Index

o-algebra, 291
o-field, 291
p-quantile, 175, 182

adapted process, 234
adjusted close price, 11
aggregate claim amount, 95, 105
Ali-Mikhail-Haq copula, 356
annuity

numéraire, 246
arbitrage

opportunity, 366

price, 139
arch (Python package), 48, 50, 62
arithmetic returns, 10
AUC - Area Under the Curve, 282
autocovariance, 52
automated market maker (AMM), 156

backtesting, 72
Bank for International Settlements, 133,
246

Basel 11, 256
Bayes formula, 266
Bernoulli

random walk, 3
Bernoulli distribution, 305
binomial

distribution, 305
binomial coefficient, 329
binomial indentity, 330
binomial logistic regression, 274
BIS, 133, 246
bivariate exponential, 123

bivariate Gaussian, 109
Black—Scholes

formula, 144

put options, 148

Black-Cox model, 221, 226
bond

defaultable, 237

pricing PDE, 393
Borel-Cantelli Lemma, 294
Brent, 135
Brownian motion, 9

series construction, 7
buy back guarantee, 132

call option, 132
cash settlement, 132, 134
Cauchy

distribution, 302
causal, 40
causation, 107
CDF, 166
CDO, 250
CDS, 245
characteristic

function, 318
Chebyshev inequality, 105
closing portfolio value, 70
coherent risk measure, 165
cointegration, 68
collar option, 135

costless, 137
collateralized debt obligation, 250
complement rule, 293
complex unit circle, 53, 343
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conditional
expectation, 162, 310, 320
probability, 295
survival probability, 231
tail expectation, 191
Value at Risk, 191

Conditional tail expectation, 191, 201

conditional tail expectation
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Delta, 147, 150
density

function, 299

marginal, 304
derivatives

market, 133
Dickey—Fuller test, 57
discrete distribution, 305
dispersion index, 82
distance to default, 217

Gaussian, 193
conditional Value at Risk, 190
conditioning, 295
constant product automated market
maker (CPAMM), 156
constant proportion portfolio insurance,
338
copula, 122
Ali-Mikhail-Haq, 356
exponential, 123
survival, 125
correlation, 107
costless collar option, 137
counting process, 79, 81
covariance, 52
Cox process, 83
Cox—-Ross-Rubinstein model, 146

distortion function, 166, 195, 197
distortion risk measure, 195, 197
distribution

Bernoulli, 305

binomial, 305

bivariate exponential, 123

Cauchy, 302

discrete, 305

exponential, 301

gamma, 302

Gaussian, 301

geometric, 306

Gumbel bivariate, 124

lognormal, 16, 302

marginal, 313

negative binomial, 306

Pareto, 184, 373

CPPI, 338 Pascal, 306
Cramér-Lundberg model, 96 Poisson, 306
credit default stable, 27

reduced-form approach, 231
structural approach, 215
credit default contract, 230
credit default swap, 245, 249
credit valuation, 245
adjustment, 259
cross-covariance, 52
CRR model, 146
CTE, 191, 201
Gaussian, 193

uniform, 301
diversification, 165
dividend, 153
domino effect, 224

enlargement of filtration, 237
entitlement ratio, 134
equity holder, 216, 217
ES, 194, 201, 202
Gaussian, 197

cumulants event, 291

Gaussian, 28 excess kurtosis, 29

Poisson, 28 exercise price, 131
cumulative distribution function, 166, 300 expectation, 307

joint, 303 conditional, 162, 191, 201, 310, 320
CVA, 259 expected shortfall, 194, 201, 202
CVaR, 191 Gaussian, 197

expected value premium principle, 162
exponential

distribution, 85, 233, 301
exponential series, 329

decentralized exchange (DEX), 156
default rate, 233
defaultable bonds, 241, 242
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failure rate, 232
False Positive Rate (FPR), 280
Fatou’s lemma, 317
filtration

enlargement of, 237
formula

Bayes, 266

Lévy-Khintchine, 91
forward

range, 154
four-way collar option, 135

gamma
distribution, 302
function, 302
Gaussian
bivariate, 109
conditional tail expectation, 193
distribution, 17, 301
Expected Shortfall, 197
random variable, 319
Value at Risk, 180
generalized inverse, 111, 169, 170
generating function, 318
geometric
Brownian motion, 10
distribution, 306
series, 330
sum, 329
geometric mean market maker model, 156
GLM regression, 275
Greeks
Delta, 147, 150
gross market value, 133, 246
gross world product, 130, 133
guarantee
buy back, 132
price lock, 134
guaranteed maturity benefits, 103
Gumbel bivariate logistic distribution,
124
GWP, 130, 133

heteroskedasticity, 47
historical measure, 215
HIM

model, 237

implied
probability, 142
inclusion-exclusion principle, 293

independence, 163, 295, 297, 299, 304,
306, 311, 319, 324

indicator function, 162, 298, 329

infimum, 306

insolvency, 174

insured portfolio, 338

Internal Ratings-Based formula, 256

IPython notebook, 9-12, 15, 19-24, 31,
33, 101, 139, 145, 276, 283, 284

IRB formula, 256

joint
cumulative distribution function, 303
probability density function, 303

key lemma, 236
KPSS test, 59
kurtosis, 26, 29

Lévy-Khintchine formula, 91
lag operator, 38, 40, 43
law
of total expectation, 313
of total probability, 293, 296, 313
least square regression, 66
leptokurtic distribution, 25
liability, 138, 162
likelihood ratio, 269
liquidity
pool, 156
provider, 156
log variance, 16
log-returns, 10, 13
logistic regression, 274
logit, 275
lognormal
distribution, 16, 302
long box spread option, 156, 368
LOTUS, 308

macro-economic shock, 125
marginal
density, 304
distribution, 313
market
arithmetic returns, 10
log-returns, 10, 13
returns, 13
Marshall-Olkin bivariate exponential, 123
maturity, 131
mean-square distance, 322
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measure
historical, 215
physical, 215
model
Cramér-Lundberg, 96
trinomial, 153
moment
generating function, 318
moments
Gaussian, 28
Poisson, 28
moving average, 40, 41

natural logarithm, 17
negative
binomial distribution, 306
net present value, 257
non-causal, 41
normal
conditional tail expectation, 193
Expected Shortfall, 197
Value at Risk, 180
notional, 248
notional amount, 133, 246
NPV, 257

OLS, 66
opening portfolio price, 70
option
issuer, 139
long box spread, 156, 368
writer, 139
zero-collar, 137

pair trading, 65
Pareto distribution, 184, 373
partition, 296, 320
Pascal distribution, 306
payoff function, 132, 133
Perron-Frobenius theorem, 159
physical delivery, 132, 134
physical measure, 215
Poisson

compound martingale, 88

distribution, 306

process, 79, 233
portfolio

value, 144
portfolio insurance, 338
premium

pure, 165
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price
graph, 132, 133, 136
price lock guarantee, 134
probability
acceptance curve, 266
conditional, 295
default curve, 266, 284
density function, 299
joint, 303
distribution, 299
measure, 293
sample space, 289
space, 294
process
counting, 79
Cox, 83
pure premium, 162
put
option, 130
Python code, 8-13, 15, 18-25, 31, 33, 38,
39, 42, 43, 46, 48, 50, 52, 55, 56,
59-65, 67-69, 72, 80, 83, 86, 87,
89, 90, 94, 100, 101, 112, 119-121,
124, 135, 139, 145, 147, 149, 150,
164, 168-170, 173, 174, 183, 191,
202-205, 217, 220, 273, 276-279,
281-284, 308, 311, 334, 337, 342,
368, 375
Python package
arch, 48, 50, 62
yfinance, 10-12

quantile risk measure, 166

random

product, 315

sum, 315

variable, 297
random forest, 283
range forward, 154
Receiver Operating Characteristics

(ROC), 280

recovery rate, 237, 239
recovery theorem, 157, 158
recovery value, 220
reduced-form approach, 231
regression

GLM, 275

logistic, 274
renewal processes, 87
reserve process, 95
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risk measure, 161 tenor structure, 239, 245
coherent, 165 ternary tree, 153
expected value, 162 test
pure premium, 162, 165 Dickey—Fuller, 57
quantile, 166 KPSS, 59
standard deviation, 162 Theil index, 33
superhedging, 154 theorem
risk-neutral Perron-Frobenius, 159
measure, 141 recovery, 157, 158
probabilities, 141 Sklar, 113
riskless asset, 12, 19 tower property, 313, 317, 323, 393
ROC, 280 tree
ternary, 153
self-financing portfolio, 70 trinomial model, 153
sigmoid function, 274 True Positive Rate (TPR), 280

skewness, 26, 29

Sklar’s theorem, 113

solvency, 174

SRM, 154

St. Petersburg paradox, 309

stable distribution, 27

standard deviation premium principle,
162

statiqntalry - Value at Risk, 175, 182
strictly, 5 conditional, 190

weakly, 53 .
7 . Gaussian, 180
stochastic default, 233 tail, 190, 209

stochz'tstic .portfo‘lio theory, 34 VaR, 175, 182
stopping time, 234 variance. 314
strictly stationary, 51 ’
strike price, 131

strong Markov property, 85
structural approach, 215
superhedging risk measure, 154
Support Vector Machines, 283
surplus process, 95

survival copula, 125

survival probability, 231

SVM, 283

uniform distribution, 301
Uniswap, 156
unit
circle, 53
root test, 53
unit circle, 343

warrant, 134, 153

weakly stationary, 53

West Texas Intermediate (WTTI), 130, 135
white noise, 37

‘Wiener space, 6

XVA, 257
yfinance (Python package), 10-12

Tail Value at Risk, 190, 209
telescoping sum, 44 zero-collar option, 137
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This document gives a presentation of mathematical tools used for finan-
cial risk modeling and related analytics, and is divided into three parts. The
first part focuses on stochastic modeling using diffusion processes (Chapter 1),
time series (Chapter 2), jump processes and insurance risk (Chapter 3), and
random dependence structures (Chapter 4). The second part covers classical
risk measures, starting with the superhedging risk measure, which is con-
structed in Chapter 5 from basic financial derivatives. Value at risk (VaR) is
considered in Chapter 6, followed by tail value at risk (TVaR), conditional
tail expectation (CTE) and expected shortfall (ES) in Chapter 7. The third
part deals with credit risk, starting with Chapter 8 which builds on the geo-
metric Brownian motion model of Chapter 1 for the pricing of default bonds.
Chapters 9 and 10 consider credit default via defaultable bonds, credit de-
fault swaps (CDS) and collateralized debt obligations (CDOs), and involve
more advanced knowledge of stochastic processes. Finally, Chapter 11 con-
siders credit scoring. The concepts presented are illustrated by 119 Python
codes and 119 ‘R scripts, and accompanied with 168 figures and 82 exercises
with complete solutions.
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