7T 22 <%> dx

21150

=25, e”QT/Qf‘“TT(D((u —o)WT) + Sy — Ud>( —uV/T)
2uS0 2T /2—poT
Q,u—rrc @((p—o)VT),
with p:=r/o —0/2, which yields
1078 O
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]E[ min St] =S <1f$2>q><#ﬁ)

te[0,7) 2r

2 2
5 <1+‘L> ® GM@).
2r o

See Exercise 12.1-(b) for the computation of IE [min,,e[o?l] St} when r = 0.
b) When Sy < K, we have

[ (% - min, ) ] = B[ i 1]

2 2
= K-S, <171>®<ﬂﬁ>
2r o

2 2
_Spe’T <1 4 1) @ <_MfT> _
2r o

Next, when Sy > K we have, using the probability density function
[valvs
¢ xé( )s
T

B[ (- min, )] = E[(~ 50 g, ™))

= IO (Kfsoe”)mav"p(z)dx
—00 Xo

2 C
= SO\/win:oc (K —So eﬂ)Jref(zf“T)Q/(QT)dx
0 ox\t 2ux I+’UIT>
, . 1o de
+u50j700( Soe™) e ( vr )"
(r_a2/2)T+log(50/K)>
=Ko | -
( s
So 1-2r/0? <(r _ U?/Q)T + 10g(K/SO))
(5 @
o2\ /5o —2r/g? (r—a2/2)T +log(K /So)
—So <1 - %) (f) @ ( ovT )
(Lz) o <7 (r+02/2)T+log(SO/K))
2r ”\FT ‘

In Figure S.51, using a finite expiration American put option pricer from
the ‘R fOptions package, we plot the graph of American put option price

—Spe™ (1 +

@) 1079
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vs. (S.55)-(S.56), together with the European put option price, according
to the following ‘R code.

—— Upper bound
American put price
—— Black—Scholes put price

Price

oo os 1.0 1s 2.0

Fig. S.51: “Optimal exercise” put price upper bound with So = 1.

dl <- function(S,K,r,T,sig) {return((log(S/K)+(r+sig~2/2)*T)/(sig*sqrt(T))}

2 | d2 <- function(8,K,r,T,sig) {return(di(S, K, r, T, sig) - sig * sqrt(T)}

BSPut <- function(S, K, r, T, sig){return(K*exp(-r+T) * pnorm(-d2(S, K, r, T, sig)) -
S*pnorm(-d1(S, K, r, T, sig))}

1 | Optimal_Put_Option <- function(S,K,r,T,sig){

if (r==0) {if (8>=K) {return(K*pnorm(d1(K,S,0,T,sig))-S*(1+sig*sigxT/2
+log(S/K))*pnorm(-d1(S,K,0,T,sig))
+S*sigxsqrt(T/(2%pi))*exp(-d1(S,K,0,T,sig)*d1(S,K,0,T,sig) /(2*sig*sig*T)))}

6 | else {return(K-2*S*(1+sig*sig*T/4)*pnorm(-sig*sqrt(T)/2)
+Sxsigxsqrt(T/(2*pi))*exp(-sigxsigxT/8))}}

else {if (S>=K) {return(K*pnorm(-d2(S,K,r, T sig))
+K*(S/K)**x(1-2*r/sig/sig)*pnorm(d2(K,S,r, T,sig)) -2*S*exp(r*T)*pnorm(-d1(S,K,r,T,sig))
-S#*(1-sigrsig/2/1)*(S/K)**(-2+r/sig/sig) *pnorm(d1(K,S,r, T,sig))
+S*exp(r*T)*(1-sigxsig/2/r)*pnorm(-d1(8,K,r,T,sig)))}

8 | else {return(K-S*(1-sig*sig/2/r)*pnorm((r-sig*sig/2)*sqrt(T)/sig)
-S*(1+sig*sig/2/r)¥pnorm(-(r+sig*sig/2)*sqrt(T)/sig))}}}

r=0.5;sig=1;S=1;T=1

0 | library(fOptions)

curve(BAWAmericanApproxOption("p",S,x,T,r,b=0,sig,title = NULL, description =
NULL)@price, from=0.01, to=2 , xlab="K", lwd = 3, ylim=c(0,1),ylab="",col="orange")

> | par(new=TRUE)

curve(BSPut(S,x,r,T,sig), from=0, to=2 , xlab="K", lwd = 3, ylim=c(0,1),
ylab="Price",col="blue")

par(new=TRUE)

curve(Optimal_Put_ Option(8S,x,r,T,sig), from=0, to=2 , xlab="K", lwd = 3,
ylim=c(0,1),ylab="",col="red")

6 | grid Qty = 5)

legend(.0,1.0,legend=c("Upper bound","American put price","Black--Scholes put
price"),col=c("red","orange", "blue"), lty=1:1, cex=1.)

Listing S.6: ‘R code - Bounding American option prices.

¢) When r = 0 and Sy < K, we find

. + T ovT T _g2py8
E{(Kftél[l(}g]st) }71(7230 (1+T>d> ~T5 )+ oSy 5-e .
(S.55)
Next, when r = 0 and Sy > K, we find
1080 S)
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. o 2T /2 +log(K /So)
]E[(K - uin. St) } - K® (T) (S.56)

2
~So (1+10g&+£> ¢<_<’T/L;;(%/K)>
o

K 2
+50r7\/fe*(‘TZT/%IOg(So/K))2/(202T)_
s

From the above ‘R code we can check that when r ~ 0 the price of the
finite expiration American put option coincides with the price of the stan-
dard European put option, as noted in Proposition 15.9.

Exercise 10.7

a) We have
P(ra >t) = P(Xt > a)
= jm ox, (z)dx
\/7f /(2t) d:v, y > 0.
b) We have

WTa( ) %P(Ta XX )

oo
= i I ey

L /2 370 (™ —a2/(u 1 J2 g9 pooa? a2
-4/ =t J A COF Ry J e gy
2V a 2V a t
_1 ~3/2 o0 —a?/(21) —a2/(2t) —22/(2t)
= 2\/7t < Ja )dz + ae ) 4+ I dx)

= \/ﬁ e s,
¢) We have
E[(ra)?) = [t pn (t)dt
_ mf” +T/2 o=a?/(28) gy
\/ﬂ fo she—ae? /2,
(1,47
O 1081
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by the change of variable © = ¢~ %2 je 22 = 1/t, t = 272, and
dt = -2z 3dx.

Remark: We have

]E[Ta] _ a J‘Ooot—l/Qofaz/(?t)dt = 0.

ez

Exercise 10.8 Starting from the probability density function

_ 1 /2 b—(2a—b)2/(2T)— 2T /2
%?(JT,VT/T(% b) = LaxMax(b.0)} 7 ﬁ(zafb)c“ (2a—b)%/(2T)—

of the drifted Brownian motion WT = Wp + uT and its maximum )A(OT =
I\/%ax] Wi, we take pu:=1r/0 —0/2 and let the functions f and g be defined
te[0,T
as 1 1

flz,y) = glogsﬁo and  g(z,y) := —log S%
with the Jacobian

of of

5z 1

or 0 — 0 1
Tyl =00 Y=l g = 5

99 99 0o —| o

ox Oy 7Y

xz,y > 0, which yields the joint density

ong sy (y) =@ y)legr g, (@), 9(z,9))
2
Sy 2 (o P Ve (Prog L - L (log
3Txy  w>Max(uSo)}\ 77 Soy o °Sy 20T Soy

of Sy and its maximum M{ = Maxe[o 7] St over t € [0,T], z,y > 0.

Exercise 10.9

i) The Cantor set C described in Figure 10.4 is (Borel) measurable because
it can be written as the countable intersection

C=0,1]n() An,

n=1

where A,, is a finite intersections and unions of subintervals of [0, 1] given
as

1082 @)
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3k—1

A " -1 3z+1
=) U B = ) U[3 2
k=1 [=0 k=1 1=0

ii) We note that any element z of C' can be represented as a binary sequence,
e.g.

\
I

z =0.1001---
where a sequence of digits such as 1001 tells us that = belongs to
B11NBaaNBggNBggN---
Hence, the uncountability of C follows from the uncountability of the

interval (0,1) C R.
iii) We note that for any n > 1 the Lebesgue measure £(C) of C satisfies

o<z<c>:f<[o,1mn><(§)", w1,

hence

Chapter 11

Exercise 11.1 Barrier options.

a) By (11.26) and (12.15), for the up-and-out barrier call option we find
9g 7t (St ¢ (St
a=gyesi=e (i (7))o (2 (5
K AN B2 vt (B
2 o (T=t)r t T—t _ T—t (D
BB (0 () e (G
A 7t [ B2 . (B
YT (o (s (£2)) o (s (2
2
o

e (5o (; (17 (7;;))2) ,

0< S <B,0<t<T, see also Exercise 7.1-(iz) of Shreve (2004) and
Figure 11.11 above. At maturity for t = T, we find &7 = 1 p)(Sr).

Regarding the up-and-out barrier put option, we find

2
g - st (St 2r B\'t¥/e 7 [ B?
& = 8—y(t, 5)) = —® <75+ = 5 @ (o7 %%

@) 1083
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LK g (|2 (BN (e (B
B 2 )\ 3, - \K&s,))

0< S <B,0<t<T. At maturity for t = T, we find &7 = —l[o,K](ST)-
b) We have

P(Yr < aand Wy > b) = P(Wp < 2a—1b), a<b<0,

hence
f ( b)id]P(YTgaandWTgb)7_d]P(YT<aandWT>b)
YW= dadb = dadb :
a,b € R, satisfies
2 (b—2a) _(aq_p)2
fyrwr(a,b) = ﬁl(—oo,min(qb)](a) T o~ (2a=0)%/(2T)
2 (b—2q) —(2a—b)2/(2T) .
_ \/; T ° , a<min(0,b),
0, a > min(0,b).
¢) We find

1 [2 e o -
f?T,VT/T(a’b) = ]1(700’““(0117)](a)f ﬁ(b,ga)e p2T/2+pb—(2a—b)?/(2T)

%1 /lT(b —2a) e*ﬂzT/ZJr“b’(?“’b)z/(?T), a < min(0,b),
_ m

0, a > min(0,b).

d) The function g(t,x) is given by the Relations (11.10) and (11.11) above.

Exercise 11.2
a) By Corollary 10.8, the probability density function of the minimum

Atp .
my P = min S,
s€[0,A7]

with S;, = B, is given by
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(@) = 1 (—(r—o%/2)A7 +1log(2/B))?
LAy v A 202AT

1 (B)lfzr/az - (7((r702/2)AT+10g(:c/B))2>

I
ox\2rAT \ T 292 A7

+l (2l _ 1> <E>172r/02 > ((’ — 02/2)AT + log(x/B))
z \o? x oVAT ’

0 <z < B, see also Proposition 10.7 for the probability density function of
the minimum of the drifted Brownian motion Wy = W; + ut over ¢ € [0, 7.
Hence, we have

£[( i S| 7] = o0 o

= (145 ) 0¥ (- (L4 ) VAT) + o (BB ot/

_B <1+§> RIS <710g(B/K);’(;:’0'2/2)AT)
o (1-5)*((-5) )

o (K\>7 log(B/K) — (r — 02/2)Ar
B o K
* < ) ( /BT ) ’

B

2r

with r > 0.
b) When r = 0, we find

(g Suve 1) [ 2] = (24 Gar) o (5v80)

s€(0,A7] 2

o2 B log(B/K) + S A7
—B(1+ZAr+log = )@ 22T 207
< 2 gK> ( oV AT
2
+KD _M _ 1 UB~/A7—(e"’2AT/8—e*di/Q)_K,
oV AT V2T

¢) By the solution of Exercise 10.1-(c), the probability density function of
7p is given by

log(Sy/ B 1
org(x) = %\/%ﬂexp <7m((r702/2)x710g(B/So))2> ,

x> 0.
d) We have

@) 1085
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+
e TATBR {6—7‘7’3 ]]-[O,T] (TB) < te[TBrrlTigl+AT] St — K) ]

= e B[ g (rwB[( min, s 8) [ 7]

_ e_mT]E[e—nB]l[O)T](TB)]EKtehgggﬂﬂ Si 7K)+ | Fra]$:57)

+
where [E Kmmte[m,m A7) St— K) ‘ .7:7-3} is given by Questions (a)-(b),

and

. T _,..
E[e ™1 7)(rp)] = || ¢ " pr, (@)de

0
— liog 20| T grams L — L (=022~ log 2
= logB IO e Umexp< 2sz((r 0%/2)x —log(B/So))” | dz
So log(B/So)(r —o2/2 —\/(r — 02/2)2 + 2ro?)
= |log — | exp
B a?
T 1 1 2
- - I, — g2 2 G2 — v
on o oxp< Py (zy/(r—02/2)2 + 2ro2 —log(B/Sy)) >¢LL
log(B/So)(r —0%/2—/(r —02/2)2 + 2ro?)
P e
X [T ! exp 7L(x (r702/2)2+2ra2710g(B/So))2 dx
JO oV 2ras 202
B <§> (r—¢72/27\/ (T—o2/2)2+2r02)/o"‘:1> log(B/So) — T\/(r — 62/2)% + 2rc2
So oVT
) <B>(’V‘02/2+\/(T02/2)2+2T02)/0'2q> log(B/So) + T/ (r — 02/2)2 § 2ro2
So oVT ’

where the last identity follows from Proposition 10.4 and the relation

|
—
hS)
E‘l
—
S
N
s
8

LT @/ Cagy 750,

270 2ra3

with a :=log(B/Sy) /0, for a Brownian motion with drift
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= (r—o2%/2)% + 2ro?
o )

see Exercise 10.1-(b).

In Figure S.52 we plot* the down-and-out barrier call warrant price (S.57)
with rebate as a function of volatility, with B = 18,800 > K = 18,700,
r = 0.02627, T = 110/365, and Sy = 20,331.20, and entitlement ratio
10, 000.

B0l CBBC Pricencding et
7

Fig. S.52: Down-and-out call option price with rebate as a function of o.

Exercise 11.3 Barrier forward contracts.

a) Up-and-in barrier long forward contract. We have

TR0 | F = e TR | (S — K) 1 ‘]-'
¢ [C1F]=e (57— K) {Max Su>B} ¢
0<u<sT

Max S, < B

0ust

B ]1{ Max Sy, > B}(St—Ke*(T*t)r) + ]l{

o<ust

}¢(t>5t)7

($.58)
where the function
o(t,z) = o ® (5£*f(x/3)) _Ke T0rg (5?4(95/3))
+B(B/2)¥ " @ (7514(3/@)
~Ke M0 (B/a) 1420/ @ (~6T (B /) )

solves the Black—Scholes PDE with the terminal condition

* Download this ‘R code for the pricing of down-and-out barrier call options with and
without rebate (right-click to save as attachment - may not work on @).
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# https://www.jpmhkwarrants.com/en_hk/cbbc/cbbc-terms/code/58613
# Callable Bull Contract / Down-and-out call barrier with B > K 

# install.packages("rgl")

require(rgl)

deltap <- function( T , r, v, s ) { ( log(s) + ( r + v*v/2.0)*T )/v/sqrt(T) }
deltam <- function( T , r , v, s ) { ( log(s) + ( r - v*v/2.0)*T )/v/sqrt(T) } 
indicator<-function(condition) ifelse(condition,1,0)

B = 18800
K = 18700
r = 0.02627
sigma = 0.235
T = 110 # in days

entitlement_ratio = 10000

market_price=0.156 # Exotic warrant price 

CBBC <- function(S,K,B,T,r,sigma){ indicator(S>B)*(S*pnorm(deltap(T,r,sigma,S/B))-K*exp(-r*T)*pnorm(deltam(T,r,sigma,S/B))-B*(B/S)**(2*r/sigma/sigma)*pnorm(deltap(T,r,sigma,B/S))+K*exp(-r*T)*(B/S)**(-1+2*r/sigma/sigma)*pnorm(deltam(T,r,sigma,B/S))) }

# CBBC <- function(S,K,B,T,r,sigma){ (S*pnorm(deltap(T,r,sigma,S/B))-K*exp(-r*T)*pnorm(deltam(T,r,sigma,S/B))-B*(B/S)**(2*r/sigma/sigma)*pnorm(deltap(T,r,sigma,B/S))+K*exp(-r*T)*(B/S)**(-1+2*r/sigma/sigma)*pnorm(deltam(T,r,sigma,B/S))) }

prices = seq(K*0.97, B*1.04, length=50)

time = seq(0, T, length=50)

# rgl.snapshot("CBBC_rebate.png")

#create a grid
ST = expand.grid(S=prices,T=time)
# A z-function 

# populate a surface
Z <- CBBC(ST$S,K,B,ST$T/365,r,sigma)/entitlement_ratio
zlim <- range(Z)
zlen <- zlim[2] - zlim[1] + 1

jet.colors <-   # function from grDevices package
      colorRampPalette(c("#00007F", "blue", "#007FFF", "cyan",
                      "#7FFF7F", "yellow", "#FF7F00", "red", "#7F0000"))
colorzjet <- jet.colors(100)  # 100 separate color 

open3d()
par3d(windowRect = c(20, 30, 800, 800)) # ,family="bitmap")
surface3d(x=prices, y=matrix(Z,50), 
            coords=c(1,3,2),z=time, 
            color=colorzjet[ findInterval(Z, seq(min(Z), max(Z), length=100))] )
axes3d()
aspect3d(1,1,1)

# Comparison with fExoticOptions package

# install.packages("fExoticOptions")

# library(devtools)
# install_github("https://github.com/cran/fExoticOptions")

library(fExoticOptions)

# Sensitivity to volatility

rebate <- function(S,K,B,dtau,r,sigma){ B * ( 1 + sigma^2/2/r ) * exp(r*dtau) * pnorm( - (r/sigma + sigma / 2 ) * sqrt(dtau) ) + K * pnorm(-deltam(dtau,r,sigma,B/K)) - B * ( 1 + sigma^2/2/r ) * exp(r*dtau) * pnorm( -deltap(dtau,r,sigma,B/K)) + B * ( 1 - sigma^2/2/r ) * pnorm( (r/sigma - sigma / 2 ) * sqrt(dtau) ) + B * (sigma^2/2/r) * (K/B)^(2*r/sigma^2) * pnorm( - deltam(dtau,r,sigma,B/K)) - K} 

CBBC_exp_rebate_zero_r <- function(S,K,B,T,sig,dtau) {
(B*(2+(sig**2/2)*dtau)*pnorm(-sig*sqrt(dtau)/2)- B*(1+(sig**2/2)*dtau+log(B/K))*pnorm(-(log(B/K)+(sig**2/2)*dtau)/sig/sqrt(dtau)) + K*pnorm(-(log(B/K)-(sig**2/2)*dtau)/sig/sqrt(dtau))- (1/sqrt(2*pi))*sig*B*sqrt(dtau)*(exp(-(sig**2)*dtau/8)- exp(-((log(B/K)+(sig**2/2)*dtau)/sig/sqrt(dtau))**2/2))-K)}

CBBC_exp_rebate_pos_r <- function(S,K,B,T,r,sig,dtau) {
(B*(1+sig**2/(2*r))*exp(r*dtau)*pnorm(-(r/sig+sig/2)*sqrt(dtau)) + K*pnorm(-(log(B/K)+(r-sig**2/2)*dtau)/sig/sqrt(dtau)) - B*(1+sig**2/(2*r))*exp(r*dtau)*pnorm(-(log(B/K)+(r+sig**2/2)*dtau)/sig/sqrt(dtau)) + B*(1-sig**2/(2*r))*pnorm((r/sig-sig/2)*sqrt(dtau)) + B*(sig**2/(2*r))*((K/B)**(2*r/(sig**2)))*pnorm(-(log(B/K)-(r-sig**2/2)*dtau)/sig/sqrt(dtau)) - K)}

CBBC_rebate_pos_r <- function(S,K,B,T,r,sig,dtau) {(exp(-r*dtau)*CBBC_exp_rebate_pos_r(S,K,B,T,r,sig,dtau)*(((B/S)**((r-(sig**2)/2 - sqrt((r-(sig**2)/2)**2 + 2*r*sig**2))/(sig**2))*pnorm((log(B/S)-T*sqrt((r-(sig**2)/2)**2 + 2*r*sig**2))/sig/sqrt(T))) + ((B/S)**((r-(sig**2)/2 + sqrt((r-(sig**2)/2)**2 + 2*r*sig**2))/(sig**2))*pnorm((log(B/S)+T*sqrt((r-(sig**2)/2)**2 + 2*r*sig**2))/sig/sqrt(T)))))}

CBBC_rebate_zero_r <- function(S,K,B,T,sig,dtau) {(exp(-r*dtau)*CBBC_exp_rebate_zero_r(S,K,B,T,sig,dtau)*(((B/S)**((r-(sig**2)/2 - sqrt((r-(sig**2)/2)**2 + 2*r*sig**2))/(sig**2))*pnorm((log(B/S)-T*sqrt((r-(sig**2)/2)**2 + 2*r*sig**2))/sig/sqrt(T))) + ((B/S)**((r-(sig**2)/2 + sqrt((r-(sig**2)/2)**2 + 2*r*sig**2))/(sig**2))*pnorm((log(B/S)+T*sqrt((r-(sig**2)/2)**2 + 2*r*sig**2))/sig/sqrt(T)))))}

S0=20331.20

dtau = 0.25

StandardBarrierOption("cdo",S0,K,B,0,T/365,r,r,sigma)
cat(sprintf("\n Bull CBBC option price without rebate= %.6f with sigma = %.4f \n\n",CBBC(S0,K,B,T/365,r,sigma),sigma))

cat(sprintf("\n Bull CBBC warrant price without rebate= %.6f with sigma = %.4f \n\n",CBBC(S0,K,B,T/365,r,sigma)/entitlement_ratio,sigma))

cat(sprintf("\n Bull CBBC option price with rebate = %.6f with sigma = %.4f \n\n",CBBC(S0,K,B,T/365,r,sigma)+CBBC_rebate_pos_r(S0,K,B,T/365,r,sigma,dtau/365),sigma))

cat(sprintf("\n Bull CBBC warrant price with rebate = %.6f with sigma = %.4f \n\n",CBBC(S0,K,B,T/365,r,sigma)/entitlement_ratio+CBBC_rebate_pos_r(S0,K,B,T/365,r,sigma,dtau/365)/entitlement_ratio,sigma))

# pdf("rebate.pdf",width=16,height=8);

curve(CBBC(S0,K,B,T/365,r,x)/entitlement_ratio+CBBC_rebate_pos_r(S0,K,B,T/365,r,x,dtau/365)/entitlement_ratio, from=0, to=1, xlab=expression(paste(sigma)), lwd = 3, ylab="Bull CBBC Price including rebate",ylim=c(0.98*(S0-B)/entitlement_ratio,max(1.2*market_price,(S0-exp(-r*T/365)*K)/entitlement_ratio)),col="red")

par(new=TRUE)

curve(CBBC(S0,K,B,T/365,r,x)/entitlement_ratio, from=0, to=1, xlab=expression(paste(sigma)), lwd = 3, ylab="Bull CBBC Price including rebate",ylim=c(0.98*(S0-B)/entitlement_ratio,max(1.2*market_price,(S0-exp(-r*T/365)*K)/entitlement_ratio)),col="orange")

par(new=TRUE)

curve(market_price+0*x, from=0, to=1, , xlab="", ylab="",lwd = 3, ylim=c(0.98*(S0-B)/entitlement_ratio,max(1.2*market_price,(S0-exp(-r*T/365)*K)/entitlement_ratio)),col="black")
par(new=TRUE)

curve((S0-exp(-r*T/365)*K)/entitlement_ratio+0*x, from=0, to=1, , xlab="", ylab="",lwd = 3, ylim=c(0.98*(S0-B)/entitlement_ratio,max(1.2*market_price,(S0-exp(-r*T/365)*K)/entitlement_ratio)),col="blue")

par(new=TRUE)

curve((S0-B)/entitlement_ratio+0*x, from=0, to=1, , xlab="", ylab="",lwd = 3, ylim=c(0.98*(S0-B)/entitlement_ratio,max(1.2*market_price,(S0-exp(-r*T/365)*K)/entitlement_ratio)),col="purple")

legend(0.0, market_price*1.207, legend=c("Bull CBBC Market Price", "Bull CBBC Pricing Formula With Rebate", "Bull CBBC Pricing Formula Without Rebate", expression(S[0]-Ke^-rT), expression(S[0]-B)),col=c("black", "red", "orange", "blue", "purple"), lty=1:1, cex=1.,lwd=2)

grid()

# dev.off()
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(T, ) = <x K+ (g)zwz (B - xg>> 100y (&),

as in the proof of Proposition 11.3. Note that only the values of ¢(¢,x)
with x € [0, B] are used for pricing.
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Time in days

Fig. S.53: Price of the up-and-in long forward contract with K = 60 < B = 80.

As for the delta hedging strategy, we find
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since by (12.22) we have
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and
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Fig. S.54: Delta of the up-and-in long forward contract with K = 60 < B = 80.

b) Up-and-out barrier long forward contract. We have

~T=rg[o | Bl = e TUE | (S - K) 1 ‘}'
¢ Gl 7] =e (51 ) { Max S, < B} i
0<usT

- 1{ Mo 5, < B}(;b(t,St), (5.59)

where the function
o(t,z) == 2® (—5$*f(x/3)) ~Ke T (—57_“*t(x/B))
~B(B/2)*/"® (414(3/37))
+K e~ 00 (B /) 127 ) (—6T (B /)

solves the Black—Scholes PDE with the terminal condition

xT

BT, ) = (2~ K)Ljo g () - (E)W (B-2%) tnoo o)

Note that only the values of ¢(t, z) with = € [B, 00) are used for pricing.
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Fig. S.55: Price of the up-and-out long forward contract with K = 60 < B = 80.
As for the delta hedging strategy, we find
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Fig. S.56: Delta of the up-and-out long forward contract price with K = 60 < B = 80.

¢) Down-and-in barrier long forward contract. We have
“T-rElC | F] = e TY"E | (Sp — K) 1 ‘ Fi

e e
©17] (S7 ) {min Su<B} k

0<u<T
S —Ke IOy 41 t, S,
}( t ) { }¢(7 t)

:]l{ min S, < B

min S, >
o<u<t

0<u<t
(S.60)
where the function
o(t,z) = a® (—514(95/3)) _Ke (T-Urg (—57_”(.75/3))
+B(B/z)¥/ " @ <6z’t(B/x)>
Ko~ T (/)" 12/ g (5Z—f(3/x))

solves the Black—Scholes PDE with the terminal condition

B 2r/c? K
&(T,z) = |z —K+ (;) (B 7:CE> 1o, p)().
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Fig. S.57: Price of the down-and-in long forward contract with K = 60 < B = 80.

As for the delta hedging strategy, we find

_ 09
&t = %(tvst)

@ (o1 (@/B)) + %(B/x)“’gr/"?d) (57 (B/))

L u-&/B (e—w?%z/s))?/z B e—(T—t)r—(fsT*t(z/B>)2/z)
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Fig. S.58: Delta of the down-and-in long forward contract with K = 60 < B = 80.

d) Down-and-out barrier long forward contract. We have

~TOrE[C | ] = e TOE | (S — K) 1 ‘]—"
¢ [ | t] ¢ ( T ) { min S, > B} ‘
0<u<T

= 11{ min S, > B}¢(t75’t) (S.61)

O<u<t

where the function
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o(t,z) := 2® (51% (%)) _Ke T-trg (554 (g))
_B(B/2) " (azft (%))

_,'_Ke—(T—t)'r(B/x)—H—W/Uzq) <6z’—t <§)>

xT

solves the Black—Scholes PDE with the terminal condition

o7,5) = (= K1)~ (5-55) (2) 1 o).

Note that ¢(t, z) above coincides with the price of (11.11) of the standard
down-and-out barrier call option in the case K < B, cf. Exercise 11.1-(d).

Fig. S.59: Price of the down-and-out long forward contract with K = 60 < B = 80.

As for the delta hedging strategy, we find
09

&= %(tyst)
_ 2 /o _
(57 (2)) - ey (5 1)
1 K T—t 2 B T—t 2
- B —(8 (z/B))?/2 | P —(T—t)r—(6_""(x/B))*/2
(1) (e T )

™
K2 —a-or (B et o5t (8
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Fig. S.60: Delta of the down-and-out long forward contract with X = 60 < B = 80.

e) Up-and-in barrier short forward contract. The price of the up-and-in bar-
rier short forward contract is identical to (S.58) with a negative sign.

f) Up-and-out barrier short forward contract. The price of the up-and-out

barrier short forward contract is identical to (S.59) with a negative sign.

Note that ¢(¢,z) coincides with the price of (11.8) of the standard up-

and-out barrier put option in the case B < K.

=

g) Down-and-in barrier short forward contract. The price of the down-and-

in barrier short forward contract is identical to (S.60) with a negative sign.
h) Down-and-out barrier short forward contract. The price of the down-and-
out barrier short forward contract is identical to (S.61) with a negative
sign.

Nasd

Exercise 11.4 When B < K, we find

Vegayown-and-out-call

Tt (6T 45/ K))2/2
2m

_Ar (S R 372¢. 5Tt ig _Ke (T-trg (57—t iz 1 St
S\ B 5 o\ \&s, ¢ - \xs,)))®B
—2Zr 0'2
_[T-tB? (ﬂ)l o/ o~ (0T B2/ K /80))2/2.
2w St B

When B > K, we find

=5

Vegayown-and-out-call

_ S emrsumee (K ) (028 B) - -
_\/ﬂe + 3 1 > + VT —t )| +VT -t
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ar (§\'727 B2 7B —(T—t)r 7t (B Sy
,;<§> (?t@(@_ 5 —Ke [N 5 logB

_ \/%%20—(51“(&/3))2/2 ((g _ 1) (‘STt(B/St) + \/7> + \/7) i
™ Ot

The corresponding formulas for the down-and-in call option can be obtained

i . : , T—t ,—(5T M (Se/K))?/2
from the parity relation (11.2) and the value Spy/ 5" e™ %+ of
the Black-Scholes Vega, see Table 6.1.

Exercise 11.5 We have
IE*[C] = E* {1{5T2K}]1{1\1(;T§B}1|
=E*|1 -~ 1 o
[ {Soe""T>K} (s, c”"ngBJ
o0 o0 /\T —
= LOO Lvo Lisyeovzk3 (s, err<pydP(Xg < 2, Wr <)
o0 o0
= LOO Lvo Usyervziy sy eor<By 3, i, (€ 9)dudy

- l /l fn’llog(B/So)
T 7T J—oo

o0
fyvo Lisycovzr)Lsycorsn) (20— ¥)

~llog(B/Sy) o~ tlog(B/So) 2 ' 2 /(o
1 /2 _ —p*T/2+py—(2z—y)*/(2T)
J —Llog(K/Sp) \[y\/(] (21 y) ¢ drdy,

if B > Sp (otherwise the option price is 0), with y =r/o—¢/2 and y V0 =
Max(y,0). Next, letting a = y vV 0 and b = ¢~ log(B/Sp), we have

oK T/ 2 puy—(22=9)*/ (21) g gy

Yoo\ a(y—a)/T . _ L ob(y—b)/T
f(?a: y) eV dx—§(1 e’ ),

a

hence, letting ¢ = o~ log(K /Sp), we have

E*[C] = e #T/2 ety (2T) (1 _ o2(y=0)/T) gy,

e
ﬁj oy—y2/ (2
27

—u2T/2-22/T 1 fb y(u+2b/T)—y>/(2T)
—eH —— | e dy.
V2T Je

= e WT/2 /1) gy

Using the relation

T—V?/(2T) gy _ T/ (©<—c+7T)_cp<—b+7T>>
Wﬁf v==e JT JT ’
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we find

E*[C] = {(Sl ]1{1\11 <B}]
_cb(fc—t-uT) < b+ uT
B VT VT

VT

—;1ZT/2 202/ T+(u+2b/T)3T /2 (

o (3) ()
s o (£)) (s (2).

B. Given the relation

w7 2b2+T +2b27 142 1o B
2t \MTT) T o?) %Sy

Z))(c-i— (u+2b/T)T > ® <7b+ (u\;—;b/T)T))

0<z <

we get
e’TT]E*[C] — o "TE* [H{ST>K}1{MOT<B}}

- (o (7)o ()
() () o (2 (2))))

B

Exercise 11.6
a) For z = B and t € [0,T] we check that

o0.8) =5 (@ (s (2)) ~o (1))
rofi () o
(o (%)) - )
vt (o (7 () o (7))

=0,
and the function g(t,z) is extended to & > B by letting
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g(t,z) =0, z > B.
b) For z = K and t = T, we find
4+oo ifs>1,
89 (s) = =00 X Lycqp + 00X Ijgnqy =4 0 ifs=1,
—o0 ifs<1,

hence when x < K < B we have

9(T,z) = 2 (P (—00) — P (—00))
—K (@ (-00) = @ (~00))
2r/a?
B (%) (@ (+00) — @ (+0)
B

K (g)w (@ (+00) @ (+o2))

=0,
¢) when K <z < B, we get

9(T,x) = x (P (+00) — P (-00))
—K (@ (+00) =@ (=o0))

2

B (E)M (@ (+00) — ® (+20))

VK (%Mp (@ (+o0) — @ (+00))
=xz— K.

Finally, for z > B we obtain
9(T, K) =z (P (+00) = P (+00))
—K (® (+00) — @ (+00))

B (E)W (@ (—00) = @ (~x))

x

vk (2)" @ - 00

Exercise 11.7 By Proposition 10.5, we have
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]E*[STB 1{TB<T}] =E* [Bl{TBéT}]
= BP*(r5 < T)
= BP*(M{ > B)
_ 2 RPN
:B©<(r o?/2)T log(B/SO)>

oVT

S\ 2 <7(r702/2)T710g(B/50)>
B — (o) .
" (3) VT

On the other hand, using the Girsanov theorem, we have

* * — 2
E [STl{‘rBST}] =50 e TE [eUWT 4 T/Ql{TBgT}]
= SoeTE[1{; <1}
= Sy TP(r5 < T)
= Soe’"P(M{ = B),
where /I/IZ .= Wy — ot is a standard Brownian motion under ]f’, with

W 2 2
St _ SO eth+(r+a Jt—0o 15/27 t> 0,

hence

E*[S71{r<ry] = Soe™ P(r5 < T)
~ e <(r +0%/2)T - log(B/Sg)>

oVT
- §>—1—2r/az <,(r+02/2)T710g(B/50)>
+SOe (B o J\/T 7
and
e*TT]E*[(STB — ST)l{TBgT}]
o ((rfaQ/Q)Tflog(B/SO)>
oVT
g\ L2/ —(r—0%/2)T —log(B/So)
—TTB 20 & ° >
+e <B> < ( oT
- (r+02/2)T710g(B/50)>
Sod>< "y
& —1-2r/c2 7(,,, + UQ/Q)T — log(B/So))
+5So <B> @ ( oVT .
1098 ©
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Next, in the case of down-knock-in options, we have Sy > B and by Corol-
lary 10.8 we have

E* [STB 1{TB<T}] =E [Bl{TB ST}]

:B]P ’TB<T)
:B]P*(m < )
2
:B<1>< r—o%/2) T+log(B/So))
VT
+B(@>1 2r/o? ((r—02/2)T+log(B/So))7
B T

and

IE*[STL[TBgT}] = S()eTT],I\) B < T)

<—(r+02/2)T+10g(B/50)>
So —1—2r/:2ﬁ (r+02/2)T +log(B/So)
() ()

and

eirTlE*[(STB - ST)I{ngT}]
T Bo (—(r - 02/2():/% log(B/S(])>
TR (%)172””2@ ((r—UQ/Q):\/—Tlog(B/SO)>
_ 2
—Sg<I>< (r+o /231\“/%—10g(B/SO)>

5 @))—1—”/"2@ ((r+02/2)Tflog(B/So)>4

oVT

We note that when B = Sy we have 75 = 0, and

E*[(Sry — S1)1rp<ry) = E*[So — Sr] = So(1— 'T).

Exercise 11.8

a) The price at time ¢ € [0, T of the European knock-out call option is given
by

@) 1099
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EKOC; = o~ """E*[(Sr - K) " Lyg,cpy | Fil,  0<t<T.

90
80
70
60
50
a0

20
10

) 50 100 150 200
K x B

Fig. S.61: Payoff function of the European knock-out call option.

Using the relation
Sp = Sy e(T=r+(Br=Blo—(T-1)2/2 <<,

we have

e T E* [(Sr — K) " 1ys,<py | Fi]

— o (T—t)rg [(l,C(T—t>r+(§T—§t)o—(T—zW/z —K)*
X]l{zC(T—t)r+(§T—§t)a—(T—t)02/2<BJz s
—(T—t)ryp* X

= o (TOrE*[(em(@) K)ﬁl{ oixepylos,  OSt<T,

where
2

m(z) == (T - t)r — %(T— t) +log
and N N

X := (Br — By)o ~ N (0, (T — t)o?)
under P*. Next, as in Lemma 7.7 we note that if X is a centered Gaussian
random variable with variance v2 > 0 and B > K , for any m € R we have
IE[(eerX - K)+]]'{em+X<B}}
712/(21)2){137

1 > m+x +
= — e —K)T1fgm+a e
\/ﬁ f ( ) {e <B}
m-+log B
\/27rv2 f m+logK
m+log B e 22/(2U2)d m+log B 7w2/(2v2)d

1/27.“)2J‘m+10gK V2?2 fm+logK

eMtT _ K) 6—12/(2v2)dx

X
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m+u /2 m+log B 7(,0271)2/(21)2)0!1 K J‘(fm-%—logB)/v waz/Zd.’L'
(=m+log K)/v

N I m-+log K V2T

MtV /2 2 milog B
\/ﬁ j v2—m-+log K
—K(®((m—log K)/v) — ®((m —log B)/v))
= emtv?/2 (@(v+ (m—1logK)/v) —®(v+ (m—logB)/v))
—K(®((m—logK)/v) — ®((m —log B)/v)).

e~V (20%) gy

Hence, the price of the European knock-out call option is given, if B > K,
by

EKOC; = e T=0"E*[(S7 — K) 15, <) | Fi
— o= (T=0)r gm(Se)+0*(T—1)/2 <q> (U " m(St) ; 10gK> o (v " m(St) ; log K>>

- erttoor (o (SR KY g () —logB
_Stq><(Tt)r+(Tt)02/2+10g(5t/K)) '

oVT —t
_ s <(T—t)r+ (T—t)02/2+log(5’t/B)>
‘ VT 1
e Tty (T =8)r = (T —t)0?/2 +log(St/K)>
Ke (o < T =1
—(T—t)r (T —t)r — (T —t)a2/2 +log(St/B)>
+ Ke (o] < T ,

0<t<T, with EKOC; =0if B< K.

90

~ 80

70
Underlying

Time to maturity (days) 40

o 50

Fig. S.62: Price map of the European knock-out call option.

b) By computations similar to part (a) we find that, if B < K,
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EKIP; = Ko~ T-0rg (7 (T—t)r— (T —t)o?/2+ IOg(St/B)>

oVT —t
so (, (T —t)r + (T —t)o*/2+ log(st/B)>
‘ oVT —t )
o = w0 = 200

Fig. S.63: Payoff function of the European knock-in put option.
When B > K, we find the Black—Scholes put option price
EKIP; = " T"E*[(K - S7) 15,<p) | ]
= e T="E*[(K — S7)" | ]
C Ke-T-trg (7 (T —t)r — (T —t)o%/2+ log(St/K)>

oT —t
_Sd (, (T —t)r + (T~ t)o?/2 +10g(Sz/K)>
i VT —t ’
0<tLT

35 -
30
25
20
15
10

s " o5

Underlying 70 80 20 © 40

80
Time to maturity (days)

Fig. S.64: Price map of the European knock-in put option.

¢) Using the in-out parity relation

EKOC; + EKIC; = e~ T="E*[(Sp — K)* | 7]
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(T —t)r + (T —t)o?/2 +log(S;/ K)
= 5o
oyl —1
CKe—(T-0rg ((T —r—(T—t)o*/2+ IOg(St/K)) 7
oyl —t
which is the price of the European call put option with strike price K,

the price at time ¢ € [0, 7] of the European knock-in call option is given,
if B> K, as

EKIC, = o~ T="E*[(Sp — K) T 1(s,>p | Fi]
((T —t)yr+ (T —t)o?/2+ log(St/B)>
= 5®

oyl —t
CKe—(T-trg ((T* tr — (T —t)o>/2 +10g(5t/3)>
oVT —t ’
0<tLT
b 2 = o 200

Fig. S.65: Payoff function of the European knock-in call option.

When B < K, we find the Black—Scholes call option price

EKIC, = o~ T="E*[(Sp — K) T 1(s,5p) | Fi]
= e T=E*[(Sp — K)T | F]
<(T —t)yr+ (T —t)o2/2+ log(Sz/K)>
= 5@

oVT —t
2
Ke—T-Drg ((T—t)r— (T—t)o /2+log(St/K)> .
¢ VT 1
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90
80

120 70

Underlying

Time to maturity (days) o 50

Fig. S.66: Price map of the European knock-in call option.
d) Using the in-out parity relation
EKOP; + EKIP; = e~ T—9"E*[(K — 57)% | 7],

which is the price of the European put option with strike price K, we find
that the price at time ¢ € [0,T] of the European knock-in put option is
given, if B < K, as
EKOP; = e~ T""E*[(K — S1) " 15,5y | Fi]
= e T-O"E*[(K — Sp)* | Fy] — EKIP,
= ke (T-0rg (7 (T—t)r— (T -t)a?/2+ log(St/K)>

oVT —t
5@ <7(T—t)r+(T—t o? 2+log(St/K)>
k oVT —t
5D <_ (T —t)r+ (T—t)02/2+1og(St/B)>
! ovVT —t
CKe-T-0rg (_ (T —t)r— T—t)02/2+log(St/B)> _
oVl —t

Fig. S.67: Payoff function of the European knock-out put option.
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When B > K, we have

EKIP;, = ¢ T0"E*[(K — S7) 15,55 | Fi] = 0.

90
80

HRE
HONMO®WOND
(L A A

70
Underlying

60

Time to maturity (days) o 50

Fig. S.68: Price map of the European knock-out put option.

In addition, by the results of Questions (d) and (c) we can verify the call-put
parity relation

EKIC; — EKIP; = e~ T=0"E* [(S7 — K)1(5, ) | Fi]

(T —t)r + (T —t)o?/2 +log(S:/B)
= 5
oVl —t
Ko (T-rg ((T —t)yr— (T —t)o®/2+ 10g(5z/3)> _
o/T —t

Exercise 11.9

a) Let
40— log (S(()U/Kl) + (r—o?T/2)
B oVT
and
o) _ 108 (S /o) + (r — 3T/2)
B ooVT ’
We have
o "TE* ]I{S(T”>K1}(S<T2) 7K2)+
o T
T (1= p7)

% LOZ ) f:@ (S(()Q) eo-zzﬁﬁ»(rfJ%/Z)T _ KQ)e7(1272pzy+y2)/(2(17p2))dxdy
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(2)
SO oo oo VT—02T/2  —(22—2, 2) /(2(1—p2
- 271 (1— p?) j 1)j 2) 72" 72 o= 2ty (21 ))dacdy

K —rT
S or 21e7 J I

Next, we have

d(z) 22 2
—2pzy+y?)/(2(1—p )>dxdy.

J‘oo 1) Ji(z) eo2aVT—a3T/2 o —(&®=2py+y?) / 2(1=0%)) g gy

— jmm jm@) 0202V T(1=p?) =3 T (1=p*) = (a®=2pzy+y*))/ (2(1=p*)) g gy,
a® J 4

- j 0 j > ) e~ (@=02VTP=20(@=02VT)(y—po2VT)+ (y=po2VT))/ (20=07) gy
—d " J—d”

- IOZu) \FIO;Q) JT o= (& =20+9°))/ 201=07)) g gy
—d_"—po2 Ty o2

(1)
_ j +ﬂlf2\/7j +02\/7 (12_2p1y+y2)>/(2(1_p2))dxdy,

hence

T 2 +

= 5@, (dY + poavT,d? + 02vVT) — Kze T, (dY),d)),
where
D, (u,v) = J J =200y 1)/ 2= grdy,  w,v € R,

denotes the standard joint Gaussian tail CDF with correlation p € (—1,1),
see also Zhang (1995), § 5.3 of Haug (2006), and Chapter 6 of Buchen
(2012).

b) Similarly, we find

Tk 2)\+
e rT]E ]1{5'(1)<K }(KQ — S; )) }
T
Kae™ j f —2pzy+y’ )/(2(1"’2))daﬁdydxdy
27r 1—p

@
O
27!'(17/)2) —00 —00

= Kye " Td,(—dY, —d?) = 8@, (=dY - poov'T,—d® — 63VT).

1106 O

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html
https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

Chapter 12

Exercise 12.1

a) This probability density function is given by

/2 —x—0oTl/2
T ﬁef(zfo'T/Q)Z/QT)_aeo'zq) (%)1 x> 0.

b) We have

E { min St] = SoE { min e"Bt_”Zlﬂ]
te[0,77] t€[0,T7]

= SoE {efﬁ Maxye(o, 1) (Bf,+0't/2)}

— S J’OOO 00T < 2 —@oT/22/(2T) _ , pougp <*9ﬂ - 0T/2>> da

7T VT
250 —(z+0T/2)2/(27T) o0 (‘I—UT/2>
= dx — Spo S| ———— | dx
\/QWTI w g JT
_ 250 I e~/ (21) 4 ‘750 I —(z+0T/2)%/(27T) g,
V2nT JoT/2 \/27TT
_ 25 o-v2/(21) gy _ 750 2/(21)
T \orT LT/z C VorT LT/Q z—oT/2)e” de
T
= 2S0(1+ 02T /4)D(—oVT/2) — sga./%e*UQT/S. (S.62)
1
0.9
0.8
0.7
\
0.6
g os N
0.4
0.3
0.2
0.1
° o 10 20 30 40 50
time T

Fig. S.69: Expected minimum of geometric Brownian motion over [0, 7).

¢) We have

E

=E [Kf min St]

+
(Kf min St>
te[0,T) te[0,7]
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2
—k-5(2(1+7 )@ ST T arrys )
4 2 o

—— Upper bound
—— Black-Scholes put price

S1lo 12 14 16 18 2.0

Fig. S.70: Black—Scholes put price upper bound with Sp = 1.

The derivative with respect to time is given by

0 o? o?T o _62T/8
—FE i =Sg—P( — T/2)—2 1+ — a
or Lé‘[‘éf%]sf] S0 ®(~oVT/2) So( g )mﬁ

3
980 —orrys 500 [T _o2rys

8T 8 2m
:Soa2q> _U@ _ Soo o—o?T/8 1+302T ‘
2 2 2T 4
° —
P
-0.2 —
2 oa K/
§ -0.6
-0.8
* o 5 10 15 20 25 30 35 40 a5 50
time T

Fig. S.71: Time derivative of the expected minimum of geometric Brownian motion.

On the other hand, when r > 0 we have

T t 7t [ St o’ m6 /e T—t m6
w17 e (1 (3)) 55 () ()
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2
(T—t)r g Tt Sy
+Ste <1+2T><I>< o <m6>>

When r tends to 0, this minimum tends to

log(S/mf) — O'QT/2> ( log(S/mb) + O'QT/2>
t P 0 5@ (— 0
o (P i VT

1 S mk 2r/o? mk
29, lim — (T—t)r Tt [ Pt (™ T—t [ Mo
to St rg% 2r (e @ §+ m6 St @ 57 St ’
li i (T=t)rgy [ _gT—t i _ % 2r/62q> 5Tt %
rl~r>r[l) 2r ¢ + mE St - St

1 og(Si/mb) +o*T /2 + 1T
=y - (@@ -ome (- T )

<1+71 0) lOg”Lo/St—O'QT/2+TT>>

VT

2 log(Si/mb) + a>T/2
<T t+ logS)CP( —U\/,
<f (log(St/mb)+02T/2+7T) / (oV'T) o

N =

+ lim —— yg/Qdy

r—0 r/8m

_ J(—log(Sz/mo)—azl /2+rT)/ (oV/T) e_yz/Qdy)
—00
1 2 m log(St/mb) + o*T /2
= (T —t4+ Zlog—0 | 22770/ T2 777
o e @) e (-
log(S¢/m§)—0>T/2+rT)/(aV/T)

— lim —— j

r—0 /87 log( SL/mU —a2T/2—rT)/ (aﬁ)

1 m, log(S/mb) + a?T /2
=-(T- +—1 0)4)(70—
2( %S, VT

_ VT ((tou(St/mb)+0>T/2)/ (oVT)2 /2
o ’

e*yz/Qdy

<10g Sy /mb) 702T/2>

¢ 2
L5 <7log(St/m0) +o T/2>

oVT

& B ml log(Si/mb) +a>T/2
+2< t0+2logs>d>< —n\/T

08, /7e—(<log<st/ma>+02T/2>/<oﬁ>>2/2
v
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In particular, when T tends to infinity we find that

lim E* [mg; | ]-'t}

—— =0 > 0.
T—o0 ]E*[ST | .Ft] ’ "

When ¢t = 0 we have Sy = m87 and we recover
2
w7, T] o°T _@ _ [T o278
E [mo}—2<5})+ 4 )(P( g 2 (TS() 27Te .

Exercise 12.2

a) By (S5.62), we have

E {Max St
te[0,7T7]

- E {ea Max;c o, 7] (Btfot/2)1|

= SoE [C*(*U) Maxte[o,T](BL*(*U)t/z)]

=2S0(1 4+ o*T/4)® (o VT /2) + Soo/ 2107"2T/8.
T

1.9

1.8

1.7

1.6

1.5

price

1.4

1.3

1.2

1.1

time T

Fig. S.72: Expected maximum of geometric Brownian motion over [0, 7).

b) We have
+
E <So Max e?Bi=o"t/2 7K> =E {So Max e?Bi=o"t/2| _ g
te[0,7] t€[0,7]
2 T T
—25(1+ 25 ) @ g£ T Sy e /8 _ k.
4 2 o
1110 &
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—— Upper bound
—— Black-Scholes call price

S00 02 04 06 08 1.0
K

Fig. S.73: Black-Scholes call price upper bound with Sp = 1.

The derivative with respect to time is given by

o [ Soo? VT Soo _g2r ( 302T
—E | Max S| =22 @ (o= oT/8 (1 )
ar " |ielo) *} 2 (U 2 | T et T

10

derivative

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time T

Fig. S.74: Time derivative of the expected maximum of geometric Brownian motion.

Note that when r > 0 we have
S o? S
T _ t T—t t T—t T—t t
E* (M | F] = M{® (—5, < 5>>+Ste( r <1+2T>q><5+ (Mé

o ([ MENP e (MG
- (5) e (- ()

When r tends to 0, this maximum tends to

log(Sy/ M}) — aQT/2> <1og(st/Mt) +02T/2)
M@ (- 0 + S ® 0
0 ( oVT ¢ oVT

O 1111
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N 2r/a? Tt
26 1im L [ ot (57—t (S _ (Mo st (Mg
= T A G 7! 5, e\ s )))

where

1 s, MNP ML
s - (T—t)r T—t [ Pt _ 0 _sT—-t [ 0
2 <e <1><§+ <M§>> (St> q)< > <Sz>>

log< )+” T+rT

= lim 1 1+ (T-t)r)®

r—0 2r g'\/T
t It 2 _
<1+2771 Afe) ® <log(St/]MO)+d T/2 rT))
St oVT
¢ 2
_ 1 <T7t+—1 ]MO> @ <log(St/]WO)+a T/2>
2 St ovT
log(S¢/ ME)+02T/247T)/ (o VT
+ lim —= <I(0g( e )O’yzﬂdy
r—0 ry/87
_ Jv(log(Sf/M(%H»azT/?frT)/(a\/T) e7y2/2dy>
—00

1 2 M log(Sy/ M§) + 02T /2
= (T—t+Slog=2) 0
2 < + o2 8 Sy > ( oVT
| (log(S¢/ M) +0>T/2++T)/ (ov/T)
+r1£% T‘/gw (log(St/ ME)+02T /2—rT)/(oV/T)

¢ ' It 2
:%(T f+31 8];{ )q)(log(St/]Lfo)-l—U T/2>
t

e_yz/Qdy

oVT
+ VT Cf((log(St/Alé)-%—azT/Z)/(Jﬁ))z/Q
oV 2T ’
hence
log( St/Mt —o2T/2 log(Se/ ME) + 2T /2
E*[M] | 7] = M{® ( + 5, US/T
M, log(Sy/ ME) + o*T /2
+28 (T —t)o? + 210 0) <1>< 0
( ¢ VT
toSyy] L o (Uos(S/M+0T/2)/(0VT))2/
2
In particular, when T tends to infinity we find that
1112 D)
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2
T a .
. lE*[]VId ‘]_-t} B 1+; ifr >0,
T—oo E*[ST | Fi] o
+o00 ifr=0.

When ¢ = 0 we have Sy = M{), and we recover
T T /T
E* []V[(ﬂ =2 (SU + J—) P <0\2F> +0Sp %e7‘72T/8.

Exercise 12.3

a) We have
P( min By ga) :QJG 6*362/(27‘)(172?7 a <0,
te[0,7) —00 2T
i.e. the probability density function ¢ of Sup B is given by
te[0,T]
pla) = lefaz/@ﬂ]l (a) a € R.
T (—00,0]\%)s
b) We have
E [ min St] = SolE {exp (0’ min Bl>]
t€[0,7] t€[0,T]
QSO e0T— x2/(2T) 25y T)2/(2T 2
= de = —=°9 (z—0 (@T)+0*T/2 g,
J V2ro?T J
_ 250 00>T/2 j*"T o—a2/(20) gy — 250 eUQT/2f "‘F —22/24,,
2nT -0 V271 —o0

= 250”720 ( ~ oVT) = 2E[S7] (1 — @(oVT)),

hence

E [ST ~ min St} = E[Sy] ~E { min St} = E[Sy] - 2E[Sy] (1 ~® (o\/f))

te[0,T) te[0,7]

= E[S7] (2d> (aﬁ) - 1) =25 e”QT/Z’(@(m/T) . %)
and

e’ T/2 {ST— min Sy —So(Z@(of)—l) 250(1—2‘1)(—”\/?))'

te[0,T]
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Remark: We note that the price of the lookback option converges to Sy
as T goes to infinity.

2 (0(GT12)-1) =’

0.8 -

0.6 -

Price

0.2 Z

Time T

Fig. S.75: Lookback call option price as a function of 7' with So = 1.

Exercise 12.4

a) Applying Propositions 10.9 and 10.10 with ¢ = 0 yields

E*[M{] = So (1 - f) N <@ﬁ>

2r
2 2
+ Sper” <1+%><1><7” f”ﬁ),
and
T o? r—a2/2
E [mo]:S()(lf? @ Tﬁ)
2 2 .
+Spe'T (1 + %) ® «#ﬁ) ,
hence
E {]\Ig-i-moT} _ So (17072> <q> (02/277’\/?) +¢<r702/2ﬁ>>
2 2 2r o o
2 2 2 .
+&e"T <1+(L> <q)<a /2+7’ﬁ> +<D<70 /2+7ﬁ>)
2 2r o o

_SO 02 rT 02
D) <1_2r +Soe™ {1+ 5

— SO rT 0.2 T _
—7(1+e )+SOE(6 1),
where

1114 O
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P(z):=P(X <z e7y2/2dy, z€R,

1 T
==
denotes the Cumulative Distribution Function (CDF) of a standard nor-
mal random variable X ~ A(0, 1), which satisfies the relation

P(z) + P(—2z) =1, z €R.

12

1
1 Gaussian CDF ®(x) =

0.8 -
d(x)

0.6 |
0.4

0.2

Fig. S.76: Graph of the Gaussian Cumulative Distribution Function (CDF).

When r = 0, Propositions 10.9 and 10.10 yield

2
E*[ﬂfg] = 250 (1+ %) D (O’?) +O’S()\/ %Q*U2T/8

2
Il = oT VT T _21/8
E [m0]7250<1+ 1 )CD( 7 ) gsm/%o ,
hence

T T 2

E My +mg =Sy 1+ﬂ o) a@ 4+ P ,U@

2 4 2 2

o2T

b) By Propositions 10.9 and 10.10 applied with ¢ = 0 or the result of part (a),
we have

and

2
E[MJ +md] = So(1+ ' T) + SO%(eTT -1),

hence

E[Sy —md] —E[M{ — S7] = 2E[S] — E[MT +m{]

@) 1115

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

2
=28pe™ = Sp(1+ ¢T) = So - (e — 1)
2

= Sp(eT = 1) (1—%) .

When r = 0, we find similarly
E[Sy —md] —E[M{ — S7] = 2E[S] — E[MT +m{]

27
=250 — So (”%)

2

g
=-2.T5,.
) 0

Exercise 12.5 We have
E* [B_TT]]-{TgT}]]-{AIg—ST2K}]
o0 (oo}
—rt
jO jK+z e f(T!STJV[T)(t’z’y)dydxdt

N
LT f;o foy_K e " fir.5, a0 (T, y)drdydt
[e

for T> 1, and B [ "L eny Ly s,k = 03 T € [0,1]

Exercise 12.6

a) i) The boundary condition (12.3a) is explained by the fact that

T B [MT — Sp | Sy =0, M§=y]
= e T=OE* (M — Sp | Sp =0, M{ =y]
= e T (M | M = y] — e TDE*[Sp | S, = 0]

_ yef(Tft)'r’

f(t,0,y)

since E*[Sp | S; = 0] = 0 as Sy = 0 implies S7 = 0 from the relation
Sy =S ea(BT—B¢)+(ufa2/2)(T7t)’ 0<t<T.
ii) The boundary condition (12.3b), i.e.

of
a5 LY )y=2 = Y, IXTXXY,
ay(tacy)7 =0 0<z<y

is illustrated in the following Figure S.77, see also Figure 12.3.
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80 -

a0 -

Lookback put price

40 S=60 80
y=Mb

Fig. S.77: Graph of the lookback put option price (2D) with S; = 60.

iii) Condition (12.3c) follows from the fact that
f(T,z,y) = IE*[]\{OTfST|ST =z, MI = y=y-—=.
i) The boundary condition (12.14a) is explained by the fact that
f(t,z,0) = e~ (T-Orpx [ST - mOT ‘ Sy =z, mh= 0}
= o~ (T-Orpx [ST | Sy =z, my = 0]

= o T=OTE*[Sy | 5, = 2]
T—t)rx

= e ( s x> 0.

ii) Condition (12.14b) follows from the fact that
f(T,2,y) =B [Sp—m{ | Sr =2, mj =y] =2z —y.

We have
f(t,@,z) = xC(T —1t),

with
C(r) =1-e77®(67 (1))

2 2
(145 ) o5t + e TR W), >0

2r
hence
o) =C(T—1), 0<t<T
01; b b b k)
while we also have
ad
aiz(tway)y:Z:(L 0<1<U7

see also Figure 12.11.
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Chapter 13

Exercise 13.1 We have

E UTT Stdt] = LT E[S]dt

T
_ SO I ]E[eaBtJrrtfaQt/Q]dt

r

T
_ SO J; C7't762t/21E [ CJBL}dt

T
=S L ertd

T T
e —e
=S—, 0

/A
3

/A
~

and

E

(JTT Stdt> i E UTT Sydt LT Sudu]
=E UTT LT SuStdtdu}

T ru
= 2L L E[S..S]dtdu
— QSg IT Iu E [ ea‘Bu+ru—a'2u/2 eo‘Bg+rt—L72t/2]dtdu
T Jr

T
_ 253 J; J‘Tu erufrrzu/2+7'tfcrzt/2]E[eaBu+aBt]dtdu

T . .
_ 258 JT e(T—UZ/Q)u ju e(r—Uz/Q)t]E[echru,Jrcht]dtdu

T

T
_ 253 J‘T e(Tfth/Z)u ju e(rfaz/Q)t]E[e2aBt+a(Buth)}dtdu

T

T P 7
_ 253 L— 6(7—02/2)71. j1 e<r_02/2)t]E[eQ(TBt]]E[eU(B""_Bt)]dtdu

T

T
= 253 L— o(r=o?/2)u ju e(r=o/2)t 207t (o2 (u=t) /2y g,

T

AT
=283 JT e’ Lu "ty

— 3‘?7 [T (e(2r+02)u _ erue(r+02)f)du

g "
052 7,e(az+2r)T _ (0.2 + 27”) erT+(a2+r)'r + (02 + ,f.) 6(02+2r)7
- o0 (o2 +7) (0% +2r)r

T
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Exercise 13.2

a) The integral JOT rsds has a centered Gaussian distribution with variance

( JOT rsd,s.') T — 2F { joT IOT BsB/,dsdt}

o2 jOT jOT E[B, B;]dsdt

E

T T
_ 2 :
=0 L) 0 min(s, t)dsdt

252 IOT fot sdsdt

T
_ 2 2
=0 | it
_ 7
3
b) Since the integral fOT rsds is a random variable with probability density
1 —322/(27T3)
T)=——c¢ ,
w(2) VorT3/3
we have
T
—rT _ — o T —
e ™ E (IO rudu n) :l e j z— 1) o(x)d
er” j 7312/(2U2T3)dl,
\/ 27r(72T3/

_ /23 —a?/2
7ﬁfn/m(x o*T3/3 — w)e " Fdx

—T\o?T3/3
_ Vel re—t/20y . ©

T
Vor L/\/aZT3/3" \/277 fm/\/02T3/3 ¢

e VT3 /3 1 209 5
R i P /o2T3
V2T [e :|f€/\/0'2T3/3 \/ H/ T /

—rT 23 . . —rT
S TR R i e
s v

23 —rT -
=Ty o e3r%/(20°T%) _ . © ’ D | —ky/ 723 5 |-
6 V2 o?T-

Exercise 13.3 We have

712/2([.7;
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(%J;)TSudufn>+ ‘]—}} = (T “‘115[ J Syudu — ‘]—‘t}

— o (T- tr]E{ f Sdu‘]—}}—ne (T—)r

e—(T—t)r]E

= e~(T-t)r [JSdu‘]—}}-ﬁ-e(T‘ [J Sdu‘ft}wewﬂ

=e (T j Sydu+ e~ (T0r U Sudu‘ ,,] e (T

= e*<T*f>uj Syudu+ e*<T*f>TTj E[S, | Fi]du — ke~ (T=0r
e J, 107 gy — (-0

S
_ —(T—t) T‘i —(T—t)r Pt U _ —(T—t)r
e T fo Sudu + e 7 Jo e du — ke

_ e—(Tft)r% jot S+ e—(Tft)r%(e(T—t)r Z1) = ke(T=t)r
_ o (T=t)r
= T Y Sdu b St e T,

€ (0,77, cf. Geman and Yor (1993) page 361. We check that the function
flt,my) = e T0(y/T — k) + 2(1 — e~ T=07) /(rT) satisfies the PDE
of of of 2%f

9J 9] 2 20°)
pr ay(tx1)+r1: (fa:y)-‘r ~z°0 (t,z,y),

(t,z,y) +x B 52

rf(t,zy) =

t,z > 0, and the boundary conditions f(t,0,y) = e T (y/T — k),
0<t<T,y€ Ry, and f(T,2,y) = y/T — &, z,y € Ry. However, the
condition limy__o f(t,2,y) = 0 is not satisfied because we need to take
y > 0 in the above calculation.

Exercise 13.4
a) We have

1 0T
e~ (T—OrEx [7 fo Sydu — K‘ ft}

e~ (T tT]E*{ f Syudu

}-t] e (T—t)r

—(T—t)r " —(T—t)r T
= eTJE* UO Sudu }—t} + eTlE* Ut Sudu }‘,} — Ko (T-0r
Of(Tft)r

it e~ (T=tr
s e * _ —(T—t)r
7 JO Sudu + = | E[S) | Fldu—Ke
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o= (T=t)r
T
IT e du — Kef(Tft)T

t

o= (T=t)r

T
jt S+ [ e Sydu — Fe e (0"
0 t

—(T=t)r 4 —rT
= S [ Sudu+ 5=

(T t)r S,
7j Sydu + 7( e=(T=0r) Ko (T-0r,

b) Using the relation

(z-K)"—(K-2)"=2-K, K,z€R,

<% jOT Sudu — K>+ ‘ ]—'t}
(=41 suw) |
( deu— ) <K—%IOTSudu>+

_ o —(T—t)rg=* l T _
=e E [Tjo Sydu K’ft]

we have

Ot K)— P(t,K) =

ef(Tft)'rIE*

—(T— tr]E*

a}
e—(T—t)r

)
= o [ Sudut S (1 o0 (T (5.63)

¢) Any self-financing portfolio strategy (& );er, with price process (V;)ier,
has to satisfy the equation

dVy = md Ay + &dS,
= T?]tAtdf/ + uézStdt + UfzSdet
= rVidt + (p, — r)&tStdt -+ oftStdBt, te IR+.

On the other hand, by part (a) we have

—(T—t)r
v, =d (j Seds + iT( —e Tty _ Ke<Tt>T>

§ —(T—t)r S

R e gy Pt~ (T-t)r

7 JO Sedsdt + ————Sudt — T dt

_ o (Tt
prme s, e Ty
rT
—~(T—t)r

_ I (Tt —e _ —(T—t)r

ze j Sudsdt + S —rKe dt
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1— e (T-0r X
= rVidt + ————dS; — Sy(1 ~ e~ (T=0r) gy
T

1— e—(T—t)T

= rVidt + T((u — 1) Sidt + o SidBy),

hence
1— ef(Tft)r

&= T )
which can be recovered by differentiating the pricing function

€ 10,7,

e—(T=t)r

e x 1— —(T—t)r _K —(T—t)r
. (1- e T0r) ke

v+ rT
t
in (S.63) with respect to z = S;, with y = I{) Sudu. We also have

(T—t)r
Vt:if Syds + &S, — Ke= T 4 e0,7].

d) The following ‘R code yields $7.906436 for the price of the long forward
contract.

T=1;t=63/252;r=0.0209;K=80;dt=1/252;S=as.numeric(last(futures));
exp(-(T-t)*r)*sum(futures)*dt/ T+S*(1-exp(-(T-t)*r))/(r*T)-K*exp(-(T-t)*r)

Listing S.7: ‘R code - Pricing a long forward contract.

Exercise 13.5 The geometric mean price G satisfies

T t T
G = exp <% JO log Sudu> = exp <l f log Sydu + 1 L log Sudu)

1 t T
= exp (? jo log Sydu + log S+ J log —du)

1 pt T—t
= exp <7I log Sydu + T log St

TJ r(u—t)+ (By— Bi)o— (u—t)o 2/2)du>

T—t
= exp (? jo log Sydu + log S;

1 T—t 5 o T
+?f0 (ru—o 71/2)du+fjt (Bu—Bt)du>

_ (T—4)/T 1t (T —t)? _
= (S;) exp <Tfolog5udu+72T (r—o%/2) + Tf (Bu — Bt)du

T

where j Bydu is a centered Gaussian random variable with conditional
t

variance
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(LT Budu>2 ‘ £ <J;T(Bu B Bt)du>2 ]:t}
(LT(Bu - Bt)du> ’

(L}Tﬁt(Bu - Bt)du> 2} - jont jont E [B,B,] dsdu

=2 IOTit jou sdsdu = IDTit wdu = (- t)s

=E

=E

=E

Hence, letting

t (T —t)? 2 o (T
log Sy + (r—o°/2), X:= ?L B, du,

1 rt T—
=7 fo log Sy du+ T

and v? = (T —t)o?/3, we find

1 (T *
<exp (T jo log Sudu> — K) ‘ ft}

(e \(T—)/T —(T—t)r 1t (Tt
(St) e exp <T Io log S, du + T

e—(T—t)r]E*

2 ST @
‘b (T—t)o?/3+ + fo log Sudu + log 2t + 5 (r—0%/2)
o (Tft)/?)

T t)/T

—Ke (T-rg ( b Jylog Suu + 108 + Uyt - 02/2))

o (T—t)/3

0<t<T. Incase t =0, we get

1T *
<oxp <T fo log Sudu> - K>
_ T(r+02/6) /2, ( 108(S0/ K) + (’r+02/6)/2>

=S q’( oVT]3
T log(So/K)+T(r—02/2)/2>
fre ¢< oVT/3 '

CfTT]E*

Exercise 13.6 Under the above condition we have, taking ¢ € [r,T],

1 (T +
(i) |

@) 1123
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At — (M K+ F
<t+T77—Jt rsds — > t

T
= o (T-0rp* {At + LJ reds — K ‘ ]-'t}
—T7Jt

— o (Tt

T

—(T—t)r T
_ —(T—t)r _ € * e
=e (Ar—K) + ———E “t rods ]—'t}
—(T=t)r .
_(T— e .
= e (T t)T(At_K)JrTifTL E [TS‘}—t]dS, tE[T,T],
where
E*[rs | 1] = vy~ (5mHA +m(l— ef(sft))‘), 0<s<t,
hence

E* =E*

1 7 *
(T—TL r5d57K> '.7-}

1 T,
:At7K+ﬁL E*[r, | Fi]ds

1 T *
(At“rﬁj‘l TSdS*K>

|

=N - K+ % JtT (rte*(‘sf’f)’\ +m(1— e*(sft)/\))ds
=N —-K+ Ti (re —m) foT_t e ds +m(T — t)#
=N~ K+ (r - m)ﬁ JOT% e Mds + mg:i
:At—K+1ETe:#(”_m)+m%_

Exercise 13.7 This question extends Exercise 7.4 to n > 3. If (S;)ser, is a
martingale then for any convex payoff function ¢ we can write

B fo (St )] o {M since g s convex,

_ E"[¢(S7y)] + - + E*[¢(ST,, )]
_ ETlo(E[5T, '7}T1m + — + ET[0(E" (57, | Fr, )] because (St)ier, is a martingale,
< EE[$(Sr,) | Pyl + -+ E"[E"[¢(5T,) | Fr, ]
_ Eo(Sp )+ +]E*[¢(T‘2Tn)]

by Jensen’s inequality,

by the tower property,
=E"[¢(ST,)]-
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On the other hand, if (S;);ecr, is only a submartingale then the above ar-
gument still applies to a convex non-decreasing payoff function ¢ such as

ola) = (2= K)".

Exercise 13.8 Taking ¢ € [r,T], under the condition

1 t
Ari= L Syds > K,
we have
N
1S s | N
e E (T_TL Sds K) ft}
+

_ o (T—t)rp=* 1 T _
—e E (At+7T7TL Sids K) ft}

_ o —(T—t)rp=* 1 T _
—e E {At+7T77_L Syds K'}'t]

—(T—t)r .
e~ T=0r (A, — K) + & E* “f Syds

T—1 }—t}

—(T—t)r
= o (T (A, — K) + CT_ IITIE*[SS | Filds
—(T=tr
o~(T=07 (A, — K) + St%.ft o507 g
—(T=t)r 4
e T = ) + 5 [T eras
ST (A~ K) 4 5 (T
= e (A —K)+ tm(e -1
_ o (T=t)r
_ e—(T—I,)r(At 7K) +St1(T6777-)7" te [T7T}.

Exercise 13.9 The Asian option price can be written as

! TSd K+
(7 Jy sun—x)

= Sih(t,Uy) = Seg(t, Z4),

) 5 Fi| = SE [(Ur)* | U]

which shows that
g(t7 Zt) = h(t, Ut)7

and it remains to use the relation
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1— e (T=t)r

Up=—p—+ eIz, telo,T)].

Exercise 13.10
i) By change of variable. We note that Zt = e’(T’t)"Zt7 where

1 1t 1 [ A+
= = u — g g s
Zy S, ( fo Sudu K) St < K> s 0<tLT

and the pricing function g(t, Z;) satisfies the Rogers-Shi PDE

2
E(t,z)Jr(%—rz) a( )+ ~o22 %(f z) =0.

Letting 7 := e T8z and §(t,2) = g(t,eT072) = g(t,2) =
q(t, 0_<T_t)rz), we note that

0 0. (T—t)r
ai(t z) = ag(t7 e (1) 2)
= %(L ef(Tft)Tz) + ref(Tft)ng—Z(t, ef(Tft)Tz)
= ag(t 2) +rzgq( t,7),
dg S G R i —(r—t)yr 09/, ~
By (t,2) =e 8E(t’ e z)=-e 82(1&, 2),
g oG, ety 21—t PG, ~
522 (t,z) =e a?(t, e z) =e @(t,z),
hence
2 1 ) 1 5 502
0= a‘i(t z)+ (? —rz) a—Z(t,z) + (72z2a—z‘g(t,z)

2
_% 99 L) e-0r99, +
= (t Z) -i-rza (t,2) + (T rz) e BE(LZ)

+1 2,2 —2(T—t)r ag(t ?)

g0 e 72
_ 0y 1 - (T—t)r g, - 159 g, -
=3 (t,2) + T 8g(t7z) +50% 5 (t,2),
and the (simpler) PDE
1126 O
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I T

9g 1 —(T—t)r AQ(?Z:(} _
at(t,%)-‘rTe 8E(t’z)+20Z a?(t,i)fo.

ii) Using the Ito formula. Given that

dZt = d(Ci(Tit)TZt)

=re T Z,dt + e~ (T-V7qz,

=rZ,dt + e~ T4z,
and

dSt = T‘Stdt + ()'StdBt7

under the risk-neutral probability measure IP*, an application of It6’s
formula to the discounted portfolio price leads to
d(e™S5(t, Zt))
= e " (—rg(t, Ze)dt + §(t. Z¢)dS, + Sudq(t, Z;) + dSy - dg(t, Zy))

rt (7r5t§(t, Zy)dt +g(t, Z)dS, + St% (t, Z¢)dt + St% (t, Z)dZ)

1 (o 07
+58 t <St8 ) (t Zt) (dZt) +dSt (t Zt)>
=e” <77Stg(t Zy)dt +3(t, Zt)dSt-i—Stg (t, Zy)dt

+thStg (t, Zy)dt + Spe=T=0r gg (t, Zt)dZt>
1 »g - .
+3e” S’fa (1. 20) (dZ0) + dS; - di(t, Z4)

= eiTt (—T‘Stg(t, Zt)dt + rStﬁ(t, Zt)dt + O'Stg(t, Zt)dBt + ’V’ZtSz% (t, Zt)df>

+o*’t< ~T=0rg, 7, (- 7'+a2)%(t,2t)dt

+% e_<T_t)rSt? (t, Zt)dt - 0'6_<T_t)TStZt% (t, Zf)dBt)

*”(1 o277 st tZt)dtfcr?StZtg (t, Zt)dt>
— 7'rtst<

%
ot 0z L o22
ag
+Ste tZt 7UZta (t Zt) dBt

(t, Z;) +f ~(T=or ag(t Zt)+%o222@(t,2t)> dt
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Since the discounted portfolio price process is a martingale under the
risk-neutral probability measure IP*, the sum of components in d¢ should
vanish in the above expression, which yields

g 1 g %5
(6 Z0) + e T (4, Z) + Uzth S, 2:) =
and the PDE
99 1 —-0r99 1 220%9, - _
at(tz)+TC a(tz)+2 zazz(t,z)f(]7

under the terminal condition g(7',2) = 2%, Z € R.

Exercise 13.11
a) When A;/T > K we have

A 1— e (T=t)r
F(t, St Ay) = e T70r (% - K) + SteTiTv

see Exercise 13.8.
b) When A;/T > K we have

1— e (T-0)r A
€& = "7T and Ay = T (% - K) ., 0<t<T.
T

¢) At maturity we have f(T,St, Ar) = (Ar/T — K)T, hence &7 = 0 and

efrT AT AT +
nrAr = Ar A <T —K> Liar>kT} = (T —K> .

d) By Proposition 13.12 we have

&= s% (f(t,St,At% (ﬂ*K> Z‘Z ( si (%*K»)

where the function g(t, z) satisfies f(¢,z,y) = zg(t, (y/T — K)/z)) and

1— e~ (T—t)r

to)=ge Tt "%  ° 0
g(t,z) = ze + T , z >0,
and solves the PDE

dg 1 dg 1, ,0%

E(th) + <f 7rz> &(Lz) +5072 @(t,z) =0,

under the terminal condition g(7, 2) = 2™, hence letting

1128 @)
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0z
we have

) 1 ) 1 0?
(T—t)r 99 (T—t)r _ 9 1 22079
e Bt —(t,z) +e (T rz) az(t,z)+ oo
with h(t,z) =1, z > 0, hence

.02 17)
(T—t)r 979 (Tt
¢ otoz (t,2) —re

3
to2zeT=0r ?(f 2) 4 Lot 2 0%

5 o’z @(t,z) =0,
or
oh 1 2 oh 1 5 50%h -
E(th) + <T+ (o fr)z> E(Lz) +5072 ?(t,z) =0,

with the terminal condition 1(T’, 2) = 1y,503. On the other hand, we have
1
"=, (f(t, S, Ar) = &S)

-5 (7)o (7))

e~ (T=0r /A, 1 /A
T(?‘K>h< §<7_K)>

Exercise 13.12 Asian options with dividends. When reinvesting dividends
the portfolio self-financing condition reads

dVy = mdAy+&dS; +  06.S.dt
—_——— —
Trading profit and loss ~ Dividend payout

= rnAgdt + & (1 — 0)Sidt + 0.S4dBy) + 0§ Syt
= ripAgdt + & (pSedt + 0.SpdBy)

= rVidt + (p—7)& St + 0€4.Syd By,
On the other hand, by It&’s formula we have
dgs(t, St, Ar)
8(/5 a a 9s
Bt —=2(t, S, A¢)dt + 6—(t Sty Ag)dA¢ + (n—0)Sp——= 9 —=2(t, S, A¢)dt
1 22 095
SS? af; (t,St,At)dt-i-oSt%(t Sy, A)dB,

teR,.
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17) 0 17)
= 89156 (t S/,AOdf'FS[ 896 (t SL,AL)dt+ (M (S)S[ 896 (t S/,A/)

+7 2520°95 (t, S Al)dt-i-as,b(t Sy, Ay)dB,

t a 2 )y Mty L az El k] L Ly

hence by identification of the terms in dB; and dt in the expressions of dV;

and dgs(t, S;), we get

€ = Jgs
Ox

and we derive the Black—Scholes PDE with dividend

—==(t, S, Ar),

995

ot 2(t,2,y) (S.64)

995

rgs(tey) = 5 (b y) +y -
_ 0gs 1, 50%
+(r (5):681( )+20162

(t,z,y).
Defining f(t,z,y) := eT=D9gs(¢, 2, y) and substituting

gs(tz,y) = TP f(t,2,y)
in (S.64) yields the equation
of

0,
Ff(t,9) = 05 (ty) + u (62.9) + G t,2.0)
ad (92
+(r76)x£(t7z,y)+ 10 T d—é(t z,y),
i.e.
(9f of .
(r=8)f(t,z,y) = 5, (2, u)+u0y (t,z,y)
2
+(r—10)x af(t x y)+ ~o’x ﬂ(t z,y),

Ox dx?

whose solution f(¢,z,y) is the Asian option pricing function with modified
interest rate r — 0 and no dividends, under the terminal condition

f(T,2,y) = g5(T,2,y) = (% —K)+

Therefore the Asian option price gs(¢, S, A¢) with dividend rate 6 can be
recovered from the relation

gs(t,w,y) = e TP f(twy),  tel0,T], z,y>0.
Note that we can also define
h(t,z,y) = gs(t,zeT=1 y)
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and substituting
g5t z,y) = h(t,ze®T y)
in (S.64) yields the equation

Oh Oh
fyafy(tw,y)Jra(t,»L,y)
oh 1,5 282h
+T'£L'%(t7x7y)+§0' x W(mx:y%

rh(t,2,)

whose solution h(t,z,y) is the Asian option pricing function with interest
rate r and no dividends, under the terminal condition

Y +
MT,z,y) = g5(T,z,y) = (? —K) .
Finally, the Asian option price gs(t, S, A¢) with dividend rate & can be also
recovered from the relation

gs(t,z,y) = h(t,ee™ T ) te(0,T], 2,y > 0.

Chapter 14

Exercise 14.1

a) The process ((2 — B¢)")ier. is a convex function z — (2 — )" of the
Brownian martingale (B;)icr, , hence it is a submartingale by Proposi-
tion 14.5-(a).

b) Taking ¢ := 1 and i := 0%2/2 > 0, the process eZ* can be written as

=

—o2 ]
eB‘ _ eaB(, o%t/24put _ epteaBt o t/27 te ]R+,

hence it is a submartingale as the driftless geometric Brownian motion
eoBt=0?t/2 i3 3 martingale.

When ¢t > 0, the question “is v > t?” cannot be answered at time ¢
without waiting to know the value of Bg; at time 2t > ¢. Therefore v is
not a stopping time.

For any ¢ € R4, the question “is 7 > ¢?” can be answered based on the
observation of the paths of (Bs)o<s<: and of the (deterministic) curve
(e5/2 + as eS/?)Ogs@ up to the time t. Therefore 7 is a stopping time.
Since 7 is a stopping time and (e#t—*/2) is a martingale, the Stopping

o
~

d

=

e

N

teR 4
Time Theorem 14.8 shows that (CBMT_(M")/Q)tE]R+ is also a martingale
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This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html
https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

and, in particular, its expected value*
IE[OBLAT—(U\T)/Q] _ ]E[CBUM—(O/\T)H] _ ]E[CBU—O/z] -1
is constantly equal to 1 for all ¢ > 0. This shows that
]E[eBTfr/Z} —E [lim eBtAT*(t/\T)/Q]
t—o0

= lim ]E[eBtAr_(l/\T)/2}

t—o0
=1.
Next, we note that eP = (a+ f7)e7/2 at time 7, hence a + fr =
eBr=7/2 and

a+ BE[r| = Ela+ 7] = ]E[eBT*T/Q} =1,

ie. E[r] = (1—a)/pB.

Remark: This argument also recovers E[7] = 0 when a = 1, however it
fails when (o > 1 and 8 > 0) and when (o < 1 and 3 < 0), because 7 is
not a.s. finite (P(7 < co) < 1) in those cases.

Exercise 14.2 Stopping times.

a) When 0 < ¢ < 1 the question “is v > ¢?” cannot be answered at time ¢

b

=

without waiting to know the value of B; at time 1. Therefore v is not a
stopping time.

For any ¢ € R4, the question “is 7 > ¢?” can be answered based on the
observation of the paths of (Bs)o<s<t and of the (deterministic) curve
(o e_s/2)0<5<t up to the time t. Therefore 7 is a stopping time.

Since 7 is a stopping time and (By);er, is a martingale, the Stopping
Time Theorem 14.8 shows that (CBMT_(M")/Q)tE]R+ is also a martingale,
and in particular its expected value

E[eBtAT_(L/\T)/Q:I — IE[EBU/\T_(O/\T>/2:| _ IE[eBU_O/Q] -1
is constantly equal to 1 for all ¢. This shows that

E[ef/2] = B [ lim efrrem(7M/2) — lim B[eBra (/2] = 1,
t—ro0 t—o0

Next, we note that we have eBr = ae~7/2 at time 7, hence

aE[e”] = ]E[eBT*Tm} =1, de E[e ] =

* We let t A7 :=min(t, 7).
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Remark: This argument fails when o < 1 because in that case 7 is not
a.s. finite.

For any ¢ € R4, the question “is 7 > ¢7?” can be answered based on the
observation of the paths of (Bs)o<s<t and of the (deterministic) curve
(14 as)o<s<t up to the time ¢. Therefore 7 is a stopping time.

C

N

Since 7 is a stopping time and (By);cr. is a martingale, the Stopping
Time Theorem 14.8 shows that (B2, — (t AT))icR, is also a martingale
and in particular its expected value

E[B}\, — (tA7)] = E[Bj\, — (0AT)] = E[B — 0] = 0
is constantly equal to 0 for all ¢. This shows that

E[B2— 7] = E [lim (B}, - (tA7)] = lim E[(B},, - (¢A7))] = 0.

lim
t—o0

Next, we note that B2 = 1+ a7 at time 7, hence

1+ aE[r] = E[l+ar] = ]E[Bz] —E[r] =0,

E[r] = —

T 1l-a’
Remark: This argument is valid whenever o < 1 and yields E[r] = 400

when a = 1, however it fails when o > 1 because in that case 7 is not a.s.
finite.

Exercise 14.3
a) By the Stopping Time Theorem 14.8, for all n > 0 we have
1=FE [e\/ﬂBTL/\T,,—r(TL/\n)]

—E [OmBTL/\n*T(TL/\TL)]1{TL<n}} +E [CmBq—LAn*T(TL/\n)]I{TL>n}:|

= [V B rin g, o] 4B [V ]
— olVorg [e7rmE ]l{TL<n}} +E {eﬁB"’T"]l{TL%L}} .

The first term above converges to

LV [e VIR [efTTL]

o ]I{TL<°O}} =

as n tends to infinity, by dominated or monotone convergence and the fact
that » > 0. The second term can be bounded as

0 <]E e\/ﬂBn—WL]l{TL}n}} < e ™E I:eL\/Z]l{TL2n}] < e—rneL\/ﬂ7
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which tends to 0 as n tends to infinity because r > 0. Therefore we have

1= lim E |eV2Brpan—r(roAn)| — eL‘/ﬂlE[e_”L]
n—o0 ’

which yields [E [e’”ﬁ] = oLV go; any r 2> 0. When r < 0 we could in
fact show that ]E[e’”L} = +o0.
In order to maximize the quantity

b

=

E[e™ B, | = ]E[eirTLBTL]l{TL<OO}}
= LE[e™" () <o)
= LE[e™ "]
= chL‘/Z,

we differentiate

%(Lefb/g) = e IV L \are IV = 0,

which yields the optimal level L* = 1/+/2r.

This shows that when the value of r is “large” the better strategy is to
opt for a “small gain” at the level L* = 1/+/2r rather than to wait for a
longer time.

Exercise 14.4 See e.g. Theorem 6.16 page 161 of Klebaner (2005)

a) By the Itd formula, we have

X = f(By) **[ (B
—fBO+If dBJerf// ds fo//
— 7(Bo) + [} 1'(B,)dBs

hence the process (Xt)ier, is a martingale by Proposition 7.1.
b) By the Doob stopping time Theorem, we have

f(z) =E[Xo | Bo = =]
= E[X, | Bo = 4]
TAL

[f(Brat) | Bo =] — %IE [ .

[f(Brat) | Bo = @] + E[r At | By = ]

f"(Bs)ds | By =«

E
=E

since f”(y) = —2 for all y € R, and in particular
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E[rAt| By =z] = f(z) —E[f(Brat) | Bo = ]
< @)+ E[f(Brad)| | Bo = 7]
<@+ Epr] [£(y)l-

Hence, using monotone convergence or Fatou’s Lemma A.12,* we have

]E[T‘B():CC]:]E{ (T/\t)\B(]:x]

lim

t—o0

<liminf E[r At | By = ]
t—o0

< |f(2)]+ Sup [f(y)]
y€(a,b)

< o0,
and therefore P(7 < co) = 1. Next, we have

f(x) = lim E[f(Bsat) | Bo = 2] +tg&E[TAt | By = 7]

t—o00
=E thgof(Bm) | By = ZL] +E[r | By = ]
=E[f(B;) | Bo =]+ E[r | By = 2]
= E[r | By = ],

since f(x) = —2 and f(a) = f(b) = 0 with B, € {a,b}.
Remark. The above exchanges between lim;_,~, and the expectation op-

erator E[ - | By = z] is justified by the dominated convergence theorem,
since
lf(Bzad)l < Sup |f(y)l,  t€R4.
y€[ab]

o
=

The function f(z) can be determined by searching for a quadratic solution
of the form f(z) = a+ Bz + 22, which shows that f”(z) = 2y = —2
hence v = —1, and

fla)=a+fa—a®=0,
FO)=a+ b1 =0,

hence « = —ab and 8 = a+b.
d) We find

E[r|By=2] = f(z) = —ab+ (a+b)z — 2> = (z —a) (b—z).

* E[limn— oo Fn] < limp— oo E[Fr] for any sequence (Fn)penN of nonnegative random
variables, provided that the limits exist.

@) 1135

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

Exercise 14.5 We use the Stopping Time Theorem 14.8 and the fact that

(c"Bt_”2t/2)t€R+ is a martingale for all o € R. By the stopping time theo-

rem, for all n > 0 we have
[ (J'BT/\n—(fz(T/\n)/Q}

} +E [eo'B-,—/\n—g-Q(T/\n)/Q]l{T>n}}

/2]1(T<TL}
[ 0377027'/2]1{7_<n}] +IE[6HB"70-2”/21(T>”}]

— e"°F [eaﬂr—g%—/Zl(T<n}} 4 E [eo'anan/Q]l{T>n}] ) (865)

1=E|e
_ ]E[eUB7An*O'2(T/\’ﬂ)
=E|e

Under the condition o2 > 203 we have 0 < e”fBT’C'ZT/2 < 1, hence by
dominated or monotone convergence we find
. —o? o2 .
Jim [P0 ] = B[ Him 14y
_ 2
— E[OaﬂT o T/2]1{7<00}}7
and the first term in (S.65) converges to

eaa]E[ef(o'Q/Qfaﬁ) eaa]E[ef(o'Q/Qfaﬁ)‘r]

T]l{7'<oo}} =

as n tends to infinity. In what follows we use the solutions o+ = 84 /3% + 2r
of the equation r = o2/2— off with o4 > 0 and o_ < 0, and we distinguish
two cases.

a) If @ > 0, we have B, < a + fin, n < 7, hence the second term above can
be bounded as

0 < E[em P21 ]

67”‘73/2]]5 [eao\ +Boy n]l{72n}}

PRTE 7n0$/2+ﬁo'¢ n

NN N

Qo4+ —Trn
et s

which tends to 0 as n tends to infinity. Therefore, we have

1= lim ]E[eo'+BT/\n—crgr(T/\n)/2] _ eaaﬂE[e—(ni/z—ﬁm)r}
n—00 ?

which yields

]E[efrT} — ]E[e—(o'i/2—ﬂd+)7]
— a0+

/32 +9r

— efaﬂ—a B2+2r
_ efaﬁ7|a|\/[52+2r
)
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with

. rr B
P(7 < +o00) = IE[]]-{T<00}] = }E)I(I)IE[]]'{T<OO}e " ] = {1 if 8

(a)a=1,8=0.5 b)a=1,8=-0.5

Fig. S.78: Hitting times of a straight line started at o < 0.

b) If & <0, we have B, > o+ fn, n < 7, hence the second term above can
be bounded as

)
0< IE[ o-Bn ncr_/2]1{7>n}}
< Cfna /Z]E[ ao_+pno_ ]1{ S }] Caa,7n03/2+ﬁna,
T>n

— eﬂd, —Trn
which tends to 0 as n tends to infinity. Therefore, we have

1= lim ]E[ o_Bran—02 (T/\n)/2] _ C(w,IE[Cf(OQ,/Zfﬁof)T}

n—oo

which yields

E [e—rr] —E [67(02,/27/307)7} — 00—
_ e—a5+a\/ﬂ2+27
efaﬂf\a\\/ﬁ2+27“7

with

. o 1 if 5>0,
P(7 < +o00) = IE[]]-{‘r<oo}] = }E}%E[]]-{T<oo}e " ] = { ~208 if g ; 0
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T

(a)a=-1,8=05 (b)a=-1,8=-05

Fig. S.79: Hitting times of a straight line started at o < 0.

Exercise 14.6
a) Letting Ap := 0 and

Api1:=Ap+ IE[]\/IH+1 — M, ‘ ]:n]» n =0,

defines a predictable process by induction, as A,y1 is JFj,-measurable,
n 2> 0. Next, letting

Ny =M, —A,,  neN, (S.66)

we have

(i) for all n € N,

]E[Nn+1 ‘ ]:n] = ]E[]WnJrl = Ant1 ‘ ]:n}
= E[Mp11 — Ap —E[Mys1 — My | F] | Ful
= E[My11 — Ap | Fn] —E[E[My 11— My, | Fo] | F)
= E[Mny1— Ap | Fn] —E[Myy1 — My, | F]
= —E[A, | Fu] + E[M, | F)
=M, - A,
= Ny,

hence (Np)neN is a martingale with respect to (Fp)nenN-
(ii) We have
An+1 - An = IE[]WrH»l - My, | ]:n]
= E[Myi1 | Fo] — E[M, | Fu]
— E[Mps1 | Fu] - My >0, neN,

since (M, )neN is a submartingale.
(iii) By induction, we have
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Ap = Ap—1 +]E[]\/[n — My ‘ -7:71—1]7 n =1,

which is JFj,—i-measurable provided that A, is F,_j-measurable,
n>=1.
(iv) This property is obtained by construction in (S.66).

b) For all bounded stopping times o and 7 such that o < 7 a.s., we have

E[M,] = E[N,] + E[A,]
< E[N,] + E[A,]
— E[N,] + E[4/]
= E[M],

by (14.7), since (Mp,)neN is a martingale and (Ay)nenN is non-decreasing.

Exercise 14.7

a) The random time 7 is a stopping time because for every n > 0, the validity
of the event {7 > n} can be decided by studying the path of the process
(Sk)k>0 until time n.

b) The range of possible values of S; is {-1,0,1,2,3,4,...}.

4
Sr=3
2
1
So=0

n

Fig. S.81: Sample path of the random walk (Sn)neN-

¢) According to the stopping time theorem, the stopped process (Spar)n>0
is a martingale, and therefore we have

E[S,] = E[ lim Spnr] = lim E[Spr,] = lim E[So] = 0.
n—o0 n—0o0 n—o0

The exchange between between limit and expected value can be justified
from the dominated convergence theorem, see the next question.

d) We have P(S; = k) = 1/2¥+2 k > —1. In particular, we have Sya, <
1+ 57, and S; is integrable according to the next question.

e) We have

®) 1139
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=Y KP(S, = k)

keZ

1
=5+ > kP(S, =
k=0
1 k
=5+ e
k=0
1 1 k
=3t X3

k>0
B 1+1 1
T2 8(1-1/2)2
= 0.

Chapter 15

Exercise 15.1 The option payoffs at immediate exercise are given as follows:

(K —8)" =
_al?
y ==
(K — S1)* =0.05
_al3
(K — So)* =0.3 (K — S5)* =0.17

* — I?,
7 *% y
(

K751)+:035

TS~

—

K—8)+t =044

On the other hand, the expected payoffs are given by:
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(K—S82)T=0
E*[(K —S2)" | S1=12]=0.17/3
(K —S2)t =017
___—
E*[(K —S2)™ | S1 =0.9] =0.26

(K — Sp)T =044
Consequently, at time ¢t = 1 we would exercise immediately if S1 = 0.9, and
wait if S1 = 1.2. At time ¢ = 0 with Sy = 1 the initial value of the option

is (0.34/340.35)/3 = 1.39/9 ~ 0.154 < 0.25 so we would exercise immedi-
ately as well.

Exercise 15.2
a) Taking f(z) := Cx’ZT/”Q, we have
1 2r2 2
raf'(x) + 5ot " (x) = *C%r’”“’? +Cr (1 + U—Z) g2/

_ CTI—?T/UZ

=rf(z),

and the condition lim,_,o0 f(z) = 0 is satisfied since 7 > 0.
b) The conditions f(L*) = K — L* and f'(L*) = —1 read

C(L*)—Qr/az — K*L*,

2r - 2
_?C(L*) 1-2r/c =1,

i.e.
C(L*)72r/02 —K—L*
2r
K —I%) = L,
(k- 1)
hence
= 2rK
2r + o2
_ Ko® (2K N\ o ok \VE/
T 2r4+02 \2r 402 T2 \2r 402 '
& 1141
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Exercise 15.3

a) This an American put option with strike price considered at So > L*,
hence by Propositions 15.2 and 15.4 the price of this option is

So —2r/a?
(K —L*)E*[e” "] = (K - L*) <F> .
b) This an American put option with strike price K and immediately exer-
cised at Sp < L*, hence by Propositions 15.2 and 15.4 the price of this
option is K — Sy. N

This is an American call option with strike price 2K — K exercised at the
optimal level K, hence by Equation (15.24) the price of this option is

C

N

(L* — (2K —K))E*[e™™*] = (K — (2K — K))E*[e ] = (Kfff)%.

In conclusion, the pricing function is obtained by pasting together the
pricing functions of American call and put options, see Figure S.82.

Price function s
Payoff fUnCtion s

0 2KK K L* K 200

Fig. S.82: American butterfly payoff and price functions.

Exercise 15.4

a) Given the value

19}

%Bsp(xv T) = 7<D(7d+ (l‘, T))

of the Delta of the Black—Scholes put option, see Proposition 6.7, the
smooth fit condition states that at z = S*, the left derivative of (15.32),
which is

(S*)ZT/JZ

ad d
BSp(2,T) + az—(2/ )27 = —®(=di(2,T)) + a- 25—,
x

ox ox
z > S*, should match the right derivative of (15.33), which is —1, hence
2
1= (=i (8 T)) - (M),
1142 D)
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which yields

2 g 2 Qi
ot = T 0@ (51)) = T e (57.7)),
and
02(S*)1+2r/02
B T+ —F—5— T *
f2,T) ~ Sp(@:T) + 2ra2r/o? ®(d(5%T)), @ >5

K-z, r < S*.

Note that at maturity (I' = 0 here) we have dy(S*,0) = —oo since

S* < K, hence ®(d4(5*,0)) =0 and f(z,0) = K — 2 as expected.
Equating (15.32) to (15.33) at z = S* yields the equation

K —S*"=BSy(z,T)+a",

) S* 2
1= (i (57, 1) + 5 (145 @l (7.7,
K 2r
which can be used to determine the value of S*, and then the correspond-
ing value of a.. The proposed strategy is to exercise the put option as soon
as the underlying asset price reaches the critical level S*.

Option price

o } L L J
85 90 95 100 105

Cmes7 s =873 :
Underlying x

Fig. S.83: Perpetual vs. finite expiration American put option price.

The plot in Figure S.83 yields a finite expiration critical price S* = 87.3
which is expectedly higher than the perpetual critical price L* = 85.71,
with K = 100, 0 = 10%, and r = 3%. The perpetual price, however,
appears higher than the finite expiration price.

In Figure S.84 we plot the graph of a Barone-Adesi and Whaley (1987)
approximation, together with the European put option price, using the
R fOptions package. Note that this approximation is valid only for certain
parameter ranges.
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r=0.1;sig=0.15;T=0.5;K=100;library(ragtop)

> | library(fOptions);payoff <- function(x){return(max(K-x,0))};vpayoff <- Vectorize(payoff)

par(new=TRUE)

1+ | curve(vpayoff, from=85, to=120, xlab="", lwd = 3, ylim=c(0,10),ylab="",col="red")

par(new=TRUE)

6 | curve(blackscholes(callput=-1, x, K, r, T, sig, 0)$Price, from==85, to=120, xlab="", lwd = 3,
ylim=c(0,10),ylab="",col="orange")

par(new=TRUE)

8 | curve(BAWAmericanApproxOption("p",x,K, T,r,b=0,sig,title = NULL, description =
NULL)®price, from=85, to=120 , xlab="Underlying asset price", lwd =
3,ylim=c(0,10),ylab="",col="blue")

grid (ty = 5);legend(105,9.5,legend=c("Approximation","European payoff","Black--Scholes

put"),col=c("blue","red","orange") lty=1:1, cex=1.)

Listing S.8: “R code - American put price approximation.

ss oo os 100 10s 110 11s 120

Underlying asset price

Fig. S.84: American put price approximation.

Exercise 15.5

a) We have
e ifZ=1,

+o0if Z =0.

Te =

b) First, we note that
{0,0} if t =0,
{0,0,{Z =0},{Z=1}}ift>0.

Next, we have

{Te > 0} = {Z:0}7

hence
{1e >0} ¢ Fo = {0,0},

and therefore 7p is not an (F)icr. -stopping time.
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i) For t =0 we have {r. > 0} = {Z =0} U{Z =1} = Q, hence
{7e >0} € Fo ={0,Q}.

ii) For 0 <t < € we have {7 >t} = Q, hence
{re>t} e i ={0,0,{Z =0},{Z = 1}}.

iii) For ¢t > e we have {7 >t} = {Z = 0}, hence
{re >t} € i ={0,Q,{Z =0},{Z =1}}.

Therefore 7¢ is an (F¢)cRr, -stopping time when € > 0.
Note that here the filtration (F;);cr, is not right-continuous, as

(0.0} = Fo # For = (| 7 = {0,0,{Z = 0}, {Z =1}}.
t>0

Exercise 15.6

a) This intrinsic payoff is k — Sp.
b) We note that the process (Z;)cr, defined as

S\ (r—6)M+A02/2-N20%1/2
Zy = e " oTtEmATe

So

(0(7'75)t+a§t*02t/2))‘ C7(7'75)>\t+)\02t/27)\2472t/2
D222

_ e/\nBt Ao I,/2y t> 0,

is a geometric Brownian motion without drift, hence a martingale, under

the risk-neutral probability measure IP*.
¢) The parameter A should satisfy the equation

0.2
(= (r=0)A = TAL-N),

N2 /24 Nr—8—a2/2) —r = 0.

This equation admits two solutions
o —lr=o- 02/2) £ /(r—6 —02/2)2 + 4ro2/2

+ = 2

o

)

d) We have

1145
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A
o<z = (%) et
< i Ao
So
L A
<(Z <
< <SO> ; 0<t <L,

since A- <0 and Sy > L for t € [0,7,).

e) By the Stopping Time Theorem 14.8 we have
E*[Z;,] = E*[Z] =1,
which rewrites as
Sr A SV A2 2 2
E* L e ((r=8)A=Xc?/24A%02/2) 7, =1
So ’
or, given the relation Sr, = L,
L A SN a2 2 2
Z) B {e ((r=8)A=Xo?/2+4+X%0 /2)TL] =1
So ’
i.e. N
_ So
E* rr] — [ 2Y
- (3.
provided that we choose A such that
—((r=8)A=Ad2/2+2262/2) = —r, (S.67)
i.e.
—(r—0—-0%/2)+/(r—6—02/2)2+ 4r02/2
A= = ,
and we choose the negative solution
—(r—o0—o - r—0—0 +4ro
) §—0%/2 §—02/2)2 +4ra?/2
A= =
since So/L = x/L > 1 and the expectation E* [e’”L] < 1 is lower than
lasr > 0.
f) This follows from (15.9) and the fact that » > 0. Using the fact that
Sr;, = L < K when 77, < 00, we find
E* [e™ (K — 8;,)F ) So = x] = E* [e_”L(Kf S ) Ly <o ‘ So = x]
1146 O
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—E [e—”L(K L), ) ‘ So = x}
= (K - L)E* [e*"L Liy, <o) ‘ So = x}

= (K- L)E* [e7™

So = CL} .
Next, noting that 7, = 0 if Sy < L, for all L € (0, K) we have

E* [e—”b (K —87,)7 | So=2]

K- 0<z<L,
E[e™t(K—-L)" | So=2], z>L.

T, O0<z< L,
( e "L |S():z}, x> L.
0<z< L,
= —(r—a—02/2)—/(r—a—c2/2)2+4rc2/2
T p)
(K*L)(Z) 7 , x=>L

g) In order to compute L* we observe that, geometrically, the slope of z —
fr(z) = (K —L)(2/L)* at x = L* is equal to —1, i.c.

#\A_—1
N

hence
Ao

Ao —
Equivalently we may recover the value of L* from the optimality condition
8f]4($) _ T\ A— A_+1 _
o = (7)) ew-n(g) T <o
at L = L*, hence

K<K

A(K-L)=L*, or L*=

L
hence A\ 1
. A
L 1—\ K 1—1//\,K
and
) 1 K 1-X_
Sup E*[e " L(K -5, )" |Sy=za]=—— <7> .
LK) [ ( m )" | So =] = —5- T—1/r_
@) 1147
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h) For z > L we have

fre(x) = (K —L*) (%)L
A

= Kfﬁl() (QQCIK)

= —)\7[(71) <%>A,

D) ()
) )

A
- (1)** AT A R (S.68)
T\K A - '
i) Let us check that the relation
frr(z) = (K —2)T (S.69)

holds. For all x < K we have

i) = (5 =) = () (A;fl)L K

(G () i)

Hence it suffices to take K = 1 and to show that for all

<z<1

we have

Ao -1
A

fL*(J/’)_(l—ﬂ?):%( >A_+:c—1>0.

Equality to 0 holds for z = A_/(A— —1). By differentiation of this relation
we get

/ N\ SA—1 A1 A 1
fre(z)—(1—2) == ( . ) 1_/\7+1

1148 @)
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A — 1\
-1

=3 1
T ( . ) +

207

hence the function fr«(z) — (1 — z) is non-decreasing and the inequality
holds throughout the interval [A_/(A- — 1), K].

On the other hand, using (S.67) it can be checked by hand that fr« given
by (S.68) satisfies the equality

1
(r—&)afr«(z)+ 502z2 L(x) =rfr(z) (5.70)
forx > L* = /\:\:11(. In case
0<e<L' = S=K <K

we have

hence the relation
(rf2e @) = (= 8125 ()~ 4021 0) ) (o) — (B =) ) =0
always holds. On the other hand, in that case we also have
(r=8)afr«(z) + %UZ.rsz* () =—(r—290)=,
and to conclude we need to show that
(r=08)zfr-(z)+ %02.772 To(@) < rfpe(x) = r(K — 1), (S.71)

which is true if
or < rK.

Indeed, by (S.67) we have
(r=8) A =r+Ai_(A_—1)02/2

=,
hence
Ao

<
(5/\__1\7“,

since A_ < 0, which yields
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j) By Itd’s formula and the relation
dS; = (r — 6)Sedt + 0SdB;
we have
d(fre(Sp)) = —re " fre(Sp)dt + e " df ()

2
= —re T (Sp)dt + e fy. (S,)dS; + %e*”sf (Sy)

2
= (-m*(st) + (1= 0)Suff (S1) + 557 g*(st)> dt
+67Tt0'stfi* (St)dgt,

and from Equations (S.70) and (S.71) we have

(r = 8)afpe () + o™ [ (@) < rfie (0),

hence
tr— e " fr(Sy)

is a supermartingale.
k) By the supermartingale property of

t— e " fre(Sh),
for all stopping times 7 we have
fr(S0) = E*[e7"7 fr-(Sr) | So] = E*[e™"(K —S-)T | So],
by (S.69), hence

fr=(S0) = Sup  E*[e”"T(K —5.)" | Sol.

T stopping time

1

=

The stopped process
t— o TATLE fr (St/\TL*)
is a martingale since it has vanishing drift up to time 77+« by (S.70), and

it is constant after time 7+, hence by the Stopping Time Theorem 14.8
we find

Jre(S0) = B* [ 1 (57,.) | 90]
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B [ (1) | )
—E* [e77(K = 5,.)" | 5]

< Suwp E* [e’"(K—STﬁ’SO].

T stopping time

m) By combining the above results and conditioning at time ¢ instead of time
0 we deduce that

fie (8 = B [e7r (1 = 57,)* | 8]

K*St, O<St<

A- -1\ -8\ A
<—K> <T> B WL

for all t € Ry, where

WV

T =inf{u>t : S, <L}
We note that the perpetual put option price does not depend on the value
of t > 0.

Exercise 15.7

a) Case L > K. Letting
m:=min (T,inf{u € [t,T] : Sy =L})

denote the first hitting time of the level L by the process (S¢),c[o,r) before
time T, we have

(S — K)" <E[e” T (Sp— K)V | F]
< Sup E*[e 79" (min(Sp, L) — K)* | 7]
L>K
< Sup E*[eT07(S,, — K)™ | i
L>K
< Sup E* [ef(TftV(S,- -K)* } St} ,
t<r<T

T Stopping time

hence
(a) < (c) < (b).

b) Case L < K. Letting again
m:=min (T,inf{u € [t,T] : Sy =L})

@) 1151
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denote the first hitting time of the level L by the process (S;);c[o,r] before
time 7', we have

E* e~ T (K — 5p)% | A] < Sup B*[e~T97 (K — Max(Sp, L))" | F]
L<K

< Sup E*[e T (K - §,,)t | A
LK

< Sup ]E*[ef(Tft)r(K -8t 8,
t<T<T
T Stopping time

hence
(0) < (a).
Note however that in the put option case, the inequality

(K —8)" <E*[e”T"(K - 87)" | i

may not always hold, depending on the value of S;.

Exercise 15.8
a) We have
Zt(/\) _ (St))\eft((rfé))\f)\(lf)\)UQ/Q) _ (SO))\e)\a/B\t—)\ZJQt/27
which is a driftless geometric Brownian motion, and therefore a martingale

under P*.
b) The condition is 7 = (r — §)A — A(1 — A)o? /2, with solutions

. §—r+02/2—/(0 —r+02/2)2 + 2ro2 <0

2 < Y,

o

§—r4+02/24 /(6 —r+32/2)2 + 2102
Ay = . >1
o

¢) Due to the inequality
0< ZISM) _ (St)*+ et g L’\+,

which holds because Ay > 0 and S; < L, 0 < ¢ < 7, we note that since
(A+)

limy 00 Z; =0, we have

IAE [e77] = B [(87,)™ e Ly conp] = B[22 17, <o)
. * A
= B[ lim 257 = lm E*[247]]
= E* [z )} = (So)M.
1152 O
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Therefore, we have

E* [e " (Sr, —K)T | So =] = E* [(Sr, = K)e "1y, <ooy | So = 7]
= (L~ KB [0 oy | S0 =2]
= (L-K) *[e L ‘ S[)—T]

T\ M+
L-K (—) ,
= -5 (%
when Sy = z > L. In order to maximize

Sup E* [ef”L (K-8;,)*" | So = 7:] ,
Le(0,K)

we differentiate L — (L — K) (z/L)* with respect to L, to find

A+
(1) Ak —Epr L=,

hence
A B K

L=k =10

and

+ 1 K A A
Sup E*[e”"L(K - S So=z|=— <7> .
LE(O,pK) [ ( ) ‘ 0 ] Ar \1-1/X4

We note that as 6 \, 0 we have A (1 and L}  co, and since

K 1=+ A —1
- = — 1)1 1
<171//\+> eXp<(>\+ ) log K ) =1,

we find that the perpetual American call option price without dividend
(6 =0)1is Sp = z.

Exercise 15.9
a) By the definition (15.37) of S1(¢) and S(¢) we have
_ Sl(t) @
7, = Tt
b= S <52(t)
efrtsl (t)aSQ(t)l—a
_ 51(0)0152(0)1704 e(aalJr(lfa)az)Wf—agt/Q’

which is a martingale when
0% = (ao1 + (1 - a)o2)?,
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This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

aol + (1 —a)og = to9,
which yields either o = 0 or

20 o1 +o
a= 2 1424 2>1,
02 — 01 02 — 01

since 0 < 01 < o9.
b) We have

E[e™"™E(S1(71) = Sa(71)) "] = E[e™" ™ (LSa(71) = Sa(71)) "]
=(L-DVE[e LS (r)].  (S.72)

¢) Since 7, At is a bounded stopping time we can write

s (0 el (20)]

el st (S 50 ()

We have

S1(t)\*
e_”SQ(t) <S;Et;> L s < e_”SQ(t)LQ]l{TL>t} < e_”SQ(t)La,

hence by a uniform integrability argument,

. _ S (f) «

Tt
thm E [e Sa(t) (Sg(t) L sy | =0,
and letting ¢ go to infinity in (S.73) shows that

$5(0) (28;)0 —E {B—MSQ(TL) (i;g:i;)a] = [OE [e " Sy(rp)]

since S1(71)/S2(71) = L/L = 1. The conclusion

E[e™ " (S1(7p) = Sa(71)) "] = (L — 1) L™55(0) @;Eg;)a (8.74)

then follows by an application of (S.72).
d) In order to maximize (S.74) as a function of L we consider the derivative

O (L-1\_ 1 o o a1_
ai(?)f a(L-1)L 1 =0,

which vanishes for
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=2

a-1’
and we substitute L in (S.74) with the value of L*.

e) In addition to r = 03/2 it is sufficient to let S1(0) = x and o1 = 0 which
yields o = 2, L* = 2, and we find

1 K\ 2
S Ele™ (k- S =—-o(2),
T stopplilrg; time [e (H 2(7—)) } SZ (0) < )

which coincides with the result of Proposition 15.4.

Exercise 15.10

a) It suffices to check the sign of the quantity
A=1)(A+2r/c?), (S.75)

in (15.39), which is positive when A\ € (—o0, —2r/02] U [1, 00), and nega-
tive when —2r/02 < A < 1.

b) The sign of (S.75) is positive when A € (—oo, 1] U [-2r/02, 00), and neg-
ative when 1 < A < —2r/02.

¢) By the Stopping Time Theorem 14.8, for any n > 0 we have

= E* [Zﬁj)m | So = x]

— E* [Zﬁj)n{mm} | S = x] + e TME* [Z,(ﬁ)n{TPn} | So = z]
> E* [077.TL (STL))\]l{TL<n} | So = “L}
=L E* [e L1, cpy | So = 2]
By the results of Questions (a)-(b), the process (Zt(/\))te]m is a martin-

gale when A € {1,—2ro?/2}. Next, letting n to infinity, by monotone
convergence we find

2\ Max(1,—2r/02)
T\ A <f) » #2L
E*[e 7L = < <7> <
[e {1, <oc} [ So x] S\r) = 2\ min(1,-2r/g2)
<f) , O<z<L

d) We note that P*(7, < co) = 1 by (14.15), hence if —02/2 < r < 0 we
have

E* [eirTL(K - STL)+]1{TL<OO} | So = T}

®) 1155
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=(K-L)E"[e" | S)=1] <

Similarly, if r < —02/2 we have
E* [e "™ (K — Sr ) s coop | S0 = 2] = L)E* [e7"% | Sp = z]
(K L) x

5

[
x
L
( ) <
)

N

e) This follows by noting that (K —L)(x/L) = (K/L—
when L tends to zero.
f) If —02/2 < r < 0 we have

z increases to oo

E* [e " (8, — K) 1y, cooy | So = 2]
= (L— K)]E* [eiTTL]l{TL<OO} | So = T]

-1 (D77 as

(LfK)%, 0<z<L.

<

If r < —02/2 we have
E* [e " (8, — K) 1y, ooy | So = 7]
= (L - K)E* [e*”Ln{TL@Q} | So = 2]

z 2> L,
, O0<z< L.

g) This follows by noting that for fixed z > 0, the quantity (L — K)z/L =
(1— K/L)z increases to x when L tends to infinity.

Exercise 15.11 Perpetual American binary options.

a) Similarly, for z > K, immediate exercise is the optimal strategy and
we have C{*™(t,z) = 1. When = < K the optimal exercise level of the
perpetual American binary call option is L* = K with the optimal exercise
time 7x, and by e.g. (4.4.22) page 135 we have

Cpm(te) = Swp B e yg o | S =]
T stopping time
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= IE*[e_m(_")’ | Sy = l}

s r< K.

==

1.4 -

1.2 =

0.8 -

0.6 - =

0.4 =

American binary put price

0.2 =

o L L R
o 50 100 150 200 250

Underlying x

Fig. S.85: Perpetual American binary put price map with K = 100.

b) For # < K, immediate exercise is the optimal strategy and we have
PbAm(t,x) = 1. When = > K the optimal exercise level of the perpet-
ual American binary put option is L* = K with the optimal exercise time
Tk, and by e.g. (4.4.11) page 125 we have

PAY(t,3) = Sup E* [ef(Tft)T]I{ngK} | S¢ = 2]

Tt
T stopping time

IE*[e—(kat)T | St — x}

-\ —2r/c0?
:(%) Tﬂ, x> K.

1.4 -

1.2 =

0.8 - -

0.6 - =

American binary call price

0.4 =

0.2 =

o s s s J
o 50 100 150 200

Underlying x

Fig. S.86: Perpetual American binary call price map with K = 100.

Exercise 15.12 Finite expiration American binary options.

a) The optimal strategy is as follows:

®) 1157
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(i) if Sy > K, then exercise immediately.
(i) if S < K, then wait.

The optimal strategy is as follows:

(i) if S¢ > K, then wait.
(ii) if S; < K, exercise immediately.

Based on the answers to Question (a) we set
cim@,T,K)=1, 0<t<T,
and
CH (T, T,z) =0, 0<z<K.

Based on the answers to Question (b), we set
PG TK)=1, 0<t<T,

and
PAYT, T,z) =0, 2>K.

Starting from S; < K, the maximum possible payoff is clearly reached
as soon as S hits the level K before the expiration date T', hence the
discounted optimal payoff of the option is e (k=11 T <T}-

From Relation (10.13), we find that the first hitting time 74 of the level a
by a p-drifted Brownian motion (W, + pu),cr. satisfies

P(r, <u) = ® (“\75“) _ ey (%) . u>0,

and by differentiation with respect to u this yields the probability density
function

0 a 2
_ Y < - ¢ —(a—pu)?/(2u)
Jra (u) 811,]I)(Ta = u) fomud € ]1[0¢oo)(u)

of the first hitting time of level a by Brownian motion with drift ;. Given
the relation

Sy = Sy e Wu—t=(u=t)0® /24 (u=t)r _ SpeWu—tt(u=timo ) > 4

with p = r/0 — /2, we find that (Su) |
T = t + 74, such that

t,00) hits the level K at a time

STK =5, eUWnL—g?Ta/ZJrrTa _ Ste(WT(L+uTa)H - K

s

K

1
a =W, +pury = —log .
o St

58 @)
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Therefore, the probability density function of the first hitting time 75 of
level K after time ¢ by (Su)ue[t,00) I8 given by

5 —3 e e*(a*(sft)#)Q/(Z(S*t))’ s>t
2m(s —t)3
with
1 o? 1. K
o= —(r—— and a:= —log —,
o 2 o T

given that S; = z. Hence, for z € (0, K) we have

C?m(t,T,.’/L‘) =E [Oir(TKit)]l{‘rK<T} ‘ S = -L]

= IT e‘(S—t)rL{ o~ (a—=(s=t))?/(2(s1)) 4
¢ 2m(s —t)?

= 7 e et g,
0 V2rs3

Tt log(K /) 1 o2 K\?
—rg — — S 3 1 p— d 3
jo Vorsd exp ( rs 2975 < <r 2 s+ log o S

<K>('f/02—1/2)i(r/02+1/2)

x

T-t log(K /x) 1 AW K\? i
on Py exp 5575 +(r+ 2 a+logm ds

1 K 2r/a?
g L () = g

mK Y- m x Jy+
e <(r+02/2)( —1) +log(.r/K)>
K ovT —t
N\ —2r/0? _(T+0.2/2 (T—t) +10g(:t7/K)
+(?) (1)( ovVT —1t >7 0<z< K,
where

1 o? K
vk = <:t <7+?> (Tft)—t-log;>7

and we used the decomposition

K 1 o? K\ 1 o? K
log—=-((r+—=)s+log— |+ (—-(r+—=)s+log—].
T 2 2 T 2 2 T

We check that
Ci™(T, T, K) = ®(0) + (0) = 1,

and
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-\ —2r/o?
CAm (T, T, 2) = 2@ (—00) + () "o

since t = T, which is consistent with the answers to Question (c).

In addition, as T tends to infinity we have

((r+0’2/2) T—t)+log(,r/K)>

: Am ) = 2
Th_{%ccd (t,T,z) K lim &

T—o0 oI —t
+(£>—2r/02 I @ —(r+02/2)(T —t) +log(z/K)
T—00 oI —1t
== 0<az<K,

which is consistent with the answer to Question (a) of Exercise 15.11.

' ' ' . E
1.4 T=20

1.2 =

0.8 -

0.6 =

0.4 =

American binary call price

0.2 =

o 50 100 150 200
Underlying x

Fig. S.87: Finite expiration American binary call price map with K = 100.

g) Starting from S; > K, the maximum possible payoff is clearly reached
as soon as S; hits the level K before the expiration date T', hence the
discounted optimal payoff of the option is e 77Kk =01 T <T}

h) Using the notation and answer to Question (f), for z > K we find

P4, T,2) = E[e = ]l{TK<T} | S = ]
_ J‘Tﬁt TS a e —(a—ps)? /QS)dS
0 273
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1 a (oo 29 1 a\2/0® poo _ o
:E?Jy,ey/dy+\/72?<f> Jy+eJ/dy
@<7(r+02/2)(T7t)710g(I/K)>
oVT —t
£>—2r/02q)<(r+o2/2) T—1t)—log(z/K)
oVT —t

z
K

% )7 r> K,

with

yi:m/% <¥ (7'+%2> (T—t)Jrlog%).

We check that
Py™(T,T,K) = ®(0) + ®(0) = 1,

and

,2/2
I) TJ@(—oo):O, 0<z<K,

m x
Py™(T,T,2) = @ (~o0) + (?

since t = T, which is consistent with the answers to Question (c).

In addition, as T' tends to infinity we have

' . , —(r+02/2)(T —t) —log(z/K
i, AT, = o (SRR AR 0)
x\—2r/o? (r+a2/2)(T —t) —log(x/K)
() o ()

x\—2r/0?
:(%) TJ, z> K,

which is consistent with the answer to Question (b) of Exercise 15.11

T—o0

1.2 -

0.8 -

0.6 - =

American binary put price

0.4 -

0.2 -

o 50 100 150 200 250
Underlying x

Fig. S.88: Finite expiration American binary put price map with K = 100.
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i) The call-put parity does not hold for American binary options since for
z € (0, K) we have

x 402 /2)(T —t) +log(z/K)
CAm T, PAm t,T, -1 iCD <(7

(
x\—2r/o? —(r+o? -1 og(x
() ¢< (rot o/ 1) o /K))

i

K

while for x > K we find

— 2 — 1) —
Cﬁm(t,T,.T) +P(?m(t,T,.7:) -1+ ECP( (r+o /2)(T t) log(m/K))
K oI —t

T\ —2r/c? r+4o? —t) — log(x
(),

Exercise 15.13 American forward Contracts.

a) For all (bounded) stopping times 7 € [t,T], since the discounted asset
price process (Su) = (e’(”’t>TSu)u€[

ueltioo) = (e~ (rnu=t)r rAu)uelt,oc) 1S alS0 a mar-

tingale by the Stopping Time Theorem 14.8, we have

ueltoo) t,00) 18 @ martingale and the

stopped process (Srau)

E* {677.(7—16)([(757) ‘ ]:t] _ KIE*[e—r(r—t) | 7] 7]E*[e”'(77t)57 | i)
= KE*[e 77" | ] ~E*[Syar | Fi]
= KE* [eir(rit) ‘ ft} — §-rmf
= I{IE’k [eir(T?t) ‘ .7:,5} — gt
= KE*[e7""0 | 7] - S,
and the above quantity is clearly maximized by taking 7 = ¢. Hence we
have
f(t.S) = Suwp  E[eT(K-S.) | F]=K-S,

t<r<T
T stopping time

and the optimal strategy is to exercise immediately (or to avoid purchasing
the option) at time ¢ and price K due to the effect of time value of money
when r > 0.

b) Similarly to the above, we have

=

E*[C—v'(r—t)(ST - K) | ]:t} _ ]E*[C—r(r—t)ST ‘ ]:t} _ K]E*[Cfr(r—t) ‘ ft}
=8 — KE*[e770) | ],

1162 @)

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

since 7 € [t,T] is bounded and (e "S;)ieRr, is a martingale. As the above
quantity is clearly maximized by taking 7 = T', we have

f6,S) = Sup  E[e"UI(S —K) | F] =5 - TV,
t<r<T
T stopping time
and the optimal strategy is to wait until the maturity time 7" in order to
exercise at price K, due to the effect of time value of money when r > 0.
Regarding the perpetual American long forward contract, since the dis-

counted asset price process (g’“)ue[l, o0) = (e’(“’t)TSu)ue[tm) is a mar-

o
~

tingale, by the Stopping Time Theorem 14.8, for all stopping times 7 > ¢
we have*,

E* |:e—T'(T—[/) (ST _ K) | ]:t} — E* [e—r(T—L)ST | ]:t] — KE* [e—T<T—L> | ]:t]
=E'[S; | 7] - KE*[e7707Y |

=85~ KE*[e77) | F]

=8 — KE*[e7"D) | F]

<S5, t>0.

On the other hand, for all fixed 7" > 0 we have

Cfr(Tft)]E*[ST | ]:t] _ Cfr(Tft)]E*[K ‘ ]_-t]
Sp—eTNK. telo,T),

E*[e"T0(Sp — K) | F

hence

(Sp— e TUE) < Sup E* [efr(Tft)(Sr —K)|F]<S, T>t,
t=
T stopping time

and letting " — oo we get

S; = lim (S — efT(T*t)K)

T—o0

< Sup E* [efT(T*t)(ST -K) | 7]
>t

< S,
hence we have

f68) = Sw  E[e0(s, -~ K) | F] =5,
T2t

* Using Fatou’s Lemma A.12.
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and the optimal strategy 7% = 400 is to wait indefinitely.

Regarding the perpetual American short forward contract, we have

ft,8) = Sup E[e (K -S,) | F]
>t

< Sup ]E*[efT(T*t)(K— St ‘ ft}
T stop:fntg time
= fr-(St), (S.76)
with 9
-
L= —"-K<K
ot~

as defined in (15.12). On the other hand, for 7 = 7« we have
(K = 8r.) = (K~ L) = (K- L)+
since 0 < L* = 2Kr/(2r + 02) < K, hence
fre(S1) = B [e 7O (K = 87, ) | A
=E [e" (K~ 8, ) | Fi
< Sup  Ef[eUO(K -8 | A

>t
T stopping time

= f(t.S),
which, together with (S.76), shows that
F(t,80) = fr-(S),
i.e. the perpetual American short forward contract has same price and

exercise strategy as the perpetual American put option.

Exercise 15.14
a) We have
B —o2 2
Yt — efrt(SO e'rt+aBL7L7 t/2)72r/0
_ 5627/02 efrt72r2t/02+2r]’3\g/a+rt
_ 5627"/62 621”§f/a7'—(27/0)2t/27 t>0,

and R
- 2
Zy = e Sy = Spet B2 >,

1164 @)

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

=

N

=

Ny

Notes on Stochastic Finance

which are both martingales under IP* because they are standard geometric
Brownian motions with respective volatilities o and 2r/o.

Since (Y3)ier, and (Z¢)ier, are both martingales and 77, is a stopping
time, we have

—2r/o?
S(J

* [C—rTL S-:L%/az}
* [e—r-rLL—Qr/UQ]
_ L—2r/02]E* [Cfm—L]’

hence
E*[e™™] = (%

if Sp = « > L (note that in this case Y, o; remains bounded by L‘ZT/”2),
and

> —2r/a?

So =E*[Zy] = E*[Z;,] = E*[e7"™: S, | = E*[e "L L] = LE*[eTY],

hence

E* [e*TTL} — %

if So = « < L. Note that in this case Z;; o; remains bounded by L.
We find

]E[efTTL(K—S-rL) { S():I] = (K—L)]E*[Q*TTL } So :?L‘}

K—-L
r—, 0<x< L,

L (S.77)

, x> L.

w)—Qr/Uz

(K-1) (3

We check that when L > z, the maximum value of (S.77) is K — z, and
that it is reached at L* := x. On the other hand, when L < x, (S.77) can
be maximized using L* := 2rK/(2r + 02) as in the perpetual American
put option setting.

The stopping strategy 77x would be suboptimal in comparison with the
perpetual American put option stopping strategy, see Exercise 15.13-(c).

Exercise 15.15

a) The option payoff equals (k — S¢)P if Sy < L.
b) We have

1180 = B [0 (= 8, ) )7 | 7]
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=B [0 (5 L)) | F

= (k- L)PE* [e—“%—” | f,,] .

¢) We have
fr(z) =FE* [efT(TL*t)(/{f Se )T | = :c]
(k— )P, O<z<L,
= I 2r/o? (S.78)
(k—L)P <7> ,x > L.
x

d ) )
d) By the differentiation d—(/@ —2)? = —p(k — )P we find
x

9 ; - 2r/c? 2r/c?
4 o (e ()7

T T
Off«(
hence the condition fi- (@) = 0 reads
OL  |z=L*
2r . . 2r
ﬁ(nfL)fp:(], or L :WK</€.
e) By (S.78) the price can be computed as
(k=8P 0< S < L7
f(t,80) = fr-(S) = po2e \P (20 +po? S\ 2
— ) St > L*a
2r + po? 2r K

using (14.13) as in the proof of Proposition 15.4, since the process
ur— e~ fr«(Sy), u >t

is a nonnegative supermartingale.

Exercise 15.16

a) The option payoff is k — (S¢)P.
b) We have

f(8) =B [0 (n = (57, )7) | 7]

= E* [e*T(TL*f)(H_LP) ‘ ]‘-z]
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= (k- LP)E* [e—“%—“ ‘ ]-‘t] .

¢) We have
fula) = B* [0 (n = (S7,)7) | S = 1]
Kk —xP, O<z<L,
= x —2r/0?
_ (L
(k—LP) (L) ,x > L.
d) We have
/ *\ 2r *\p (L*)_QT/UQ_I _ *\p—1
Ji(L7) = =5 (k= (L) )W =—p(L")P™,
ie. 9
r * *
— (k= (L7)P) = p(L")",
or Y
. 2rK P 1/p
L* = (W) < (w)V/7. (S.79)

Remark: We may also compute L* by maximizing L — f1(x) for all
fixed . The derivative 0y (z)/dL can be computed as

e (en )

L 2r/o? 2 L 2r/o?
S <7> + L (k- IP) <7> ,
X ag

-
and equating 0fy(z)/0L to 0 at L = L* yields

(B 2 () s (1)) =0,

which recovers (S.79).

e) We have
&= (S, 0< S <L,
fr(S1) = (y)~2r/e*
(k= (L )p)W7 Sy >z L*
K= (SH)P, 0<S <L
= 2
2 (S0 (L I
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This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

H—(St)p, 0<St<L*,
2 2 opy —2r/(po?)
2 S,
L”Q 2r+po” Sy <k, S, >L*
2r + po 2r K

however we cannot conclude as in Exercise 15.15-(e) since the process
ur— e fr(Su), w2t

does not remain nonnegative when p > 1, so that (14.13) cannot be applied
as in the proof of Proposition 15.4.

Chapter 16

Exercise 16.1

a) We have

s X,
o5~ a(2)

= Koy (elommm=tot o)

No
_ %(U ) elr-nBi-@=P)/2 g,
0
Xo 2 (0—n)Bi—(a2—n?)t/2
+W(U —n)“eld o 1Y de
0
_ Xo (02 . 2) 0(07">BL7(U27"2)t/2dt
2Ny
Xt o o Xi Xi 2
=~ (62 p?)dt+ (o — n)dBy + (o — n)2dt
X (02 )+ Lo B+ ()
X X
= —ﬁ:n(o —n)dt + FZ(U —1n)dBy
X
= ﬁ:(ff —n)(dBy —ndt)
X; ~ ~ o~
=(o— n)ﬁdet = (0 —n)X,dB,,

where dét = dB; —ndt is a standard Brownian motion under P.
b) By change of numéraire, we have

E[(Xr —ANp)T] = E %(XT —ANp)T| = NoE[(Xr - \)*].
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Next, by the result of Question (a), X, is a driftless geometric Brownian

motion with volatility o —n under IP, hence we have

log(Xo/\) VT log(Xo/\) VT

— =t | A ——=— |
VT 2 VT 2

by the Black—Scholes formula with zero interest rate and volatility param-

eter ¢ = o — 1. By multiplication by Ny and the relation Xy = NO)A(O we
obtain (16.36), i.e.

Bl(r— 0] —m(

E[(X7 — ANp)t] = NE[(Xr — A)*]
= NoXo®(dy) — ANg®(d™)
= Xo®(dy) — ANo®(d ™).

c) We have 6 =0 —1).

Exercise 16.2

a) By the Girsanov Theorem 16.7, the processes

aBY = aB® - L an,.aB™ = aB - = _as?.aBY = aB" — ypdt,
t t N, t t St(2) L t t
and
aB? = ap® - Lan,.aB® = aB® - L _as®.ap® = aB® — yat
N, <@

t

are both standard Brownian motions (and martingales) under .
b) We have

_ B
ds) = (%)
St

(1)
5o d(eaB“Lnt”

N 7(027n2)t/2)

55
— ﬁ oB B~ (02 -n2)t/2
S5
x <o—dB§” + %2dt —ndB® + gdt 7 o U anpdt>
= 8§ (edB" - naB?).
O 1169
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c) We note that the driftless geometric Brownian motion (§t(1>)telR can be

written as N J
aSV =z5Waw,

where (Wt)te]R is a standard Brownian motion under Py. In order to
determine & we note that
G2dt = G2dW, - dW,
a8 a8
§t<1) §t(1)

= (adBfl) — Wd§52)> . ((TdB;]) - ndét(?))
= (0% + 1% = 20mp)dt,

hence 52 = o2 + 5% — 20mp. We conclude by applying the change of

numéraire formula
—rTs1(g(l) N+ — c@Ere) +
e BT [(Sp = ASpT) ] = S E[(Sp =)
and the Black-Scholes formula to the the driftless geometric Brownian

motion (gz(l))te]l%

Exercise 16.3 We have Ny = P(¢,T) and from (17.27) and the relations
P(t,T) = F(t,r) and P(¢,S) = G(t,m¢) we find

dP(t,5) P
A A — 1
Pt.9) redt + U(t,rt)ax og G(t,¢)dWry,
dN, _ dP(t,T) )
N, "~ BT redt + o (t, Tt)@x log F(t,r¢)dWs.

By the Girsanov Theorem (16.12) we also have

~ dN, J
th = dW{ — Ntt . de = th - 0'(t7 T‘t)% logF(t, T‘t)dt,
hence
dP(t,S) 9 0 0 0 —~
Pt,5) ridt +o (t,rt)ax og (t’”)ax ogG(t,rt)dt-i-U(z‘,rt)ax og G(t,r¢)dW,

Using the relation P(t,S) = G(t,r) we can also write

dP(t, S) = rtp(t,S)dt+a2(t,n)%1ogF(t,n)§ G(t,n)dt—&-a(t,n)aa Glt, )TV,

T T
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Exercise 16.4 Forward contract. Taking N; := P(t,T), ¢ € [0,T], we have

E* {exp (* J;TTsdé?) (P(T,S) - K) ‘]:t} = NE {((% }f}
(P(T,5)

=P, )]E[ P(TT ‘ft]

— P(t.T)E[P(T,S) — K | i)

= P(t,T)E[P(T,S) | Fi] - KP(t,T)

— P(tT)E [ Pg: g | ft] _KP(4,T)
t, )]]jgig ~KP(t,T)

= P(t,5) - KP(t,T),

since

P(t,T) _ P(,9)
N,  P(tT)

is a martingale under the forward measure P. The corresponding (static)
hedging strategy is given by buying one bond with maturity S and by short
selling K units of the bond with maturity 7.

Remark: The above result can also be obtained by a direct argument using
the tower property of conditional expectations:

E* {C)q? <7 LT reds ) (P(T, 8) — ‘]—}}

—E* :exp <7‘LT 7’5ds> <1E* [exp <7 [T rsds> ‘]—‘T] - ) ‘ff]
—E* o <— LT 7~st> E* [exp <— fTS Tsds> K| }'T} ‘]:t]

— E* :]E* [oxp (7 LS 7'5(15) _Kexp <7 LT > ‘]—'T} ‘]—'t}
=E° oo <f ‘LS rsds> — Kexp (7 LT rsds> ‘ft]

= P(t,5)~ KP(,T),  tel0,T].

Exercise 16.5

a) We choose Ny := S; as numéraire because this allows us to write the option
payoff as (Sp(Sr — K))™ = Np(Sr— K)*. In this case, the forward
measure P satisfies

@) 1171
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P _ _rNr _ St
dP No So’

or

Tor _ qotror N or0rS gy

d]P‘]:t Ny St '

b) By the change of numéraire formula of Proposition 16.5, the option price
becomes

e T E [(S7(Sy ~ K))*| Fi] = E*[e ’(T’t”NT(ST‘KVW
= NE[(Sr - K)"| 7]
= SE[(Sr-K)*|F].  (S:80)

¢) In order to compute (S.80) it remains to determine the dynamics of
(St)ter, under P. Since S; = Sp e Bi+rt=0t/2 e have

dlj _ CfrTsiT _ OaBTfazT/2
dP So ’

hence by the Girsanov Theorem 7.3, ét := By — ot is a standard Brownian
motion under P, with

ST — SO erT+dBT—n2T/2
_ S00(7'+02)T+J§T—52T/2
_ Ste(r+02)(T—t)+(§T—§t)o—(T—t)aQ/Z’ 0<t<T.
d) According to the above, (S.80) becomes
e~ T E*[(Sp(Sr — K)) | F] = SiEE[(Sr — K) 7| F]
— St]E[(So erT+a2T+U§T—o‘2T/2 _ K)+{ ]_-{]
_ St]’E\:[(Ste(r+02)(T7t)+(/B\T7§f/)of(Tft)UQ/Z - K)*| A
= ST 0To")BIS, K, +02,0,T 1), 0<t<T,
since the Black-Scholes formula with interest rate r + o2 reads
o~ (T=D(r+0*)F E[(S: o1+ (T=t)+(Br—B)o—(T—)02/2 _ K)+|ft}
= BI(S, K,r+02,0,T —t), 0<t<T.
Remarks:

i) The option price can be rewritten using other Black—Scholes parametriza-
tions, such as for example
1172 O
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SiBI(S;eT=00+7") K 0,0,T — ),
or
Sy eT=00+0*)B (5, K e (T=00+9%) 0 5 T —¢),
however we prefer to choose the simplest possibility.
ii) Deflated (or forward) processes such as S;/ Ny =1 or
e (T=t)r -
TIE*[(ST(ST —KNYFR]=E[(Sr—K)T|R], 0<t<T,

are martingales under the forward measure IP.

This option can also be priced via an integral calculation instead of using
change of numéraire, as follows:

i)

e~ T=0"E*[5p(Sp — K)* | 7
= o (T-t)rgx [Ste(Tft)r+(BTth)of(Tft)02/2

><(StO(T—t)7'+(BT—Bz)a—(T—t)az/Z - K)+| ]_-t}
_ Ste—(T—t)(rQ/Q]E* [(Ste(T—t)r+2(BT—Bt)o—(T—t)(72/2 K o(Br—Bt)o +| ]_-t}

_ Stef(Tft)02/2]E*[(xe(Tft)T+2(BT7Bf,)07(T7t)¢72/2 _ KeBr—Bi)o )ﬂ ‘
=05t

= StC*(Tft)a2/2IE* [( CW(I)+2X _ KCX)+} sy 0<t<T,

where X =~ N(0,v?) with v2 = (T —t)o? and m(z) = (T —t)r — (T —
t)o? /2 + log x. Next, we note that

IE[(eer?X 7K6X)+] _ M2 _ prom )+ —x2 /(202 >dl‘

V2mv? J*OO
_ m+2r oy —a2/(202) ..
V2mu2 j—7n+logK(C Ke )C de

_ 2022/ (20%) 7. K z—x2/(20%)
N ] j—erlogK ¢ du Vo2 jferlogK ¢ du
2
o SR g, K - [ (07 —a)2/(20%) g
N m+log K V2T —m-+log K
+2 2/2
ot Gl b —a?/(20%) g, _ K L 072 (27) g
V2?2 202 7m+logK Vorp2 J—v2—m+log K
+2 2/2
= ome? j "2y Ke e 24y
2 202 —m+log K) /v V2 (—v2—m-+log K)/v
em+2v<1><21;+ ,—10,53,K>_Kevz/Q(I>(v+m—logK)7
v v
hence
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_(T—t)r]E* [ST(ST *K)+|]:t]
= G e (T—t)o 2/2]E*[(e’"( 22X _peo )Jr]z:st
— §2o(T-t)(r+0?) ( T- )(7‘+02)+(T—t)02/2+10g(5t/K))

oyl —t
(T—t)(r+0%) — (T —1t)0%/2+10g(S:/K)
_Kstcp( o )

= SLe(T*t)(TJr”Q)BI(SL,K7 r+o%,0,T—t), 0<t<T.

Exercise 16.6
a) Knowing that S; = Sp eoWitrt=a®t/2 o check that the discounted

numéraire process
ethNt .— gn ef(nfl)na2t/27n'rt
=5 e
— g enaWtJrnN,—nazl,/Z e—(71—1)n02t/2—n,r1,

So eTLUWf,*(TLU)Qt/27 0<t<T,

is a martingale under IP*, and

dd]I]f* _ efTTJJ\\ffT g’i‘ e*TLUZT*’rLTT _ enaWTf(na)QT/Z. (881)
0

From Equation (S.81) and the Girsanov theorem, the process /Wt =
ont is a standard Brownian motion under P, and we have

b

=

St — SO ert+(TWt—o'2t/2

_ SO ert+a(ﬁ/t +not)702t/2

WV
=]

2 W 2
_ Soe(TJrno' Vt+oWi+o t/2, t

¢) We have
o TB [SHLs oy | F) = B [e” T S s o | )
_ e(n—l)n(;?T/2+(n—l)rT]E* [NT]-{ST2K} |]:t}
_ e(n—l)n(,r?T/2+(n—l)rTNt]/E []]'{ST SK} |]:t}
(n 1)no2T/2+(n— l)rTN ]P(ST K ‘ ]:t)
= (Ve T/24 (1T <log(St/K) (r+(n—1/2)0?)(T - t))
oVT —t
1174 @)
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_ gn o(n=no? (T—1)/2+(n-1)r(T—1) g (10g(5t/K) +(r+ (n—1/2)0*)(T - t))
¢ oyl —t ’
0<t<T,n>0.
d) The power call option with payoff (S% — K™)" is priced at time ¢ € [0, T
as
e TOrE* (53 - k™) " | F]
— §P om0 /2 (=D (T—1) g <1Og(5t/K) + (r+(n—1/2)0*)(T - t))

oVT —t
g o= (T=t)r 10g(5t/K)+(7‘*02/2)(T*t)> ,
K"e <I>< VT 7 , n =1, (S.82)

which recovers the solution of Exercise 7.16 in the case n = 2. See also
Heynen and Kat (1996) for the more general case of polynomial options.
e) The derivative

1
o(z) = d'(z) = \/ﬂefﬁn, z €R,

of the standard normal cumulative distribution function ® satisfies

. <log(x/K) +(r+(n- 1/2)02)(T7t)>

lo|vVT —t
I e . <1Og(x/K)+(r+(n71/2)02)(T7t)>2
 Ver Pl2 lo|VT —t
_ 1 1 (log(x/K)+ (r—o2/2)(T —t) 2
TV <2< VT —t +"Wﬁ) )

= \/127exp <—%((L(T—t))2 _n(T—t)r—nlog% + (n_T(T_t)”Q>

_ Tnl\j% C*TL(T*&)’!"F(’VL*l)TL(T*t)UZ/2 exp <7%(d, (T _ t))2>
K —n(T—t)r+(n—1)n(T—t)o?
:Fe (T—t)r+(n—1)n(T—t) /2¢(d7(T7t))7

hence by (S.82) we have
99c

ox (t,2)
-9 <xne(nfl)nUQ(T—t)/2+(n—l)7‘(T—t)q> <log(I/K) +(r+(n—1/2)0*)(T — t)))
Ox lo|V/T —t
—(T—p)y O log(z/K) + (r—a2/2)(T —t)
_ K" (T—t)r Y <q>< g >>
¢ oz lo|V/T —t
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— a1 o (= 1ne(T—0) /24 (n-1)r(T—1) g (10g($/K) +(r+(n— 1/2)02)(T*t)>

lo|vVT —t
4 g e(n=Dno2(T=0) /24 (n-1)r(T—1) 9 g (bg(l’/K) + (r+ (n—1/2)0*)(T - t))
Oz lo|V/T —t
n —(T—t)y O log(z/K) + (r—o2/2)(T —t)
_ K" (T t)riq)< g
¢ oz o[ VT —t
_ a1 o (= 1ne(T—0) /24 (n-1)r(T—1) g (10g(I/K) +(r+(n— 1/2)02)(T*t)>
lo|vVT —t
1 2 1C(’ﬂ,*l)ﬂﬂz(T*t)/2+(7L*1)’!’(T*t)
\a’lv
<log(x/K) +(r+(n—1/2)0?)(T — t))
4 lolVT —¢
B Kne (T-t)r (log(x/K) +(r—o%/2)(T - t))
2o VT —t ¢ lolVT —¢
— 1 e(nfl)no"‘)(Tft)/2+(7171)T(T7t)q) (log(x/K) + (7“ + (TL - 1/2)02)(T - t)>
lo|vV/T —t
Ke (T—t)r
(n 1)no?(T—t) _ K1 d_ (T —t
e e Je(d (T 1),

and we conclude from (6.3).

Exercise 16.7 Bond options.

a) Ito’s formula yields

. (P(t, s>> _ P(t.9)

(€¥(0) = ¢" (1)) (awe = ¢ (1)dr)

P@,T)) P@T)
P(t,9) TR
=501 ¢ ¢3(t) = <" (t)dWs, (S.83)

where (Wy)ier . is a standard Brownian motion under P by the Girsanov
Theorem 7.3.

b) From (S.83) or (19.7) we have
Pt = o) o (Jy (€0 - TN 5 [1165 0 o).
hence
Pt = e ([ (566) = TN 5 [1¢50) - o) as).
€ [0,4], and for u = T this yields
1176 &
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P1.8) = et esn ([ (@50 - @)~ 3 1656 - o) as)

since P(T,T) = 1. Let PP denote the forward measure associated to the
numeéraire
N; == P(t,T), 0<t<T.

For all S > T > 0 we have

E o s (P(T,5) - K)*| A

<PE: % P (X T2 |CS CT(S)|2ds> - K>+ ‘ ]:t:|

= P(t,T)E[(eX*m(tT5) _ )| 7],

= P(t,T)E

where X is a centered Gaussian random variable with variance
V2(t,T,S) j ¢S (s) = (T (s)["ds
given Ft, and

P(t,S)
P(t,T)

1
m(t,T,S) = 751;2(t,T,S) + log

Recall that when X is a centered Gaussian random variable with variance
v?, the expectation of (e™*X — K)T is given, as in the standard Black—
Scholes formula, by

E[(e™ X —K)] = em+1’2/2q>(v+ (m—logK)/v)—K®((m—log K)/v),
where

z 2.9 dy
D(2) = eV /2 "L z€R,
@@= -

denotes the Gaussian cumulative distribution function and for simplicity
of notation we dropped the indices ¢, T, S in m(t, T, S) and v?(t,T, S).

Consequently we have

E e O (P(T,5) - K)*| 7]
= P(t,9)® (% + ;bg%) —KP(t,T)® <7§ + ~log %) )

The self-financing hedging strategy that hedges the bond option is ob-
tained by holding a (possibly fractional) quantity
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v 1 P(t,S)
Q-+ -log——
(2 tyoe KP(t,T))
of the bond with maturity S, and by shorting a quantity

p@g)

v 1
KO (-2 4 Zlog 2220
( 2 "0 kP, 1)

of the bond with maturity 7.

Exercise 16.8

a) The process
e Sy (t) = Sp(0) eVt )t

is a martingale if

b) We note that
e—rf,Xt — ot e(r—u)t—a%t/ZS] (t)
_ e—rl,e(a%—(rf)l,/Qsl (t)

_ e—/;,t—rrft/Zsl (t)
-5 (0) e/tt—a‘ft/? eUth+/Lt

— 51(0) eng—c%t/Q
is a martingale, where
X, = e(rf,u)tfo%t/Zsl (t) _ e(agfa%)t/QSI(t)_

¢) By (16.38) we have

. X,
X@:i
_ e(ag—ﬂf)t/Qsl(t)
Sa(t)
_ Sl(o) e(ogfa?)t/2+(alfo'2)Wt
55(0)
_ 51(0) e(agfaf)t/2+(0170'2)1;[\@1»02(01*0'2)’5
55(0)
_ Sl(o) e(01702)V,]\/L+Uzalt7(dg+rrf)t/2
S2(0)
_ Sl(o) O(U] 702)5‘\/17(01752)215/2
S2(0) ’
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where -
Wy := Wy — o9t

is a standard Brownian motion under the forward measure P defined by

Np

No

— efrT Sz (T)
S5(0)

—rT eo‘gWT+uT

= ef‘roT rsds

5%

= e

= o02Wr+(p—r)T

_ eo‘ngfagt/Q.

d) Given that X; = e(“3=oD/26,(¢) and X(t) = X;/N; = X;/S5(t), we
have
e TE[($1(T) — 552(T))"] = e TE[(e =~ DT/2 Xy — 58y(T))*]
— T o—(03-0}) I/Q]E[(XTfne 03— 01)1/252( )]
= 55(0) e~ (B—DT2E[(Xy — nel7E—DT/2)%]
0 e_(”2_‘71)1/Q]E[(XOe(”l_UQ)v/‘}T_((’l_”2>2T/2 _ ,{e("%—”f)rf’m)ﬂ

)
)
)e~ (T3 DT/2 (X009 (T, Xo) — wel@3—DT/200 (T, X))
Je~

where
log(z/k) (01 —02)% — (63 —0})
(T, 2 :q>( + 2 VT
+T2) lo1 — 2| VT 2|01 — o9
log(z/k) >
&Y Lo VT ), o1 > oo,
<|01*02|\/T
log(z/k) )
S| ———"——VT |, o1 <o09,
<|01—02|\/T
and

N s I e e )
®*(T’)*¢<|alm|ﬁ )
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log(z/k)
O —>" 4 oVT ), 01> 09,
<\01*02|\/T

log(z/k) >
D 7702\/f , 01 <09,
<\01 —ooVT

if o1 # 092. In case o1 = 09, we find

e TE[(S1(T) — kS2(T)) ]

e TE[S1(T) (1 - kS2(0)/51(0))*]
= (1-r52(0)/51(0)) " e "TE[S1(T)]
= (81(0) — £52(0)) 115, (0)>r5,(0)} -

Exercise 16.9 Cash-or-nothing “binary” option. We have

o T E Ly | Ri] = "7V (Ry > 5 | Ry)
— o (T—t)rp (Rte(WT—Wt)a+(r7rf)(T—t)7(T—t)02/2 >k | Rt)

_ C—(T—t)rlp* (zC(WTfVVg)a+(7'77‘f)(717t)7(717t)02/2 > H)I:RL

— o (T-0rg ((T - (T —t) - (T —t)o?/2 - IOg(ﬂ/Rt)) 7

ovVT —t
after applying the hint provided, with
= (T—t)o? and p:= (r—rH)(T—t)— (T —t)o?/2.

Remark: Binary options are often proposed at the money, i.e. kK = Ry, with
a short time to maturity, for example the small value

T — ¢ ~ 30 seconds = 0.000000951 = 9.51 x 10~7 ycarfl,

in which case we have

_f
e T E Loy | R = T ra <<r o %> T_t>

g

Taking for example r — rf = 0.02 = 2% and o = 0.3 = 30%, we have

—rf 02 0.
(T UT - %) VT —t= (ﬂ - E) V9,51 x 10~7 = —0.000081279

0.3 2

and
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e~ T E L,y | Re] = e~ T=07®(~0.000081279)
— eer0.000()()OQSl % 0.499968

0.49996801

E

2’

with » = 0.02 = 2%.

Exercise 16.10

a) It suffices to check that the definition of (W}¥)er, implies the correlation
identity dW,%« dW}N = pdt by 1td’s calculus.
b) We let

61 = \/(05)2 — 2p0f0f + (of1)?
and s N N
awX =22 P% qws 11— 2% aw,  t>o0,
ot Ot

which defines a standard Brownian motion under IP* due to the definition
of ZT\t.

Exercise 16.11

a) We have 6 = \/(05)2 — 2paBaS + (oF)2.
b) Letting X; = e " X; = e(“’r)tSt/Rt, t > 0, we have

(% B H>+ ‘]:t:| — o aTE* |:<X1 _ e(ﬂ,”)Jr )]__t:|
_ o—la)Tr |:<)?T B e(afT)TH)Jr ’]:t:|

- _ =2
— ¢~ (a—n)T (th) ((T a+5°/2)(T t) + L logi>

VT —t VT —t KRy
el <(T - z U;/E)t( 2+ a\/;f log ,j;))
. 2
(e By ;_tk’gﬁ%) |

hence the price of the quanto option is
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. S’
—(T—t)rp* o7
e E (RT I{) ‘]:t
St —a(T—L) <(T‘7(l+32/2)(T7t) 1 St >
= [ log ==&
) VT —t eV
~2
e T (r—a—o%/2)(T—1t) 1 ) St )
re ( N Yo Tt R,
Chapter 17

Exercise 17.1

a) We have

[ Y —ot (t bs
dry = rode +bd(1 e )+Ud<e foe dB5>

-t -t
= —broe dt + ae dt + ce d JO e?dB, + o JO e?dBsde b

g
—broe tdt + aetldt + ce P P dB; — ob jo ¥ dB, e~ dt

t
= —brge~dt + aedt + odB, — ob fo ¥ dBy et dt

—broe tdt + ae "dt + odB, — b (n —rge b — %(1 — e’bt)) dt
(a—br)dt + odBy,

which shows that r; solves (17.48).
b) We note that

=rge tse (=90 4 %((H)b(l B o*bb‘)
+%(1 — (=) 4 gem(t=s)b ﬁ: o~ (=wbap, 4 ULt e~ (t=ubgp,
=rae T G- e o[ e thap,, 0<s <t

Hence, assuming that rs has the N'(a/b,o%/(2b)) distribution, by Propo-
sition 4.12 the distribution of r; is Gaussian with mean

Elr] = e_(t_s)b]E[rs} + %(1 _ e—(t—s)b)

= Q== Ly —(t-s)b
5 C +b(1 e )
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@
=5
and variance
t
Var[r] = Var |:7«se—(t—s)b + 2(1 _ e(t—s)b) + UJ e—(t—u)deu:|
b s
= Var {rs e (=9 4 & jt e7<t7“)deu]
S

= Var [rsc’(tfs)b] + Var [o jt of(tfu)deu]
S

— o 2(t=9)b 7y [Ts} + 02 Var Uf e—(t—u)deu:|

s

2
— o 2t=sp T 2 j‘ o2t g,
S

2b
2 s
_ 672@75)17%_’_02 jo § o 2bu g,
2
a
= — t=>0.
20’ >0

Exercise 17.2 We have

2
% =2.249881 and % = 0.43385392 = 0.1882321,

hence
0.01

=0.01 =
@ =001 b= osst

= 0.00444419

and

o = /2b x 0.1882321 = /2 x 0.00444419 x 0.1882321 = 0.04092255.

Exercise 17.3 Using the solution of the (time-dependent) Hull-White exten-
sion (17.10) of the Vasicek model (17.1) page 610, we obtain

t 1 t t t U
X; = Xge~ Jo Brdr 4. f() e du Brdr B du + e~ Jo Brdr jo Buefo Brargp,

t > 0. Note that the term effot Brd7 cannot be moved inside the stochastic
integral with respect to dB,,, while it can be freely be moved in or out of the
deterministic integral with respect to du. Indeed, the stochastic integral with
respect to dB, is only defined for adapted processes, i.e. processes (Yy)ueR,
such that Y, is F,-measurable for all u > 0, where (Fy)yer, is the filtration
generated by the Brownian motion (By)yeR. -
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Exercise 17.4

a) We have

C(tv T) =E* {(ST —_ St) e” ILT rsds

7]

— E* {STei‘J;VT rsds

]:t] -E [St o Ji rods

s

= E* {efgr.;dsSTeffoTrsds ]:t} — S,E* [e*LTT.st

s

cjot 7'sdsIE* [Sch J‘OT rsds

ft} ~ S,P(t,T)

_ ef(]L Tsdsst97IJ rsds _ StP(t, T)
=8~ S,P(t,T).

b) We have

E*[P(t,T)e e

Fi] = P TR [ e
= F(t,T)P(t,T)
= E* [spe s
=S, 0<t<T,

7]

7]

hence s
t
= <t<
¢) We have
C(t,T) = Sy — SiP(t,T) = F(t, T)P(t,T)(1 - P(t,T)), 0<t<T.

Exercise 17.5 An estimator of o can be obtained from the orthogonality
relation

n—1 n—1

Z ((Ftl+l —alt — (1 - bAt)ftl)2 - UQAt(ftl)h) = ‘72 Z(ftl)z’y ((Zl)2 - At)
1=0 =0
~ 0,

which is due to the independence of ¢, and Z;, [ = 0,...,n — 1, and yields

n—1
- N2
(., — alt — (1 — bAL)7Y,)

~2 _ 1=0

- n—1

ALY (7)) *
1=0
1184 S)
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Regarding the estimation of -, we can combine the above relation with the
second orthogonality relation

n—1
((ftH»l —alt — (1 - bAt)ftl)Q — 0-2At(ftl)27)7:tl
1=0
n—1
=) (7)1 (2)° - B1)
1=0
~ 0,

cf. § 2.2 of Faff and Gray (2006). One may also attempt to minimize the
residual

n—1

S (P — ot~ (10807 — 2B’

1=0

by equating the following derivatives to zero, as

9 n—1 2
5o D7 (s —atst = (1= bAt)7,)* = o2 At(7,)2)
1=0
n—1

403" (7)) 2 (P, — abst — (1 - b)) — oAt (7))
=0

=0,
hence
n—1 ; -
S (70)? (P, — alt — (1 — b)) — 020t S (7, = 0,
=0 £
which yields
n—1 )
Z(Ftl)z’Y ('FtHl —alt — (1 — bAt)Ftl)
~ 1=
02 - : n—1 . (584)
At Z(ftl)4"f
1=0
We also have
9 n—1 , ,
a Z ((ftl+l —alt — (1 — bAt)Ftl) _ UzAt(Ftl)ny)
=0
n—1 )
= —40%At Z(Ftl)zw((ftm —aht — (1 - AL, ) — a*At(7,) ) log 7y,
=0

1185
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=0,

which yields

n—1
- ~ ~ \2 ~
Z(rtl)h (Fryyy — alSt — (1 — bAL)Fy, )" log 7,
A~ 1=0
5 _ . (s.85)
At (7,)* log 7,
1=0

and shows that v can be estimated by matching Relations (S.84) and (S.85),
i.e.

n—1
S (7)) (Fuyy — abt— (1 - bADT,)?
1=0

n—1

Z(ftl)h

1=0

Z(iztl )Q’Y (FtHl —alAt — (1 - bAt)ftl)2 log ’I~‘tl
=0

n—1

> (7)) log 7y,

=0
Remarks.

i) Estimators of @ and b can be obtained by minimizing the residual

n—1
57 (7, —adt— (1 - bAt)7,)°
=0

as in the Vasicek (1977) model, i.e. from the equations

n—1
> (Fuy,, — adt — (1= bAt)F,) =0
=0
and
n—1
Z (7o, — alt — (1 — bAL)Fy,) 7y, = 0.
=0

ii) Instead of using the (generalised) method of moments, parameter esti-
mation for stochastic differential equations can be achieved by maximum
likelihood estimation, see e.g. Lindstrom (2007) and references therein.

1186 O
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Exercise 17.6 (Brody et al. (2018))
a) The zero-coupon bond price P(¢,T) in the Vasicek model is given by

log P(¢,T) = A(T —t) +nr:C(T — t), 0<t<T,

where
C(T —t) = = (1— e~ T700),
and
4ab—30% 0% —2ab
A(T —t) := e + T (T—-¢)

2 _ T 2 T
+0 - ab o (T—1)b _ 5?6_2“ -tb <t < T.(S.86)

Since limp_,oo C(T —t)/(T —t) = 0 and

lim A(T —t)/(T —t) = (6 — 2ab)/ (20%),

T—o0
we find
= — lim log P(t,T) 70272ab _ 97072
C7 Toee T—t 22 b 202
b) We have
log LET) 100 p(4,7) — 10g P(0,T)
gP(O,T) = log ) g )
= A(T —t) — A(T) +nC(T —t) —roC(T)
_ 42 e (P mab o
22 b3 4b3
Y 0?2 oi—ab Tt 1 —(T—t)b T 1 T
e g T ) e e,
hence
. P(t,T) [a o? re—rQ T —7T0
218 B0, 7) = <572b2 Tty Ty b

and*

im log PT) _ o (re=ro) lo+t(alb-02/(26) _ o=(ri=ro) /b+roct.

T—00 P(O7 T)

* The log function is continuous on (0, c0).
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which shows that the yield of the long-bond return is the asymptotic bond
yield 7.

Remark: By Relations (17.34)-(17.36), the Vasicek bond price P(¢,T') can
be rewritten in terms of the asymptotic bond yield o as

P(t, T) _ ef(Tft)rDOJr(nf'roc)C(Tft)foZCQ(Tft)/Mb)’ 0<t<T,

see e.g. Relation (3.12) in Brody et al. (2018).

Exercise 17.7

a) We have 1t = rg + at + 0By, and

F(t,ry) = F(t,ro +at +oBy),

hence by Proposition 17.2 the PDE satisfied by F(t,z) is

oF F 1 262F
—zF(t,x) + E(t,w) + a%(t,z) +59 5.2 (t,x) =0, (S.87)
with terminal condition F(7T,z) = 1.
b) Using the relation r; = 19 + at + 0B, and the fact that the stochastic
T
integral L (T — s)dB;s is independent of F;, we have
T
F(t,r) =E {exp <7L r,;ds) ‘]—'t]
R T T
=E {exp (—r()(T —t) — a,ft sds — O’L Bsds> )]:t}
T
= {M(M*Tu%/ 2exp (*(T ~t)oB—o [ (T~ s)st> | ft}
— o To(T—t)~(T?~12)a/2—(T~t)o By g+ {exp <7U JT(Tfs)ng> ‘}_t]
; f
— o ro(T—)—(T—t)(T+t)a/2—(T—1)o By = {exp (_” J‘T(T_ S)stﬂ
t
= exp <—(T—t)n—(T a/2+—j )
=exp (—(T —t)ry — (T —t)%a/2+ (T — )%32/6)
hence F(t,z) = exp (—(T —t)z — (T —t)%a/2+ (T — t)302/6).
Note that the PDE (S.87) can also be solved by looking for a solution
of the form F(t,z) = eAT—)+2C(T—1) in which case one would find
A(s) = —as?/2+ 0?53 /6 and C(s) = —s.
1188 O
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c) We check that the function F(¢, z) of Question (b) satisfies the PDE (S.87)
of Question (a), since F(T,z) =1 and
o2
—zF(t,z) + <x +(T—t)a— ?(T - t)2> F(t,z) — (T —t)aF(t,x)

0_2
+3(T—t)2F(t,z) =0.

Exercise 17.8
1) After discounting, the equation (17.30) reads

PET) o - 1yan,. (S.88)
P(t,T)
2) The solution of (S.88) is
~ ~ t
P(t,T):P(O,T)exp(afoC(T—sdB j C2(T - s) 9) 0<t<T.

3) We have E[P(t,T)] = P(0,T) and
IE[(]B(L‘,T))Q] = (P(0,7)) exp( j C*(T — s)ds — —f C3(T —5) s)

= (P(0,T)) exp< ch —s) 5,),

hence

Var [P(t,T)] = (P(0,T)) <exp< ICQ —s) 9)—1), 0<t<T.

Exercise 17.9
¢
a) We check from (17.54) and the differentiation rule djo f(u)du = f(t)dt
that

¢ 1
dry = afBd (stj S—du) +10dS;

= aﬁstdj S—du + aﬁj —dudSt +10dS;

—aﬂ dt+ ﬁf —duﬁerdSt

dSy
= afdt+ (ry — TOSt) + 1odS;
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dS;

St

= afdt + r¢(—pdt + odBy)

= (a—1¢)Bdt + odBy, t>0.

= afdt +ri—

b) Taking u(t,z) := (o — )8 and o(t,z) = oz, by 1t6’s formula we have
a (=Bt p(t, 1)) = o= B P( T)dt + o~ Ji tap(s,T)
= —rteffg TsdsF(t re)dt + e~ Jo ”deF(t )

oF
= —rie -k TsdsF(t re)dt + e —Jg rsds . —(t,7¢) (u(t,re)dt + o (t,7¢)dBy)
s (1 0°F oF
+e IO sd. (502(t’ Tt) 02 (t 7t) + E(t,T})) dt
= eij()t’rsds (f ’l’t)gF (t Tt)dBt

F 1 F F

4+ o Jo rsds <—rtF(t ) + p(t, ”)?9 (t,re) + 59 (15,7,5)(:)9 5 (t,7t) + a@t (t, rt)> dt.
(S.89)
Given that ¢t — e "sds p(¢ T) is a martingale, the above expression

(S.89) should only contain terms in dBy, and all terms in dt should vanish
therein. This leads us to the identities

’V’tF(t, 7’5)

OF 1 9*F OF
= u(t,re) o= . (t,re) + 502(t,r,) 52 (t,re) + E(t’ ) (S.90a)

. F
d (e’fot”dsP(t,T)) = e~ Jorsdsg(y, n)g (t,7¢)dB;,
and in particular to the bond pricing PDE

oF 1 0°F oF
o (t,z) + 02732—( z)+ —(t, ).

zF(t,z) = Bla—z)— 5 72 5

Exercise 17.10

a) Applying the Itd formula
1
df (r) = f'(re)dre + 5f”(n)(drt)Q

to the function f(z) = x2~7 with

1190 O
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fl(x) = (2= and f'(z) = (2-7)(1 -7z,

we have
dRy = dr?™"
= df(re)

= ['(r)dre + f”(Tt)(de)
=['(re)((8 ?1+m‘t)dv‘+nr 2dBy)dry +

1 _
§f”(n)((ﬂr? +ary)dt + ar?/det)

2
- f/(”)((ﬂrg_l +ary)dt + UT?/Zde)drt + %f”(rt)rgdt
) 2
=2 (i 1y a7’t)dt+a7'7/2dBt) + %
= Q=B +arf e+ (2 7 =)dt+0(2=5)ri 7/ 2dB,

2=7y)Q =), dt

=2-7(s+ 7(1 )+ aRt)dt +(2—7)o/RidB;.
We conclude that the process Ry = 7't2 ~7 follows the CIR equation
th = b((l - Rt)df + nv thBt

with initial condition Ry = 7"377 and coefficients

(72
b=(2-7)e, a:$<ﬁ+(1—7)7>7 and 7= (2-7)o.

b) By Itd’s formula and the relation P(t,T) = F(t,r¢), t € [0,T], we have
d (el p(t, 1)) = —rpe” 0P, T)dt + ol e ap(e,T)
= —rie" Jg T"'dSF(t, Tt)dt + e If; TstdF(L T‘t)
= 7rte_ff§ rsdS (4 )dt + e Iy “dsaa—};(n ry)dt + e h T”dsg(tyrt)drt
_ 10°F
+e b Tsdsz 52 (t,r¢)(dre)?
= —re -l TsASP(t, ) dt + e = Jo rsds BF (t, n)((,& "4 ary)dt + o) 124By)
v
~ (traas (OF 1, ,0°F
+ e~ Jorsds ( 5 (t, 7’,)+§J r?w(t,m) dt
= e_Jg 'r,,ds 7/2(2 (t rt)dBt
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+ o= Jorsds (—nF(t, re) + (ﬁr;(liw) + cw't)a—F

oz (t,7e)

1 9%2F OF
+ 0'27'? 022 (t, Tz) + W(t,n)) dt. (8_91)

t
Given that ¢ —s e~ Jo T"‘dsP(t,T) is a martingale, the above expression
(S.91) should only contain terms in dB; and all terms in dt should vanish
inside (S.91). This leads to the identities

- oF 1 0’F oF
reF(t,re) = (Bry (=) +ary)— P (t,re) + 202@ 522 (t,me) + E(t,n)
d (e*fot ”dSP(t,T)) =ge Jorsds V/z gF (t,r)dB,

and to the PDE

oF or o? O°F
2F(t,z) = C)—( z) + Bz~ +ax)%(t7x)+79ﬂw(t7x)

Exercise 17.11

t
a) The discounted bond prices process e~ Jorsds p (t,7¢) is a martingale, and
we have

d (c*foL ”dsF(t,'I’t))

— o Jyreds <7rtF(t,rt)dt+ %F

2 92

oF PF
(b ra)dt + S (tm)dr + S5 (8 rt)(drt)2>

— o Jirds <_Ttp(t,7~t)dt + %f(t, ro)dt + Z—F(t, re)(—arqdt + a\/rtdBt)>
x

o2 9°F
282(

hence F(t,z) satisfies the affine PDE

+rie” Jo rsds t,re)dt,

oF oF o2 0’F
—xF(t,,r)JrE(t,z)—awa (t,z )+T?W( ,z) =0. (S.93)

b) Plugging F(t,z) = eAT=0+2C(T=1) into the PDE (S.93) shows that

2
AT =) +2C(T—1) <—x — AT —t) —aC' (T —t) — axC(T — ) + %CZ(T - t))

=0.
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Taking successively © = 0 and = 1 in the above relation then yields the
two equations

A(T—t) =0,
2
1= T —t)—aC(T —t) + %CZ(T—t) =0.

Remark: The initial condition A(0) = 0 shows that A(s) = 1, and it can
be shown from the condition C'(0) = 0 that

2(1— e(T=1))

) T

te[0,7T],

with v = Va2 + 202, see e.g. Eq. (3.25) page 66 of Brigo and Mercurio
(2006).

Exercise 17.12

a) The payoff of the convertible bond is given by Max(aS-, P(7,T)).
b) We have

Max(aS;, P(7,T)) = P(TvT)]l{aS.rgP(T,T))} +aSrliag s pr))}
=P(r,T) + (aS; = P(7,T))lias, > p(r 1))}
= P(r,T) + (aS; — P(1,T))"
= P(1,T)+a(S; — P(r,T)/a)*,

where the latter European call option payoff has the strike price K :=
P(r,T)/c.

From the Markov property applied at time ¢t € [0, 7], we will write the
corporate bond price as a function C(t, St, r¢) of the underlying asset price
and interest rate, hence we have

o
~

C(t,S¢,r) = E* [efftT 7345 Max (S, P(7,T)) ‘ ft} .
The martingale property follows from the equalities
e~ Jorsdse(t, Sy ry) = e Jo Tl [c*ff rsds Max(a Sy, P(r,T)) ‘]—'t]
=" [e7 I ™% Max(aS,, P(r,T)) | ]

d) We have

=

d (e*fo‘ TS, Sy, n))
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= —re ~Is “dSC(t Si,re)dt + e —Jo reds 9 e (t Sy, re)dt
4o Joreds 80 (t, St 1) (rSpdt + oS dB)

ocC
4o Joreds ay St ) ((t, )t + (¢, 51)dBY)

2
teJores? sfa TC ¢ syt + e 521 2 (1 s, )
oz 2 Oy
2
+pasm(t,n)e*ﬁ“‘“a—c(t,st,rt)dt. (S.94)

dzy

t
The martingale property of (e~ Jo rsds o, Sy, ”))te]R shows that the sum

of terms in factor of dt vanishes in the above Relation (S.94), which yields
the PDE

oC oC oC
0=—yC(tw,y) + 5 (tz,y)di +ry5—(t,z,y) + (8, y)afy(t z,y)

0.2 2820 2 2

10%C 0°C
T 5 (t,z,y) + 77 (ty )5@@ z,y) + poxn(t, y)a 3y (t,z,y),
with the terminal condition
C(r,z,y) = Max(az, F(7,y)), where F(r,r;)=P(r,T)

)

is the bond pricing function.
e) The convertible bond can be priced as

E* [e= I 7% Max(as:, P(r,T)) ‘ 7
—E* [e*ft”stP 7. T) ’]-‘t] +aE* [e*ft”st(s, —P(r,T)/a)* ’]-'t]
= P(t,T) +aP(t, T)E[(S;/P(7,T) — 1/a)* | F]. (S.95)

f

N

By Proposition 16.8 we find
A2 = (0 — op(t)) Z,dW;,

where (W,)ier . is a standard Brownian motion under the forward mea-
sure IP.
By modeling (Z;)¢cr, as the geometric Brownian motion

=

g
dZt = U(t)th/W\t,

Relation (S.95) shows that the convertible bond is priced as
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P(t,T)+ aS®(d4) — P(t, T)P(d-),

where 2( )
1 Sy ve(t, T
= !
4= <°g PGT) T 2 ) ’
1 St v2(t,7)
= log - ;
v(t,T) P(t,T) 2

and v2(t,T) = ]tT o%(s,T)ds, 0 <t <T.

Exercise 17.13 We have

17} 17} 1 c 1
b0 = 5 (£ (- )
n c 1 nc
= — 1— + ,
s (- e e
hence
D.(0,n) = _ dr 0 P.(0,n)

P.(0,n) dr el

_n 7(1+r)c<17 1 >+ nc
(1+T‘)" r2 (1+7,)n T(1+T)"
B c
;

| mre tr (e((Q47r)"=1)) +nc
B r+c((1+r)"—1)
14+7r—nr— Ltr (r+c((T+r)"=1))+nc

r-:c((l-ﬁ—r)"fl)
L+r  14r+n(c—r)
r r+ce((14+r)n-1)
_ (L—c/r)n 1+r [/ c((l+r)"—1)
BT DY A <r+c((1+r)ru1)>’

with Do(0,n) = n. We note that

. . 1+7r 14+r+n(c—r) _ 1
Jm Du0m) = i (- ) <

When n becomes large, the duration (or relative sensitivity) of the bond price
converges to 1 + 1/r whenever the (nonnegative) coupon amount c is nonzero,
otherwise the bond duration of P.(0,n) is n. In particular, the presence of a
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nonzero coupon makes the duration (or relative sensitivity) of the bond price
bounded as n increases, whereas the duration n of Py(0,n) goes to infinity
as n increases.

As a consequence, the presence of the coupon tends to put an upper limit
the risk and sensitivity of bond prices with respect to the market interest
rate r as n becomes large, which can be used for bond immunization. Note
that the duration D.(0,n) can also be written as the relative average

1 n
De(0,m) = 55y ( 1+ 7)r g 1+r )

of zero coupon bond durations, weighted by their respective zero-coupon
prices.

Exercise 17.14
a) We have

t t
P(t,T) = P(s,T)exp (I rudquf oldB, — 7I loT| du)

0<s<t<T.
b) We have

t t
d (e*fo rads p(, T)) = e Jomd55T p(¢,T)dB,,
which gives a martingale after integration, from the properties of the It

integral.
¢) By the martingale property shown in the previous question, we have

E [o i s

}'t] —E {P(T, Tye~Jo reds

}‘t]
=Pt,T)e bm®  0<t<T.

d) By the previous question we have

P(t,T) = eft)L reds|g [C,IOT rsds ]:t]
—E [eft: rsds e~ .roT rsds ]_-f:|
:]E[o’ftT”ds ]-‘t], 0<t<T,
since e~ Jo rsds is an Fy-measurable random variable.
e) We have
1196 @)
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P(t,S) _ P(s9) t s T Lt s | 12
- ( T eXp fs (Uu — 0Oy )dBU - 5 L ( Uu‘ - |Uu )du
P(s,9) t 1t
m exp (L (‘75 - 05)(13{ 3 L (‘75 - 0'17:)2du> s
0 <t < T, hence letting s = ¢t and t = T in the above expression, we find

P(T,S) = ]Izgi’ 5‘; exp (LT (Jf —ol)aBT - % LT (Uf - 08T)2d5> .

f) We have
P(t.T)E[(P(T,S) — k)*]

N
= P(t.T)E (P(t’s) eff<af*o?wBsTfLT(affo?)zds/“"—H> }
(

P(t,T)

= P(t,T) emT?(0)/2g <sz5) + U(l—t)(m(t) +02(t)/2 —log n))
—kP(t,T)® < v(t) + %( (t) +v%(t)/2 —log n)) ,

where
P@t,S) 1T g o

2
R R

and X is a centered Gaussian random variable with variance

V2 (t) == LT (Uf - UST)st,

m(t) := log

given F;. This yields

P(t,T)E[(P(T,S) - r)"]

_ o(t) 1 P(t,9) o(t) 1 P(t,9)
= P(t,9)® (T + o) log m) —kP(t,T)® (77 + @ log m) .

Exercise 17.15 (Exercise 4.20 continued). From Proposition 17.2, the bond
pricing PDE is

oF B OF 1 5 40°F
E(t,x) =zF(t,z) — (afﬁx)%(t,:c) —30® W(t,x)

F(T,z)=1.

We search for a solution of the form

®) 1197
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F(t7.7:) _ eA(T—I,)—:cB(T—I,)

with A(0) = B(0) = 0, which implies
A(s)=0

B'(s) + BB(s) + 30232(5) —1,

hence in particular A(s) = 0, s € R, and B(s) solves a Riccati equation,
whose solution can be checked to be

B(s)

- 2(e’—1)
S RGN T

with v = /32 + 202.
Exercise 17.16

a) We have
1
Yo =gy log P(0,T1) = 9.53%,
1

1
Yo,2 = - log P(0, TQ) =9.1%,
2
_ 1 o P(OVTQ)
V2= T P, )

with 77 = 1 and Th = 2.
b) We have

= 8.6%,

P.(1,2) = ($1+9$0.1) x Py(1,2) = ($1+$0.1) x e~ (T2=T2)v1.2 — g1.00914,
and

Pe(0,2) = ($14$0.1) x Py(0,2) +$0.1 x Py(0,1)
= ($1+$0.1) x e~ (T2"T2)00.2 4 §0.1 x ¢~ (T2~ T2)30,1
= $1.00831.

Exercise 17.17

a) The discretization ry, | := r¢, + (a — bry, )At + ov/At does not lead to a
binomial tree because 74, can be obtained in four different ways from 7y,
as

Tty = 14, (1 — bAL) + aAt £ oV AL

1198 O
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(740 (1 — bAE) 4 alt + oV AE) (1 — bAL) + aAt + oV AL
(140 (1 — bAE) 4 atst + oV At) (1 — bAL) 4 adt — oAt
(rto (1 — bAE) 4 atst — oV/At) (1 — bAL) + aAt + o/ At
(o ( ) )( )

Tty (1 — DAt) + aAt — oV At) (1 — bAL) + aAt — oV At.

b) By the Girsanov Theorem, the process (r:/0)e(o,r) With

dre _a=bry g,
a

o

is a standard Brownian motion under the probability measure Q with
Radon-Nikodym density

aQ 1 (T 1T )
P =P (_0' IO (a—br¢)dB; — 52 IO (a—bry) dt>

= op <7$ JOT(a = bry)(dry — (a = bry)dt) — % IOT(a - brt)zdt>

1 T 1 T
= exp <7§ fo (a—bry)dry + 552 IO (a— bm)th> .

In other words, if we generate (TL/O')te[Ofp] and the increments o~ dry ~

++v/At as a standard Brownian motion under Q, then, under the proba-
bility measure IP such that

ap 1 (T 1T )
Q- exp (F j() (a—br¢)dry — 252 j() (a—bry) dt) ,

the process
d —b
dB, =Yt 47y,
ag

o
will be a standard Brownian motion under IP, and the samples

dry = (a —bry)dt + odBy

of (Tt)te[o,T] will be distributed as a Vasicek process under IP.

¢) Approximating the standard Brownian increment ¢~ 'dr; under Q by
++v/At, we have

27/8T T @i“*"”m): II <1ia%l’”\/5>

20
0<t<T 0<t<T
—b
= exp <log H (1 + M\/At))
o
0<t<T
®) 1199
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— br,
log (1+2 t\f
o £ (12557)
~exp< Z L_brt(i\/ﬂ)—% Z 7( Ub”) At)

o<zt 7 0<t<T

1 T 1 (T N
~ exp <§ Jo (a—br¢)dry — 257 fo (a—bry) dt)
_ap
-

d) We check that

E[Ar, | re,] = (a — bre, ) At
p(rtg)o VAL = (1= p(re,))o VAL
UP(Tto)\/K UQ(Tto)\/E,

with

1 a—bn 1 a—br
P(?‘to) = 3 + = /At and Q(Tto) = 5 ey to VAL

Similarly, we have
]E[Ahz ITtl] = ( 7b7’tl)At
= p(riy)o VAt (1= p(ry, ) )o v/t
= op(re, )WAL — oq(r, ) VAL,

with

1 a—br 1 a-—br
P(Tn):§+ 20“\/&‘7 Q(Ttl):§* 2UthAt-

Exercise 17.18

a) We have
100 100 100
P(1,2) =E* = + .
(1,2) {1+m] 2(147Y) - 2(1+7)
b) We have
1 1
P(0,2) = 00 00

2(1+ 7o) (1 +7Y) + 214+ 7o) (1 +7f)

¢) We have P(0,1) = 91.74 = 100/ (1 + rp), hence
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100 — P(0,1)
=7 -=1 1.74-1=0. 1~ 9%.
) P(0,1) 00/91.7 0.09003706 9%
d) We have
P(0,1 P(0,1
83.40 = P(0,2) = 2O, POD)

21+7%) 201 419)
and ri/r = 20VBE hence

P(0,1) P(0,1)
2(1+rde20Vat)y  2(1+r9)

83.40 = P(0,2) =

or

27VBI (Y2 | 00 VL o (o/BY) (1 - %) +1- iég’ ;; =0
and
rd— o—oVAt <cosh (U\/E) <% B 1)
P(0,1) s 7O
o (1) o v o - 1)
= 0.078684844 ~ 7.87%,
and
'r'1f _ T% C?am
— ooVt (cosh (OM) <% B 1>
oD 3 P(0,1)
J (3p5 1) <o VB + 555 - 1)

= 0.122174525 ~ 12.22%.

We also find

1 d 1 u
p=—(oVAt+log L) = — (—oVAt+1log L ) = 0.085229181 ~ 8.52%.
At T0 At 0

Exercise 17.19

a) When n = 1 the relation (17.58) shows that f(¢,¢,T1) = f(t,¢,T1) with
F(t,z) = cie” M1 and P(t,T)) = ¢ e/ BT1) hence

@) 1201
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1 oF

bt 1) = CP(t,Ty) 89:(

GLGET)) =T —t,  0<t<Th.

b) In general, we have

( ! oF (f f(f thn))

D(t,T,) = — LT 7
1 ! ~

— S (T — ) e~ Tt (WaT)

P(t Tn)kZI(Tk fex e

n

=Y (T — thwy,

k=1
where

__ %~ (Te—)f(6,4,Tn)
P(t,T,)

(,k e~ (Tu=t)f(t:t,Tn)

che (Ty—t) f(t,6,T7)

—(Tp—t) f(¢:6,Tn)
__Ge T T k=12

n 5 9Ly

Sa o~ (M=) f(t,t,Tn)

=1

wy, =

and the weights wy,ws, ..., w, satisfy

c) We have

2
C(112) = 57 o (6 T, T)

(Ty, — t)zwk

Il
M=

=
Il
—

M=

n
(T, =t — D(t,T))wy, + 2D(t, Tn) > (T — t)wy — (D (¢, T))?
k k=1

n
= Tp))? + Y (Th — t— D(t, T)) wy

k=1
= (D(t,T))* + (S(t,Tn))*,

Il
—
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where
( Z Tk —t—D t Tn))ka
d) We have
1 n
D(t.T,) = B(Ty — 1) e A Te—t)+B(Th—t) fa(t:t,Tn)
(t,Tn) POT, ch (Tx —t)e

- ; zn: B(Ty, — t) e A=)+ B(Ti—t) fa (8, Tn)

eA(Tn—=t)+B(Tn—t) fa(t,t,Tn)

=> aB(Tr 1) A=) =A(Tn =)+ (B(Ti—t)=B(Tn—t)) fa (tt.Tn)

k=1
e) We have
D(t,Ty)
LIS (1 ) g AT AT (oo ) i
b
k=1
1 ,—(Tn—t)b_ o —(T—)b)
=7 (1- C’(Tk*t)b)(l AT D-AT=t)(P(t t 4 (T, — 1))  @n-beb
k=1
Chapter 18

Exercise 18.1

a) The quantity n of bonds needed in order to cover the amount $4 is n =
A/P(T,S).

b) In order to make the contract fair at time ¢ using conditional expectation,
discounting, and continuous exponential compounding, we should have

E [e_fts rods o f(1T.5)(S—T) 4 ‘ ]_—t] —E [e‘ff sdsy e $1 ‘ ]:t}

—E e Jreas__ A
]E{e T T S) ‘]—‘t .

c) The expression of the forward rate f(¢,7,.S) that makes the contract fair
should satisfy

SET,S)(5-T) g {efff reds

]__t] _E [e’fts rsds o f (t,T,5)(S—T) ‘]_-t]

®) 1203
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_ [ 7IST5ds 1
Ele P(T,S)}]:t

=B [E [ g |7 |7

— [ 7J'Tr5d5 7f,5:rsd5 1

]E_]E {e ¢ e 1 P(T,S)‘]:T ‘ft

_ [ 7fTrsds 1 7IST5ds
L e L [e=Jr

7]

]-'T] ‘]—'t}
—E {ijf reds

= P(t,T),

hence
SETSNS-T)p(t §) = P(t,T),

which recovers the usual forward rate expression

log P(t,T) —log P(t,S

Remark. Applying the above argument to linear (i.e. simple) compounding
would recover the LIBOR rate expression

P(t,T)—P(t,S)

T8 = s = nets)

Exercise 18.2

a) By partial differentiation with respect to 7' under the expectation ]E, we
have

aiP o i * —jTrsds
o () = 57 [

T
— IE*[—TT€7L rsds

7]

7|
= —P(t,T)E[rr | Fi].
b) As a consequence of Question (a), we find

1 oP
f(th) = 7P(t,T) 67

(t,T) =Elrr | 7], 0<t<T, (S.96)

see Relation (22) page 10 of Mamon (2004).

¢) The martingale property of (f(t,7)).c[o,r) under the forward measure P
follows from Relation (S.96) and the tower property (A.33) of conditional
expectations as in e.g. (7.1) or (7.45).
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Remark. In the Vasicek model, by (17.2) and (19.9) we have

[ T _(1—s)
rp =Tge +b(1 e )+Uj0 e AW
T/ N T (T—s)b 75
=rge +b(1 e )-‘rajo e AW,
_ o (T—s)b
-3 f b1-e )ds
T _
=rge T + g(1 —e ) 4 UJ e~ (T=)bgiy,
b 0
s)b 2(T—s)b
- f Vods + = b f ds,

hence

Elrr | 7] :roe‘bT+%(1 ‘bT)+aj o~ (T=9)bgip,

2

o T
_Z —(T—s)b 2(T—s)b
b e d9+ b f ds

—b —b —(T—s)b
=rge T+E(lfe T)+Uj0e (T—s) dW
02 t
7(Tfs)b _ o —(T—s)
+ b J e 1—e )ds
o T
_Z e~ (T=5)b 2(T—s)b
d9+ b f ds

=T et 4 %(1 — e’bT) + e~ (T—t)b (Tt _ T.Oefbt _ %(1 - efbt)>

o7t (s, O s)b
+ by Jo e s J LF
o (T _(r_gp 2T—s)b
% Jo e Pds + 2 f ds
= % 4 e~ (T-0)b (rt ) - j =9 + —j —)bgs
2
RN T ST
2
_ %+ o~ (T—1)b (Tt _ %) _ %2(1 _ e—(T—t)b) + %2(1 _ e—2(T—t)b)
2 2
80 Tt T T (Tt
b e Ty e ) e
which recovers (18.34).
Exercise 18.3 We have
¢ 1205
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P(0,Ty) = Cxp< j f(t,s) 5> = e T n2(T-T1) 0, T3],
and
P(T1,Ty) = exp( f flt,s) 9) =e 2Tt eo, Tyl

from which we deduce

1
=— log P(T1,T:
2= log (11, T2),
and
T,—T 1
= - — —log P(0, T
1 T2 T T og (7 2)

1 1

—log P(Ty,T5) — — log P(0, Tt

77 o8 (11, T») T log (0,T3)
1 P(0,T3)

og ——————.
T *® P(1y, 1)

Exercise 18.4

a) Since the exponential function z — e® if convex on R, we have

_ logP(t,T) 1 e[ [Tre
y(t.T) = =25 = g B [ I | A
1 T
ST—" Ut ft]
1 (T,
< ﬁL E*[r, | F]ds.
b) In the Vasicek model, we have
o= bt | Y bt —(t—u)b
L =Tpe +b(1 e )+a dB,, t>0, (5.97)

and

Elrs | Fi] = roe " + %(1 _bg) +oe (5=t Iot e~ (t=ubgp,

=rpe P+ %( *bb) +rpe (5700 _ o= (s—0)b (7'007& + %(1 a Cibt))
hence
1206 ’
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1 T a a
ﬁft Elrs | Filds = - + - -

b ﬁ("t b)(l—e*(“”’), 0<t<s,

which tends to a/b as T tends to infinity. On the other hand, the spot
forward rate, or yield, satisfies

_logP(t,T) _ nC(T-t)+ AT -1)
T—t T-t
2

a o 1 a o2 o2
_ ¢+ o .+ e 9 o (T=t)y 9 4 2(T-t)b
b2 T T =0 <<” b b2> (1-e ) —qei-e )>

1 T a? o 1
_ - . v oo (T=t)b L —2(T—t)b
= T—tL E[r, | Felds 5 + ] (1 e 4(1 e )>

y(t,T) =

(T —)b3
1 T o2 (1 — e’(T’t)b)U2 1 —(T—t)b
_ﬁﬁ E[Ts‘ft]ds—ﬁ+w<l—z(l+e )),

which gives the long term yield

2
a o
li n=2_2_
Ayt =5 - 5p
as T tends to infinity.
Exercise 18.5 (Exercise 4.17 continued).
a) We check that P(T,T) = AT = 1.
b) We have
S S Y B
f@,T,8) = S—T (Xt X; —p(S T))
1 t 1 t 1
=HOGTT (“*t)fo gdB (T ]| ﬂd35>
1 t(S—t T-—t
_N—anTfo (st a Tfs>dBS
1 t (T —5)(S—t)— (T —t)(S—s)
=u— dB
K ”s—Tfo (S—s)(T—s) :
_ o t (s—t)(S—T)
—ut 57, (5= (T—s) "B
¢) We have
t t—s
F,T) = p— "fo mws.
d) We note that
®) 1207
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hm fET)=p—o 0 tidB

does not exist in LQ(Q).
e) By Itd’s calculus we have

dP(t,T) 1, xr
2] — 6dBy + —o?dt + pdt — dt
p(i,7) Ot oAttt
1 log P(t,T)
= 0dB; + ~o%dt — ——""2dt t T).
T t+20 T—t 3 6[07 }
f) Letting
Xt
_ 1, t dBs
RS Tl % et

by Question (e) we find that

dP(t,T)

= odB; +rldt <t<T.
P(LT) odBt + 1y dt, 0

g) The equation of Question (f) can be solved as
ot 't
P(t,T) = P(0,T)exp (0B, — 5 +J0 7Tds),  0<t<T,
hence the process
o2
P(t,T) cxp< j Td§> = P(0, T)cxp(chtfgt), 0<t<T,
is a martingale under IP*, with the relation
T
P(t,T) Cxp< j Tda) = [ (T, T) CXp( IO 7‘?(15) ‘]:t}
* T T
=E" |exp —fo ryds | | Ft|, 0<t<T,
showing that
tor * T T
P(t,T) = exp ID ryds | E* |exp 7j0 rods ) | Fe
. t T
=E {cxp (jo 7'5Tds> exp <7 jo r?ds) ‘]—}]
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T
:]E*{exp<f'L réds)‘]—}}, 0<t<T.

h) By Question (g), we have

dPp P(t,T) _t,Tgs 2
E _ ) I75 s _ ,0Bt—0°t/2 <t<T.
T 7] = remye i !

i) By the Girsanov Theorem, the process Bt := By — ot is a standard Brow-
nian motion under Pp.

j) We have
TS-T
log P(T =— -T B
og P(T,S) = —u(S—T) +o [ Z—dB,
tS—T TS-T
= —;A(S—T)#»(rj() G dBito || T dB.
S-T TS-T
=3= tlogP(t S)+o EdBS
S-T TS-T
=3- flogP(tS +UI dB+ j S—ed
S—-T S —
=3- tlogP(tS +Uj 7(13 +(8-T)o? logS T
0<T<S.
k) We have
P(t,T)Ep[(P(T,S)— K)* | 7]
= P(L, T)E[(e* )+|ft]
= P(t,T) emetvi/2g (gl —(m¢+v2/2 - logn))
—kP(t, T)<I>< + (7’Lt+0t/2 logn))

=P(t,T)e metvl/2g <vt + —(my —log n)) - kP(t,T)® <ui(mt —log KJ)) ,
t

with T S
_ 2 _ 2 —
me= oy log P(t,S)+ (S—T)o IOgSfT
and
o o (T(S-=T)
Ut*U_L (st)zds
B 22 1 _ 1
= (5-T) (sz S—t
& 1209
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= (S—T)aﬁgjg,
hence
P(t, T)Er[(P(T,S) - *\]—}]
=P(t,T)(P(,9)) (57;> o evi/?

Exercise 18.6
a) In the Vasicek (1977) model, by (17.34) we have

P(t,T)=E [exp <7 JtT rsdsﬂ
=E {exp <f LT h(s)ds — jT Xsdsﬂ
oo (0 o ()]

T
= exp <7 Jt h(s)ds + A(T —t) + X,C(T — t)> . 0<t< T,

T
hence, since Xy = 0 we find P(0,7) = exp <— jo h(s)ds + A(T)).
b) By the identification

P(4,T) = exp <_ LT h(s)ds + A(T — ) + X:C(T — t))

= exp (— [0 s)ds) 7

we find
T T
L h(s)ds = L F(t,s)ds + A(T —t) + X,C(T — 1),
and by differentiation with respect ot 7" this yields

h(T) = f(t,T)+ A (T —t) + X:C'(T — t), 0<t<T,
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where

dab—30% 0% —2ab o2—ab _yp_ o _
AT—t) = — 5 —+ 57— (T-t)+ 5 e UT t>7@e 2(T—t)

Given an initial market data curve fM(0,T), the matching fM(0,7) =
f(0,T) can be achieved at time ¢ = 0 by letting

2_92ab o?—ab o?
TY = M 0.7V + AT = FM(0. 1)+ 2 _ —T | 97 2T
WT) =0T+ A(T) = RO+ —5p———z ¢ +gme

T > 0. Note however that in general, at time ¢ € (0,7 we will have
WMT) = f(t,T) + A(T —t) + X,C'(T - t) = fM(0,T) + A(T),
and the relation
J6,T) = fM0,7)+ A (T) - A(T —t) - X,C'(T —t), tel0,T],
will allow us to match market data at time ¢ = 0 only, ¢.e. for the initial

curve. In any case, model calibration is to be done at time ¢ = 0.

Exercise 18.7 (Exercise 4.14 continued, see also Proposition 4.1 in Carmona

and Durrleman (2003)). Letting o := y/0? — 2po102 + 03, we have

dSt = T‘Stdt + O'th,

where (I/V,g)te[oﬂ7 is a standard Brownian motions under IP*, hence
rt t (t—s)r
Sy = Spe +Uj06 dWs, t>0,
The spread S7 has a Gaussian distribution with mean a := E*[Sy| = Sp e
and variance

7 := Var*[Sy]

UJOT e(Tfs)Tst]
_ 0_2 J‘()T (e(Tfs)r)ZdS

2
_ (2’7((32@_1)7

= Var

and probability density function

. 2
Vi/m ( (Soefo) >, € R.

xTr) = ex —
QO( ) ove2rT _1 p 0—2(62TT_1)/T
& 1211

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Hence, we have

e E*[(S7 - K)t] =

efrt 00
2 JK (
—rt

_ e " 7<x7(¥>2/(27}2)d{[
\/2mn? JK \/27r7] J
_ e " —z2/2
= (Kia)/n(z+a)e dx
_ _776_”’ |:wa2/2]00 _
V21 (K—a)/n
7]67”

Ver

N. Privault

efrt 00
WU’"‘

~(e=a)2/(20) g,

~(K=/ () _ (K o) o T <,

Exercise 18.8 We find the following table.

Ke™
V2T

K —a)e "® <7M)
n

)+ em(z=a)2/(20) gy

)27(20%) gy

IOO e /24y
(K—a)/n

rt

K-«
n

).

P(t,T) P(t,T
Condition F(S—T)L(,T,S) > PE;”S)) 1+ (S—T)L(t,T,S) < %
Bond T-bond S-bond T-bond S-bond

Action at time ¢ Long (purchase)

Short (or issuc)

Short (or issuc) Long (purchase)

Strategy Long T-bon

d / Short S-bond

Short T-bond / Long S-bond

+P(t,8)/P(t.T)

Allocation (units) at
time ¢

-1

-1 +P(t,T)/P(t,S)

Portfolio value at ¢ (%)

Portfolio value at T ($)

P(t,8)/P(t,T)

— P(T,5)

—14 P(T,S)P(t,T)/P(t,5)

Action at time T'

Lend $P(t,S)/P(t,T) at rate L(¢,T,S)

Borrow $1 at rate L(t, T, $)

Updated account value

P(T,5)

P(T,S)P(t,T)/P(t5)

Portfolio value at S ($) | (1+(S—T)L(t,T,

S)P(t,S)/P(t,T) = 1> 0

P(t,T)/P(t,5) — (1+ (S —T)L(,T,5)) > 0

Arbitrage

V' Yes

v

Yes

Table S.12: LIBOR rate agreement.

Exercise 18.9
a) From the definition

1212
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1 1
Ltt,T)=— |51
1) T—t <P(t,T) >
we have 1
P(t,T) = .
A W YA (RS
and similarly
P(t,S) = !
1+ (S —t)L(t,t, S)
Hence we get
P(t,T)
L(t,T,S) =
9= 527 (pis )
B L+(S—t)L(tt,S)
N S T \1+ (T —-t)L(t,t,T)
_ (s- t f S) (T -t)L(t,1,T)
- T —t)L(t,t,T)
b) When T = 1 year and L(0,0,T) = 2%, L(0,0,2T) = 2.5%, we find

2% 0.025 - 0.02

= 2.94
1+40.02 %

2TL(0,0,2T) — TL(0,0,T)) _

LT,9) =7 ( 1+ TL(0,0,7T)

so we would prefer paying the spot rate at L(T,T,2T) = 2% instead of
locking a forward contract with rate L(0,T,2T) = 2.94%.

Exercise 18.10 Using (19.7) or Proposition 16.8, under IIA’S, we have

dL(t,T,S) = d (1;83 _ 1)

P(t,T)

P(t,8)
= iig’,gidexp (J (Cr(s) —Cs(s dWs J ICs(s) = Cr(s)] ds)
— P () - ()T
= (L4 L(LT,9))(¢r(t) — ¢s(0)aW ™ tefo.1],

where
dw//(s) = dW; — (g(t)dt

is a standard Brownian motion under 1357 hence
—(L+L(t,T, ) (¢r(t) = ¢s())Cs(t)dt
O 1213
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+(14+ L, T,8))(¢r(t) — Cs(t)dWy, te0,T],

and

Tord = 14z ) @)~ OO

+ (14 g ) )~ csoyam, - ce o7l
Finally, we find
m:7Q+ﬂ§ﬁ§y@m—@wmwm

and
@:Q+EG%§y@m—@themn

Exercise 18.11 (Exercise 17.7 continued).

a) By Definition 18.1, we have

FILT,S) = —(log P(t,T) —log P(t, 5))

S-T
- 5_% ((*(T —t)re + %Q(T - t)3> - <—(s — e+ %2(5 _ t)3>>
=t (T = (5 1)),
b) We have
F(6.T) = limy f(1.T.5)
= 76%logP(t, T)
- 7% <7(T — )i + %Q(T - t)3>
=Gy,
¢) We have

dif(t,T) = (T — t)odt + odBy.

d) The HIM condition (18.31) is satisfied since the drift of d;f(¢,T) equals
o ftT ads.

1214 O
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Exercise 18.12

a) We have
¢
Xy =Xoe 4o f() e~ (=g (M)

and .
Y; = Yoe ' + UJ;]‘ e~ t=gp® L eR,,

see (S.97).
b) We have
o2

Var[Xi] = Var[Vi] = o5 (1 - e, teRy,

see page 611, and therefore

Cov(Xy, Y:) = Cov (Xo e V4o ft e*“*s)deﬁl), Yoe ¥ + o fot ef(tfs)de§2)>
_ 2 b —(t—s)b (1) —(t—5)b 1 p(2)
= o2 Cov (]0 dB! ,JO dB

_ 2 b —(t=s)b () [t —(t—s)b;p(2)
= o2E UO e dB! fo e dB!

= j 2t=s)bgs

= ‘Lb( M), teR,.
¢) We have
Cov(log P(t,T1),log P(t,T%))
= Cov (log (Fi(t, Xz, T1) Fa(t, Yy, Tp) e?V BT1)),
log (Fi(t, X¢, Ti ) Fa(t, Yy, Ty) eV (672)))
= Cov (CT* + X, ATV + CT + VAT, O + X, AT + CJ2 + Y, AR2)
= Cov (X AT + VAT, X, AT2 1+ Y3 AT2)
= ATV AT Var[X,] + AT AZ? Var[y] + (A7 A2 + A2 ALY) Cov(Xy, Yr)
= (AT AT 4 AL A2 4 (AT AL + AT2 ATY)) Var[X,).
When Cov(X;,Y;) = p Var[X;] = pVar[V;], we find the correlation

Cov(log P(t,T1),log P(t,T2))
\/Var[log P(t, T1)] Var[log P(t, T2)]

Cov(log P(t,T1),log P(t,T»)) =

@) 1215
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AT ATe 4 4T AT 4 p(AT AT 4 AT AT
VAT 4 (AT 1 (AT AT 4 AT AT

1
VAT 4 (AR)? 4 p(AT AT + AT AT2)

X

When p =1, we find
Cov(log P(t,T1),log P(t,T2))
_ AT] ATZ +A§] A;z +AT1 A? +AT2A;1
VAT + (AT + AT AT+ AT AT (AD)? + (42)” + AP AT + AT2 AT

(A7 +43) (AT + A3%)

T T T: T:
|+ A3 [Ar” + A3°
= +1.

For example, if Afl =4, A{z =1, AQT1 =1 and Agz =4, we find

84 17p

log P(t,T1),log P(t,T)) = .

COV(Og (: 1)¢Og (7 2)) 17+ 8p
1
0.5
0.5 L

N i
1 0.5 o o5 1

Fig. S.89: Log bond prices correlation graph in the two-factor model.

Exercise 18.13

a) We have
¢ t
ft,z)=f(0,z) + fo s2ds + UIO dsB(s,z) = r + ata® + oB(t, x).

b) We have
re = f(t,0) =7+ B(t,0) = 7.
¢) We have
1216 O
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P(t,T) —Cxp< j f(t,s) 5)
= exp <*(T —t)r—at .fo T 2qs - oJ;)T_t B(t,x)d:p)
— e (< 0r- -0 o [ Beo) . el

d) Using (18.47), we have

(I()Tit (t,x dx) } IT th 'E )B(t,y)]dzdy
=t IOTit L}Tﬁt min(z, y)dzdy

o (Tt (v _1 3
=2t JU j() zdzdy = §(T —t)°t.

E

e) By Question (d), we have

E[P(t,T)] = E [exp <—(T ~r= ST -0 -0 [T B, x)d;r)]
= exp (~(T -t = SUT-1)°) E {exp (—0 I B(t,x)dzﬂ
= exp (~(T = t)r = SUT = )" ) exp (%2 Var jont B(1, w)dazD
—exp <7(T T %Qt(T - t)3> . 0<t<T

f) By Question (e), we check that the required relation is satisfied if
“2r -3+ U—2t(T —1)3 =0,
3 6
ie.a=0c2/2.

Remark: In order to derive an analog of the HJM absence of arbitrage con-
dition in this stochastic string model, one would have to check whether the
discounted bond price e "' P(¢,T') can be a martingale by doing stochastic
calculus with respect to the Brownian sheet B(t,z).

g) We have

E [exp <_ I rsds) (P(T,8) - K)*}

<exp (,(5 —T)r— %T(S —T¥ 4o f(]S‘T B(T, J:)dx) - K> +}

= 'TE

@) 1217
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_ e—rT]E {(weerX _ K)+} ,
where z = ¢=(5=T)" ' = —aT (8 — T)3/3, and
S-T 5 3
X = afo B(T,z)dz ~ N(0,0%(T — t)3/3).
Given the relation o = ¢2/2, this yields

E [exp (7 fol nds) (P(T,S) — K)*}

log(e~(5=1)r /)
oV/T(S—T)3/3

T [ _ s log(e~5-1/ )
Ke <1>< oy/T(S—=T)3/12+ o /TS T3

log(e(ST)"/K)>

=P <a T(S-T)3/12+

a\/T(S—-T)3/3
; log(e= (=TI / K)
_KPO.T)® (W+ m) |

= P(0,9)® (o’ T(S—T)3/12 +

Chapter 19

Exercise 19.1

a) The discount factors are given by
P(0,T1) = e™*/12 ~ 0.970809519

and
P(0,T) = 7" ~0.961269954,

with r = 3.95%.

b) We price the floorlet at ¢ = 0, with 77 = 9 months, T = 1 year, £ = 4.5%.
The LIBOR rate (L(t,T1,12))tc(o,ry] is modeled as a driftless geometric
Brownian motion with volatility coefficient & = o12(t) = 0.1 under the
forward measure Py. By (19.21), the price of the floorlet is

T
E* e b’ Tsds(ﬁ - L(Th,Th, Tg))+
=P(0,12) (k®(—d—(T1)) — L(0,T1, T2)®( — d+(T1))),  (S.98)

where

1218 O)
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_ log(L(0,Ty,T2) / k) + 0*T1 /2

d+(T) = T
and )
d_(Ty) = log(L(0,T1,T2)/K) — & T1/27

gy T1
are given in Proposition 19.5, and the LIBOR rate L(0, Ty, %) is given by
P(0,T1) — P(0,T3)

(TZ - Tl)P(O,TQ)
e—3r/4

L(0,T1,T2) =

—e T
© 0.25e"
=4(e"* 1)

~ 3.9695675%.

Hence, we have

- log(0.039695675/0.045) + (0.1)2 x 0.75/2 _

d (T ~ —1.404927033,
+0 0.1x/0.75
and
_ 2
d_(T}) = 1log(0.039695675/0.045) — (0.1)# x 0.75/2 ~ 1491529573,
0.1 x /0.75
hence

T
E* (e 0" s (s — L(1y, Ty, 1))t

= 0.961269954 x (kP(1.491529573) — L(0, T}, Ty) x P(1.404927033))
= 0.961269954 x (0.045 x 0.932089 — 0.039695675 x 0.919979)
~ 0.52147141%.

Finally, we need to multiply (S.98) by the notional principal amount of
$1 million per interest rate percentage point, i.e. $10,000 per percentage
point or $100 per basis point, which yields $5214.71.

Exercise 19.2

a) We price the swaption at ¢t = 0, with 77 = 4 years, Th = 5 years, T3 = 6

years, Ty = 7 years, K = 5%, and the swap rate (5(t7T17T4))tg[0,T1]
is modeled as a driftless geometric Brownian motion with volatility co-
efficient & = 014(¢) = 0.2 under the forward swap measure Pj4.
The discount factors are given by P(0,Ty) = e~4", P(0,Ty) = e,
P(0,T3) = e~ 5 P(0,Ty) = ¢~ 7", where r = 5%.

b) By Proposition 19.18, the price of the swaption is

1219
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(P(0.13) ~ P(0.T3)®(d (T; — 1))
—k®(d_(11)) (P(0.T3) + P(0,T5) + P(0,T1)),

where dy (T1) and d_(T}) are given in Proposition 19.18, and the LIBOR
swap rate S(0,T1,Ty) is given by

P(0,T1) — P(0,Ty)
P(0,T1,Ty)
P(0,T1) — P(0,Ty)
P(0,1%) + P(0,T3) + P(0,Ty)
r

S(0,T1,Ty)

6747' — e~

e—or + e—6r + e—r
e —1
015 _ 1

T e01 + 005 4 1
= 0.051271096.

By Proposition 19.18 we also have

log(0.051271 . 2)2 x 4/2
do (1) = 1o8(0-05127 096({23?“0 VTXA2 G sas161682,

and

log(0.051271096/0.05) — (0.2)22 x 4/2
d-(Th) = 02vVA

Hence, the price of the swaption is given by

= 0.005214714,

(e™ — ¢7™)D(0.526161682) (S.99)
—k®(0.005214714) (e ™" + ¢ 7T 4 )
= (0.818730753 — 0.70468809) x 0.700612
—0.05 x 0.50208 x (0.818730753 + 0.740818221 + 0.70468809)
= 2.3058251%.

Finally, we need to multiply (S.99) by the notional principal amount of
$10 million, i.e. $100, 000 by interest percentage point, or $1,000 by basis
point, which yields $230, 582.51.

Exercise 19.3 Taking t = 0, we have T} = 3, T» = 4 and T3 = 5. The LIBOR
swap rate S(¢,T1,T3) is modeled as a driftless geometric Brownian motion
with volatility o = 0.1 under the forward swap measure ]IA’L] The receiver
swaption is priced using the Black—Scholes formula as

1220 @)
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* | = ITI rsds ) _ \\+
E e Jt P(Tl,Tl,Tg) (H S(Tl,Tl,T‘g)) ]:t

2
= k®(—d_(Ty — 1)) Z Trr1 — T)P(t, Ty 1)
=1

—(P(t,Th) - P(th:%))‘I)(—dHTl —1)),

where k = 5%, r = 2% and P(t,T1) = ¢~ = 0.9417, P(t,Tz) = ¢~ %" =
0.9231, P(t,T3) = e~ = 0.9048. Hence,

P(t,T1,Ts) = P(t,Ty) + P(t,T5) = 0.92311 + 0.90483 = 1.82794

and
P(t,Ty) — P(t,T5)  0.9417 — 0.9048
S(t, Ty, 1T3) = = = 0.02018.
(7, T5) P(t,T1,T3) 1.82794
We also have
4o (Ty— 1) = log(S(t,Tl,Tg)/n)+U2(T1—t)/2
(T\/Tl
2
_ log(2.018/5) + 0.1 ><3/2 I
0.1v3

and
d_(Ty —t) =dy(Th —t) — o/T1 — t = —5.3250,

hence by Proposition 19.19 we find

T
=8 rsds o7y T T) (5 — S(Tl,Tl,Ts))*\ft}

= 0.05 x 1.82794 x (5.3250) — (0.9417 — 0.9048) x (5.1518)
= 0.05 x 1.82794 x 0.9999999 — (0.9417 — 0.9048) x 0.9999999
= 0.054496

= 5.4496%

= 544.96 bp,

which yields $54, 496 after multiplication by the $10,000 notional principal.

Exercise 19.4
a) We have

Pt, 1))\ dP(t,T») 1 1
d(;»(t,Tf)) =P 7 “’TQ)d(P(t,Tl)) +ap (t’TQ)'d<P(t,T1)>

O 1221
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dP(t,Ty)
- P(t,T12) + Pt T) <_
_dP(1,T1)- dP(t,Ty)
(P(t,T1))?
1

= Bz (P (6 T2)dt ()P (L T)dW,)
_ % (reP(t, Ty)dt + (1 (8)P(t, Ty )dWy)
PLTy)
(P(t, T1))3

 ((reP(8, Ta)dt + (1) P(t, T1)dWy) « (reP(t, Ty)dt + Go(t) P(t, T2)dWe) )

dP(t,T1)
(P(t,T1))?

N dP(t,Ty) - dP(t,T1)>

(P(t,11))°

((reP(t,Ty)dt + G (£) P(t, T )dWe)?)

(P(t,11))2
P(t,T2)
P(t,T1)
dt = C1(£)Ga(t) iﬁi 5?3
P(t,T)
P(t,Ty)

P(t,T5)
P(LTT)th —Gu(t)
G

P(t7 T2)

= _P(t,Tl)Cl(t) (C?(t) - Cl (t))dt+
P(t,Tg)

T PtT) (G2(t) = () (AW = Gu(t)dt)

= (¢t) - a®)

=(2(t)

dWy

dt

(G(t) = Gi(t)dW;

P(t,TQ)
P(t,Tl)

;= (@(t) ~ 1) g

where th = dW; — ¢1(t)dt is a standard Brownian motion under the
T, -forward measure IP.

b) From Question (a) or (19.7) we have
P(T1,T»)
P(T1,T5) =
1) = 5, 1)
P(t, Ty il 1 T
= e ([ @) - alna - § [ @) - a)a)
_ P(t7T2) X—v2/2
P(t, T]) ’
wl%ere X is a centered Gaussian random variable with variance v? =
L ' (¢2(s) = ¢1(s))?ds, independent of F; under P. Hence by the hint (19.44)
with z := P(t,72)/P(t,T1) and k := K /z, we find
T ~
E* [e*fo trsds (K — P(Ty, Tp)) ™ ’ ]-'t] =P(t, TV)E[(K — P(Ty,Ty))" | 7]
1222 &
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v 1 K P(t,T>) v 1 K
=Pt,T) | KO-+ —-log— | — b —=+ —log—
(’1)< (2+v0gx> P(t,T1) PRI

= KP(t,T))® <g + 10 5) ~P(t, T3)® (% + 110 5) .
v x v x

Exercise 19.5

a) The forward measure IIA’S is defined from the numéraire N; := P(t,S) and

this gives N
F, =Pt S)E[(x— L(T,T,9)" | ).

b) The LIBOR rate L(t, T, S) is a driftless geometric Brownian motion with
volatility o under the forward measure P s. Indeed, the LIBOR rate
L(¢t,T,S) can be written as the forward price L(¢t,T,S) = X = Xi/ N
where X; = (P(¢,T) — P(t,5))/(S —T) and Ny = P(¢,S). Since both
discounted bond prices e s rsdsp(¢ T) and e s sdsp(¢ §) are mar-
tingales under P*, the same is true of X;. Hence L(¢,T,5) = X:/N;
becomes a martingale under the forward measure 11/55 by Proposition 16.4,
and computing its dynamics under IPg amounts to removing any “dt” term
in (19.45) after rewriting the equation in terms of the standard Brownian
motion (/1/17,,),461{+ under Pg, i.e. we have

dL(t,T,8) = o L(t, T, 8)dW;,

which is solved as L(¢,T,S5) = L(0,T,S) e"Wt"’zt/?7 0<t<T.

¢) We find
= P(t,9)E[(x — L(T,T,S))" | F]
= P(t, S)E[(x — L(t, T, §) e~T=07/2+(Wr=Wjo )+ | g1
= P(t,5)(s®(—d_(T —t)) = X;®(—d (T — 1))
= kP(t, S)®(—d_(T —1)) = P(t, S)L(t, T, S)®(—d4 (T — 1))
=kP(t,9)P(-d_(T - t)) = (P(t,T) — P(£,9))®(-d (T - 1))/ (S - T),
where ™ = L(t,T,S) e~ (T=17%/2 2 — (T — )02, and
d+(T7t):10g(La'(t’;1:i)/H)+Uv€7t,
and
_ log(L(t,T,5)/k) oVT —t
T-0=—""0r= 1
O 1223
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because L(t, T, S) is a driftless geometric Brownian motion with volatility

o under the forward measure Pg.

Exercise 19.6

a) We have
j—1
P(T;, T, T5) =Y i1 P(T3, Tign).
l=i
b) It suffices tolet G =1,l=44+1,...,j—1. and & = ¢; + 1/k.
¢) The swaption can be priced as

E* [e*LTI rds(P(T}, Ty) — P(T3, T;) — kP(T3, T3, T;)) ) }'t]

Jj—1 N
T;
—E* | e Ji frsds (1 —nnglp(nyTlJrl)) ‘ Fi

I=i

[ j—1 j=1 +
Tl -~ -~
= kE* | e Ji ' reds <E G 1 Fr (T, ) — E Cl+1Fl+1(Ti77”T,,)> ’ Fi

L I=i I=i

-1 +
T _
= KE* | e Ji Treds <Zcz+1 (Fi41(T3s vw) Fl+1(Ti77”Tz))> ‘ Fi

L I=i

Jj—1

* —J"Tir ds =
=RE" [e” )t T ‘l{rTig%}Zczﬂ(FlH(Ti,%) - Fq(Tiyrry) ‘ Fi

L I=i

j—1
Ty ) 5
= RE" | o™ 1 S gy (Fu (T ) — i (T ) ft}

L l=i

j-1 T
kY GE [efft "4 (Fiya (Ti, ) = P(T3, Tia)) © ‘ ]:t:|
I=i

j—1
=k Y _ G P(tTE [(Fia (T vw) — P(T3, i) T | Fil,

1=1i

which is a weighted sum of bond put option prices with strike prices

F‘H»l(T‘iv’YN)vl:i7i+1w“7j71'

Exercise 19.7

a) We have
n N n N P Py
dX; = cdP(t,T) = cioi(t) P(t, T;)dW,; = 0, X, dW,
=2 =2
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from which we obtain

Lo ZCzUz (t T;) Z cioi(t)P(t,T;)
o= chm(t)ﬁ(t,n) == = =2 .
=2 > eP(t,Ty) > P(tT))
i=2 =2

Approximating the random process (0¢)¢ecr, by the deterministic function
of time

n D oi(t)P0,T) > cioi(t)P(0,T;)
a(t) := XL choi(t)ﬁ(O,T,) — =2 = =2
0.5 Zczﬁ(O,Ti) ZczP(O,E)
=2 =2

we find
P(07 Tl)]/[:: [(XTO - H)+]

N N +
~ P(0,T1)E [ (XOQJOTO G@®)2aw -1 (10 G 2ar E) ]

=S o
s
]
g
N
s
E
3|~
H
TJ
&
=
|
N—

P
P

O,Tl)(XOCD(v/2+(log(XO/fi))/v) k®(—v/2+ (log(Xo/k))/v))
(

S 6P(0,T)® (Z ~ log (Z m))
T:)
)

=2 i=2 (

v 1 - (EZ'P(O7 ]
kPO, T)® [ -2~ 21 GIAS 1)
wP(0,11) ( 2 v0g<§/€P(O7T

Ty
with v 1= JO %16 (4)]2dt.

Exercise 19.8

a)

O

We have
dP(t,T;) _ () _
P(t,Ti) = rtdt + C (t)dBt, 1= 17 2,
and
T T (0) 2
P(T,T;) = P(t,T;) exp L ’rsds+ft ¢ (s)dBs —*J‘ ds |,

0<t<T<T;,i=1,2, hence
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log P(T, T;) = log P(t,T}) +J’rds+f ¢ (s)dB, —7f s)|2ds,
0<t<T<T,i=1,2 and
dbgP@TD:rMﬁ+d“@MBr7%Km@H%m i=1,2
In the present model, we have
dry = odB;y,

where (Bg)icr, is a standard Brownian motion under IP, by the solution
of Exercise 17.7 and (17.27) we have
(D)= —(T;—t)o, 0<t<Ty, i=1,2
Letting
(1) _ _ )
dB; dB; — ¢\Y (¥)dt,
defines a standard Brownian motion under P;, i = 1,2, and we have
P(T7 Tl)
P(T,Ty)

= e (J) (€66 = @ a3 [ (DR - e o))as)

(
P(LT1)
e ™ (f (¢V(s) =P (s)dB? ~ 5 <<<1><s>—<<2>(s>>2ds),

P(t,
which is an Fi-martingale under Py and under IP; o, and
P(T7 T2)

P(T,Ty)

— e (- [ (€ - @ enasl - § [T06) - )P )

which is an Fi-martingale under IPq.

b) We have
1
f(t,Tl,Tg) = T (10gP(t,T2) —lOgP(t,Tl))
2—11
1 o2 5 .
= (T =)= (Tr —1t)%).
ot e (T = (- 1))
¢) We have
1 P(t,T2)
T, T) = ———dl
df (t,T1, 1) TZ*Tld °% B¢, 1)
1226 O
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=~ (€0 -0z - e P - 1< )

1

— g (€20 - B + 0 - LD OF - V0P

S S () PR @ _ L@ — e 2)
=g (€20 - COmaB? - 50 - Vo))
d) We have
_ 1 P(T7T2)
ST T) = =g gy 8 iz )

e

Ny

t

T ( 1 0T
J; €®() = ¢ (s)aB? -3

1
— (T, Ty) —
f(t,T1,Ts) B T1<

(
1

=TT - g <J;T(C(2)(s)7§( ))dBY 2J

1

= f(t, Ty, Ty) —
f(t,T1,Ts) 7

Hence f(T,T1,T2) has a Gaussian distribution given F; with conditional
mean

my = f t Tl,Tg 2j S))zds

under Py, resp.

ma = f(t, T, Ty) + % LT(a?)(s) —¢W(s))%ds

under Py, and variance

1

v = e ), €O (W)

Hence, we have
(Tr — T1)E* [ s (p(my, 1y, ) —w]fz}

(
= (T2 —Tl) (f Tg) [(f(Tl,Tl,TQ) - H)+ | ]:t]
= (Ty — T1)P(t, T2)Ea[(ma + X — k) *| 7]

= (Tx —T)P(t,Tz) (

v

see Exercise A.4.
We have

L(T,T\,T2) = S(T,T1,T»)

1227
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- TQiTl (igg B 1)

“mm
< (e (J] @) = c@enas. g [[ 1R - @ 6)R)as) -1)
(T esp (J] o) = c6ap? - § [T (c0(s) ~c ())2as) 1)
:Biﬂ

P(t,Ty) T
x (P(t,T;) p (L «

and, by Ito calculus,

(o) = ¢ s)aBl) + 3 [ (0 (6) - @ 0)as) 1),

1 P(t,Ty)
ase.8) = L (3 )
=1 i T ig%; ((d”(t) —¢®(t))dB; + %(d”(t) —¢@(t))2at

1 1 2 2 2
SO - ¢ (0)ar)

= (T2 et S(thlvaz)) (W@ =P @)dB+c 1) (D (1)~ (D (e)at)at)

— (g 51T ) (€00 - 2 )an? + (PP - ¢V )P

:< ! +S(t,T1,T2)> €Oty =cP)aB®, telo,m],
Ty — 1T

hence t +—

TZETL + S(t,T1,T>) is a geometric Brownian motion, with

— + S(T, 11, T
ot T (T, 11, T»)

- <TQiT1 + S(t,Tl,T2)>
o (] €0) = @6as? - § [T (c0s) - < )2as).

0<t<T <.
f) We have
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(TQ—Tl) |: j’ ”ds( (Tl,T1,T2)—H)+‘]:t

— * - le rsds +
= (TQ*T])]E [e Jt P(T],TQ)(L(T],T],TQ) 7&) ’]:t:|
= P(t,T1,T2)E12[(S(T1,T1, T2) — k) T| 7]

The forward measure Py is defined by

i P(t, T
E* {% ft] - %eﬁm, 0<t< T,

and the forward swap measure is defined by

d]Pl 2 P(thQ) 7‘[tr ds
= 5@ <
E* [ ’]—'t] Py Mt <<,

hence Py and PPy 2 coincide up to time 7 and (BI@)ze[o 7 is a standard
Brownian motion until time 77 under P2 and under IPL’Q‘ Consequently,

under Py 2 we have

L(T, 11, T») = S(T,T1,T3)
1
T, — T

+<T 1T +5(t, T1,T2)>eft (€M (5)=¢® ()B4 [T €V (5)=¢)(s))ds

has same distribution as

1 P(t,T1) QX —Var[X]/2 _
Ty, — T P(t, T2) ’

where X is a centered Gaussian random variable with variance

[ s) - (O s))2ds

t

given F;. Hence, we have

T
(To = TO)E [ e 1 70 (L(1y, T3, 1) = 1) | 7]

= P(t,Th,T>)
y Bl(:r 1 - S TLT), ITI(C(D(?I:Q;(?)(S))%’”J“ T;Tl 7 7t>4
Exercise 19.9
o 1229

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

a) We have

t (2)
LT, T) = L(07T17T2)6f571(8)dw —fim@Pas2 g <<y,

and L(t, T3,T3) = b. Note that we also have P(t,T)/P(t, T5) = 1+ b,
hence ]PQ = 1[33 = IP1 2 up to time T7.
b) We use change of numéraire under the forward measure Pa.
¢) We have
E* [ J‘t rsds(L(Tth,Tg) —K ‘]:f]
= P(t, 1) Ea [(L(T1,T1, T2) — &) * | Fi]
=P(t,Ty) 2{ (L(t, Ty, Tb) ejt y1(8)dw P - -f Ty (s)2ds/2 )+ ‘]:t]
= P(t,T2)BIL(t, T1,T»), k,01(¢),0, T — 1),

where 1
o0 = 7o |, (o) s

d) We have

P(t,Tl) _ P(t,Tl)
P(t,Ty,T3) ~ 6P(t,T2) + 6P (¢, T3)
P, Ty) 1
§P(t,Ty) 1+ P(t,T3)/ P(t, T2)
1+
n 6(5b+2)(

1+5L(t,T1,TQ)), 0<t<Ty,

and

P(t,T3) P(t,T3)
P(t,Th,T3)  P(t,T») + P(t,T3)
1
1+ P(t,T2)/P(t,T3)
11

= =—— <t < Th.
satay OSIST

e) We have

PT)  PTy)
P(t,T1,13) P(t,T1,T3)

146b 1
= oy (L+6L(t, T, T2)) - 52+ 0b)

5(2+ ob)
(b+(1+6b)L(t7T17T2))a 0<t<Ta.

S(t, T, T3) =

1
T 246b
1230 o

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

We have

AS(t, Ty, Ts) = —L(t, Ty, Ty (£)dW,

with

b
o13(t) = <1 - S(t,T17T3)(2+6b)> ()

b
- (1 Thr (1 6b)L(t,T1,T2)> ()
(L+6b)L(¢, T, Ts)
R 5b)L(t,Tl,T2)71(t)
(1+ 6b)L(t, T1, T)
T 2+ob)St, T, Tg)“(t)'

f) The process (W(2)) teR, is a standard Brownian motion under If’Q = ]f’1,3

and

P(t,T1,T3)E13 [(S(Ty, T1, T3) — k)" | Fi
P( T) ( (t Tl,TZ),H,O'LJ( ),O,Tl—t),

where |51,3(¢)|? is the approximation of the volatility

1 (7 o, 1 T ((146b)L(s,T1,T2)\°
s S maepas = 2 [ (Gt ) s

obtained by freezing the random component of o1 3(s) at time ¢, i.e.

9 1 (14 6b)L(t, T1,T2)
olgm—TH((H&b)S(LTkTB))f i (s) 2ds.

Exercise 19.10 Bond option hedging.
a) We have
* —ITT ds + T
E [e | <ds(p(T, §) — k) ’]—}] =V =Vo+ [ avi
= P(0,T)E[(P(T, +J €Tdp(s,T) +j £5dP(s, S).
b) We have

@) 1231
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av, = d (C*IJ ivt)
= —rie” Io [l 7 Is msds gy,
= —re~ o reds (e P(t,T)
€S P(,8))dt + e~ Jo s 45TdP(t,T) + e~ Jo s dseS ap(t, 8)
=& dP(t,T) + & dP(t, S).
¢) By Ité’s formula we have
Er[(P(T,S) — k)T | F] = C(Xp,0(t,T))
t oC
= C(Xo,v(0,T)) + [O S (Xe,v(s,T))dX,

=Er[(P(T,5) - x)"] + ;gc(xs,v(q T))dXs,

since the process
t— Ep[(P(T,8) — k)T | F]

is a martingale under P.

d) We have
v
=47
L ((PTS) )| 7]
= 9 (Xt )X,
_ P(t,8) oC
= PT) or = (Xe,0(t,T)) (0} —of )dBY.
e) We have
t
= P(t,T)dV; + VidP(t,T) + dV; - dP(t,T)
= P(1,8) 50 (X0 0(1, 7)) (0F — oF )BT + DidP(1,7)
£P(1,8) 0 (X4, 0, 1)) (oF — oF ol di
= P(1,8) 50 (X0 0(1, 7)) (0F — oF By + VidP(1,T).
f) We have

df/'t _ d(effot rsdsvt)
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= —re” I rsdsVdt 4 e I rsds gy,
= P(1,8) 90 (X0 0(1, 7)) (0F — oF By + VidP(1,T).
g) We have

av, = P(1, S)ZC(Xt, (t.7))(oF — o7 )dB, + VidP(t,T)

P ax v T))dP(t,T) + VidP(t,T)

_ (f/t _ Ifjg% zc(xt, (t,T))) dP(t,T)

oC ~
+%(Xia7)(t7T))dP(ta S),

hence the delta hedging strategy ({tT, éig)te[o,T] of the bond option is given
by

& = Vi- P (X 0(0.7)

— O(X00(1,T)) Pﬁ; 9 (Xuo(t. 1)),

and
h) We have

oC 0 v 1 x v o1 z
< = (e (L4 1062 k(-2 4 21082
6x(x’v) oz (I <2+v 0g/€> " ( 2y 0g/€>>

0 v o1 x 0 v 1 x v 1 x
=@ (24 -loge ) — ke ® (-2t -log= ) +® (= + - log =
Tor <2+1) Og,%) " ou ( 2+v0gﬁ>+ <2+v0g )

e 3(3tile2)®  —3(-3+dsE) +¢<v+11 z)
=z —K —+ —log —
V2mvx 2mvT 2w gn
% (log(x/n) +’1)2/2) .
v

As a consequence, we get

5? = C(Xivv(t’T)) -
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<v2(t7Tv)(/t72;—)10gXt>
’U(téT) + v(:T) log g@?))
,IiEi:;;@ (log(Xt/n);jj(t,T>/2>
— (10g(Xt/ fz)(thv)?(t,T)n) 7

and

& = g—f(){t,v(t,gp)) - ® <log(Xt/n) + vQ(t,T)/2> ’

v(t,T)
€ [0,T], and the hedging strategy is given by

Vi = B [efftT”ds(P(T,S) _ H)+‘.7‘—t:|
- Vo+f €TdP(s,T) +fotgfdp(s,5)

—Vo—n[ @ <1°g(Xt/”)(t‘T”)2(t’T)/2> dP(s,T)

log(X¢/k) +v2(t,T)/2
“fe ( BT

) dP(s,S).

Consequently, the bond option can be hedged by shortselling a bond with
maturity 7" for the amount

log(X¢/k) —v2(t,T)/2
e ( o(t,T) ) ’

and by holding a bond with maturity S for the amount

log(X¢/ k) +v2(t,T)/2
(D( v(t,T) > '

Exercise 19.11
a) The LIBOR rate L(t,T,S) is a driftless geometric Brownian motion with

deterministic volatility function o(t) under the forward measure Pg.

Ezplanation: The LIBOR rate L(¢,T,S) can be written as the forward
price L(t,T,S) = X = X;/N; where X; = (P(t,T) — P(t,5))/(S —T)
and N; = P(t,S). Since both discounted bond prices e~ I 7543 p(¢, T) and
el 7sdsp(t, §) are martingales under IP*, the same is true of X;. Hence
L(t,T,S) = X;/N; becomes a martingale under the forward measure If’g
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by Proposition 16.4, and computing its dynamics under llA’g amounts to
removing any “dt” term in the original SDE defining L(¢,T,S), i.e. we
find .

dL(t,T,S) = o(t)L(t, T, S)dW, 0t T,

hence
L(t,T,8) = L(0,T,S) exp <f $)dW, — j db/2>

where (W}),er., is a standard Brownian motion under Pg.

b) Choosing the annuity numéraire N, = P(t,S), we have
* [87 LS ”dsd)(L(T, T,S)) |]:t] — E* [e* LS TSdSNqu(L(T, T, S)) |]:t]
= NE [6(L(T,T, S))|F]
= P(t,S)E[$(L(T.T.5)) | Fil.
c) Given the solution

0

L(t,T,S)exp <fT(7 VAW, — LT (72(5)(15/2) ,

L(T,T,S) = L(0,T,S) exp <ITU de fOTJQ(s)ds/2>

t
we find
P(t,S)E [6(L(T, T, 5)) | Fi]
= P(tv S)]E {(ﬁ( (t T S)eft dWs L ds/2) |]:I:|
dx

Vem?’

T -
because L o (s)dWs is a centered Gaussian variable with variance 7% :=

_ P(t, S) ‘J'jo qb(L(t,T,S) 02*172/2) waz/(%]z)

T ~
L o2(s)ds, independent of F; under the forward measure P.

Exercise 19.12

a) Choosing the annuity numéraire Ny = P(t,T;,T}), we have
Ti . ds
E* [c*ft ’s‘“P(Ti,Ti,T]-)as(s(Ti,Ti,Tj))\ﬂ}

~ [P(L;,T;,T;
= NE; {%MS(HTJJ'))\E}

i
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P(t THT) ZJ[¢( (TivTivTj)) ‘]:/]

Since S(t,T;,Tj) is a forward price for the numéraire P(t,T;,T}), it is a
martingale under the forward swap measure IP; ; and we have

S(t, T, Tj) = oS(t, T, Tj) W7, 0<t< T,

where (W, )1er , is a standard Brownian motion under the forward swap

measure IP; ;.
Given the solution

ST T3, T3) = S(0, T3, Ty) €7V T/2 — (4,7, 77) o V- Wb (Tit)o?/2
of (19.49), we find

P(t,T;, T))Eqj [6(S(T;, T, Ty)) | Fi]

= P(t,T;, T))E, [qﬁ <S(t T, T;) e Wri=Wo)o <Trt>02/2> ‘]:l:|

= P(L,T.Ty) [ <z>(S(mnTj)e”*Tz‘””Q”) eme/et-y) &

om(T; —t)

because W\Ti — /Wt is a centered Gaussian variable with variance T; — t,
independent of F; under the forward measure IP; ;.
We find

P(t, T3, Ty B (5 = S(T, T, 7)) | Fi
T )lﬁ [ s(t, T¢7T]~)e_( —t)o 2/2+(WT )+ ‘ ]_—t]
P(t,T;,Tj) (n®(—d_(T; t))—)?t<l>(—d+(Ti—t)))
P(t,T;, T)r®(~d_(Ti 1)) = P(t, T;, T) S (£, T3, Ty)®(~d (T; ~ 1))
P, T, Tj)®(=d—(T; — 1)) = (P(t,T2) = P(£, 7)) ®(=d+ (Ti — 1)),

= P(t,T;,

where e™ = S(t,ﬂ,Tj)e’(T’t)"Q/Q, v2 = (T —t)o?, and

log(S(t T, Ty) /) | ovTi—t
oVT; —t 2

di(T;—t) =

and
log(S(t,T;,Tj)/r)  oVT; —t
o/T; —t 2 ’

because S(t,T;,Tj) is a driftless geometric Brownian motion with volatil-

d_(T; —t) =

ity o under the forward measure IP; ;.
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Exercise 19.13

a) Apply the It6 formula to d(P(¢,T1)/P(t,T2).
b) We have

oy ~ 1 (T
L1, = Lyexp <L ! o(s)dBs — §L ! |J(s)\2ds) .
¢) We have
P(t,T2)E[(Lt, — r)* | F]

~ +
(Lt eLTI o(s)dBs—3 t,Tl lo(s)[2ds _ H) ’]:t:|

= P(t,T»)E

= P(t,T3)Bl ('u(t,Tl)/\/Tl “4k,0,Th ft)

= P(t,T») (L@ <lovg((2c;11§) " v(t,2T1)> o (1(213;(&%? B v(t,2T1)>> .

d) Integrate the self-financing condition (19.54) between 0 and ¢.
e) We have
av, = d (e—fé’rsdsvt)
_ _”e*fot redsVegy 4 o= Jo rods gy
—rpe ot e P, 1) — e Jo st p(1, Ty dt
teJorsdseMap(t,7y) + e JoredsePap (1, 1)
— ¢WaP(t, 1) +ePaPt, 1),  0<t<Tn.

since

dﬁ(t,Tl) - d}S(LTz) -
W =@ (t)d?f7 7ﬁ(t7T2) = CQ(t)dt.

f) We apply the It6 formula and the fact that
t E[(Ly, — )" | F]
and (L¢)ier, are both martingales under p. Next, we use the fact that
Ve =E[(Ly, —r)" | 7,

and apply the result of Question (f).

g) Apply the It rule to V; = P(t, Tg)\//\} using Relation (19.52) and the result
of Question (f).

h) We have
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Vi = S (Lot T PTG (1) — 0B, + VidP(1,T2)

= TE (Lot TP TG (6) ~ G0)dBy + Tica(0) P, )y
= (14 20 5% (L0, 1) P T) (G 0) ~ GO)dB + Tia (1) (1, To)dBy
= L) 5 (Lot TP To)dB: — Ly g (Lot Ta) P To) (1)
%Lmu,ﬂ)) (1 T2) (G (1) — o) 4By + TiGa (1) (1 To) B,
= LG (Lol TP T)G1 (1)
+ (% 5 e ) P B (0aB
00 (L6 TP T (G (0) — (1) B
hence
Vi = L1 () G (Lot T)) (4 T) B,
+ (B 2 (Lot 1) ) Pl (0B,
+ 92 (Lot T) PTG ()~ Go(1))dBy
= (P(11) - PTG (0 55 (L, v(t,Th)) B
( Ll— (Ly,v tTl))>d]3(t,T2)
0 (L6, 1)) P T (@1 (0) — o)) By
= (@OP®T) - QOB T2) 5o (L olt,Th)aB,

~ oC ~
+ (Vt - LtE(Lt,v(t,Tl))) dP(t,Ty)

o
T Oz

n (\Z - L,g—(;(Lt,v(t,Tl))> dAP(t, T).

(Ltvv(tﬂTl))d(ﬁ(thl) _ﬁ(taTQ))

Problem 19.14
a) We have
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T 1 T
S, = S( 1Ty e ([ 000488 = 5 [ oy P9yt )
b) We have
P(t,E,T‘])]El,][(S(E,E,T +|]:t}

) » +
<S(t, T, Ty e o483 [ o s)ds ) a}

= P(t, T3, T; Bl( (t.T3) /T tnOT—t)

= P(t,Ti,Tj)E;

= P(t,ThT]’)
x (S(t,n,@@ (% T 7J(t72Tl)> D (% B U(t,2Ti)>> 7
where

T;
(6,13) = | o P (s)ds.

c) Integrate the self-financing condition (19.59) between 0 and ¢.
d) We have

dV; = d (e~ oty
= -—re I T’dSV’dt—&- oI rads gy,
= —re fuTSdSZg P(t,Ty)dt + e~ forsd525 dP(t, T},)
k=i
i
=3 eMaP(1,1,),  0<t<T
k=1
since ~
dP(t, Ty
dP(t,Ty) =Gdt,  k=i,... ]
P(t,T3)

e) We apply the It6 formula and the fact that
t— IEm‘ [(S(TL,TL,T ‘]:L]

and (S;)ier, are both martingales under P; ;.
f) Use the fact that

Vi =i [(S(T3, T, Ty) — v) | ],

and apply the result of Question (e).
g) Apply the Ito rule to V; = P(t,T;,T;)V; using Relation (19.56) and the
result of Question (f).
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h) From the expression (19.58) of the swap rate volatilities we have

oC
avy = St%(suv(@Ti))

x <i(Tk+1 = Ti) P(t, Thot1) (Gi(t) = Ceta (1)) + P (6 Ty) (G(t) — <j(t))> dB;

k=i
-HA/th(t T;, Tj)
— 528, 0(t,1)

ox
-1
< (Ti1 = Ti) Pt T 1) (G (1) = G (1)) + P (8, T5) (G () — Gt ))> dB

,_.N

‘7 (Th1 — Ti) ey 1 (t) P(t, Thoy1)dBe
o

_ StBC

j-1
b (St 0(6,T3)) Y (Tipr = Ti) P(t T ) (Gi(1) = Gy (£))dBy
k=1

+?T(;(S"”(t’Ti))P(t»E)(Q(t) —¢(t))dB,

-1
Vi Y (Thyr = T)Ga (8) P(t, Thoy1)dBy
k=i
oc =
= 5iGi(t) 5 - (Se, v T;)) > (Ter1 = Ti) P(t, T 11)dBy
k=i
oc H
=St (5t 0( (Thr1 — Tie) P(t, Tr1 )1 (£)dBy
k:L

+Z—C<st,v(f 1) (1, ) (1) ~ (1) B

-1
AV (Thsr = T) a1 (8) P(t, Trey1 )dBy
k=i
oc, =
= 5iG(t) 5 (S, v(t.T3)) D _(Teyr = Te) P(t, T )dBy
k=i
ac =
+ (-85 s (t,n))) " (Toor ~ TP Ty )Gor ()5,
k=i

(810U T P(LT) (G 1) — G (0))aB
i) We have
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~ C !
dVy = SiGi(t ) (St Z Thy1 —

=i

t Tk+1 )dBt

Jj—1
<Vz - St%(sb o(t, Tz))) (Tht1 — Ti) P(t, Th1 ) ot (£)d By
k=i

+ 9% (51,006, T P T3) (G0) — G5 (1)) By
= (P(T) - ( TG0 Sk v(t, i) B
( o (S0, T) ) aP(e. T, T)
a—(sm T)B( T3)(G(1) — (1)) By
(PG, ) GOP(LT)) I (51,01, T2))aBy
( o (S0t 1)) ) P, T, )

= % st ))d(P(t,m—ﬁ(t,Tj))
+ (%= 85 (ot ) aP(, 7).

j) We have

= (¢

oC 0 v 1 T v 1 x
E(ac,r,v) =% <acd> <§ + ;ng) — kD (—7 + ;logg>>

0 v 1 x 0 v 1 x
7x£<l>(2+;10g;>7n%<b<f§+ log — >+<I><§+;log;>
1

— ef(zr/2+v_1log(ac/l€))2/2 _ K ef(fv/2+v_llog(w/m))2/2
vV 2T TV 2T
S <1og(a7/ﬁ,) i E) —® (10g(m/ﬁ,) n g) .
v 2 v 2

k) We have

4V = 9 (S0, 0(t, T)d(P(t, ;) — P(1, 7))

+ (W= 550 (st 1)) aP(e T T)

s ( Oigftéf) + ”“’f”) AP, T) - P(1,T)))
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v(t, T3) 2

e (M U(t,ﬂ))dﬁ(t,j’i’Tj).

1) We compare the results of Questions (d) and (k).

Chapter 20

Exercise 20.1 For any z € [0,7T], we have

P(T— Ty, >z and Np>1
P(T—Ty, >z | Np>1) = (T~ Tny > and Np>1)

P(Nr > 1)
_ ]P(NT —NT,I =0 and NT 2 1)
B P(Np > 1)
]P(NT - NT*Z =0 and Nsz > 1)
- P(Ny > 1)

]P(NT —Nr—z = O)JP(Nsz Z 1)
P(Nr >1)
1—e(

B ef(Tf(sz)))\( e sz))\)

N 1—e AT

o (T (T T

N 1—e T

=z =T
e — e

= T e 0<t<T.
Ny
61— ’
OT T e ’_—é ””””””” —
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We note that

P(T—Ty, >0|Np>1)=1 and P(T—Ty, >T | Np >1) = 0.

Exercise 20.2
a) When ¢ € [0,77), the equation reads

dSt = —n/\St-dt = —n)\Stdt,

which is solved as S; = Spe ", 0 < t < T. Next, at the first jump time
t = T1 we have

ASy = S — Sp = nSp-dNy = nS¢-,

which yields Sy = (14 1)S¢, hence Sp, = (1+ 7,)ST1, = So(1+n)e ™1,
Repeating this procedure over the Ny jump times contained in the interval
[0,t] we get

Sy = So(14+n)Nee ™ t>0.

b) When ¢ € [0,T7) the equation reads

=

dSt = —7)/\St-dt = —77/\Stdt,
which is solved as S; = Spe~", 0 < t < T). Next, at the first jump time

t = T1 we have
dS; =Sy —Si- =dN; =1,

which yields Sy = 1+ S, hence S7; = 1+ STi =14 Spe ™71 and for
te [Tl,Tg) we will find

S; = (14 8pe My~ t=Tm 1y <t < T

More generally, the equation can be solved by letting Y; := e, and
noting that (V;).er, satisfies dY; = eMtd Ny, which has the solution

t
Yo=Yo+ [, e™an, >0,
hence in general we have
t
Sy = e ™S + IO ef(tfs)")‘st, t>0,

Exercise 20.3
a) We have
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40X0) = £/ (X)X + 30" (Xt -+ (X0) = (Xr)
= aXf'(X¢)dt + o f'(X¢)dBe + %JQf"(Xt)dt
+(f(Xe +1) — f(X¢))dNe.
b) Taking f(x) := 22 with f'(z) = 2z and f(2) = 2, we have

d(Xy)? = 20(Xy)%dt + 20X, dBy + odt + ((Xy- + 1) — X2)dNy
= 20(Xy)2dt + 20 X,dBy + o2dt + (20X +n?)dN,.

This result can also be recovered using the 1t6 Table 20.1 with jumps, as

d(X;)? = 2Xp-dX, + dX, - dX;
= 2a(X})2dt + 20 X1dB; + 20X dN; + o2dt + n2dNy.

Exercise 20.4

a) Taking expectations on both sides of (20.42), we have
u(t) = E[S]
—E [50 tu fot Syds+o jot S.dBs 41 jot ss.dys]
— E[So] + E [/t jot Ssds} +E {o‘ jot ssst} +E {n f; szdYS]
= S0+t [ B[SiJds +0+n\E[Z] [ E[S, ]ds
=So+p f: u(s)ds +nAE[Z] jot u(s)ds,, t>0.
b) The above equation can be rewritten in differential form as
u'(t) = pu(t) + nAE[Z]u(t)
with u(0) = Sp, which admits the solution
E[Se] = u(t) = u(0) e WTMEZDE — g ot EZ])E t>0.

Exercise 20.5

a) We have
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X'()eat7 0<t <1,
(Ko™ +0) =T = Xpeot 4 gelt=To, 1y <t < Ty,

((XoeaT1 +U> e(Tg—Tl)a_,’_g) o(t=T2)a
= Xge®t +oelt-Th)a 4 rre(thZ)a, T, <t<Ts,

X =

and more generally the solution (X;)ier, can be written as

N
X, = Xoeat+0'2 e(t=Tk)a Xgeat-‘raf (= S)o‘dN t>0.
k=1
(S.100)
b) Letting f(¢) := E[X;] and taking expectation on both sides of the stochas-

tic differential equation dX; = aX;dt + cdN; we find
df (t) = af (t)dt + oAdt,

or
f'(t) =af(t) +oA
Letting g(t) = f(t)e™t, we check that

g'(t) = ore ™,

hence
+f s)ds = g(0 +0—Af ans:f(o)+ag(1—e*af),
and
f(t) =E[X¢]
=g(t)e™

— F(0) e + a2 (et — 1)
[0}
:Xoe(’t—i-ag(emfl), t>0.

We could also take the expectation on both sides of (S.100) and directly
find

WV

¢
f(t) = E[Xy] = Xoe™ + oA IO el=9)2gds = X +U§(em -1), t

Exercise 20.6

N
a) We have X; = Xo H(l +0)=Xo(1+ )M =(1+0)M, t e Ry.
k=1
o) 1245
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b) By stochastic calculus and using the relation dX; = 0 X;-dN;, we have
t 1 t —1
ds; = d( SoX; +rX, fo X7 Vs ) = SodX, +rd ( X, jo X7 lds
ot t T
= SodX; + rXd (JO X; 1ds> +r (JO X; 1ds> dX,+rdX,-d (JO X; 1ds>
t
= SodX; + X X, Ydt +r (fo X;lds> dXy +rdX; - (X;1dt)
? -1 t 1
= SodX;+rdt+r ([ X7ds ) dXe = rdt+ (So+7 [ XTds ) dX,
°t
=rdt+o (SOX,; +rX, JO X;lds> AN, = rdt + oS-dNy.

¢) We have

E[X;/X,] = E[(1 + o)Nt=Ns]
=> (140)"P(N; — N, = k)

k>0
(- t—s)\)F (s t—s)(1+o)\)F
B 3 FE ST LIRS S EILEE))
k>0 k=0
_ ef(tfs)/\e(tfs)(lﬁ»o'))\ _ e(tfs)/\o" 0<s<t

Remarks: We could also let f(¢) = E[X;] and take expectation in the
equation dX; = 0 X;-dN; to get f'(t) = oAf(t)dt and f(t) = E[X;] =
f(0)ert = e’ Note that the relation E[X;/Xs] = E[X;]/E[X],
which happens to be true here, is wrong in general.

d) We have
it 1 ot
E[S)] = E | SoX; + X, JU X7 lds| = SoB[X:] + JO E[X,/X,)ds

_ Aot t (t=s)Ao 7o — Aot t os .
= Spe +rfoc ds = Spe +rjoc ds

(e)\al _ 1)7,

— Aot
= Spe -+ o s

t>0.
Exercise 20.7

a) Since E[N;] = A¢, the expectation E[N; — 2X\t] = —\t is a decreasing
function of t € Ry, and (N — 2)t)seR, is a supermartingale.
b) We have
Sy = Spe™ M1+ o)V, 0.

¢) The stochastic differential equation
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dSt = rS,,dt + O'S/,- (dN[ — )\dt)

contains a martingale component (dN; — Adt) and a positive drift r.S;dt,
therefore (S;)ier. is a submartingale.
d) Given that ¢ > 0, we have ((1+¢)* —1)* = (14 ) — 1, hence

e B (Sp — K)F] = e TTE*[(Soe "N (1 4 0)NT — K)¥)
_ efrT]E*[(SOe(rfo)\)T(l +0)NT _ S()e(rfx\a)T)Jr]
= Spe ™ TE* (14 o)V —1)7]
=Spe N (14 0)" = 1)TP(Np = k)

k=0
= Soe” T3 ((1+0)" — 1)P(Ny = k)

k>0
= Spe N (14 0)"P(Ny = k) — Soe " > "P(Np = k)

k=0 )

_ T(1 +0 _
75]6 oAT— )\TZ —S()e oAT
k>0

= So(l — e_o')‘T)7

where we applied the exponential identity
k
x
T __
=2 W
k>0
toz:=T(1+0)A
Exercise 20.8
a) Forall k =1,2,..., Ny we have
XTk. — XT); =a —Q—O’)(T);7

hence
AXT}c =a-+ (1-‘1-0'))(7');7

and continuing by induction, we obtain

Xr, =a+(1+0)at -+ 1+0) "o+ Xo(1+0)*

which shows that
X = Xy,
O 1247
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(1+o)Ne—1

[
a

=1+ (Xo+2) -2, t>0.

=Xo(1+0)M +a

This result can also be obtained by noting that
a a
Xr, +2=(1+40) (XT,;+7), E=1,2... N
o o

b) We have

k
E[(1+0)M] =e™M> (1 +0)k(/\£') =M t>0,
n=0 :

hence

Aot

1
E[X,] = Xoe +a% = oMt (Xo + g) 4 g

Qe

Ny
Exercise 20.9 We have S; = Spe”™ H (L+nZg), t € Ry
k=1

Exercise 20.10 We have

Np 2

Var [Yr] =E | [ Y 2 — E[Y7]
k=1
Nr 2

=3 E || X2 ME[Z]| | Np= k| P(Np = k)
n=0 k=1

— oM Z /\:jn]E (i Zy, — At]E[Z])

n=0 k=1

n 2 n
ey iy (kz Zk) CONE[Z] Y Zi 1 NP (E[Z))
=1

n=0 k=1

AT
At
=¢ Z nl

n=0

n n
xE |2 Y ZkZi+ Y |Zi? - 2ME[2]Y ] Z), + NP (E[2])?
1<k<i<n k=1 k=1

1248

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Stochastic Finance

AT
Y
=¢ Z nl

n=0
x(n(n—1)(E[Z])* + nE[|Z[*] — 2nXt(E[Z])? + A?t*(E[Z])?)
= ¢ M(E[2])? n%; % + e ME[|2)?] 7; %

26 MA(E[Z])2 S (ﬁtz)! + X242 (E[2))?)
n=1

= XME[|Z%],
or, using the moment generating function of Proposition 20.6,

Var [Y7] = E[|Y7|?] - (E[Y7])*
2

= 9a2

=t [ JyPuldy) = ME[| 2]

E[e®T] 00 — A**(E[Z])°

Exercise 20.11

a) Applying the It6 formula (20.25) to the function f(z) = e and to the
process X; = ut + oWy + Yy, we find

ds; = <u + %0’2> Spdt + oSy dWy + (S, — Sp-)dN,

= (u + %H) Sidt + o SpdWy + (Sp et oWt _ g outtoWetYi— gy,

= (M + %Ug> Sydt + 0.8, dWy + (Sp et ToWe Ve +2n, _ guttoWitYioy g,
= <u + %02> Sydt + o SydWy + Si- (eZMe — 1)dNy,

hence the jumps of S; are given by the sequence (eZ’C —1Dg>1-
b) The discounted price process e~"S; satisfies

. i 1 X .
d(e7"Sy) = e (u —r+ 5&) Spdt+0e "t S dWi + e Sy (2N —1)dN;.
Hence by the Girsanov Theorem 20.21, choosing u, ), 7 such that
L 5 z
p-r+go =ou— AEz[e” — 1],
shows that
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d(e "S) = oe " S (dWy + udt) + ethSL-((eZNt —1)dN, 75\]ED[GZ —

is a martingale under (P, 5 ;)-

Exercise 20.12
a) We have

Nt Nt
St—SoC“tH(1+Zk)—Sooxp<ut+ZXk>, t>0.
k=1 k=1

b) The discounted asset price process

N
Sy = e "8 = Spexp ((/z —r)t+ ZXk> , t>0,
k=1

satisfies the stochastic differential equation

dgt = (u - 7')§tdt + XNggt’dNt
= (u—r+ AE[Z])Sidt + (X, — NE[Z])Sp-dN; ¢ 0,

hence it is a martingale if

0=p—r+AE[Z] = p—r+ NE[e¥XF —1] :[L—T+(602/2—1))\.

¢) We have

e—(T—t)rIE[(S + I St

+

= T-rE || 5, exp | puT + Z X | -k ‘ St

r +
— o (T-t)rg (Stexp T—t)u+ Z Xi| —k ‘St

L k=Ng+1
Ll zexp | (T —t)u+ Z X | -
I k=Ne+1
= e (T-0rg zexp | (T—¢)u+ Z X;C)
+
TtrZ]E{(LeT Optd p_y Xk _ ~N;=n)
n=0 JU:Sz
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= NI S {(%(T_z)wzzzl Xp H) + (T —t)A)"
n!
n=0 =5
e—(T—t))\ Z ((T - 't))‘) Bl(St e(p,—r)(T—f,)Jrnaz/Q7 r, 7LU2/(T _ t), w0, T — t)
= n!
— Ty (Ste(,uf'r)(Tft)+na2/2q)(d+) 3 Kef(Tft)rq>(d7)) (T -t)N)"
"0 n!
with
de — log(S; e (=) (T=0+n02/2 /0y L (T — 4}y + no? /2
+ = o
_ log(Si/k) + (T — )+ no?
= P~ ,
log(Sy e (H=/T=0+n0%/2 /oy L (T — )y — o /2
d_ =
ovn
 log(Su/m) + (T — )y
= o~ ,
and =71+ (1— e”/2)A.
Exercise 20.13
a) We have
d(e™S;) = ge®(dN; — Bdt),
hence y
'S, = Sy + o [0’ e (dN, — Bd),
and
t
S = Speot + ajo e~ =) (4N, — Bds), 3> 0. (S.101)
b) We have
f(t) =E[S]
= Spe ' + o Uot o (t=s D‘dN] &,f ~(t=s)a g
t
= Spe % + Ao fo e~ (t=s)agg ﬁaf e~ (t=s)agg
1— 7at
=Spe ™+ (A= ﬂ)ai
@
O 1251
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B

:a')\;ﬁ <So+0’ ) 7at, t>0.

¢) By rewriting (S.101) as
t ¢
_ _ —(t—s)a . —(t—s)a _
S = So— o jo e ds +aj0 e (AN, — Bds)
-t
=So+o JO e~ =9 (aN, — (B + aSy/o)ds)
t
:so+aj0 e~ (=)0 (\ — B — aSy/c)ds) +af (AN, — Ads),
t € Ry, we check that the process (Si):cr, is a submartingale, provided
that \— 8 —aSp/o = 0, i.e. So+ (B—X)o/a < 0. We also check that this
condition makes the expectation f(t) = E[S;] decreasing in Question (b).
d) Since, given that Ny = n the jump times (71,75, ...,T,) of the Poisson

process (Ny)ier, are independent uniformly distributed random variables
over [0, T, hence we can write

E[¢(S7)] = E {aﬁ (Soe*“T +o jOT eI (dN, — Bds), )}
=Y P(Np=n)

n=0

E {4» <soe*aT + ngT e~ (T=s)a(gN, — 5d5)) ‘ Np = n]

> (/\Tl)”

n=0

qﬁ(Soc “‘T+UZC (T=T)a oﬂf s)“d5> ‘NT_TL:|

k=1

x E

Exercise 20.14

a) From the decomposition Y; — M\t(t + E[Z]) = V; — AE[Z]t — M2 as the
sum of a martingale and a decreasing function, we conclude that ¢t —
— M (t+E[Z]) is a supermartingale.
b) Writing
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dSL = /J,Stdt + O'S[,-dY'/,
= rSydt + oSy (dYt _rz “dt)

g

=7rSdt + oS¢ (dY; — NE[Z]dt), 0<t<T,

we conclude that (St)te[O,T] is a martingale under IP5 provided that

BT _XE[Z)dt,

g

x T—H
Ak

We note that A < 0 if ;1 < 7, hence in this case there is no risk-neutral
probability measure and the market admits arbitrage opportunities as the
risky asset always overperforms the risk-free interest rate r.
We have
Ci(Tit)TIE/‘\[ST — K ‘ ft} = C7't]E5\[077'TST ‘ ]:t] - KCi(Tit)r
=8 — Ke (T80,

since (St)tE[O,T] is a martingale under IP5.

Exercise 20.15

a)

b)

We have
Ny

Sp=Soet [[(1+2), t>o0.
k=1

Letting Xj, = log(1 4 Zx), k > 1, we find that

N
e S, = Spexp ((M—T)t+ZXk> , t>0,
k=1

and (20.45) can be rewritten for the discounted price process
gt = e "G, t>0,

as
dS; = (,u -7+ )\]E[Z])Stdt + St-(dyt + /\]E[ZD7

which becomes a martingale if

0=p—r+AE[Z] :u—r-i-)\foo zv(dz).
—00
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We have

N

C

e T=OE[(Sp — k)T | S

Nr *
= e T-OE || SyerT H Z — kK St
k=1
4
_ e—(T—L)TZ]E SteT oL H Zy— K ‘St P(Ny — Ny = n)
n>0 E=N;+1
n
T T—t)A)r
= o rINTD Y | [ 5,000 H Zi—n| s %
n=0 k=N¢+1
_ oy 5 (T =N
= ) Z n!
n=0
n +
o0 00
« f_oo . J_Oo <Ste(Tt)“ H 2 — n) v(dz1) - v(dzy,).
k=1

Exercise 20.16

a) The discounted price process (e’TtSf,)tG[OyT] is a martingale, hence it is
both a submartingale and a supermartingale.

b) The discounted price process (e_N’St)te[o,T] is a supermartingale.

¢) The discounted price process (e’”St)te[OyT] is a submartingale.

d) Under the probability measure P % the discounted price process (e~ St)ze[o,T]
is a martingale, hence it is both a submartingale and a supermartingale.

Exercise 20.17

1254 O)
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No Process Martingale Not Martingale
1 By v
2 ut/o + B v
3 ut/o — By v
4 —ut/o+ By v
5 Y: — ME[Z1]t v
6 Yy — AE[Z1]t v
7 ut/o+ By +Y; — NE[Z4]t v
8| ut/o+ By~ (Yi - NE[Z1]t) v
9| —ut/o+Be+Y; - XE[Z1]t v
10 ut/o + By + Yy — NE[Z1]t v

Chapter 21

Exercise 21.1

a) We have E[N; — at] = E[N;] — at = At — ot, hence N; — at is a martingale
if and only if & = A. Given that

d(e™"S;) = ne "S- (dN; — adt),

we conclude that the discounted price process e~ "tS; is a martingale if
and only if a = A.

b) Since we are pricing under the risk-neutral probability measure we take
a = A. Next, we note that

Sy = Soe(r—n)\)T(l + 77)NT — Ste(r—n)\)(T—t)(l +n)NT—Nt, 0<t<T,
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hence the price at time ¢ of the option is
*<”>T1EHST|2 | 7]
7(T7t T]EHS |2 2( rfnk)(Tft)(l +n)2(NT7NL) ‘ ]'-t}
‘S ‘2 r—2nA)(T— t [(1 + ’/) (Np—Ny) ‘ ]'-t}

= |y 2TDE (1 4 )2V
‘5‘2 r2nATtZl+,’72n]PNT Nt:n)
n=0
= |S4[2r=2M=NT=0) 37 (1 4 py2n (A(T*'t))"
n.
n=0

_ \St\Q o (r=2nA=X)(T=t)+(1+1)>X(T~t)

_ ‘St‘Qe(TJrnQA)(T—t)’ 0<t<T.

Exercise 21.2

a) Regardless of the choice of a particular risk-neutral probability measure

H’uy;“,;, we have

e TE, 5,87 — K | Fi] = e"E, 5 ,le " Sr | Fi] - Ke T0r
— ot efrtSt _ Kef(Tft)r
=8 — Ko (T-0r
= f(tv Si)v
for
fta) =a—Ke (T-0r t,x > 0.

b) Clearly, holding one unit of the risky asset and shorting a (possibly frac-
tional) quantity K e "7 of the riskless asset will hedge the payoff Sy —
and this (static) hedging strategy is self-financing because it is constant

in time,
¢) Since —— B ——(t,z) =1 we have
of ak
a*(t Se)+ I < (f(t,Se(1+a)) = f(t,5¢))
“= o2 +a2X
0% + 7(515 (I+a)—S)
o2+ a2\
=1, 0<t<T,
1256 O
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which coincides with the result of Question (b).

Exercise 21.3

a) We have
L o N,
St = Spexp | ut + 0B — P t)(1+mn)".
b) We have
~ 1
5= svex ((u =)t + 0B = 0% ) (14 o)™,
and

ds, = (p—r+ )\’r/)gtdt + 7]§t’ (dNy — Adt) + crgtth,

hence we need to take
p—r—+AIn=0,

since the compensated Poisson process (N; — At);cRr. is a martingale.

¢) We have
" TIE*[(Sp - K)T | Si]
i
= ¢ T(T-OE (Sg exp <MT+ oBr — %#T) (1+n)Nr K) ‘ Sf}
R |:(St eH(T—t)Jr(BTth)af(Tft)az/2(1 +n)NTth _ K)+ ‘ St:|
— (1) Z P(Ny — Ny = n)
n=0
< |:<St M) H(Br—B)o—(T—1)0%/2(1 4 pyn 7K)+ ’ Sz}
= T 3 AT =)
e
= n!
<E* |:<Ste(r—)\n)(T—t)+(BT—B¢)a—(T—t)02/2(1 ) —K)W St:|
_ n
= ¢ MT-D) Z BI(S; cfA"(Tft)(l +n), 0% T —t, K)i(/\(T n t)
n=0 n:
ANT —t)"
— e—)\(T—t) Z (Slef)\n(Tft)(l +77)n(b(d+) _ Kefr(Tft)qD(d_)) ( ( - )) :
n=0
with
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log(See = MT=D (1 4+ )"/ K) + (r + 02 /2)(T — t)
oVT —t

_log(Se(14+n)"/K) + (r — A+ 02/2)(T - t)

B oVT —t ’

d+:

H.

and

P log (S e~ M(T=H) (1 4 n)"/K) +(r—o%/2)(T 1)

ﬁ

_ log(S(1+n)"/K)+ (r— 702/2)( B
B oVT —t

Exercise 21.4

a) The discounted price process 5‘; = e "tS, satisfies the equation
dS; = Yy, 8r-dNy,,

and it is a martingale since the compound Poisson process Yy, dN; is
centered with independent increments as E[Y;] = 0.

b) We have

=

Nt
Sp =S [[(1+ V%),
k=1
hence

+
Nrp
e TE[(Sr - K)T] = e TE || S [[(1+ V) - K
k=1
Np +
eirTZ]E Spe” H 1+Yk - K ’NT:n ]P(NT:n,)
n=0 k=1
()\T)"
n!

+
ey (SUE flov0-)
k=0 k=1

n +
e ATZ anl j I (SoeerHl(lnyk)—K> dyy - dyn.

Exercise 21.5

a) We find @ = X where X is the intensity of the Poisson process (Ng)cRr, -
b) We have

e TOE[Sy — K | K] = " Ele TSy | F] — e TUE[K | 7]
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= "E[e S, | F] — e T K

— —(T=t)r
=5 — e (T-0f,
since the process (e~"'S;)icRr, is a martingale.

Exercise 21.6

a) We have
St _ 506<T7Aa)t(1 +0¢)Nt, t

\Y
o

b) We have

S
_ ef(Tft)rIE* [¢(me(T7Aa)(T7t) (1 + a)NTth)}

e—(T—t)T]E*w)(ST) | 7] = o~ (T—t)rp= |:¢ <T3T>

|z=S¢
|z=St

_ ef(’rﬁ»)\)(Tft) i ((T - t))\)k¢(ste(r7/\a)(T7t)(1 + Oé)k),

1
= k!
¢) We have
dVi = roge"tdt + £dS;
= rie"tdt + & (rSydt + aSi- (AN, — Adt))
= ’I“/tdt -+ ()z.ftSt— (sz - /\dt)
= 7’f(t, St)dt + aftSt— (dNt - )\dt)
d) By the Ité formula with jumps we have

d(e " f(,8))) = —re THF(t, Sy)dt + e Ttdf (t, St)
= —re " f(t,Sy)dt
of of

ot

(8.102)

of

+eTt <—(t, Sp)dt + rSt%(t, Sp)dt — )\St%(t, Sp)dt

-‘1-(f(t7 (1 + OZ)S/,-) - f(t7 S/,—))dN/,)
= —re Ttf(t, Sy)dt

of of

ot

e (F(1 (14 @)Se) ~ £ (1, 5))dN
“XeTME[f(t, (1+a)a) = f(t,2)]jgms,. dt-

r %)
+e (—(t, Si) + rsta(t, Sp) — Astafi

(t’ St)
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Since the discounted price process (e " f(t, 5;))er, is a martingale un-

der the risk-neutral measure, d(e ="' f(t, S;)) must reduce to its martingale
component, i.e. the sum of “dt” terms vanishes, and we get

d( eirtf(tv Si))

= e (f(t, (1 +)Si) = £(t,S¢))dNe = Ae E[f(t, (1 + @)x) = f(t,2)]j0=g, dt
=t (f(t, (] + Oé)St-) — f(t, St-))dNt —det (f(t, (1 + Oé)St-) - f(t, Sf,-))dt,

or equivalently

df(t,S) = rf(t, Se)dt + (f(t, (1 + @) Si-) = f(t,S-)) (AN — N)dt.
(S.103)
Finally, by identification of the terms in the above formula (S.103) with
those appearing in (S.102), we obtain

a{tSt- (dNt — /\dt) = (f(t, (1 + (I)St-) - f(t, St-))(dNt - )\dt),
which yields the hedging strategy

1
N OéSt-

& (f(t, A+ a)Se) = f(t.S¢)), 0<t<T.

Exercise 21.7

a) We have

E[N; | 7] = e smlO) [V Yos-(-sm(®) | 7]
_ eGstsm(H)]E[e(thys)Hf(tfs)m(H)} =N,, 0<s<t

b) We have

N
E[e S, | Fs] = E [eYt N

s

Ny
—E et
S

s

%]

fs}
= eV E[eYt Vs (V- Ya)O-(t=s)m(6) | ]

_ CYS Cf(tfs)m(B)IE [C(H—H)(Yt—YS)]

— eYs e—(t—s)m(é)) e(t—s)m(0+1)

}

hence we should have m(6) = m(f + 1). For example, when (Y;)ier, =

(N; —t)eR, is a compensated Poisson process we have m(6) = e —9 —1
and the condition reads e? +1 = e/*1 ie. § = —log(e —1).

¢) We have
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" TSy~ K)* | Fi] = e (T [(sT ~ K| ft}

t
Sr\?
_ ef(Tft)((lJrr)éH»m(G))]E (ST _ K)+ (g) ]:t:| .

t

Chapter 22
Exercise 22.1 For all j =1,2,...,M — 1 we have
Bjj_1+Bj;+ Bjji1=14+7AL,
hence when the terminal condition is a constant ¢(T',x) = ¢ > 0 we get
. 7\~ (V=9
Qﬁ(ti,w):c(lJrrAt)*(N*Z) :C<1+Tﬁ> R i=0,...,N.

In particular, when the number N of discretization steps tends to infinity,
denoting by [z] the integer part of z € R we find

¢(57 x) = ]\}gnoo(z)(t[Ns/T]v CE)

7\ —(N—[Ns/T])
=c¢ lim <1+Tﬁ>

N—o0

) T —[N(T—-s)/T)
= cth (1 + Tﬁ)

—00

T —(T-s)/T
= ¢ lim <1+7'N>

N—oo

_ Cefr(Tfs)7

for all s € [0,77], as expected.

Exercise 22.2

a) We have
§tIZ+1 = §tJZ + rs\tj\k](thrl — ) + Ugﬁ(wtkﬂ - Wi, ),
which yields

k
SN =SNT] (1 +r(ti—tic1) + (Wi, = Wi, _)o), k=0,1,...,N.
i=1

@) 1261

This version: September 2, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html
https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

b) We have
SN =8N+ (r—0%/2)8 (trs1 — te) + oSN (Wi, — W)
2
9~ 3oN 2
+73tk (Wtk+1 — Wtk) s

which yields

k 2

~ ~ a

SN=511 <1 +(r—02/2)(t; — tio1) + (W, — Wi, _,)o + T(Wti — th_1)2> )
i=1

Background on Probability Theory

Exercise A.1

a) We have
k
E[X] =Y kP(X =k) = e*AZk%
k>0 k>0
Ak £k
_ oA AN A
e ];(k—l)!_)\e 1;] ; A
b) We have
E[X?] = k*P(X = k)
k>0
)\k
ST Z B2
e
!
=K
)\k
Y
=e k———
2 M=
L NE
— A A
- kzﬂ T kZ>1 (k1)
= /\Qe_)‘z)\—k-i-/\e_)‘z/\—k
k! k!
k>0 k>0
=22+,
and
Var[X] = E[X?] - (E[X])? = A = E[X].
1262 O
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Exercise A.2 We have

Exercise A.3

a) Using the change of variable z = (z — ) /0, we have

*° d e~ (@—n)?/(20%) 4
f_oo‘P(x) v \/ﬁj v

/(202)
\/27rrr f w
2
= — e %24z,
2 j—oo

Next, using the polar change of coordinates 2 = 22 + y? and dady =
rdrdf, we find*

(o) = g e o
- 27TJ J S /2dydz
= joz” [ e 2aras

= foo re /2y
0

‘R 5
— lim JU re " 2dy

R—+o00 -
= — lim {efTZ/Z]R
R—+o00 0
= lim (1— e_R2/2)
R—+00
=1,
or - )
j e %24z = V2r.
—00
b) We have

* “In a discussion with Grothendieck, Messing mentioned the formula expressing the

2
integral of e~ in terms of m, which is proved in every calculus course. Not only did
Grothendieck not know the formula, but he thought that he had never seen it in his

life”. Milne (2005).
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E[X] = jj; zo(x)dz

= pe~(@=1?/(20%) g
V2ro? f*OO
B 1 oo —y2/(202)
= Vot Ll e O
_ P P2 g (™ /2
= \/ﬂj—ooe dy+\/fjiooye dy
00 A
-~ *UZ/Qd T 7y2/2d
Ners I~ v+l ey
_ K J —y2/2
= —— e Y4y
V2 J—oo
00
=" ely)dy
—00
= uP(X € R)
=K,

by symmetry of the function y — ye’yz/2 on R.
¢) Similarly, by integration by parts twice on R, we find

E[(xX —E[X])? = [ (¢ —p)*¢(x)do

Vel

d) By a completion of squares argument, we have

E[e¥] = Jjo e’o(z)dz

(z=p)?/(202) 4,

\/271'0 J
j oy—y?/ (202 )dy

\/271'0'
o?/2+(y=0%)?/(20%) g
\/27m j v
ek +a’2/2 joo
\/271'0

ui
e+2
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Exercise A.4
a) We have

1 o0 2 2
EX*] = J ate /(2% gy
V2no?2 -
=72 fooxe_’”Z/Qd:r
V2m J0
=2 [70 ”2/2}1706
21 =0
o
=
b) We have
1 \
E[(X — K)*] = WJ_O;(IiK)Jrefxz/(zgz)dr
1 00 2 2
=—— [ (@a-K)e ™ /)y
Voro2 IK
1 o 7z2/(20'2) K 20,2)
= Te dr — —— dx
V2ro? IK \/27ro f
_ T 42/(202) K/o 712/2
\/271—{ ¢ ]z K j dw
o

c¢) Similarly, we have

E[(K — X)*] %I )Fem w2 g
- \/ﬁj (K—x)e’ﬁ/(%g)d:r,
= [ e [ e
_ \/T*WJ_K;U ot /2 gy \/% [t /tam? )]i:
- e ke (§> .
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