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measure, 625, 670
price, 556
range, 126, 260
rate, 631
agreement, 631
spot, 631-633, 675, 680
swap, 643
start option, 296
swap rate, 643
forward measure, 556
forward swap
measure, 682, 702, 704
four-way collar option, 10
Fourier
synthesis, 156
transform, 339
inversion, 339
FRA, 631
Fubini theorem, 726
fugazi (the), 354
future contract, 231, 868

O

FX option, 222

gains process, 92
Galton board, 119
Gamma
Greek, 235, 243
process, 733
gamma
approximation, 618
distribution, 803
function, 803

gap, 755
Garman-Kohlagen formula, 570
Gaussian
cumulative distribution function, 123,
674

distribution, 232, 802

random variable, 819
gearing, 96, 246

effective, 104, 246
Geman-Yor method, 472
generating function, 192, 818
geometric

average, 464, 491

Brownian motion, 214, 266

distribution, 807
Girsanov Theorem, 274, 275, 304, 562

jump processes, 741, 764
Greeks, 243

Delta, 228, 234-236, 241, 243, 259, 263,

288, 960

Gamma, 235, 243

Rho, 243

Rhod, 263

Theta, 243, 301, 976

Vega, 243, 263, 435, 1050
gross market value, 8
gross world product, 8
guarantee

buy back, 7, 574

price lock, 9
GWP, 8

Hartman-Watson distribution, 470
Hawaiian option, 462
heat
equation, 247, 783
map, 387
hedge and forget, 230, 867, 1120, 1198
hedge ratio, 104, 247
hedging, 35, 99, 100, 109, 284
change of numéraire, 577
mean-variance, 773
quantile, 309
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static, 230, 867, 1120, 1198

strategy, 285

with jumps, 773
Heston model, 322, 348
hexanomial model, 891
HIBOR, 640
historical

probability measure, 272

volatility, 323, 351
hitting

time, 500
HIM

condition, 649

model, 647

SOFR model, 653
Ho-Lee model, 596
Hull-White model, 596, 648

immunization, 1142
implied
probability, 17
volatility, 354
in the money, 63, 360, 856
in-out parity, 411, 1053
independence, 796, 798, 801, 805, 807,
812, 819, 824
independent increments, 266, 744
indicator function, 799
infimum, 807
infinitesimal, 175
information flow, 68
instantaneous forward rate, 634
interest rate
derivatives, 669
differential, 304
model
affine, 595
Constant Elasticity of Variance, 594
Courtadon, 594, 623
Cox-Ingersoll-Ross, 256, 298, 593
Dothan, 595, 615
exponential Vasicek, 192, 594, 902
Ho-Lee, 596
Hull-White, 596, 648
Marsh-Rosenfeld, 595, 623
Vasicek, 590, 596
short term, 589
intrinsic value, 43, 96, 245
invariant distribution, 337, 345, 591, 594
inverse Gaussian process, 734
IPython notebook, 15, 75, 94, 97, 101,
105, 108, 135, 143, 155, 156, 232,
260, 355, 358, 489, 540, 655, 878,
890
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1to6
formula, 177, 298
pathwise, 729
with jumps, 730
isometry, 159, 162, 170, 726
process, 177, 179, 228, 946
stochastic integral, 158, 168, 170, 265
table, 180, 441
with jumps, 731, 1186
ITM, 63, 360, 856

Jamshidian’s trick, 694
Jensen’s inequality, 129, 268, 465, 498,
867, 954, 1075
joint
cumulative distribution function, 384,
805
probability density function, 804
jump-diffusion process, 755

kimchi, 23

knock-in option, 436
knock-out option, 65, 411, 436
Kullback-Leibler entropy, 766
kurtosis, 759, 762

Lévy

construction of Brownian motion, 155,

194, 931

process, 733
Lévy characterization, 190
Lévy-Khintchine formula, 724
Lagrangian, 619
Laplace transform, 471, 514
law

of total expectation, 814

of total probability, 795, 798, 814
least square Monte Carlo, 537
least square regression, 597
leg

fixed, 644

floating, 644
Leibniz integral rule, 650
lemma

Neyman-Pearson, 309
leptokurtic distribution, 759
leverage, 220, 305, 311, 984, 1000
liability, 14
LIBOR

model, 640

rate, 640

swap rate, 644, 684, 687
LIBOR-SOFR swap, 690
Lipschitz function, 575
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local
time, 194
volatility, 361, 787
local martingale, 307

log
contract, 261, 296, 350
option, 312

return, 352
dynamics, 215, 349, 767

variance, 120, 218, 320
log variance, 218
lognormal

approximation, 472

distribution, 120, 218, 617, 803, 952
long box spread option, 294, 957
long forward contract, 777, 778
lookback option

call, 446

put, 437, 440
LSM, 537

Macaulay duration, 629
Mandatory Call Event, 433
marginal
density, 385, 805
distribution, 813
Margrabe formula, 575
mark to market, 42, 74, 88, 231, 278, 868
market
bubble, 307
completeness, 35, 40, 73
efficiency, 958
making, 42
price of risk, 270, 276, 343, 606
volatility, 343
market terms and data, 96, 243
Markov property, 184, 575, 579
Marsh-Rosenfeld model, 595, 623
martingale, 66, 150, 265, 496
compound Poisson, 747
continuous time, 149, 204
discrete time, 69
local, 307
measure
continuous time, 203, 764
discrete time, 72
method, 277
Poisson, 743, 744
submartingale, 496
supermartingale, 496
transform, 70, 92, 267, 502
maturity, 6
transformation, 632
maximum of Brownian motion, 377

O

MCE, 433
mean
hitting time, 511
reversion, 589
mean-square distance, 822
measurability, 166
Merton model, 768
method
bisection, 355
Newton-Raphson, 355
Milshtein discretization, 782
Minkowski inequality, 163
model
affine, 595
Bachelier, 214, 255, 263, 291, 297, 1013
Barone-Adesi & Whaley, 541
BDT, 628
binomial, 74
dividends, 136
transaction costs, 132
CEV, 308, 594
CIR, 593, 623
CKLS, 622
Courtadon, 594, 623
Dothan, 595, 615
exponential Lévy, 767
exponential Vasicek, 594
hexanomial, 891
Ho-Lee, 596
Hull-White, 596, 648
Marsh-Rosenfeld, 595, 623
Merton, 768
pentanomial, 891
trinomial, 82, 123, 124, 141
Vasicek, 590, 596
modified
Bessel function, 593, 618
duration, 629
moment
generating function, 818, 1191
moneyness, 63
moving average, 462
MPoR, 270, 276, 343, 606
Musiela notation, 648

natural logarithm, 232
negative
binomial distribution, 807
inverse Gaussian process, 734
premium, 29
risk premium, 204
Nelson-Siegel, 653, 656
Newton-Raphson method, 355
Neyman-Pearson Lemma, 309
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nominal value, 629
non-deliverable forward contract, 231
noncentral Chi square, 298, 593, 971
nonlocal operator, 772
notional, 645

principal, 693, 1162, 1163
notional amount, 8
numéraire, 204, 553

annuity, 644, 682

invariance, 577
numéraire invariance, 579

OLS, 597
opening jump, 755
opening portfolio price, 58
optimal stopping, 532
option
Asian, 461
basket, 478
call, 461
at the money, 296
barrier, 65, 407
basket, 291, 478
bear spread, 292, 955
binary, 64, 127, 586, 862
box spread, 294
bull spread, 292, 955
butterfly, 295, 959
cash-or-nothing, 64, 586
chooser, 301, 976
cliquet, 296
digital, 64, 127, 586, 862
drawdown, 460
effective gearing, 104, 246
exotic, 65, 93, 109, 285, 407, 437, 461
extrinsic value, 96, 245
foreign exchange, 222
forward start, 296
gearing, 96, 246
Hawaiian, 462
intrinsic value, 96, 245
issuer, 15, 35
knock-out, 65, 411
long box spread, 294, 957
lookback, 437
on average, 64, 291, 461, 492
on extrema, 408
out of the money, 300
path-dependent, 109, 285
power, 130, 214, 258, 207, 868
premium, 35, 97, 246
straddle, 980
tunnel, 124, 125
vanilla, 229
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variance call, 328
variance swap, 324
volatility swap, 333, 376, 1019
writer, 15, 35
zero-collar, 13
optional
sampling, 502
stopping, 502
order book, 934
Ornstein-Uhlenbeck process, 590
OTM, 63, 300
out of the money, 63, 300

Paley-Wiener series, 156
par value, 601, 629
parity
call-put, 126, 240, 283, 302, 367, 572,
1053
in-out, 411, 412, 1053
Partial integro-differential equation, 771
partition, 798, 820
Pascal distribution, 807
path
freezing, 695
integral, 96, 408, 560, 619
Euclidean, 620
path-dependent option, 109, 285
pathwise It formula, 729
payable date, 257
payer
swap, 644
swaption, 684
payoff function, 7, 9, 407
PDE
affine, 339, 596, 1138
Black-Scholes, 229, 252
Heston, 337
integro-differential, 771
variational, 535
pentanomial model, 891
perfect correlation, 659, 667
Perron-Frobenius theorem, 84
physical delivery, 8, 10, 62, 238
PIDE, 771
Planck constant, 619
Poisson
compound martingale, 717, 764
distribution, 807
process, 709
compound, 751
portfolio, 22
process, 92
replicating, 100, 105
strategy, 34, 56, 87, 205, 208
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admissible, 203, 208
update, 206, 209
value, 60, 88
power option, 130, 214, 258, 297, 584, 868
predictable process, 70, 91, 725
premium
early exercise, 525
kimchi, 23
negative, 29
option, 97, 246
risk, 29, 204, 270
price
critical, 541
graph, 7, 9, 11, 128, 864, 865
price lock guarantee, 9
pricing, 87, 93
with jumps, 765
principal amount, 693
probability
conditional, 796, 797
density function, 801
joint, 804
distribution, 800
measure, 795
equivalent, 29, 37, 73, 205, 277
sample space, 791
space, 796
process
counting, 709
Cox, 713
drawdown, 437
gamma, 733
inverse Gaussian, 733
Lévy, 733
predictable, 70, 91, 725
stable, 733
stopped, 501
variance gamma, 733
pushforward measure, 747
put
option, 5
spread collar option, 128
swaption, 689
Python code, 15, 75, 94, 97, 101, 105, 108,
135, 143, 155, 156, 232, 260, 355,
358, 489, 540, 655, 878, 890
Python package
yfinance, 358

quantile hedging, 309

Quantlib, 690

quantmod (‘R package), 226, 352, 413,
475, 509, 599, 638, 735, 755

O

Radon-Nikodym, 272
Radon-Nikodym density, 556
random
product, 816
sum, 815
variable, 799
range forward, 126, 260
rate
forward, 631
forward swap, 643
instantaneous forward, 634
LIBOR, 640, 645
swap, 644
LIBOR swap, 684, 687
SOFR swap, 689
swap, 643
realized variance, 323, 352
swap, 324
receiver swaption, 689
recovery theorem, 48, 83
reflection principle, 407
relative entropy, 766
renewal processes, 717
replicating portfolio, 100, 105
replication, 35
repo market, 642
repurchase agreement, 642
return
log, 352
Rho, 243, 263
Riccati equation, 611, 1144
risk
counterparty, 100
market price, 270, 276, 343, 606
premium, 29, 204
risk premium, 270
risk-neutral
measure, 16, 28, 764
continuous time, 203, 270
discrete time, 72
probabilities, 16
riskless asset, 123, 210
Robinhood incident, 958
RQuantLib, 691
running maximum, 377, 378

SABR model, 348
second theorem of asset pricing, 35, 74,
208

self-financing portfolio
change of numéraire, 579
continuous time, 205, 207, 208, 210, 773
discrete time, 58, 88

sell stop, 501
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seller swap, 644
share right, 28
Sharpe ratio, 276
SHIBOR, 640
short rate, 589
short selling, 39, 104, 237
ratio, 23
SIBOR, 640
Sim.DiffProc, 227, 601
singular measure, 442
skewness, 759, 762
slow-fast system, 344
smile, 356
smooth pasting, 521
smoothing formula, 724
SOFR, 642
Black caplet formula, 680
caplet, 679
forward rate, 642
HJM model, 653
swap rate, 647, 689
swaption, 689
spline function, 367
spot forward rate, 631-633, 675, 680
spread option, 666
square-integrable
functions, 158
random variables, 162
St. Petersburg paradox, 810
stability warrant, 435
stable
distribution, 760
process, 735
static hedging, 230, 867, 1120, 1198
stationary distribution, 337, 345, 591, 594
stochastic
calculus, 174
differential equations, 184
integral, 90, 156, 166
with jumps, 723
integral decomposition, 111, 189, 284,
287
process, 56
stop-loss/start-gain strategy, 222
stopped process, 501
stopping time, 499
theorem, 502
straddle option, 980
Stratonovich integral, 918
strike arbitrage, 374
strike price, 6, 34
floating, 65
string model, 667
strong Markov property, 715
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submartingale, 496
super-hedging, 35, 74
supermartingale, 496
Svensson parametrization, 654
swap, 643

amortizing, 645

entropy, 373

forward measure, 682, 702, 704

payer, 644

rate, 643, 645

seller, 644

variance, 324
swaption, 683, 684

Bermudan , 690

Tanaka formula, 193, 223, 910, 931
Taylor’s formula, 175, 950
telescoping sum, 646
tenor structure, 555, 643, 669
terms and data, 96, 243
ternary tree, 82, 123, 124, 141
theorem
asset pricing, 29, 35, 73, 74, 205, 208,
649
dominated convergence, 520, 529
Fubini, 726
Girsanov, 274, 275, 304, 562, 741, 764
Perron-Frobenius, 84
recovery, 48, 83
stopping time, 502
Theta, 243, 301, 976
TIBOR, 640
time
business, 247
splitting, 222, 299, 930
tower property, 69, 71, 91, 98, 171, 266,
268, 287, 290, 558, 605, 813, 817,
823, 847, 890, 1150
transaction cost, 132
transform
Esscher, 779
Fourier, 339
Laplace, 471, 514
martingale, 70, 92, 502
treasury note, 592
tree
binary, 75, 133
ternary, 82, 123, 124, 141
trend estimation, 351
triangle inequality, 163
triangular arbitrage, 23
trinomial model, 82, 123, 124, 141
tunnel option, 124, 125
turbo warrant, 65, 410-412, 418
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two-factor model, 659
uniform distribution, 802

valuation period, 433
vanilla option, 63, 93, 229
variable rate, 675, 680
variance, 814
call option, 328
gamma process, 734
realized, 323, 352
swap, 324
variational PDE, 524, 535
Vasicek model, 590, 596
Vega, 243, 263, 435, 1050
notional, 324
VIX®, 368
volatility
historical, 323, 351
implied, 354
level, 324, 374
local, 361, 787
smile, 356
surface, 358

Notes on Stochastic Finance

swap, 333, 376, 1019
variance swap, 324

warrant, 9, 236
stability, 435
terms and data, 247
turbo, 65, 410-412, 418

West Texas Intermediate (WTTI), 5

‘Wiener space, 2

yfinance (Python package), 358
yield, 631, 633, 675, 680
bond, 615
compounded to maturity, 629
curve, 632
data, 638
inversion, 640
YieldCurve (‘R package), 638

zero measure, 379
zero-
collar option, 13
coupon bond, 601

J11
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Notes on Stochastic Finance

This text is an introduction to the pricing and hedging of financial deriva-
tives, including vanilla and exotic options, by stochastic calculus and partial
differential equation methods. The presentation is done both in discrete and
continuous-time financial models, with an emphasis on the complementarity
between algebraic and probabilistic methods. In particular it covers the pric-
ing of some interest rate derivatives, of American options, of exotic options
such as barrier, lookback and Asian options, and stochastic models with com-
pound Poisson jumps. The text is accompanied with a number of figures and
simulations, and includes numerous examples based on actual market data.
The concepts presented are also illustrated by 378 figures, and 260 exercises
and 17 problems with complete solutions. It also includes 30 Python codes
and 84 ‘R coding examples for illustrations based on market data.
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