Exercise Solutions

Chapter 1
Exercise 1.1 According to Definition 1.4, we need to check the following five
properties of Brownian motion:

(i) starts at 0 at time 0,

(i¢) independence of increments,

(74i) almost sure continuity of trajectories,

(iv) stationarity of the increments,

(v) Gaussianity of increments.

Checking conditions (i) to (iv) does not pose any particular problem since
the time changes t — ¢+t and t — t/ ¢2 are deterministic and continuous.

a) Let Xy := Beyt — By, t € R4 For any finite sequence of times ¢y < t; <
-+ < tp, the sequence
(Xt — Xigy Xty = Xty Xty — Xty y)
= (Bc+t1 - Bc+t07 Bc+t2 - B(Z+t17 sy B(:+tn - Bc+tn,1)
is made of independent random variables. Concerning (v), X; — X; =
Byt — Beys is normally distributed with mean zero and variance ¢t + ¢ —
(c+s)=t—sforany 0 <s<t.

b) Let X; := ¢B;/2—, t € Ry. For any finite sequence of times to < t1 <
-+ < ty, the sequence
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(Xh - Xlov X’Q - th e »Xln, - Xl71—1)
= (¢By, sz — By e2:¢Byyse2 — By je2, - ¢By g2 — CBtn—l/cz)
is made of independent random variables. Concerning (v), X; — X; =

cByje2 — ¢Bg/.2 is normally distributed with mean zero and variance
A(t/? —s/c?) =t—sforany 0 < s < t, since

WV
o

Var [eB, /2] = ¢*Var [By 2] = ¢*t/c? =1, t
Exercise 1.2 The solution to (1.18) is given by
S, = SerB(,+(,ufo2/2)t7 t>0,

see the proof of Proposition 1.8 for details. The next code can be used to
generate Figure 1.24.

1| N=1000;t=0:N;dt=1./N;nsim=10;sigma=.6;mu=.001;Z=c(rnorm(n=N,sd=sqrt(dt)));

> | plot(t*dt,exp(muxt),xlab="time",ylab="Geometric Brownian motion",type="1",ylim=
c(0,4),col=1,lwd=3)

lines(t*dt,exp(sigma*c(0,cumsum(Z))+mux*t-sigma*sigmaxt*dt/2),xlab="time",type="1",
ylim=c(0,4),col= 4)

Listing S.1: ‘R code - Geometric Brownian simulation.

import numpy as np,matplotlib.pyplot as plt;N=1000;dt=1/N;t=np.linspace(0,1,N+1);sigma=.6
mu=1.0;Z=np.random.normal(0,np.sqrt(dt),N); W=np.concatenate(([0],np.cumsum(Z)))

3| plt.plot(t,np.exp(muxt), 'k', lw=1); plt.plot(t,np.exp(sigma*xW+mux*t-.5xsigmax*2x*t), 'b', lw=1)
Pplt.ylim(0,4); plt.xlabel('time'); plt.ylabel('Geometric Brownian motion'); plt.show()

Listing S.2: Python code - Geometric Brownian simulation.

Exercise 1.3
a) Those quantities can be computed from the expression of S}* as a function
of the A/(0,¢) random variable B; for n > 1. Namely, we have
E [SZL] —E [SgcnaBgf'nazt/2+nrt]
— Sge—mrgt/Zer't]E [enﬂBt]
_ Sgefno"‘)t/2+nrt+n202t/2
_ SgenrtJr(nfl)n<72t/27

where we used the Gaussian moment generating function (MGF) formula

(A.41), ie.
IE[eﬂUBg} — e7L2(72t/2

for the normal random variable B; ~ N (0,t), t > 0.
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b) By the result of Question (a), we have E[S;] = Spe" and
E[$2] = [52 QUB¢—02t+2Tt}
_ Sz 702t+27t]E[ QJBt}

— Sgea t+2rt’ >0.

Exercise 1.4 From the solution of Exercise 1.3, we have
E[s{] = s, tefo,1), i=12,
and
var [s{] = E[(s{")°] - (E[s{"])

= (5
=

)2 2ut+o?t (S(()i))QBQML
SSNYZemt (o7t 1), te(0,T], i=1,2

Hence, we have
Var [S1 = 5] = Var [S{V] + Var [S{P] — 2 Cov (S, 7))
with
E [Sgl)S(Q)} —E [S(()l)s(()?)emmwj”—aft/2+02w(2>—02t/2]

t
— Sél)s[()) 24t — alt/Z Ugt/QIE[ 171W< +02W( )}

_ SénS( ) p2ut—o3t/2— agt/QCXp (%IE[(MW;U +UQWt(Q))zD7

with

E[(W" + oW )] = B[(aW")’] + 2B [ Vo] + E[ (020 7)?]

= a%t + 2poioat + agt,

hence
E [St(l)st(2>] — S((]l)5«(()2)eQuteralcrzt7

and
Cor (57, 5%) = E[5{"5{7) B[S (5] = 505 ),

and therefore
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Var [5,5(2) - St(l)}
_ (Sél))zeZHt(eaft _ 1) + (S(()Q))Qe2ut(ea§t _ 1) _ Zs(g1>s[()2)e2ut(epalagt _ 1)
_ e2ut((s(()1))260ft + (332))2ea§t - 2S(gl)s(<)2)epd1o‘2t o (S[()Q) o Sél>)2).

Exercise 1.5 We have

IE[SOeoBt‘hU«t*o'zt/Q} _ Soe”t’azt/QIE[eaBt} — Soe“t’(’ztme‘ﬂt/z _ Soep,t

and
2 ot

Ellog S] = E |log So + 0By + pt — %t] = (log Sp) + pt — 5

hence

o2t ot
Theil; = log E[S;] — E[log S¢] = log Sp + ut — ((log So) + ut — 7) =5

5 10 15 20 25 30 35

Geometric Brownian motion

0

Time

Fig. S.1: Twenty sample paths of geometric Brownian motion (St):er, -
Exercise 1.6 According to (1.13), taking ¢ = one year, we have
St "
E S| = e =14 0.0949535 = 1.0949535
0
and

5
Var {S—t} = &2 (e7”t — 1) = 01663085 = 0.02765852,
0
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hence
= log 1.0949535 = 0.0907119

and

o = \/log (1 + et x 0.02765852)

= \/ log (1 + 0.02765852/1.09495352)

= 15.10212%.
Exercise 1.7
a) We have
dCy = dV; — dA
= ftdSt + ntdAt — dAt
Vi— A Vi—(Vi—A)p
= Bl(y>a)——o—dSi + 1{\4>At}%d’4‘

+ l{VtéAt}XdAt — dAt

A LdA, — dA,

Vi — A Vi
7[& VisA}— o — dSt+XdAt 61{\4>A;}
Vi —

C Ay
:51{W>At}§d5t+ a dAt*ﬁl{VQA,,}XtdAt

Cy Ct Cy
= f—dS; + —dA; — B—dA
ﬂSt t+ A, BAz t
= ﬁCt(ﬂdt + G’dBt) + rCtdt - rﬁCtdt,

hence ic
7: = ((p—r)B+r)dt+ BodB.
b) We have
Vi=Ai+Ct
= Aoc” (Vo — Ag)el i Pr)tsiobimitire,
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N=1000; t=0:N; dt=1/N; tt=t*dt; sigma=.5; mu=1; beta=2.5; r=1; A0=1; C0=.1; SO=A0+C0
dB=rnorm(N,sd=sqrt(dt)); B=c(0,cumsum(dB)); par(mfrow=c(2,1), mai=c(.6,.5,.45,.2))
plot(tt,exp(r*tt), type="1",ylim=c(.8,3),xaxs="i",yaxs="i",xlab="t",ylab=""lwd=2,
cex.axis=1.6,cex.lab=1.6)
A=AO0*exp(r*tt); S=S0*exp(sigma*B + muxtt - .5*sigma”2x*tt)
C=COxexp(beta*sigma*B + (beta*mu+(1l-beta)*r)*tt - .5¥beta”2*sigma”2*tt)
lines(tt,S,col=4,lwd=2); lines(tt,A+C,col=2,lwd=2); xi=beta*C; eta=(C+A-xi*S)/A
legend("topleft",c("Geometric Brownian motion","CPPI"),col=c(4,2) lty=1:2,cex=1.6)
plot(tt,xi,type="1",xaxs="i",yaxs="i",ylim=range(xi,eta),
xlab="t",ylab="",lwd=2,cex.axis=1.6,cex.lab=1.6)
lines(tt,eta,col=6,lwd=2);
legend("center",c(expression(xi) expression(eta)),col=c(1,6),lty=1:2,cex=1.6)

Listing S.3: ‘R code - CPPI simulation.

import numpy as np,matplotlib.pyplot as plt; N=1000; t=np.arange(N+1); dt=1/N; tt=t*dt
sigma=.5;mu=1;beta=2.5;r=1;A0=1;C0=.1;S0=A0+C0;
dB=np.r_[0,np.random.normal(0,np.sqrt(dt),N)]
B=np.cumsum(dB); A=A0#*np.exp(r*tt); S=S0*np.exp(sigma*B + muxtt - .5xsigma**2+tt)
C=CO0*np.exp(beta*sigma*B + (beta*xmu+(1-beta)*r)tt - .Bxbetak*2ksigma**2ktt)
fig,ax=plt.subplots(2,1,figsize=(10,8),constrained_layout=True)
ax[0].plot(tt,np.exp(r*tt),'k-' lw=2,label='Exp(r t)'); ax[0].plot(tt,S,'d-' lw=2,label='GBM')
ax[0].plot(tt,A+C,'r-' lw=2,label='CPPI"); ax[0].set(xlim=(0,1),ylim=(.8,3),xlabel="t");
ax[0].legend(fontsize=12); xi=beta*C;
eta=(C+A-xi*S)/A;ax[1].plot(tt,xi, 'k-' lw=2,label=r'$\xi$")
ax[1].plot(tt,eta,'m-',lw=2,label=r'$\eta$'); ax[1].legend(fontsize=12);
ax[1].set(xlim=(0,1),ylim=(min(xi.min(),eta.min()),max(xi.max(),eta.max())),xlabel="'t")
plt.show()

Listing S.4: Python code - CPPI simulation.
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Fig. S.2: CPPI value and allocation.

Note that the mean return of C; is (1 —r)3 + r, i.e. which is above r when
4> 1 and below r when p < r.

When p =1,
Ct — CoeTt+BGBt7ﬁ202t/2

represents the value of a leveraged investment fund such as ProShares Ultra
S&P500 or ProShares UltraShort S&P500, which are seeking daily investment
results, before fees and expenses, that correspond to § times (5x) the daily
performance of the S&P500,® with respectively § = 2 for ProShares Ultra
and § = —2 for ProShares UltraShort. Here, leveraging with a factor 8 : 1
aims at multiplying the potential return of an investment by a factor S.

Note that E[C}] = Cpe™ according to absence of arbitrage. On the other
hand, we have

Var[Cy] = 0362”(652‘72t -1), t=0,

which increases with |3].

Exercise 1.8
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a) From Table S.1 and the interest value $40.83, we infer that ACBC bank
used linear compounding of the form 1+ rt/365.

Duration (days)| Linear compounding| Exponential compounding
182 $40.39 $40.66
183 $40.61 $40.89
184 $40.83 $41.11
185 $41.05 $41.34

Table S.1: Fixed deposit returns.
b) According to Table S.1, the investment duration was ¢t = 184 days.

Remark: The actual investment dates were from March 11 to Septem-
ber 11, i.e.

31-11+4+30+314+30+31+31+11 = 184.

o
Please select tenor © 9Months@0.1% O

1 Month @ 0.05 % 10 Months @ 0.1% O

2 Months @ 0.05 % 11 Months @ 0.1% O
.05 %

3 Months @ 0.05% 12Months @ 0.1% O

4 Months @ 0.05 % 13 Months @ 0.15% O

14 Months @ 0.15% O

6 Months @ 2.7 % 15 Months @ 0.2 %

7 Months @ 0.1 % 18 Months @ 0.2 %

24 Months @ 0.2 %

o
o)
o
)
5Months @ 0.05% O
(¢]
)
o]

8 Months @ 0.1 %
36 Months @ 0.2 %

Fig. S.3: Phone screenshots.

Exercise 1.9

a) We have
av(t) dX (t) dX,(t)
v = v TV
—m (t)dXxll((:)) " +7rn(t)dX)?((tt))
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n
+71'1 Zalk dBk + +7Tn )Zan,k(t)dBk(t)

= a(t)dt + Z k(t)dBy(t),
=1

where
A(t) = m1(t)pa(t) + - + () (t)
and
Fi(t) = m(t)orp(t) + -+ mn(t)opr(t).

Remark: Note that from

dX;(t) n
X, (1) *“i(t)d”;%k(t)dBk(t),
we have
_dXi(t)  (dXq(1)?
dlog X;(t) = X.(0) — 2X12(t)
dt + Z i, k dBk % Zn:
k=1 =

hence the relation

k=1
b) We have
dlogm;(t) = dlog X;(t )7dlogX( )
dt-‘rZaqk )dBy(t) — 5(t Zn: t)dBy(t
k=1 k=1
= (n(®) df+z i () = 5k (t))dBy (t).

Remark: Note that from
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we have
_dv(y)  (av(#))?
dlogV (t) = Vi) 2R
— a(dt+ Y ar()dB(t) - % S GR(t)dt,
k=1 k=1
hence N
3(0) = a(t) - 5 32 (0)
k=1
Chapter 2

Exercise 2.1

a) i) By calculation (expected answer). We have

p(O) = COV(X'an)
= Var[X,,]
= E[X]]
=E[(Zn — aZn-1)?]
= E[Z2 - 207, 1 Zn +d?Z2_4)
= E[Z2] — 24 E[Zy—172,] + ®E[Z2_}]
=1-2aE[Z,_1]E[Zy] + a®
=1+ aQ,

and

p(l) = COV(XvaXn+1)
= Cov(Zn + aZn-1, Znt+1 + aZy)
= Cov(Zn, Zn+1) +aCov(Zn_1, Zpt1)
+a Cov(Zy_1,2Zn) + a® Cov(Zn_1, Zy)
= Cov(Zn, Zny1) + aCov(Zp_1, Zny1)
+a Cov(Zy, Zn) + a® Cov(Zn-1, Zn)
= aVar|Z,]

=a,

and for k > 2,
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p(k) = Cov(Xn, Xytk)
= Cov(Zn+ aZn-1,Zn+k + aZnik—1)
= Cov(Zn, Zn1k) + aCov(Zn_1, Zn+k)
+aCov(Zn, Znsn—1) + a® Cov(Zn_1, Znii—1)
= 0)
since n < n+ k — 1. By a similar argument, we obtain p(k) = p(—k)
for k£ <0.

ii) Confirmation by simulation with an MA(1) time series constructed
by hand:

1| library(zoo); N=10000;Zn<-zoo(rnorm(N,0,1))
Xn<-Zn+2+lag(Zn,-1, na.pad = TRUE);Xn<-Xnl[-1]
k=0;cov(Xn[l:(length(Xn)-k)],lag(Xn,k))

Listing S.5: ‘R code - MA(1) time series generation.

import numpy as np, pandas as pd; N=10000;
Zn=np.random.normal(0,1,N); Xn=2Zn[1:]+2*Zn[:-1]; k=0;
;| cov_result=np.cov(Xn[:-k] if k>0 else Xn, (np.roll(Xn,-k)[:-k] if k>0 else Xn))[0,1];
print(f'Covariance for k={k}: {cov_result}")

Listing S.6: Python code - MA(1) covariance estimation.

or with an MA(1) time series.

1 | n=2000;a=2; Xn<-arima.sim(model=list(ma=c(a)),n.start=100,n); x=seq(100,100+n-1)
> | plot(x,Xn,pch=19, ylab="X", xlab="n", main = 'MA(1) Samples',col="'blue')
lines(x,Xn,col='blue'); Xn<-zoo(Xn)

1| k=1;cov(Xn[1:(length(Xn)-k)],lag(Xn,k))

Listing S.7: ‘R code - MA(1) time series generation.

By computing the empirical autocovariance, we find the following.

1 ccf(Xn,Xn,lag = 5, type="covariance", plot=T, lwd=2, col='blue', axes=FALSE,
ylim=c(-1-a**2,14+a**2), main=""); axis(side = 1, at = seq(-5,5,1))

> | axis(side = 2, at = c(-1-a**2,-a,0,a,1+a**2), labels=c(expression(paste("'-1-|a|"~"2")),
"a",0,"a", expression(paste("1+|a|"""2"))))

Listing S.8: ‘R code - MA(1) covariance estimation.
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ACF (cov)
Shhbhlioanwrao

Lag

I | import numpy as np, matplotlib.pyplot as plt, pandas as pd;

> | n=2000; a=2; e=np.random.normal(0,1,n+1);
Xn=pd.Series(e[1:]4+axe[:-1]); x=np.arange(100,100+n);

i | plt.plot(x,Xn,marker='0'ls ,c='b',ms=2);

plt.xlabel("n"); plt.ylabel("X"); plt.title("MA(1) Samples");
plt.show(); k=1; print(np.cov(Xn[:-k],Xn.shift(k).dropna())[0,1])

Listing S.9: Python code - MA(1) time series generation.

1 | import numpy as np, matplotlib.pyplot as plt
> | a=2;max_lag=>5;Xc=Xn-np.mean(Xn); lags=np.arange(-max_lag,max_lag+1)
covs=[np.cov(Xcl[:-lag] if lag>0 else Xc[-lag:],Xcllag:] if lag>0 else Xc[:lag)[0,1] if

lag!=0 else np.var(Xc) for lag in lags]
plt.bar(lags,covs,color='b',width=.8);plt.ylim(-1-a**2,1+a**2);plt.xticks(np.arange(-5,6)
plt.yticks([-1-a**2,-a,0,a,14+a**2],[r"$-1-|a| ~2$","-a","0","a",r"$1+|a| ~28"])
6 | plt.grid(True, 1s='--', alpha=.5); plt.xlabel('Lag"); plt.ylabel('Covariance')
plt.title(""); plt.tight_layout(); plt.show()

Listing S.10: Python code - MA(1) covariance estimation.

b) We note that E[X,,] = 0, n € Z, and in addition the autocovariance
Cov(Xp, X,,1) depends only of |k| and not on n € Z. Therefore, the
time series (Xp)nez is weakly stationary by Definition 2.11. In addition,
by Theorem 2.12 this time series is strictly stationary only if |a| # 1.

Exercise 2.2

a) We rewrite the equation defining (X, ),>1 as
Xp = Zn+LXpn = Zn+6(L)Xn, n>1.

where L is the lag operator LX,, = X,,—1 and ¢(L) = L. Taking ¢(z) := z,
by Theorem 2.12 we need to check whether the solutions of the equation
¢(z) = 1 lie on the complete unit circle. As ¢(z) = 1 admits the unique
solution z = 1 which lies on the complete unit circle, we conclude that
the AR(1) time series (X,,)n>1 is not weakly stationary.

b) As in part (a), we rewrite the AR(2) equation for (¥;,),>1 as

Yy = Zy +0.75 x LYy, — 0125 x L2Yy, = Zn + ¢(L)Y,,  n>2.
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with ¢(L) = 0.75 x L —0.125 x L2. The equation ¢(z) = 1 with ¢(z) =
0.752 — 0.12522 reads 22 — 6z +8 = (2 — 2)(z — 4) = 0. This equation has
two solutions z = 2,4 which lie outside the complex unit circle, hence by
Theorem 2.12 the AR(2) time series (Y5, )n>2 is weakly stationary.

Exercise 2.3

a) We have

E[Xni1] = E[Znt1 + Xy
= E[Zn11] + oE[X,)]
= aE[X,], n >0,
hence by induction we have E[X,] = o"E[X] = 0 for all n > 0.
b) We have
Cov(Xntrt1, Xn) = E[Xpirt1Xn] — E[Xpip11]E[Xn]
[Xn+k+1Xn]
[(Zngrs1 + aXoqr) Xn)
[Zn+k+1Xn + (YXnJran]
(Zn+h41Xn] + ElaX,, £ Xn)
[Zn+k+1JE[Xn] + oE[X 1 Xo]
AE[X 11 Xn]
= a(E[Xp4£Xn] — E[Xpn11]E[Xn])
aCov(Xpig, Xn), n >0,

hence, since E[X,,] =0, n > 0, we find
Cov(Xpip, Xn) = o Cov(Xp, Xp) = oFf Var[X,], k,n > 0.
c) We have

Var[Xp1] = E[X7 1]
= E[(Zn+1 + aX,)?]
=E[Z2 4 + 2021 X, + * X2
= ]E[ZEH—I] +20lE[Zp11X,] + QQ]E[szL]
=1+ 20E[Zy11]E[X,] + o”E[X7]
1+ o’E[X2]
=1+ a?Var[X,,].
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By applying the above relation recursively and using the geometric series
identity (13.52), we obtain

Var[X,] = 1+ o Var[X,,_1]
=1+a’(1+4o?Var[X, 2])
=1+a*(1+a*(1+a® Var[X,_2]))
=140+ +a2

n
— N 2k

1 o202

o

n+1, a = =£1, n 2= 0.

d) We check that the solution of ¢(z) := az is z = 1/, hence by Theo-
rem 2.12 there exists an AR(1) solution of (2.31) which is weakly station-
ary when o # +1. However, the present time series (Xy)n>0 started at
Xo = 0 is not weakly stationary because Cov(Xy, X,) = E[X?] is not
constant in n > 0.

Exercise 2.4

a) We have

Var|X,,] = Var[Zy—1 — Zn—2 + aZ,,—3]
= Var[Z,,—1] + Var[—Z,_2]| + Var[aZ,_3]
= Var[Z,_1] + Var[Z, 2] + o* Var[Z,,_3]
=2+4d2

Next, since using the linearity relation
Cov(X +Y,Z) =Cov(X,Z)+ Cov(Y, Z)

and the fact that Cov(X, Z) = 0 when X and Z are independent random
variables, we have

Cov(Xnt1,Xn) = Cov(Zy, — Zn—1 + aZn—2,Zn—1 — Zn—2 + aZp_3)
= Cov(Zy — Zn-1+ aZp—2,Zn_1)
+ Cov(Zp — Zn—1 + aZp—2,—Zn_2)
+ Cov(Zn — Zn-1+ aZp_2,aZn_3)
= Cov(—Zn-1,2Zn-1) + Cov(aZn—2,—Zn—_2)
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= - COV(Zn—la Zn—l) -« COV(Zn—Qa Zn—Q)

= —a—1,
and

Cov(Xnt2, Xn) = Cov(Znt2 — Zn + aZp—1,Zn-1 — Zn—2 + aZp_3)
= Cov(Znt2 — Zn + aZn—1,Zn-1)

+ Cov(Znto — Zn + aZp—1,—Zn—_2)

+ Cov(Znt2 — Zn+ aZpn_1,aZn_3)

Cov(aZy—1,Zn-1)

aCov(Zy-1,Zn-1)

= q,

and

COV(Xn+k, Xn) = COV(Zn+k_1 — Zntk—2+ Lyt k—3, Zn—1— Zn—2+ ()zZn_g)
= Cov(Znik—1— Znik—2+ Znik-3, Zn-1)
+ COV(Zn#kfl — Zntk—2+ Zp i3, 7Zn—2)
+Cov(Znik—1— Znsk—2 + Zpig—3,0Zn-3)
=0

for k > 3.
Since the white noise sequence (Z, ) ez is made of independent identically
distributed random variables, we have the identity in distribution

=3
=

d
Xn =Zn-1—Zpn-2+aZn-3=2Zyn—Zn1+aZy_sg, nz2,

which shows that (X,,),>3 has the same distribution as an MA(2) time
series the form
Yo =Zn + B1Zn-1 + P2Zn—2,

with 1 = —1 and 1 = «.
Exercise 2.5
a) We have

VX, =Xn—Xna1
=Zn+a1Xpn-1—Zp-1— a1 Xp—2
=Zn—Zn-1+a1VXy,_1, n =2,

hence (VX,,)n>2 forms an ARMA(1,1) time series.
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b) We have
szn =VX, VX,
= Xn - anl - (anl - X’n72)
=Xp—2Xp-1+Xn—2
=Zn+a1Xn1—-2Zy 1200 Xpn 2+ Zpo+a1Xp-3
=Zn =21+ Zna+ a1V X1,  n23,
which forms an ARMA(1,2) time series.

Exercise 2.6

a) We have

gz 7a7brk = <Z abr,p))
k=1 k=1
= 2an722r£2) +2bz7",<€1),
k=1 k=1
and
0 N~ (2 (2 _ X~ (1) @ _, 0
%Z(rk —a—bry ) ZQZrk (fa+rk —bry, )
k=1 k=1
a 2 1 2 1
:227‘,(C )<7‘](€)—le(€ ) —52(71( >—b’rl( ))>
k=1 =1
n n 1 n
= ZZrlgl r,(f Z rk rl 2b<2(rl(c1>)2 - Z r/s’l)rl(l)).
k=1 e k=1 k=1

b) In order to minimize the residual (2.32) over a and b we equate the above
derivatives to zero, which yields the equations

82 (r}(f) ,a*brl(cl))‘?a:A aanZr +2527"1(cl) —0
@ = P
and

o
|
=}
|
o
=<
B
—
) no
o
Il
=2l
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n n n n
) (2) 2 1) (2 ~ 1 1 1) (1
—ZZr,i)rl(c)an,(c)rl()%(Z(r,(c))Zan,(c)rl()>
k=1

k=1 k=1 k=1
=0.

This leads to estimators a, b of the parameters a and b respectively as the

(1)

empirical mean and covariance of (7} )k=12,....n, i€

Exercise 2.7 Since the p-value = 0.02377 is lower than the 5% confidence
level, we can reject the nonstationarity (null) hypothesis Hy at that level.

Exercise 2.8

a) We consider the equation

o(z) = a1z + a2t =1,

a2 taz—1= 0,

with solutions

1
—o1 £ /o] + dag _ —a£va®+82 —a+3a ) 2

= 2009 4a? 4a? 1

)

hence by Theorem 2.12 the time series (X;),>1 is stationary for a ¢
{=1,-1/2,1/2,1}.
b) We have

]E[Xn] = ]E[Zn + o1 Xp_1+ OlQXn—ﬂ
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=E[Z,] + a1 E[Xp—1] + a2E[X,,—2]
= a1 E[X;—1] + a2 E[X,,_o]
OqlE[Xn] + Oéz]E[XnL

hence
(1—a1 —a2)E[X,] =0,

which implies E[X,,] = 0, n € Z, since 1 —a; —ag # 0.
¢) We have
COV(X'm Zn) = COV(Zn +a1Xp-1+ asXy o, Zn)
= Cov(Zn, Zn) + a1 Cov(Zp, Xn—-1) + a2 Cov(Zp, Xn—2)

= Cov(Zy, Zy)

= 0'2.

d) We have
Cov(Xn+1, Xn) = Cov(Zpy1 + a1 Xn + a2 X1, Xp)

= Cov(Znt1, Xn) + a1 Cov(Xyp, X)) + ag Cov(Xp—1, Xy),
= 161 + a2 Cov(Xp—1, Xn)

1
=4+ 5 COV(Xn—h Xn)a

hence
Cov(Xn+1, Xn) =8, ne€Z.

Chapter 3

Exercise 3.1

a) Since Z1 + Zo + - - - + Z,, has the centered Gaussian (0, no?) distribution
with variance no?, we have

N
]I’(Y>y)—Z]I’<ZZk>y‘N—n>11’(N—n)
k=1

n=1
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:e*’\2§©<— Y ), y > 0.

77,0'2

b) Since E[Zg] = 0 for all k > 1, we have

N
E[Y] = ZIE ZZk ‘ N=n|P(N=n)
n=1 k=1
n
:ZIE ZZk ‘ N=n|P(N =n)
n=1 k=1
n
=Y P(N=n)> E[Z|N=n]
n=1 k=1
n
=Y PN =n)> E[Z]
n=1 k=1
=0,
as in (3.12).
Exercise 3.2 By (3.17), we have
oA Ay
V(y) = T0(y) - - [ @y - 2)dF(:)
_2 A (v —z/p
= (l/)*ﬁ o Ply—z)e " dz
. A A Y 7(y—z)/,u
= E‘D(Zl)*ﬁ o Pz)e dz,
hence the differential equation
@ (1) = 29/() - ﬁ@b(z/) e O

|
e
Q>
|
==
~
ol
=
<
=

which can be solved as
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D(y) =1-— )‘ie(k/cfl/u)y
. )

given the boundary conditions ®(c0) = 1 and ®(0) = 1 — Au/c, cf. (3.19).
We conclude that

A
¥(y) = Sy >0,

provided that ¢ < Ap.

Exercise 3.3

a) We have

E[Rr] = E[Ro + uT — CN7]
— B[Ry + E[uT] ~ E[CN]
= Ry + puT — CE[Ny]
= Ro+pT —CAT
= Ro+ (1n—AO)T,

and similarly
Var[Ry] = Var[puT — CNyp] = Var[-CNyp| = c? Var[Ny| = AC2T.
b) We find

]P(RT < 0) = IP(R() +uT —CNp < 0)
=P(Np > (Ro+pT)/C

)
= > P(Np=k)

k>(Ro+uT)/C

=Y (T)*

Exercise 3.4

a) By Proposition 3.7 we have
E[S(T)] = ATE[Z] and Var[S(T)] = ATE[Z2).

b) We have
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Var[z + f(T) — S(T)]
(E[z + f(T) — S(T)])?
_ Var[S(T)]

(z+ f(T) - E[S(T)])?
_ ATE(23]
" (x+ f(T) = ATE[Z4])?

P(z+ f(T) - S(T) <0) <

Chapter 4

Exercise 4.1

a) Taking (U,V) = (U,U), we have

P(U<uandV <v) =P(U <uand U <v)
=P(U < min(u,v))
= min(u,v)
= C(u,v), u,v € [0,1].

b) Taking (U,V) = (U,1—"U), we have

P{U<uand V<v)=PU <<uand 1-U < v)
IP(U<u and U > 1—v)
=P(1-v<U<u)
= lg<a- v<u<1}]P(1 —v<U<u)
= Liocuto— 1<1}( - (1-v))
=(u+v-1)T,

u,v € [0,1].
¢) We have

Clu,v) =P(U<uand V<v) <PU<uandV>21)<PU<u) =y,
u,v € [0,1], and similarly we find C(u,v) < P(U < v) = v for all

u,v € [0, 1], which yields (4.9).
d) For fixed v € [0, 1] we have

9C (4,v) = 1im C(u+e,v) — C(u,v)
du e—0 €
lim P(U<u+ecand V<v)—P(U <wand V <o)
= li

e—0 €
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:limP(u<U<u+aandV<v)
€0 Plu<U<u+e)

=lmP(V<v|u<U<u+e)
e—0

=PV <v|U=u)

<1

u,v € [0, 1], hence

h’(u):%(u,v)—lzl’(Vév\U:u)—léo,

u,v € [0,1], and since k(1) = C(1,v) —v =P(V <v)—v =0, v € [0,1]
we conclude that h(u) > 0, u € [0, 1], which shows (4.10).

Exercise 4.2

a) When p =1, we have

P(X =1and Y =1) = pxpy + /pxpy (1 —px) (1 —py),

P(X=0and Y =1) = (1-px)py — vVpxpy (1 —px)(I—py) 20,

P(X =1and Y =0) =px(1—py) — pxpy (L —px)1—py) >0,

P(X =0and Y =0) = (1-px)(1—py) + Vpxpy(1—px) (1 —py),

hence

(1-px)py = Vpxpy (1 —px)(1 —py),

px(1—py) = Vpxpy(1—px)(1—py),

hence

(1—px)py 2 px(1—py) and px(1-py)>py(1—-px),

showing that (1 —px)py = px(1 — py), which implies px = py, and
P(X =1land Y =1) =p% +px(1—px) =px = py,
P(X =0andY =1) =0,
P(X =1and Y =0) =0,

P(X=0andY =0)=1—px =1—py.
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b) When p = —1, we have

P(X=1and Y =1)=pxpy — vpxpy (1 —px)(1—py) >0,

P(X =0and Y =1) = (1-px)py + vpxpy 1 —px)(1 —py) >0,

P(X =1and Y =0) =px(1-py)+ vpxpy (1 —px)(1—py) >0,

P(X=0andY =0) = (1-px)(1—py) — vVpxpy(1—px)(1—py) 20,

hence
pxpy = vpxpy (1 —px)(1—py),

pxpy = /pxpy (1—px) (1= py),
hence
pxpy 2 (1-px)(1-py) and pxpy > (1-px)(1-py),
showing that pxpy = (1 —px)(1 — py ), which implies px = 1 — py, and
P(X =1andY =1)=0,
P(X =0andY =1) =1,
P(X =landY =0) =1,

P(X =0and Y =0) = 0.

Exercise 4.3
a) We have
P(X>2)=P(X >z and Y >0) = M),
and
P(Y2y)=P(X20andY >y) = e Wy,
z,y 2 0, i.e. X and Y are exponentially distributed with respective pa-

rameters A+ v and p+ v.
b) We have

P(X <zand Y <y)
=1-P(X>22)-PY >2y)+P(X>zandY >y)
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=1— e—{)Hru)x _ e—(,u.+u)y + e—)\oc—uy—uMax(ac,y)7 2,y > 0.

c) We note that

]I)(e—()Hru)X < u) -P (X > logu) —u,
A+v

and similarly

log u

Ple” 0 >u) =P (Y S

):u, u € [0,1],

hence the random variables e~ (A )X and e~ (W)Y are uniformly dis-
tributed on [0,1]. Therefore, a copula function C(u,v) can be defined by

letting
C(u,v) := ]P(e_()"“’)x Cwand e”WH)Y ¢ v)

:]P<X>7logu andYZfIOgv)
Av n+v

AA+Y)” Llog u+p(p+v) =1 logv—v Max(—(A+v) = log u,— (u+v) ! logv))
u)\/()\Jru) vy/ ptv
WM Ov) o/ (ptv
)
)

—v Max(—(Av)~!Hogu,—(p+v) " logv))
v min(log ul/A+¥) log 1/ (111)Y))

log min(u?/ (A v) pr/(wtv)))

e

— M OAY) il (pty
WM V) il (ptv

e

v)
e
)
) min (u u/()\+y)7,uu/(,u+u)))’ 2,y > 0.

Fig. S.4: Exponential copula function u,v + C(u,v) with A =1, p =2, v = 4.

Exercise 4.4
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a) We have
1
F =P(X <z)=P(X < dY < =—
() = P(X <) = P(X o and ¥ <o) = 1
and
1
Fy(y):]P(ng):]P(Xgooandng):m, z,y € R.
The probability densities are given by
/ / e ”
xla) = fy(o) = Fy(o) = o) = (oy 0 € R
b) We have
—1 -1 1-u
Fy'(u) = Fy  (u) = —log ot ue (0,1),

and the corresponding copula is given by
C(u,v) = Fix y)(Fx'(u), Fy ' (v))

1—u 1—wv
= Fixy) <*1Og o~ log— )

1
- 1+ (1 —u)/u+(1-v)/v
1
T+ —uw)/ut(1-v)/v
= L, u,v € [0,1],
U+ v—uv

which is a particular case of the Ali-Mikhail-Haq copula.

Exercise 4.5

a) We show that (X,Y) have Gaussian marginals N (0,02) and N(0,7?),
according to the following computation:

oz _ 1 —a?/(20%)—y?/ (2n%)
LOO [, y)dy = on LOO LRz yge (#,y)e dy

_ chwz/@az) g (L) jo C*yz/(%lz)dy
—o0

mon

L —a?/(202) % —y2/(2?)
mﬂ]e IR, (2) jﬂ e dy
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- o2/ (20" (z) +
2m -

1
oV 2T
1

= 5 e_ﬂ"’z/(%z)7 z €R.
T

6712/(202) ]IIR+ (t)

b) The couple (X,Y) does not have a joint Gaussian distribution, and its
joint probability density function does not coincide with fx(z,y).

¢) When o =n = 1, for a > 0 the random variable X +Y has the probability
density function

Y <a)= a L; f(z,y)dydx
f(xydyder j ja INLydudx

f(x y)dydr 4+ — % j f ﬂc y)dydx

9 (oo
.Ifoo.
«

(
i)
il
)
= 5a )

x
x

S
J‘()
= BEJ I7 o227y 1Z/Qdydac
— [ﬂaj f Y /2dydz
P o
f eV /Qdy joa(a_z)e (a—z)2 /Zdzj oY /2dy
1 2

+
1 7&2/2 o V22 4 L (@ o122 (g~ (a—9)2/2 _ y—a?/2

- jo dy+ Ejo ¢ (e - )y
!
s

" da
!
™
L
™
!
™
1

efaQ/Q fo —y2 /27(a7y)2/2dy

_1 j“ o~ (VEu=a/VD?=a?/2) 24,

—a 2/4

((y— a/V2)?%)/2
R [ o
e—a?/4 ja(\f 1/v2) ’/2/2dy
77\/7 a/\2
,a 2/4 Ja/\f 7y2/2dy
f«/?w a/Vv2

= e/t 20(a/V2) —1), a>0,

which vanishes at a = 0.
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Fig. S.5: Density of X +Y.

The random variables X and Y are positively correlated, as

> L —a?/(20%)~y?/ (2)
Lm yfe(w,y)dy = o) ﬂmgumz (z,y)ye dy
1
- 2/ (2n%)
= 7T077€ ]l]R+ f ye dy
+Le712/(2a MR (z) IO ye¥*/2n%) gy
won —o0
_ i 712/(202)]1 _ l 712/(202)]1
T 101 (o) - L g (),
hence
oo (oo
ElxY] = [~ [ ayfe(e,y)dyde
—o00 J—00
= (% gema?/ (20 gy _ L 0 ze= @/ (20%) gy
wo JO o
_ 2o
=
and
_E[XY] 2
T onp o7
Under a rotation
_ |cosf —sinf
" | sinf cosf
of angle 6 € [0,2n] we would find
E[(X cosf —Y sinf)(X sinf + Y cos0)]
= sinf cos 0E[X?] + (cos? § — sin® 0) E[XY] — sin 0 cos OE[V?]
2
= 02 sin 6 cos  + (cos? § — sin’ 9)% —n?sinf cos
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o2

) 2
=5 sin(26) + cos(ZG)ﬂ U

- sin(20),

T
and

- % (202 - g
p= % sin(20) + cos(%))ﬂ 30 sin(26),

i.e. 0 = /4 and 0 = 1 would lead to uncorrelated random variables.
e) When 0 = 5 = 1, the random variable X2 + Y? has the cumulative
distribution function

oo o it
]P(X2 + Y2 < CL) = j—m j—m 1{$2+y2<’l}f(m’y)dydx

oo o0
=2 fo JO 1ia2 42y f2, y)dyda
2 (oo oo 279 .2
- ;.[0 Io L2 e<aye” 12V R dyds
2 em/2 Va2
= jo fo e 2rdrde

= j[;/a e gy

_ [76_7.2/2]\/5
0
=1-e%2 430,

where we used the change of variables in polar coordinates

rP=a2+y? x=rcosf, y=rsinb, dady=rdrdf.

Hence, the random variable X2 + Y2 has an exponential distribution with
parameter 1/2.

Remark. This is also the distribution of X2 +Y?2 when X and Y are
independent.

Exercise 4.6

a) We have
P(r;AT>2s)=P(r; >2sand 7 > s)
=P(r; = s)P(r > s)
— ef)\isef)\s
— e—()\i+)\).57 s>0,
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hence 7; A 7 is an exponentially distributed random variable with param-
eter \j + A, i =1,2.
Next, we have

P(riAT>sand mAT>t) =P(ry >sand 7 >sand 2 >t and 7 > t)
=P(r > s and 7 >t and 7 > Max(s, 1))
=P(r1 > 5)P(r2 > t)P(7 > Max(s, 1))
—A1sg—Aat —)\Max(et)

=e
e~ As—Agt— A Max(s,t)
—e —(A1+A)s—(A2+A)t+A min(s,t)
= (1 - Fx(s))(1 ~ Fy(t)) min(e*®, M),
s, t > 0.
We have
Fxy(s,t) =P(nnAT<sand m AT <t)
=P(nAT<s)-P(nAT<sand AT >1)
=P(nAT<s)— (P(pAT>t)—P(nAT>sand o AT > t))
=P(nAT<s)+P(nAT<t)+P(nAT>sand AT >1)—1
= Fx(s) + Fy (t) + (1 = Fx(s))(1 = Fy () min(e*, M) — 1.

We find

Cu,v) = Fxy (Fy' (u), Fy' (v))
= Fx(Fx'(u ))+FY(FX1( )
+(1 = Fx (Fg' (1)1 = Fy (Fg(v))) min (XFx" () Mx' () _ 1
=u+v—14+(1—u)(1 v)mm(e)‘F;(u) )‘F;l(v))
= w1+ (1 u)(1—v)min (e 1800/ (A1) o=Aog(1-0)/(z+3))
=u+v—1+min((1-v)(1—u)'" MO+ (1 =) (1 = v) M )‘“’\))
=wu+v—1+min ((1-v)(1—u)'7% (1 —u)(1—0)17%), u,ve(0,1],

with 5 \
0, = and 6y — .
L VI U C A VY
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v
Fig. S.6: Survival copula graph with §; = 0.3 and 62 = 0.7.
e) We have
C(uvv) =utv—1+ (1 - u)(l - v)l_ez]l{(l—u)ol <(1-v)2}
+(1 — ’U)(l — u)1791]1{(1—u)91>(17v)92}’ u,v € [07 1]7
hence

ocC -
%(u,v) =—(1-v)! 921{(1—u)91<(1—v)92}
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and the survival copula density is given by
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Fig. S.7: Survival copula density graph with #; = 0.3 and 62 = 0.7.
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Remark: When A = 0 we have 1 = 6 = 0 and 7 = 400 a.s., therefore
we have
min(7y,7) =71 and min(7,7) = T2,

hence the copula C(u,v) is given by
Clu,v) =u+v—1+(1-v)(1—u) =uv, u,v € [0,1],

which coincides with the copula of independence.

Chapter 5
Exercise 5.1 The payoff C is that of a put option with strike price K = $3.

Exercise 5.2 Each of the two possible scenarios yields one equation:

5+n=0
28 +n =6,

£=—2
with solution
n = +10.

The hedging strategy at t = 0 is to shortsell —¢ = +2 units of the asset
S priced Sy = 4, and to put = $10 on the savings account. The price
Vo = £Sp + n of the initial portfolio at time ¢ = 0 is

Vo=¢&So+n=-2x4+10=$2,
which yields the price of the claim at time ¢ = 0. In order to hedge then
option, one should:
i) At time t = 0,

a. Charge the $2 option price.
b. Shortsell —¢ = +2 units of the stock priced Sy = 4, which yields $8.
c. Put n = $8 + $2 = $10 on the savings account.

ii) At time ¢t =1,

a. If S1 = $5, spend $10 from savings to buy back —£ = +2 stocks.
b. If S1 = $2, spend $4 from savings to buy back —& = +2 stocks, and
deliver a $10 - $4 = $6 payoff.

Pricing the option by the expected value E*[C] yields the equality

$2 = E*[C]
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= 0xP*(C =0)+6 x P*(C = 6)
=0 xP*(51 =2) 46 x P*(S; = 5)
=6xq",

hence the risk-neutral probability measure P* is given by

2 1
p*:]P*(Slzf)):g and q*:]l’*(51:2):§.
Exercise 5.3
a) Each of the stated conditions yields one equation, i.e.
4&+n=1 =2
with solution
5§ +n =23, n=-"1.

Therefore, the portfolio allocation at t = 0 consists to purchase £ = 2 unit
of the asset S priced Sy = 4, and to borrow —n = $7 in cash.

We can check that the price Vp = £Sp + 7 of the initial portfolio at time
t=0Iis
Vo=¢&So+n=2x4—-7=9%1.

b

=

This loss is expressed as
EXP24n=2x2-T=-%$3.

Note that the $1 received when selling the option is not counted here be-
cause it has already been fully invested into the portfolio.

Exercise 5.4

a) 1) Does this model allow for arbitrage?

ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | ‘ ‘ By borrowing on savings | v ‘ ‘ N.A. |

b) i) Does this model allow for arbitrage?

ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | ‘ ‘By borrowing on savings | ‘ ‘N.A. | v ‘

¢) i) Does this model allow for arbitrage?
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ii) If this model allows for arbitrage opportunities, how can they be real-

ized?‘ By shortselling | v/ ‘ ‘By borrowing on savings | ‘ ‘N.A. | ‘

Exercise 5.5 Hedging a claim with possible payoff values Cy, Cy, C. would
require to solve

(1 +a)es? + (1 +r)msy” =,
(1+0)es + (1 +r)mst? = ¢,
(1+ c)fS(()l) +(1+ r)nSéO) =C,,

for £ and 7, which is not possible in general due to the existence of three
conditions with only two unknowns.

Exercise 5.6 We check that for any IP* of the form
P*(Ry = —1):=p*, P"(Ry=0):=1-2p", P*(R=1):=p"
we have
]E*[Sl] = 50(2])* +1-— 2p*) = So,

and similarly
E*[S2 | S1] = S1(2p* + (1 —2p*)) = Sy,

hence the probability measure IP* is risk-neutral.

Exercise 5.7

a) Every eligible Tencent shareholder received the equivalent of

HK$281.40

= HK$13.4.
21 $

b) For the put warrant holder, the anticipated payoff is (K —1.03 x St)* /100
with K=HK$426.06, see HSB Ltd. (2021), i.e.

1 L 103 -
100(1{ 1.03 x Sp)t = 100 (0.97087 x K — St)
1
=_——(0. K—Sp)".
97_087(0 97087 x Sr)

Therefore, after adjusting the put option strike price to

0.97087 x K = 0.97087 x HK$426.06 = HK$413.65,
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the warrant holder will own 1/97.087 = 0.0103 options. In other words,
one option is now worth 97.087 warrants, which is the adjusted entitlement
ratio.

For the call warrant holder, the anticipated payoffis (1.03 x Sy — K)T /100,
ie.

C

N

1 L 1.03 4
100(1‘03 xSy —K)T = 100 (St —0.97087 x K)
1
=_—(Sr—0. K)*
TAUT: (St —0.97087 x K)™T,

hence the adjustment in strike price and entitlement ratio is the same as
for put options.

Exercise 5.8

a) Each of two possible scenarios yields one equation:

a= 51-K
aS1+B=5-K . . _§1—§1
with solution _
aS;+8=0, B=_8 S1—-K
71§1—§1.
b) We have B
0<a=2=K oy
S1-8;
since K € [ﬁl,gl]-
¢) We find
SRM¢ = aSp +
=a(So—S,)
Si—K
= (Sp—9,)= .
(S-S

We note that when Sy < S; the value of SRM¢ is negative because in
this case, investing in the zero-cost portfolio (a, —a.Sp) that would yield a
payoff at least equal to a(S; — Sp) = —a(Sy — S1) > 0, which represents
an arbitrage opportunity.

Exercise 5.9

a) This range forward contract can be realized by

o holding one unit of Sy,
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o holding one put option with strike price K1,
« shorting one call option with strike price Ks,
« borrowing $F in cash.

b) The graph of the payoff function of the range forward contract with K =
$80, F' = $100, Ko = $110 is as follows:

x-F + (K1-X)* - (x-Kp) ¥ e

40 - -

20 -
1

0 -
1 1
1 1
[ [

-20 T i ' E
! ' '
! i i

-40 - 1 i i -

i i ! i 1 1 i j
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K1y sr F K>

(=)o)

Fig. S.8: Range forward contract payoff as a combination of call and put payoffs.*
See also http://optioncreator.com/st7ulpk.

Exercise 5.10 The risk-neutral measure is given by

. T—a 1-05 3

P e T 2—(—05) 5

and
b—r 2—1 2

= e 2= (=05) 5

and we have the binary tree

* The animation works in Acrobat Reader on the entire pdf file.
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36 = So(1+b)?

12 = So(1+b)
'[)* \
(]*
So=4 6=2S0(1+a)(1+d)
X
\ ’p/y
7*
2:50(1+a)
X
1=5Sp(1+a)?
and
., S2=36and Vo =0
p/
., S1=12and Vi =
P
_—— q\*)
So=4and V=1 > So=6and V5, =5
\*) L
7 S =2and Vi =7/2
T
So=1and V5 =10
and the table
So =36
S =12, Vi=1|Va=0
So =4 S2=6
Vo=1 Vo=5
S =2V =7/2[8 =1
Vo =11

Table S.2: CRR pricing tree.

This can be summarized in the following table:
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S1=12, Vi =1 So = 36
So =4 Vo=0
V():l 52:71/6,7]2:3/2 52:6

G =-1/4 S1=2,1 =772 |Va=5
m =2 So =1

§o=—1,m2=11/4 [Vo =10

Table S.3: CRR pricing and hedging tree.

We also check that the self-financing condition
§151 +mAr = 51 +mpdr
is satisfied. The attached IPython notebook* can be used to recover the
above results.
Exercise 5.11

a) The payoff of the long box spread option is given in terms of K and Kj
as

(e—K)"—(K1—2)T—(a-K)" + (Ko —2)" =2 - K1 — (2 — K»)
= Ky — K;.
b) From Table 5.1 we check that the strike prices suitable for a long box

spread option on the Hang Seng Index (HSI) are K7 = 25,000 and Ky =
25, 200.

¢) Based on the data provided, we note that the long box spread can be
realized in two ways.

i) Using the put option issued by BI (BOCI Asia Ltd.) at 0.044.
In this case, the box spread option represents a short position priced

0.540 x7,500 —0.064 x8,000 —0.370 x11,000 4-0.044 x10,000 = —92
~—~— —— —— ——
Long call Short put Short call Long put

index points, or —92 x $50 = —$4, 600.

Note that option prices are quoted in index points (to be multiplied
by the relevant option/warrant entitlement ratio), and every index
point is worth $50.

ii) Using the put option issued by HT (Haitong Securities) at 0.061.

In this case, the box spread option represents a long position priced

* Right-click to save as attachment (may not work on 6)
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{
 "cells": [
  {
   "cell_type": "code",
   "execution_count": null,
   "metadata": {},
   "outputs": [],
   "source": [
    "from IPython.core.display import display, HTML\n",
    "display(HTML(\"\"\"<a href=\"https://personal.ntu.edu.sg/nprivault/indext.html\">https://personal.ntu.edu.sg/nprivault/indext.html</a>\"\"\"))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 1,
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "# This code implements hedging and pricing using backward recursion\n",
    "\n",
    "%matplotlib inline\n",
    "import networkx as nx \n",
    "import numpy as np\n",
    "import matplotlib \n",
    "import matplotlib.pyplot as plt \n",
    "\n",
    "N=2;S0=4\n",
    "\n",
    "r=1;a=-0.5;b=2\n",
    "\n",
    "p = (r-a)/(b-a)\n",
    "q = (b-r)/(b-a)\n",
    "\n",
    "def plot_tree(g):\n",
    "    plt.figure(figsize=(20,10))\n",
    "    pos={}\n",
    "    lab={}\n",
    "    \n",
    "    for n in g.nodes():\n",
    "        pos[n]=(n[0],n[1])\n",
    "        if g.nodes[n]['value'] is not None: lab[n]=float(\"{0:.2f}\".format(g.nodes[n]['value']))\n",
    "        \n",
    "    elarge=g.edges(data=True)\n",
    "    nx.draw_networkx_labels(g,pos,lab,font_size=15)\n",
    "    nx.draw_networkx_nodes(g,pos,node_color='lightblue',alpha=0.4,node_size=1000)\n",
    "    nx.draw_networkx_edges(g,pos,edge_color='blue',alpha=0.7,width=3,edgelist=elarge)\n",
    "    plt.ylim(-N+0.5,N+1.5) \n",
    "    plt.xlim(-0.5,N+0.5)\n",
    "    plt.show()\n",
    "    \n",
    "def graph_stock():\n",
    "    S=nx.Graph()\n",
    "    for k in range(0,N):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            S.add_edge((k,l),(k+1,l+1))\n",
    "            S.add_edge((k,l),(k+1,l-1))\n",
    "            \n",
    "    for n in S.nodes():        \n",
    "        k=n[0]\n",
    "        l=n[1]-1\n",
    "        S.nodes[n]['value']=S0*((1.0+b)**((k+l)/2))*((1.0+a)**((k-l)/2))\n",
    "    return S\n",
    "\n",
    "plot_tree(graph_stock())"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 2,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_price(K):\n",
    "\n",
    "    price = nx.Graph()    \n",
    "    hedge = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge.add_edge((k,l),(k+1,l+1))\n",
    "                hedge.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "     \n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)        \n",
    "    return price"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 3,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_hedge_risky(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_risky = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_risky.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "        hedge_risky.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)\n",
    "            hedge_risky.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']-price.nodes[(k+1,l-1)]['value'])/(b-a)/(S.nodes[(k,l)]['value'])\n",
    "    return hedge_risky"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 4,
   "metadata": {},
   "outputs": [],
   "source": [
    "def European_put_hedge_riskless(K):\n",
    "\n",
    "    price = nx.Graph()\n",
    "    hedge_riskless = nx.Graph()\n",
    "    S = graph_stock()\n",
    "\n",
    "    for k in range(0,N):\n",
    "            for l in range(-k+1,k+3,2):\n",
    "                price.add_edge((k,l),(k+1,l+1))\n",
    "                price.add_edge((k,l),(k+1,l-1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l+1))\n",
    "                hedge_riskless.add_edge((k,l),(k+1,l-1))\n",
    "    \n",
    "    for l in range(-N+1,N+3,2):\n",
    "        price.nodes[(N,l)]['value'] = np.maximum(K-S.nodes[(N,l)]['value'],0)\n",
    "        hedge_riskless.nodes[(N,l)]['value'] = None\n",
    "\n",
    "    for k in reversed(range(0,N)):\n",
    "        for l in range(-k+1,k+3,2):\n",
    "            price.nodes[(k,l)]['value'] = (price.nodes[(k+1,l+1)]['value']*p+price.nodes[(k+1,l-1)]['value']*q)/(1+r)\n",
    "            hedge_riskless.nodes[(k,l)]['value'] = ((1+b)*price.nodes[(k+1,l-1)]['value']-(1+a)*price.nodes[(k+1,l+1)]['value'])/(b-a)/pow(1+r,k+1)\n",
    "    return hedge_riskless"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 5,
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Strike Price K=11\n",
      "Option prices:\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Risky hedging strategy:\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "Riskless hedging strategy:\n"
     ]
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "K = input(\"Strike Price K=\")\n",
    "\n",
    "print('Option prices:') \n",
    "plot_tree(European_put_price(float(K))) \n",
    "print('Risky hedging strategy:') \n",
    "plot_tree(European_put_hedge_risky(float(K))) \n",
    "print('Riskless hedging strategy:') \n",
    "plot_tree(European_put_hedge_riskless(float(K)))"
   ]
  }
 ],
 "metadata": {
  "anaconda-cloud": {},
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.10.7"
  },
  "widgets": {
   "state": {},
   "version": "1.1.2"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 1
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0.540 x7,500 —0.044 x8,000 —0.370 x11,000 4-0.061 x10,000 = 478
Long call Short put Short call Long put
index points, or 78 x $50 = $3, 900.

d) As the option built in ci) represents a short position paying $4, 600 today
with an additional $50 x (K2 — K7) = 200 = $10, 000 payoff at maturity
on March 28, I would definitely enter this position.

As for the option built in cii), it is less profitable because it costs $3, 900,
however it is still profitable taking into account the $10,000 payoff at
maturity on March 28.

Exercise 5.12

a) At times t = 0, 1, the value of the quantity X; of asset X quoted in units
of Y is
XS =Y,

and we have
LP; =Y, 4+ XSy = 2V, = 24/CS;.

We note that in the CPAMM model, the dollar amounts in X and Y
remaining in the pool at times ¢ = 0,1 are both equal to Y; = CS;.
b) We have

Vi =Yy + XS, = /CSy (1-‘1—%), t=0,1.
0

c) We have

2
V,—LP, = \/CSp <1+%> —2,/CS; = /CS, (1,/?) >0, t=0,1.
0 0

d) We need to satisfy the conditions
Vi—LPy =¢la—So| if S1=aq,
Vi—LP1={[b—So| S =b,
ie.
a\? a
VCSo(1—4/5 ) =¢(1—-=] ifS1=aq
So So
b : b
1—y/—= | =¢(=—-1) ifS =
CSO( So> §<SO ) if S1 =0,
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hence
_ (1-va/S)* _ (Vb/So—1)2
§= VO —— g = VOS e

Exercise 5.13

a) 1) We have by; = dkpf g k1 =1,2.

2) We have
d, = dp (P +Pr2) = bki +br2,  k=1,2,
3) We have
bi.1 br.1
L A B Y )
Phi dp  bpg+brpo
b) 1) There are 7 unknowns §, uy, u2,P7 15 P12, P51, P32 and 4+ 2 = 6 equa-
tions. '
2) We have
by1u1 + by ous = Suppr 1 + dupro = dug, k=1,2.
3) Diagonalization shows that, up to a multiplicative constant, we have
either:
i)
/(b1 —b1,2)2 +4by 2ba 1 — (1,1 — ba2)
w - <0
[ } - s
Uz
1
and
5= bii +ba2 — /(b1 — b2,2)% + 4by 2ba )
2 )
ii) or
big —bog +/(bi1 — b22)2 +4b12ba 1
u >0
[ = 2b2.1
g
1
and

b b b11 — bo2)2 + 4by ob
5= 1,1+ 2,2+\/( 1,12 2,2)% + 4b1 2 2,1>0,

and we check that only the second choice (i) yields positive values.
4) We find
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2()111
big+boo 4 +/(b1,1 — bo2)2 + 4b1 2621 ,

1
= b =
P11 5 1,1

-~ 1b us
P12 = 5 1,2u1

4b1 2b2.1
(b1,1 = ba2 + /(b1 — b2,2)% +4b12b21) (br + b2z + /(b1 — b22)? +4b12ba1)
- le R bii—bao+/(b11 —b22)? +4b1,2b2,17
' 0 7wz by +bao 4 /(bin — b2,2)% + 4b12ba
21)272

B bia+boo + /(11— b22)2 +4b1obay

1
= b
P22 5 2,2

Exercise 5.14

a) 1) We have by; = dkpfys k,0=1,...,N.

2) We have
N N
dp=diY_phy=> bri  k=1...,N.
=1 =1
3) We have
. _ by b

= R pl=1,...
Pei= g, b+ -+ b

which yields the equation Bu! = du'.
b) 1) There are N? + N + 1 unknowns <57ul7...7u1\/7p;l7 ki=1,...,N,
and N2 + N equations.
2) We have

N N
Zbk’lul:5uk2pk,l:6uk, k:L...,N.
=1 =1

3

=

We note that B is a positive matrix, in the sense that by ; > 0, k,l =
1,..., N. Consequently, by the Perron—Frobenius theorem there exists
a choice of eigenvalue ¢ and eigenvector (u1,...,uy) such that § > 0
and ug >0, k =1,..., N. Moreover, this choice is unique.

4) Once the unique set of parameters 6 > 0 and uy >0, k =1,..., N has
been determined, we use the relation

ugby

Pkl = Sur
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to recover the transition probabilities p,; from the binary option prices
by, k0 =1,...,N.

5) In this case, the probabilities py; = py, and p} ; = pj, do not depend on

=

le{l,...,N} and we have by = dppj, ; = dip; and uby; = duppr; =
duyp; hence the relation

wdp] = dugpy, k,l=1,...,N.
By summation over [, this gives dj, Z{L wp; = dug, hence

oug

= k=1,...,N.
u1py + - +FuUNpy

If in addition dj = d does not depend on k = 1,..., N, we find that

6uk

Cwpl e unply
hence u = uy, does not depend on k =1,..., N, and

oug ou

Twpi e tunply w4 Fupl

)

and therefore pj =p;, [ =1,...,N.

Chapter 6

Exercise 6.1
a) The expected value premium principle (6.2) is
« monotone since X <Y implies (1+ a)E[X] < (1+ a)E[Y],
« subadditive since (1 + a)E[X +Y] = (1+ a)E[X] + (1 + a)E[Y],

« positively homogeneous since (1 + a)E[AX] = (1 + a)AE[X] for all
A>0.

However, it is not translation invariant, since

14+ )E[p+X] =14+ a)p+ (1+a)E[X]
#pu+ 1+ a)E[X], peR,

unless @ = 0. Therefore, the expected value premium principle is not a
coherent risk measure when a > 0.
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b) The standard deviation premium principle (6.3) is subadditive due to
Lemma 6.18, and it satisfies the positive homogeneity and translation
invariance properties. However, when o > 0 it is not a coherent risk
measure because it is not monotone. Indeed, if Y = 0 and X takes the
values (—z,0) with probabilities (p, 1 — p) for some x > 0 and p € (0,1),

then
E[X] 4 ay/Var(X) = —pz + azy/ (1 —p)p,
E[X] + ay/Var(X) > 0 = E[Y] + ay/Var(Y),

provided that

hence

2

0<p<—2
p 1+a2’

Exercise 6.2
a) We have
Fx(z) =P(X < z)

)y

1
/\/9 f 9 y’7+1 y

- [ <0+y>7 :

:17<0+x> zeRy.

b) Since the distribution of X admits a probability density function, the
cumulative distribution function & — Fx(z) is continuous in z and we
have P(X = 2) = 0 for all # > 0. Hence the Value at Risk V¥ at the level
p is given by the relation FX(V)p() =p, i.ec.

9 vy
_ 7 ) =1
<9+V§> P

b

In particular, with p = 99%, 6§ = 40 and v = 2, we find

which gives

VE = ((1—p)~ "7 = 1)0 = 40(V/100 — 1) = $360.
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Fig. S.9: Pareto CDF  + Fx (2) and PDF @ — fx (z) with Vg®” = $86.49.

Exercise 6.3
a) We have P(X = 100) = 0.02.
b) We have Vi = 100 for all ¢ € [0.97,0.99].
¢) The Value at Risk Vi at the level ¢ € [0.99,1] satisfies
Fy (V) = P(X < V) = 0.99 +0.01 x (V& —100)/50 = g,

hence

VL =100 + 50(100¢ — 99) = 5000q — 4850, ¢ € [0.99,1].

Exercise 6.4 We find V)‘%‘)% = 100 according to the following cumulative dis-
tribution function:

Fx(x)
100 +

0
0
0.

0.
0.

——
=20 -10 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160

T

Fig. S.10: Cumulative distribution function of X and Y.
Exercise 6.5

a) We have

1 1
VE8:=inf{zeR : P(X<2)>p}= —Xlog(l—p) = E[X] log 7

When p = 95% this yields
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VE ~ 2.996E[X].

b) We find that the required capital C'x satisfies

Cx = VP —E[X] = B[X]log —E[X],

1
1-p

Cx = V% —E[X] ~ 1.996E[X],

which means doubling the estimated amount of liabilities.

Exercise 6.6 By Proposition 6.2 and the geometric series identity (13.54), we

have

1
E[X|X >a] = WH“HX%}]

- 7}1)(;2 o 2 RR(X = k)

k>a
1

- - _ k
SG-of ,;k(l p)

k>a

:—(1_p)a k+a)(1—p)*

<1fp>“2(1fp>k,§( =)
k=0

1
—at —— S k(1-p)*
Z(l—p)’“;;( p)

k=0

=a+py k(1-p"

k=0

This can be recovered numerically for example with @ = 11 using the following
code.

geo_samples <- rgeom(100000, prob = 1/4)
mean(geo_samples)
mean(geo_ samples[geo_samples>=10])

Listing S.11: ‘R code - Conditional geometric distribution mean.
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import numpy as np; geo_samples = np.random.geometric(p=1/4, size=100000)
print(f"Mean of all samples: {np.mean(geo_samples)}")
print(f"Mean of samples >= 10: {np.mean(geo_samples[geo_samples >= 10))}")

Listing S.12: Python code - Conditional geometric distribution mean.

Exercise 6.7

a) As in the proof of the Markov inequality, for every > 0 and r > 0 we
have

a"P(X > ) = 2"E [1{x54]

<E [X’]l(x>z}]
<E[X|T,
hence 1
P(X<z)>1- ;]E[|X|T], z>0. (A1)

From the inequality (A.1), it follows that

VE=inf{zeR : P(X <2)>p}
<inf{zeR : lfiIEHX\"] >p}

ar

1
inf{x eER : 2" > 1—]E[|X\T]}
—-p

Xz
S (1-ptr

b) Taking p = 95% and r = 1, we get

5 1
VI < E(|X]] = 20E[|x])

To summarize, a smaller L™-norm of X tends to make the value at risk
Vx smaller.

Exercise 6.8
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095 ] —
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vaca® 3 Ve 80 0.80 =
- © B —H
o l l L —
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1 TT C —
S T —
ek —
| S 020 =
—
o Ll
vercos L+ o 0.00 1
T T T T T T
4 4135 4 48 2 4 0 1 2 3 4 5 6 7
£ £ Sample Quantiles £ £

See the attached code* for a solution using ‘R.
a) i) VaR%  =5.
i) VaR}) 5 = 4.
iii) VaR® ,; = —3.
iv) VaR®) ;; = 2.
b) By Proposition 6.17, we have:
i) VaR% o = 1.15+3.048 x qnorm(0.95)=6.164,
ii) VaR%, = 1.15+3.048 x qnorm(0.80)=3.71551,

iii) VaRg ¢ = 1.15-3.048 x qnorm(0.95)=-3.864.
VaRp[i_G = 1.15-3.048 x qnorm(0.80)=-1.41551,

Remark. The “Practitioner” Values at Risk can be better visualized after ap-
plying top-down and left-right symmetries (or a 180° rotation) to the original
CDF, as in the next figure.

* Right-click to save as attachment (may not work on ‘)
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library(PerformanceAnalytics)

stock.rtn <- c( -3, 4, 5, 4, 1, 5, -2, -1, -2, -4,  6, 4, 3, 0, 1,  3, 1, -3, -1, 2) 

stock.ecdf=ecdf(as.vector(stock.rtn))

widths=c(50,50,120)
layout(matrix(c(1,2,3), 1, 3, byrow = TRUE),widths)
	
times=seq(1,length(stock.rtn))

m=mean(stock.rtn)
s=sd(stock.rtn)

plot(times,stock.rtn,pch=19,cex=1,col="purple", ylab="", xlab="", main = 'Data samples',axes=FALSE)
axis(side = 2, at = c(-4,-3,-2,-1,0,1,2,3,4,5,6),labels=c("",-3,-2,-1,0,1,2,3,4,5,""))
axis(side = 4, at = c(-4,-3,-2,-1,0,1,2,3,4,5,6),labels=c("-4","","",-1,0,1,2,3,"","",6))

segments(x0 = times, x1 = times, lwd=1.8, y0 = 0, y1 = stock.rtn,col="purple")

abline(h = 6, lwd=0.3, col="black")
abline(h = 5, lwd=0.3, col="black")
abline(h = 4, lwd=0.3, col="black")
abline(h = 3, lwd=0.3, col="black")
abline(h = 2, lwd=0.3, col="black")
abline(h = 1, lwd=0.3, col="black")
abline(h = 0, lwd=0.3, col="black")
abline(h = -1, lwd=0.3, col="black")
abline(h = -2, lwd=0.3, col="black")
abline(h = -3, lwd=0.3, col="black")
abline(h = -4, lwd=0.3, col="black")

VaR2 <- function(p){
ordered<-stock.rtn[order(stock.rtn)]
i=length(ordered)
v=ordered[i]
while(length(stock.rtn[stock.rtn<=v])/length(stock.rtn)>=p)
{i=i-1;VaR2=v;v=ordered[i]}
return (VaR2)}

VaRP2 <- function(p){
ordered<-stock.rtn[order(stock.rtn)]
i=1
v=ordered[i]
while(length(stock.rtn[stock.rtn>=v])/length(stock.rtn)>=p)
{i=i+1;VaRP2=v;v=ordered[i]}
return (VaRP2)}

VaRG2 <- function(p){return (m+s*qnorm(p))}
VaRGP2 <- function(p){return (m-s*qnorm(p))}

p1=0.95
p2=0.80
 
cat("Number of samples=",length(stock.rtn),"\n")
cat("VAc",p1*100,"H=",VaR2(p1),"threshold=",length(stock.rtn[stock.rtn<=VaR2(p1)])/length(stock.rtn),"\n")
cat("VAc",p2*100,"H=",VaR2(p2),"threshold=",length(stock.rtn[stock.rtn<=VaR2(p2)])/length(stock.rtn),"\n")
cat("VPr",p1*100,"H=",VaRP2(p1),"threshold=",1-length(stock.rtn[stock.rtn<=VaRP2(p1)])/length(stock.rtn),"\n")
cat("VPr",p2*100,"H=",VaRP2(p2),"threshold=",1-length(stock.rtn[stock.rtn<=VaRP2(p2)])/length(stock.rtn),"\n")

cat("VAcG",p1*100,"G=",VaRG2(p1),"threshold=",length(stock.rtn[stock.rtn<=VaRG2(p1)])/length(stock.rtn),"\n")
cat("VAcG",p2*100,"G=",VaRG2(p2),"threshold=",length(stock.rtn[stock.rtn<=VaRG2(p2)])/length(stock.rtn),"\n")
cat("VPrG",p1*100,"G=",VaRGP2(p1),"threshold=",1-length(stock.rtn[stock.rtn<=VaRGP2(p1)])/length(stock.rtn),"\n")
cat("VPr",p2*100,"G=",VaRGP2(p2),"threshold=",1-length(stock.rtn[stock.rtn<=VaRGP2(p2)])/length(stock.rtn),"\n")

axis(side = 4, at = c(VaR2(p1),VaR2(p2),VaRP2(p1),VaRP2(p2)), labels=c(paste("VAc",p1*100),paste("VAc",p2*100),paste("VPr",p1*100),paste("VPr",p2*100)),las = 1,lwd=0,lwd.ticks=0,tick=FALSE,cex.axis=0.8) 
axis(side = 2, at = c(VaRG2(p1),VaRG2(p2),VaRGP2(p1),VaRGP2(p2)), labels=c(paste("VAcG",p1*100),paste("VAcG",p2*100),paste("VPrG",p1*100),paste("VPrG",p2*100)),las = 1,lwd=0,lwd.ticks=1,tick=TRUE,cex.axis=0.7) 

abline(h = VaR2(p1), lwd=0.3, col="purple")
abline(h = VaR2(p2), lwd=0.3, col="purple")
abline(h = VaRP2(p1), lwd=0.3, col="purple")
abline(h = VaRP2(p2), lwd=0.3, col="purple")
abline(h = VaRG2(p1), lwd=0.3, col="red")
abline(h = VaRG2(p2), lwd=0.3, col="red")
abline(h = VaRGP2(p1), lwd=0.3, col="red")
abline(h = VaRGP2(p2), lwd=0.3, col="red")
 
hist(stock.rtn, main="Frequency histogram", xlab = '',ylab = '', col = "orange", cex.axis=.8, breaks = c(-4.75,-4.25,-3.75,-3.25,-2.75,-2.25,-1.75,-1.25,-0.75,-0.25,0.25,0.75,1.25,1.75,2.25,2.75,3.25,3.75,4.25,4.75,5.25,5.75,6.25),axes=FALSE)
axis(side = 2, at=seq(0,4),las=2) 
axis(side = 1, at = seq(-4,6),labels=seq(-4,6))

plot(stock.ecdf, xlab = 'Sample Quantiles', lwd=2, cex=1, ylab = '',main = '',col='blue', axes = FALSE)

axis(side = 1, at = c(stock.rtn,7)) 
axis(side = 2, at = c(0.0,0.05,0.2,0.8,0.95,1.0),las=2)

abline(h = 0.95, lwd=0.3, col="black")
abline(h = 0.8, lwd=0.3, col="black")
abline(h = 0.05, lwd=0.3, col="black")
abline(h = 0.2, lwd=0.3, col="black")

axis(side = 1, at = c(VaR2(p1),VaR2(p2),VaRP2(p1),VaRP2(p2)), labels=c(paste("VAc",p1*100,"     "),paste("VAc",p2*100,"     "),paste("VPr",p1*100,"     "),paste("VPr",p2*100,"     ")),cex.axis=0.8,las = 2,lwd=0)
axis(side = 3, at = c(VaRG2(p1),VaRG2(p2),VaRGP2(p1),VaRGP2(p2)), labels=c(paste("VAcG",p1*100,"     "),paste("VAcG",p2*100,"     "),paste("VPrG",p1*100,"     "),paste("VPrG",p2*100,"     ")),cex.axis=0.8,las = 2,lwd=0,lwd.ticks=1)

abline(v = VaR2(p1), col="purple")
abline(v = VaR2(p2), col="purple")
abline(v = VaRP2(p1), col="purple")
abline(v = VaRP2(p2), col="purple")
abline(v = VaRG2(p1), col="red")
abline(v = VaRG2(p2), col="red")
abline(v = VaRGP2(p1), col="red")
abline(v = VaRGP2(p2), col="red")

# dev.off()

cat("Historical VaR",p1*100,"=",as.numeric(VaR(stock.rtn, p1, method="historical",invert=FALSE)),"\n")
cat("Gaussian VaR",p1*100,"=",as.numeric(VaR(stock.rtn, p1, method="gaussian",invert=FALSE)),"\n")


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Financial Risk and Analytics

5 5 sejpuenp ojdwes 5 3
& 8 8 8
L9 s v e z L 0 ¥ T & v se b v
[ T T S B 1 [FENEEENENE]
- 000 ro IS F soon
— t s00
56 1dn o
—
020 08 1
- : A
— IR A I
1
— I
J— [ Lo
Fe
H—e o Fo
t 080 039vA = N
s
S6o0A a
— + s6'0
le L oot Fe o - = ssoom
s < < <
g g 3 2 weiBojsiy Aouanbaiy sa|dwes ejeq
& 28 8 &
Chapter 7
Exercise 7.1
—AVaRE

a) Notingthatp =1—e

with u(z) = z and v'(z) = e

E[X | X > VaRL/]

X and using integration by parts on [VaR’;(, oo)

A% we have

1 o)
= d
P(X > VaR% ) jVaRJ;( ofx(@)de
A e Mz
1 —p JvarE
A )
=15 fVaR” u(x)v' (x)dx
X
_ A 0 ad ’
-1 ([u(z)v( )}VaRX fVaR” (x)v(x)dm)
_ L Lo AT 1 (oo o T
T 1-p ([ ]VaRp AN VaR®. de
_ A (VaRY _yvarg 4L oavar
1-p A A2
A (VaR¥ 1-p
ST\ TPt >
1
_ Pyt
= VaR’y, + 3
_ 1 log(1-p)
A A
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b) We have

1 1
P q
VR = — pr Vidg
1 1
=——— [ 10g(1—¢q)d
A(lfp)jp 0g(1 —g)dq
1 1-p
- _)\(1—])) IO (lqu)dq

1-p+(1-p)log
A1 -p)
101 1

=~ 4 Zlog——
NTaero,

1
1-p

— E[X] <1+10g11p>
= E[X] + VL.

Exercise 7.2

a) We have
E[XT(x5s] 2 E[z1(xz2] = 2P(X > 2),
hence

E[X1 s,
]E[X|X>z]:%>

Recall that E[X | X > 2] is undefined if P(X > z) = 0.
b) Using (A.2), we have
E[X] = E[X1{xc.)] + E[X1{x52]

< zE []I{X<z}] +IE[X]1(XZZ}}
= 2P(X < 2) + E[X1{x54]

SE[X | X 2 2]P(X < 2)+E[X | X > 2]P(X > 2)

—E[X|X >z

(A.2)

Note that E[X] =E[X | X > 2] when P(X < 2) =0, i.e. P(X > 2) = 1.

¢) If P(X > z) > 0 we have B[(X — 2)1{x>}] > 0, hence
E[X1{xs.y] > Bl2lixs.y] = 2P(X > 2),

and
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E[X1xs2]
X|X = — -0 . A.
E[X | X > 7] PX > 2) >z (A.3)
Recall that E[X | X > 2] is undefined if P(X > 2) = 0.

d) Using (A.3), we have

E[X] = E[X1{x<.}] + E[X1{x>.}]
< ZE[Iix<y) + E[X T {x>z]
= 2P(X < 2) + E[X1{xs ]
SEX | X >z2|P(X <z2)+EX|X > :z]P(X > 2)
=E[X|X > 2]

Note that E[X] =E[X | X > z] when P(X < 2) =0, i.e. P(X > 2) = 1.
e) We have P(X > z) = P(X > z), and

E[XLix> o]
P(X > z)
_ ]E[X]I{X>z}} —ZIP(X = Z)
N P(X > 2)
_ E[XLixan]
T OP(X >2)
=E[X | X > 2]

E[X|X >z =

f) Using (A.3), we have

EIX|X >z = Ln[j({;fj)}]
_E[X1pxsn] +2P(X =2)
- P(X>2)4+P(X =2)
- EB[X1{xs.3] +P(X = 2)E[X1x5.] /P(X > 2)
P(X >2)+P(X ==2)
_E[X1xn)
T OP(X >2)
=E[X | X > z].

g) When P(X < z) > 0, from (A.3) we find

E[X] < 2P(X < 2) +E[X1{xs,]
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<E[X|X>z]P(X <z2)+E[X|X>:z]P(X >=z)
=E[X|X >z
h) By (6.10) we have P(X < V¥) > p > 0, hence by (g) above we find
CTEY =E[X|X > V] > E[X].

Exercise 7.3

a) We have VaR%? = 4 and CTE%Y = 6.

Data samples Frequency histogram § E
‘ Co 4 ;3% e
A1l y
K Py [F —
1 S —
o 7 o gamp\e Quantiles
b) We have VaR}® = 2 and
3+2x446 17
CTEYS = 212X AF0 1T o
4 4
Data samples Frequency histogram ; §
; : T : CTE 80 . 08 1 —
1 8 1 —
AT | l —
b I 1 —
+ RS S S| -
5 202 46 -5 3 -2 - 0 1 2 3 4 6 7
‘Sample Quantiles
Equivalently, we have
TR — 0.05x 34 0.1 x440.05x6
0.05+0.140.05
_ 0.05x3+0.1x4+0.05x6
n 0.2
394 0)
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0.85
=22 — 495
0.2 °
Exercise 7.4
a) VaR%)% =4
546 11
b) IE[XH{XW)%U%}} = =5
) P(X > V%) = 2
E[XTvopory] 546 11
d) CTEQY® = E[X | X > V%] = OV _5+0 _ 11 _ 54
) X (x| gl P(X > V%) 2 2
44546 15
©) B[XT yopoomy] = —55— = 55
f) P(X > V%) = 233
1
g) ESY% = E(E[X]l{xw)‘i“%}} + VR (L-p-P(X > V™)) = 10
44546 3 150 23-3 15040 x 0.7
— +10x4<0175>723 40 x Tt = 3 =
122
o3 = 5304,
7 21/23 22/2.
h) TVY% = j Vidg = — (j quq+j21/23 Vidg+ [ o33 quq>
1 21/23 22 / 3
1y <L 4dq+j21/23 5dq + 22/236dq>
1 21 5 6 84—92p+5+6 122
—— (4 SETIPTOTD 4,
1—p< (23 >+23+23> 23(1—p) 25~ 030

We note that ES%?% = TV%?% according to Proposition 7.13. The attached
R code computes the above risk measures, as illustrated in Figure S.11.

> source("var-cte__quiz.R")
VaR90= 4, Threshold= 0.9130435
CTE90= 5.5

ES90= 5.304348
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library(PerformanceAnalytics)

# library(quantmod)

# getSymbols("1800.HK",from="2007-01-03",to="2011-12-02",src="yahoo")
# stock=Ad(`1800.HK`)
# stock.rtn=(stock-lag(stock))/stock;
# stock.rtn<-as.numeric(stock.rtn[!is.na(stock.rtn)])

stock.rtn <- c( -3,  -1, 1,5,3,2,-1, -2, -3, -1,3,6,1, 0 ,0,0,2,1,-2, 1,2,-4,4) 

# stock.rtn <- c( -3, 4, 5, 4, 1, 5, -2, -1, -2, -4,  6, 4, 3, 0, 1,  3, 1, -3, -1, 2)

# stock.rtn <- c( -3,  -1, 1,5,3,2,-1, -2, -3, -1,3,6,1, 0 ,0,0,2,1,-2, 1,2,-4,4)

stock.ecdf=ecdf(as.vector(stock.rtn))

widths=c(50,50,120)
layout(matrix(c(1,2,3), 1, 3, byrow = TRUE),widths)
	
times=seq(1,length(stock.rtn))

m=mean(stock.rtn)
s=sd(stock.rtn)

plot(times,stock.rtn,pch=19,cex=1,col="purple", ylab="", xlab="", main = 'Data samples',axes=FALSE)

segments(x0 = times, x1 = times, lwd=1.8, y0 = 0, y1 = stock.rtn,col="purple")

abline(h = 6, lwd=0.3, col="black")
abline(h = 5, lwd=0.3, col="black")
abline(h = 4, lwd=0.3, col="black")
abline(h = 3, lwd=0.3, col="black")
abline(h = 2, lwd=0.3, col="black")
abline(h = 1, lwd=0.3, col="black")
abline(h = 0, lwd=0.3, col="black")
abline(h = -1, lwd=0.3, col="black")
abline(h = -2, lwd=0.3, col="black")
abline(h = -3, lwd=0.3, col="black")
abline(h = -4, lwd=0.3, col="black")

VaR2 <- function(p){
ordered<-stock.rtn[order(stock.rtn)]
i=length(ordered)
v=ordered[i]
while(length(stock.rtn[stock.rtn<=v])/length(stock.rtn)>=p)
{i=i-1;VaR2=v;v=ordered[i]}
return (VaR2)}

TVaR2 <- function(p){
ordered<-stock.rtn[order(stock.rtn)]
l=length(ordered)
i=l
TVaR2=0
v=ordered[i]
while(length(stock.rtn[stock.rtn<=v])/length(stock.rtn)>=p)
{v=ordered[i] 
j=1;
while (v==ordered[i-j]) {j=j+1}
i=i-j
TVaR2=TVaR2+v*min(j/l,(i+j)/l-p)
v=ordered[i]
}
return (TVaR2/(1-p))}

CTE2 <- function(p){return (mean(stock.rtn[stock.rtn>VaR2(p)]))}

m=mean(stock.rtn)
s=sd(stock.rtn)

ES2 <- function(p){return (VaR2(p)+(mean(stock.rtn[stock.rtn>=VaR2(p)])-VaR2(p))*length(stock.rtn[stock.rtn>=VaR2(p)])/length(stock.rtn)/(1-p))}

p=0.90
 
axis(side = 2, at = c(-4,-3,-2,-1,0,1,2,3,4,5,6,ES2(p)),labels=c(-4,-3,-2,-1,0,1,2,3,4,5,6,""),las=2)
axis(side = 4, at = c(-4,-3,-2,-1,0,1,2,3,4,5,6,ES2(p)),labels=c("","","","","","","","","","","",""),las=2)

cat("Number of samples=",length(stock.rtn),"\n")
cat("VaR",p*100,"=",VaR2(p),"threshold=",length(stock.rtn[stock.rtn<=VaR2(p)])/length(stock.rtn),"\n")
cat("CTE",p*100,"=",CTE2(p),"\n")
cat("ES",p*100,"=",ES2(p),"\n")
cat("TVaR",p*100,"=",TVaR2(p),"\n")

axis(side = 2, at = c(CTE2(p)), labels=c(paste("CTE",p*100)),las = 1,lwd=0,lwd.ticks=0,tick=FALSE,cex.axis=0.8) 

axis(side = 4, at = c(VaR2(p),ES2(p)), labels=c(paste("VaR",p*100),paste("ES",p*100)),las = 1,lwd=0,lwd.ticks=0,tick=FALSE,cex.axis=0.8) 

abline(h = VaR2(p), lwd=0.5, col="red")
abline(h = CTE2(p), lwd=0.5, col="red")
abline(h = ES2(p), lwd=0.5, col="red")
 
hist(stock.rtn, main="Frequency histogram", xlab = '',ylab = '', col = "orange", cex.axis=.8, breaks = c(-4.75,-4.25,-3.75,-3.25,-2.75,-2.25,-1.75,-1.25,-0.75,-0.25,0.25,0.75,1.25,1.75,2.25,2.75,3.25,3.75,4.25,4.75,5.25,5.75,6.25),axes=FALSE)
axis(side = 2, at=seq(0,4),las=2) 
axis(side = 1, at = seq(-4,6),labels=seq(-4,6))

plot(stock.ecdf, xlab = 'Sample Quantiles', lwd=2, cex=1, ylab = '',main = '',col='blue', axes = FALSE)

axis(side = 1, at = c(stock.rtn,7,ES2(p)),labels=c(stock.rtn,7,""),las=1)
 
axis(side = 2, at = c(0.0,p,1.0),las=2)

abline(h = p, lwd=0.3, col="black")

axis(side = 3, at = c(CTE2(p)), labels=c(paste("CTE",p*100,"     ")),cex.axis=0.8,las = 2,lwd=0)

axis(side = 1, at = c(VaR2(p),ES2(p)), labels=c(paste("VaR",p*100,"     "),paste("ES",p*100,"     ")),cex.axis=0.8,las = 2,lwd=0)

abline(v = VaR2(p), col="purple")
abline(v = CTE2(p), col="purple")
abline(v = ES2(p), col="purple")

# dev.off()

cat("Historical VaR",p*100,"=",as.numeric(VaR(stock.rtn, p, method="historical",invert=FALSE)),"\n")
cat("Historical ES",p*100,"=",as.numeric(ES(stock.rtn, p=.90, method="historical",invert=FALSE)),"\n")
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Fig. S.11: Value at Risk and Expected Shortfall for small data.

Exercise 7.5

a) The Value at Risk is V)%g% = 100.

Fx(@)
1.00
0.99 + —0
PT0.08 fr = m e
097 +
0.96 +
—
20 -10 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160

Fig. S.12: Cumulative distribution function of X.
b) Taking p = 0.98, we have

1 1
TV = — | Vid

1
= Gz ((0:99-0.98) x 100 + (1 - 0.99) x 150) = 125.
¢) We have
1
98% __
IR = px > V)T;)IE [X]I{X>VJZ}}
1
=001 x 150 x 0.01 = 150.
d) We have
BsP% — L E[x1 X P(X >V,
XTT1o, [ {x>v§)] +17p( -p-P(X > Vx))

396 S

This version: July 14, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

Notes on Financial Risk and Analytics

1 100
= gz (100 X 0.03 4 150 x 0.01) + 5= (0.02 — (0.03+0.01))
4

0.02
5 100
= 503 T o0g (002~ (0.0340.01)) = 125,

Note that we also have

1 vE
ES%?% = HE |:X]1{X>V§}:| + ﬁ (1 7])7]I)(X > Vx))

1 100
= — (150 x 0.01) + —— (0.02 — 0.01
G (150X 0.01) + 5 (0.02—0.01)
= 125,

hence the Expected Shortfall ES%?% does coincide with the tail value at
risk TV%.

Exercise 7.6

a) The cumulative distribution function of X is given by the following graph:

Fx(x)
Loz 4+
100
098 +
0.96 +
091 +
002 +
0.90
088 £

+ +—r + + + + + + + + + + + + + + + + + + + + + ;
20 <10 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200 210

Fig. S.13: Cumulative distribution function of X.
b) The distribution of X 4+ Y is given by

P(X+Y =0)=81%, P(X+Y =100)=18%, P(X+Y =200)=1%.

The cumulative distribution function of X 4+ Y is given by the following

090 100 110 120 130 140 150 160 170 180 190 200 210

e P
0 10 0 10 200 % 4 50 0 T
Fig. S.14: Cumulative distribution function of X + Y.

c) We have V%, = V&%, = V% = 100.

Note that we have V)%Ef;, = 100 because
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d) We have

e) We have

and

v — 1

N. Privault

V% —inf{z € R : P(X <) >0.99} = 100.

1-0.9
1-09

1
1-09

90% _ 1 _ _
TVI% — Jo.q Viidg = 100 = 100.

0 1 1
9% __ q
TV = 1-0.9 jo.g Vxivda

1 0.99 1
0.1 <f0.9 100dq + fo.gg QOOdq)

1
— (100 x 0.09 + 200 x 0.01
0.1

= 110,

1
X+Y T 708 Jog X4y da

1 0.81 0.99 1

= o (Jo"oda-s 7 100dg+ [ o00ds)
1

= 02 (100 x 0.18 4+ 200 x 0.01) = 100.

Exercise 7.7 (Exercise 6.3 continued).

a) For all p € [0.99,1] we have

1 1
T P q
Vi lprVqu
1 1
-1, L (5000¢ — 4850)dgq
_ 1 (1-p%)
_1_p<000 5 — (1-p)4850

= 2500p — 2350.

In particular,

TVY% = 2500 x 0.99 — 2350 = 125 > V% = 100.

b) We have V)%s% =100 and
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CTES” = E[X | X > V§*]
1
IP(X > VQS%)IE |:X]1{X>V§.8%}
1 e's)
= ool on wfx(x)dx
1 (oo dFx(z)

= r——dx
0.01 J100 dx
_ 1001 10
©0.01 50 Jioo
1502 — 1002
T 2x50
= 125.
Note that
o 0.01 1 (1-0.99%)
V% = x 100 + —— ( 5000~ ——""~ — 0.01 x 4850
X T 002 002 2 x

= 112,50
> V% =100,

which differs from CTEg(S% = 125 since

P(X = VP¥*) = P(X = 100) = 0.02 > 0.

Exercise 7.8

a) We have

VX inf {x eR : P(X p} log

b) We have

1 00
P(X > VaR% ) IVaRg( ofx(@)de

= b joo e Mdy

E[X | X > VaRL] =

1 —p Jvar%
1 00 ze
T 1-p jVaRp (1+ e*I)Qd'T
VaR? VaR%,
= 1og(1 +eVoRy) - R S >
1= 1+ eValx
O 399

This version: July 14, 2026
https://personal.ntu.edu.sg/nprivault/indext.html


https://personal.ntu.edu.sg/nprivault/indext.html

N. Privault

1 p 1 p 1
= log({l+ — | - ————"1o
1—p g( - ) L pl-pl+ & ®

1 1

—lo P logL

l1-p "1-p 1-p "1-p

p

:flfplogpflog(lfp)‘

P
1—

c) We have

1 1
y - q
TVh = 1_pL Vidg

1 1 q
=——| log d
), e da

1-g¢
1 1 1
= —— | loggdg— —— [ log(1 - q)d
17p([p 0g qdg lfpjp og(1—q)dq
1 1 1 1-p
=—— [ loggdg— —— [ "loggd
1fpfp 0g qdq lfpjo 0g qdq

1 S| 1 -1 -1
=1 Jp loggdq — — - <JO log gdg — J1_p log qdq)
p—1—plogp —1+p+(1-p)log(l—p)

1-p 1-p
= 1ogp—log(1-p).

1-p

Exercise 7.9

a) We have
{o.¢]
dP(Z > q) = Elqlizsq] <E[Z1{z24] = L zfz(x)da, q
b) We have

Joo zfz(z)dz = JOO z¢(z)dx
q q
1 o0 _32/9
= — Te dx
V2T jq
_ 1 —z2/2 ad
V2 [e L
— 1 o °/2
V2T

=¢(q), ¢=0,
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and 1 —p =P(Z > ¢), hence
(U-pa< [Tafz(@)de=0(0). a>0.
¢) Taking ¢ := ¢, with 1 —p =P (Z > ¢},), we recover
VR = pux +oxdy <px+ %05((1%) = CTEL,,

see Proposition 7.5.

Chapter 8
Exercise 8.1 By differentiation of (8.3), i.e.

]P(T<T‘]:t) ::]P(ST<K‘]'})

:q)(7(u—02/2)(T—t)+log(St/K))>7 T
oI —t

t7
with respect to T', we find

2 )
dP(r <T | F) = — (” +M>

20\ 2n(T —t) \ 2

o T H T—1¢

y <_((u—aZ/?))(T—t)+1og<st/K)>>2>
P 2(T —t)o? ’

provided that p < a2/2.

Exercise 8.2 Consider the first hitting time
T i=inf{u>t : S, <K}

of the level K > 0 starting from S; > K. By Lemma 15.1 in Privault (2022),

we have 20 /02
o B K\2r/o
E [e () i)T‘]:t] — (§t> ,

provided that S; > K.
Exercise 8.3
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a) We have

E[XyX;] =E {(akM' +/1—aZp) (M + /1 — ale)}

=E {akaleQ +apMy/1— al2Zl + al]M\/l — aZZ;C + \/1 - az\/l — alZZkZl}

= apqE[M?] + ary/1 — a?E[ZM] + a;\/1 — ¢} E[Z;,M]
+4/1— ai\/ 1-— a%IE[ZkZl]
= apqE[M?] + agy/1 — o7 E[Z)E[M] + a;\/1 — a} E[Z;,]E[M]

+y/1—ai\/1—aflyy

apa; + (1 - ai)]l{k:l}
Lip=ny + aparl gy, ki1=12...,n,

b) We check that the vector (X1,..., X,), with covariance matrix (8.13) has
the probability density function

90($17 cee ,I7L)
(21—aym)? (en—anm)® —m?2/2

1 N 2172 ([ 7 2(1-a? - 7€
- - 1—a (1=a?) ... 2(1-a?) dm
(2m)n/2 kll[l( ai) f—ooe ¢ Vor "

which is jointly Gaussian, with marginals given by

o0 (oo}
Ty — I f o(x1,. .., xn)dey - - dzg_1dTgry - dy,

—00

_(@g—apm)® “km)z —m2/2

_ j 2(1-a} € dm
\/2m 17a v2m
_(mp—apm)” akm) 2
= j a=ed) " /2dm
27n/1fak
—2akzkm+m
_ j 2(1— ak) dm
27r,/17a
7%/2 (m— akzk)z
_ j 2(1— a dm
27r,/17a
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1

= e %2 g eR
V2
¢) We have
1 n , o 7(-’51*"172")2 _(@n—anm)? e—m2/2
- — _ a2\ 1/2 2(1-af) | 2(1-a2) )
p(ar Zn) @n)7? ][‘[1(1 ajl) 'f_ e 1 e N dm
) 22+a2m2—2zjaym 22 +a2m *21‘nan"l .
- _1 ﬁ(l ,,2)’1/2“['oo 9_%( . 114"{ Ly 1-aZ +mz) dm
- —ad? S am
(2m)n/2 —oo V2r
k=
2 2 n
_ ;e*%(l Lyt +]7%) ]‘—[(1 —a3)12
(2m)"/2/21 Py
2 11(;1 Tzpa
fr i) ),
—oo
1 ’”% a? 2
,§(j17u1+~..+1,agl> % (fi’;;_i ++%>
IRV Ry Rl W =
1 " + T—a2 totiaz
9 5 —1/2
ay an
x 1+ ot
< 1-a? lfa%>
(i)
2\ 1-a2 1-a2
_ e 1 exp 1 xr1a1 R Tnan
Vemra2(i—ad)--(1-a) — \20% \1-a} 1-an
(e e ?'
e ° i-af - 1 T1a1 Tna 2
= exp| =5 | —5 + 4+
¢<2w>na2u—a%)---<1—a%> 207 <1—af 1-af;
L =2 a2 a2
_5(17}12 (1_:12(1;,7))4r i (1_(\2(11}?)))
e 1 1 n 1 TpTiapag
= exp 2 (1 _ a2
\/(Qﬂ)naz(l,a@m(l,a%) 200 Wi (1-a3)(1-a?)
_ 1 o~ 3(@rla)
\/(2m)" det &
where
) a? a2
a’:=1+ a2 Tt T2
n
and
@) 403
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[ 0‘2(1*‘1%)*“? —ajaz —ajan
(1-a})2  (1-af)(1-a3) (1=a})(1-a?)
— —aztlu U‘Z(i:a%);“% :
) (1-a3)(1-a3)  (1-a3)
-1 . .
e
o?(1-ap_ 1> a1 _an—lan
(1-aj,_,) (1=a?_})(1-a)
—anay —anan_1 a?(1—a?)—a2
| (1-a3)(1-a) (1-a3)(1-aZ_,) (1-a3)?
Exercise 8.4 We have
r= [ala allaﬂ’
201
and letting
2 2
2 1 3
=1+ —5+—5
l—ai 1-a3
_ (1=a})(1—aj) +af(1 —ad) +aj(1 - af)
(1—af)(1-a3)
1—0,%&%
(1-af)(1—a3)’
we find
1 r a2(17a§2)7a% _ (;1'12 §
-1 _ L (17111)2 (1*&1)(17a )
= o? asay a2(1—a§)—a§
L (1 az)(l a) (1—11%)2
[ a2 (17 (1*‘1%)‘1%) ajas
_ i 1—-a? 1—a3a? (1-a? )(1—({2)
o2 asay o2 (1_ (17,11),15)
(= a2)(1—a?) 1-a2 1—a2a?
[ a? _ a1ap
_ i 1-aZa? (1—a ;(1 a2)
2 azal
@ (1-a2)(1—a?) 1— aéaz
a? ajas
_ (1—a)(1—aj) 1—az 1—aa? " (1-a})(1-ad)
- _ agal o?
1 a2a1 )( 2) 1*(1%11%
a1
_ 1 1— (12a1 (1 a )(1 az)
(12 azay «
= a2)(1—-a?) 1—aZa?
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o 1 1 —aia
1—a2a? [—a1a2 1 '

In particular, the case n = 2 is able to recover all two-dimensional copulas
by setting the correlation coefficient p = ajas. In the general case, X is
parametrized by n numbers, which offers less degrees of freedom compared
with the joint Gaussian copula correlation method which relies on n(n—1)/2
coefficients, see also Exercise 8.3.

Chapter 9

Exercise 9.1 By absence of arbitrage we have (1 — oz)erT = ¢ hence
a=1—elr—ra)T,

Exercise 9.2 We have

1 P(t,T)
A= T m T
1 e~ (T—t)r

1
=-r—3 log Py(t,T)

=—0.025 — % log 0.935
= 0.008604375
= 0.86%,

hence the default probability is

pp=1- ef(Tft))\ —1— 672><0A008604375 = 0.01706153 = 1.71%.

Exercise 9.3

a) The bond payoff Lirs7-4y is discounted according to the risk-free rate,
before taking expectation.
b) We have ]E[l{'r>T—t}} =M= hence Py(t,T) = e~ (M) (T—1)

- 1
¢) We have Py (t,T) = e~ M7)(T=H) hence A = —r — T3 log Py (t,T).
Exercise 9.4
O 405
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a) We have
t
= —a fo rsds + ert(l)7 t>0,
hence
¢ L s
jo reds = E(UBt — n)
_o (1) _ t —(t—s)a (1)
=2 (Bt ‘[0 e dB}
o rt
_9 _ o~ (t—s)a (1)
. jo (1-e yaBtY,
and

J;T reds = J;)T reds — Jot rsds

(e J‘T(] 7(T*S)a)jB<1) a J‘t(l af(tfs)a)st( )
g to_ I'—s)a —(t—s)a e -1 dBS
e ( ) e ( ) dB( )J,- = s)a M

0
9 (. —(T—t)a L _(t-s)a o (T _(T-s)a
—Z(e(T-1) —1)j0e (t=s) ngl)—EL (e (T=s) —1)st(1)

a
1
a

T T _p
(=Tt _1)p, — % L (e=(T=s)a _ 1)dB,£1)‘

The answer for \; is similar.
b) As a consequence of the answer to the previous question, we have

T T
E Ut rods +L Asds ( ft} = Cla,t,T)r + C(b,t, TN,

and
Var UtT rsds + JtT Asds ‘ ]—]}
= Var {LT reds ‘ f,} + Var [LT Asds ‘ f,}
+2Cov (LT X,ds, LT Y,ds ]—'t>
= % S e 1y
+2pZ—Z J, (e_(T_S)“ — 1)(e_(T_g)b —1)ds
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2 T
+Z—2 . (e=(T=9)b _ 1)24s
2 (T 2 T
=0 j] C*(a,s,T)ds + 2pa7)JL C(a,s, T)C(b,s,T)ds
T
+n? [ (b, sT)ds,

from the It6 isometry.

Exercise 9.5 (Exercise 9.4 continued).

a) We use the fact that (ry, ’\t)te[O,T] is a Markov process.
b) We use the tower property (A.33) of the conditional expectation given F;.

c) Writing F(t,r¢, ) = P(t,T), we have
d (e— Jy(rstAs)ds p(g, T))
—(r+ M)~ Jo s EXA Py T 4 e Jo (et A)ds g p(y )
= (re+ M)e S st Ads p(y Tyt 4 o Jo st AR (4 1y Ay

= —(rt +A)e” f[’tvﬁks)dsp(tv T)dt +e” fS(Ts+A5)dsg£(t7 Tty Ae)dry
r

. oF Lt >*F
+e -10(7‘“+’\“)d'967/(t77“t7At)d/\t+56 J"“'““”“wﬁﬂ"h/\t)U%(tvrt)dt
9*F
+ 26 Jorstas)as 2 057 5 (t, T, M) o3 (8, Ay )dt
2
+ e JoraAn)ds p%(t e, A)o1(t, ) oo (t, A )dt + e Jo(ratas) %f(t re, Ar)dt

oF

r
=e fot(“‘*)‘s)dsg—w(t,n, )\L)O'l(t,T‘L)dB,E +e IO (TSJ”\S)dSa*y(t’ Tty )\I,)UZ(tw )\I,)dBt(Z)

oF
+e -r()z(T5+’\5)(13 <7(7’t + )\t)P(t, T) + E(t, Tty /\t),ul(t, Tt)
2

oF 1 0*F 10°F
+a—y(t, re, M) pe(t, M) + 5 a2 (t, 78, M )or (b, ) + 307 (t, 76, ) o3 (t, M)

OF oF
+/)m(t, 71, Ae)o1(t, ) o2 (¢, Ar) + E(t’”’ )\t)> dt,

hence the bond pricing PDE is

oF
- (‘L +y)F(t7:L'7y) +H1(t¢w)a(tvl'vy)
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2

OF 1, OF
(b y) 5 (e y) + 501(h @) g (o y)
2 2

0°F 9°F oF
o3 (t,y) 5 9,2 (t, 2, y) + po1(t, x)oa(t, ll)a oy (tvﬂﬁ,y)'*‘a*

* ¢

1
302 (t, e, Ae) =0

d) We have
P(t,T) = Lo E [exp (7 _LT rods — _LT )\Sds> ‘ ft}
= 1oy exp <—]E UtT rods | }'t] ~E Uf Asds
« exp (% Var UtT rods + jtT Aods | ft] >

= Igrspp exp (—C(a,t, T)re — C(b, £, T)Ar)

2 2 T
X exp (%L C?(a,s,T)ds + %L C2(b, s,T)c*(T*S)b(h’)

)

T
X exp (pm]L C(a,s,T)C(b,s,T)ds) .

e) This is a direct consequence of the answers to Questions (c) and (d).
f) The above analysis shows that

P(r>T|G) = 1oy E {exp <, I /\Sds) | }‘t]
:]1{T>t}oxp<70(th)\t+/7j 2(b,s,T)d >
for a = 0 and
E {exp <7 J;Trsds> ‘ ]“t} = exp <7C’(a t,T)re +Z I C?(a,s,T)ds > ,

for b = 0, and this implies
T
U,(t,T) = exp (pm]ft C(a,s,T)C(b,s,T)ds)
an
= exp (pg (T —t—C(a,t,T)—C(b,t,T) + C(a+b,t, T))) )

g) We have

7]
f(t7 T) = 7]]'{T>t}87T log P(t7 T)

408 O
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=1ap <ne—<T—t>a - %QCZ(a,LT) + ae (T80 §C2(b,t7T)>
~LrspyponC(a,t, T)C(b,t,T).
h) We use the relation
P(r>T|G) = 14anE {eXp <, LT )\Sds> | ft]

(T o
= Lrspyexp <7C(b7 t, T\ + 5 .L C*(b,s, T)ds)

— ]1{T>t}e ]L faltu du

where fa(t,T) is the Vasicek forward rate corresponding to A, i.e.
7?2
fao(tu) =M™ = - CP (0,1, w).
i) In this case we have p = 0 and
T
P(t,T) =P(r > T | G)E {exp <—L rsds> ‘ ]-'t} ,

since U,(t,T) = 0.

Chapter 10

Exercise 10.1 It suffices to check that as A tends to oo, the ratio

j—1

k k
S;{ Z ) exp ( - Z OpTp — )\Z 6,,)
P p P
C*)xék oxp ( Z OpTp — A Z 0, )

j—1
converges to 0, while it tends to +o0 as A goes to 0. Therefore, the equation
(10.5) admits a numerical solution A\g by continuity of the above function in
the variable A.

k=i

Exercise 10.2 Equation (10.5) reads
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J—1 k k
S o exp ( > Gy — AZ&,,)
k=i p=i =
-1 k
—5)2 (eM% — 1) exp < Z(sprp—)\26 >

k=i

<.

or

j—1
s“J > 6k P(0, Tiy1) 0xp< AZ&)

k=i p=i

-

k
Z (M — OTM)exp( AZ@,),

k=i

<.

since

P(0,Ty4+1) = exp Zéprp , k=0,1,2.

From the terminal data of Figure 10.6 we infer that

1=0, j=3,
t =04/12/2015,

To = 03/22/2015, Th = 06/22/2015, Ty = 09/22/2015, T3 = 12/22/2015,

Sy =Ty —t="T1/365, 0y =To— Ty = 91/365, 53 = 91/365,
€=04, 5% =0.001079,
P(t,Ty) = 0.99952277, P(t, Ty) = 0.99827639, P(t,T3) = 0.99607821.

Hence, from the data of Figure 10.7, Equation (10.5) rewrites as

SPR(81P(t, T )e ™ + 05 P(t, To)e 2 + 6, P(t, Tz )e *%2)
= (1= (P(t,T1) x (1 —e T2 4 P(1,Tp) x (e~ (127 _ o= (Ts=1)A)
+ P(t,T3) x (e T370A o= (Te=t)y),

or, using the discount factors of Figure 10.7 in Table S.4,

71 91
0.001079 ( 0.99952277 x e~ A*71/365 5 + 0.99827639 x ¢~ Ax162/365 5
365 " 365
(A4)
. 91
21 —Ax253/365 e
+0.99607821 x e X oo
410 S
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=(1-04)x
x (0.99952277 x (1 — e ¥TL/365) 1 0.99827639 x (e ¥ TH/365 _ = Ax162/565)
4 0.99607821 x (e—)\X162/365 _ ef/\><253/365))'

Next, we solve Equation (A.4) numerically to find the default rate \y =
0.0017987468. The default probability is given by

p=1—e AX3/365 — 0 0012460256,

which is consistent with the value of 0.0013 in Figure 10.6, see also Castellacci
(2008).

| Date | Delta | Discount Factor | Premium Leg | Protection Leg |
Jun 22, 2015|0.2611111 0.99952277 0.0002814722 | 0.0002814708
Sep 22, 2015|0.2527778 0.99827639 0.0002721533 0.000272154
Dec 22, 2015(0.2527778 0.99607821 0.0002715541 0.0002715548
Sum 0.0008251796 | 0.0008251796

Table S.4: CDS Market data.

P1=0.99952277; P2=0.99827639; P3=0.99607821; S=0.001079;xi=0.4
TO0=78/365; t=101/365; T1=172/365; T2=263/365; T3=354/365
delta0=T1-t; deltal=T2-T1; delta2=T3-T2

f <- function(x){return (

S * (deltal * P1 * exp(-x*(T1-t)) + deltal * P2 * exp(-x*(T2-t)) + delta2 * P3 * exp(-x*(T3-t)))
- (1-xi) * (P1* (1-exp(-x+(T1-t)))

+ P2 * (exp(-x*(T1-t)) - exp(-x*(T2-t)))

+ P3 * (exp(-x*(T2-1)) - exp(-x*(T3-t))))}

x=5eq(0,0.004,0.0001); par(mar = c(5, 6, 4, 2))

plot(x,f(x),col='blue' lwd=2,type='1"',xaxs='i', cex.lab=1.6, cex.axis=1.4)
abline(h=0); abline(v=0.0017987468); 1-exp(-0.0017987468+(T3-t))

Listing S.13: ‘R code - CDS Pricing.

5e-04

)

(
-5e-04  0e+00

X,

f

T T T
0.000 0.001 0.002 0.003 0.004
X

Fig. S.15: Failure rate estimation.

Exercise 10.3
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a) We have
= Thot1
Z]E {E(Tk,Tml](T)(l_Ek+1)eXP (—L T(S)d5> ‘ gt}

J—1

=) E {(H{ch} = 1y <rp) (1= Epy1) exp (* kaH T(S)d8> ‘ gt:|

t
k=i
j—1

. T} T,
=1y ) E {(1 —&t1) (e’ S sds o= i AS‘“) RO

k=i
7|

;

Jj—1 T o
L (1) e O [ S
k=i

j—1
=Ty (1=6) D P, Tisr) (QE Ti) = Q(t, Thoy1)) -
k=i

b) We have
» ijj_l Th+1
VP(t,T) =S Z&k]E 1oy, p} €XP 7L r(s)ds ’ G
k=i
i =t Tt
=5 ZékIE Lyr, ., <r} €XP 7L r(s)ds ‘ Gt
k=i )

j-1
1 Tht1
= 1o 507 ;Jk]E {exp (—L )\sds> exp (—L r(.@)ds) ‘ }}}
j-1

= Sf’j]l{7_>t} Zék exp <7 (LTHI r(s)ds) E {exp <7 .LTkH )\Sds> ) ]-'t]
k=i

j—1

= Ly S0 D 0k Pt T Q(t, Tt
k=i

¢) By equating the protection and premium legs, we find

j-1
(1 - 5) Zp(thkH»l) (Q(tﬂ Tk) - Q(tﬂ Tk+1))
k=i
I
=817 " 5 P(t, Ter1)Q(t Tita)-
k=i
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For j =i+ 1, this yields

(1 =Pt Ti1) (Q(,T:) = Q(t, Tirn)) = S i P (4, T ) QUL T,
hence
1-¢

tTiy1) = —— >
Q( 1+1) S;’1+15i+1—f

with Q(¢,T;) = 1, and the recurrence relation

(L=&)P(t, Tj+1) (QT)) — Q(t, Tjr1))

j—1
+(1-8 Y P(t,Tir) (Qt, Ti) — Q(t, Tiy))
k=i
- g1
= 8770, P(t, Tj1)Q(t, Tjsn) + S0 Y 0k P(t, Tis 1) QU T,
k=i
i.e.
= 19Ty A
Qt, Tj+1) ¢+ 575, (A.5)
g’i Pt Ties1) (1= QU i) = Q(t Tieyr) (1 =€) +8:57))
k=i P(t, Tjs1)(1 - €+ 8;765)

Exercise 10.4 (Exercise 10.3 continued). Using the recurrence relation (A.5)
and the terminal data of Figure 10.8, we find the spread data and survival
probabilities in Table S.5.

K] Maturity[ 73| 8,7 (bp)] @( Ti)]

1 6M 0.5| 10.97 ]0.999087
2 1Y 1 12.25 10.997961
3 2Y 2 14.32  [0.995235
4 3Y 3 19.91  10.990037
5 4Y 4 26.48 10.982293
6 5Y 5 33.29 10.972122
7 Y 7 52.91 ]0.937632
8 10Y 10 71.91  [0.880602

Table S.5: Spread and survival probabilities.
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Chapter 11
Exercise 11.1
a) We have
— Aty - L
E[X | G _,\Gfo ze 0% = 1o
and )
00
= “ABTg —
E[X | B] = \p [~ ae *#"da o
b) We find

P(B|X =z)=

fx(z | B)P(B)

fx(z | G)P(G) + fx (= | B)P(B)
B Ape 7P (B)

"~ Age*¢P(G) + Ape=*B7P(B)

1
- AGP(G) (ap-rq)e
1+ AB]P(B)e
- 1
n P(G)’
1
+ )\(I)IP B)
where () is the likelihood ratio
Ix@|G) _ e eAB=Ag)z
AMz) = F—F—F——£ BTAGIT x> 0.
() fx(x|B) Py
¢) The condition
DP(B|X =2) < LP(G| X =1z)
rewrites as
P(B|X =2)<L(1-P(B|X =2)),
i.e
(L+D)P(B|X =)< L
. L+D
L
]P G) ~ b

1+ X( )]P B)

o A DP(B)
A G (Ap=Ag)e 5 X1\
=% LF(G)
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This condition holds if and only if

o L . (DAsP(B)
35— ¢ B\ L aP(G)

provided that Ag > Ag. Therefore, we have

%:{xe]R @) > 2P EB)}

“LP
N {)‘Bi)\G og (f:\\zigg» 700) 7

under the condition

11
E[X | B] = £~ < - =EX ]

Exercise 11.2

a) We find

fx(z| B)P(B)
fx($|G) (G) + fx(z | B)P(B)
=1 (I) ( )//\B

025 P (@) /3G +P(B)/Ap
1
= I[O,AB](J?)T(G)-
L 3P (B)

P(B|X =z)=

b) We have

9 1 (e Vel
EIX 6= [ ufx(y| Gy =5 [ vy =7,

and similarly

N _ 1 s _ AB
EX | Bl = [~ yfx(y| B)dy = by JO ydy = 5~
¢) The condition
DP(B|X =2) < LP(G| X =x)
rewrites as
P(B|X =2) <L(1-P(B|X = 1)),
i.e.
O 415
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(L+D)P(B|X =2)<L

or
AP(G
D]l[Oy)\B] (T) < Lﬂ(}\B’OO> (T) =+ Li/\G]PEBg .
This condition holds if and only if
A . DPP(B)
> — .
Ao~ LP(G)

when z € [0, \p], and is always satisfied when = € (Ag,00). Therefore,
we have &/ = R if
]
Py
and & = (A\g,0) if
Az _DP(B)
o S LPG)

under the condition
]E[XlB] :/\B<)\(;:]E[X‘G].

Exercise 11.3

a) We have
Fola) =e 0% and Fp(z) =e B 23>0,
hence !
=1 ogy
i)=Y, ye )
B
and

Fa(F' ) = 7o (-"E2)

— orcllogy)/Ap
= y/\G//\B7 Yy S [07 1}

We check that, according to Proposition 11.9,

d— ——1 d
L Fo(F5 ) = e/

— L cliogy) /g
dy

416 S
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_ AG Agllogy)/ap
yAp

_ G (ha-Ap)(logy)/Ap
AB

— AG (A5-2a)F5 W)
AB

ANFE'(v),  zelo].

Figure S.16 presents three samples of exponential ROC curves, with suc-
cessively (Ap, Ag) = (10, 1), (A, Aa) = (2,1), and (Ap, Ag) = (1, 1).

1
Z 08}
=
§ 06
2
g 04
v Ag=10Ag=1
s 02r Ae=2Ace1 ——
Ag=1Ag=1 =
0 1 1 1 I
0 02 04 06 08 1
False Positive Rate (FPR)
Fig. S.16: Exponential ROC curves.
We have
Fo(e)i=1---, z€0,Ad],
Ag
and - "
Fp(z):=1-—, z € [0, Ag],
Ap
hence B
Fgl(y) == Ap(1-y), yelo1],
hence
= =1 AB A=A | Ap
Fo(F =1-2B1_y)=2¢"2B L 2B, 4 eo,1].
c(Fp (z)) e LY o Tagl velod

Figure S.17 presents three samples of uniform ROC curves, with succes-
sively (A, A\q) = (1,8), (Mg, A¢) = (1,2), and (A, A\g) = (1,1).
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Z o8
S
s
3 06
[
=
Z 04
o
] Ag=1Ag=8 ——
> | 8=1,
2 02 Ag=1Ag=2 ——
Ag=1Ag=1 =
0 1 1 1 1
0 02 04 06 08

False Positive Rate (FPR)

Fig. S.17: Uniform ROC curves.

Exercise 11.4

a) We have
R P(B)fx(z | B)
PEIX == 5G| 6) + P(B) fx (x| B)
B P(B)e—(—rp)*/(20?)
T P(G)e—(2-16)*/(20%) 4 P(B)e—(2—18)?/(20%)
1
- 1+C(¥+Bw’ :LGIR’
with _
3= Fe 2/1«B >0
g
and P(G)
_ _ahctpB X
o= 572 +1Og<]P(B)>'
b) We have

_ fx(@]G)

M) = e TB)
— o (z=1G)?/ (20%)+(z—np)?/(207)
— o~ Wg—np—22(pa—np))/(207)

= ofo—(ug—np)/ (20%) zeR.

¢) The condition

418
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D(z) P(B

L(z) P(G

=

Az) = B (g —up)/(20%) 5

—

is equivalent to

hence

He—pp 1 log 2(B)
“202(f—a—-b)  B-a—b °P(G)’

provided that

gi=tCHE 5 oy,

In this case, we have

P T | 1 P(B)
o = [z, 00) = 202(5,a,b)+57a7b10g]1’(G)700>7

where ) ) ( )
« BE — I 1 P(B

= 1 .
2 (3—a—b)  B-a—b 8 P(G)

Background on Probability Theory

Exercise A.1

a) We have
e M
E[X] =) kP(X =k) =e Zky
k>0 k>0
Nk by
— A _ -\ _
¢ Z(1%1)! > G =2
k>1 k>0
b) We have
O 419
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E[X?] =Y KP(X = k)

k>0
)\k‘
— A 2
e Zkﬁ
k=1
_,\Zk
k=1
,AZ AZ Ak
M k 2)! = (k—1)!
2 A e M
=A% Z. + e Zﬁ
k>0 k=0
=24,

and

Var[X] = E[X?] — (E[X])? = A = E[X].

Exercise A.2 We have

P(cX >¢) =P(X > loge) = Ji{:ce—yz/(%

0 2o d
= J(logc>/n e—yl/z\/% =1-®((logc)/n) = ®(—(logc)/n).

Exercise A.3

a) Using the change of variable z = (z — p) /0, we have

o . —_ (z—p)?/(202)
j—oo p(x)de = \/ﬁf dzx

B \/271'02 I*OO
< P2y,

Next, using the polar change of coordinates 2 = 22 + y2 and dady =
rdrdf, we find*

o')dy

* “In a discussion with Grothendieck, Messing mentioned the formula expressing the

2
integral of e~ in terms of mw, which is proved in every calculus course. Not only did
Grothendieck not know the formula, but he thought that he had never seen it in his

life”. Milne (2005).
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2
(\/%J‘oo efz2/2dz> = ZLJ‘DO e*y2/2dyJ‘°O efzz/QdZ
T J—0o0 ™ J = -

=5 f f —(?+22 /zdydz
T
2
- 2ﬂf ’Tf e/ 2drdp
= f re " 2y
0
R
=— lim [e”"z/?]R
R—+00 0
= lim (170—122/2)
R—+00
=1,
or - )
j e * 24y = \/2r.
—00
b) We have

E[X] = Jjo zp(z)dz

(e-1)2/(20%) g,
\/271'0 J
N \/2 = Oo(quy)e’y?/(Z”z)dz
Yixea -
ey [T ey
— H (% P2y /24
V2 _[, Yt o V2 AHI-I%—loof ve Y
- —y?/2
= Vo j—w e ¥y
o0
—u [ ey
= uP(X € R)
= H

by symmetry of the function y — yc_yz/ 2 on R.
¢) Similarly, by integration by parts twice on R, we find

E[(X ~E[X])? = [ (@ - p)2p()do

S 421
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/(207 4

_ jm 2
T Vare? J- v
2

I —y?/2
mf_ooyXyc dy

_ o —y?/2

= — eV 2dy
V2T I*OO

:0'2.

d) By a completion of squares argument, we have

Ele¥] = jfo e“o(z)dx
27m j (z=)?/(20%) g
\/27m j

\/27T0' j

v/ (20%) gy

o? /24 (y=0®)?/ (20%) gy,

_ e“+02/2j
\/27rr7
—eny 7
=e + 5
Exercise A.4
a) We have
1 o0 2 2
+1 — +.,—z2/(2/0?)
BX = o) e
— L L —x?/2
= QWIO e dz
=7 {—e 12/2]1700
21 =0
_ ag
Vor
b) We have
E[(X - K K)te /(0% gy
(=871 = s [
= _ —22/(20%)
Wf R
422
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mf s o Ji e
:\/%*Kz/( )? Kq>< {:)
¢) Similarly, we have
E[(K - X)*] = \/%j_”;( Ca)teet ) gy
_ \/ﬁfﬂ,@( _$)e—a52/(202)dir
= o N g [ e e
mJK/U e/ 2 \/% [7e—x /(202 )}I_MK
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