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Abstract

We derive Berry-Esseen approximation bounds for general functionals of indepen-
dent random variables, based on a continuous-time integration by parts setting and
discrete chaos expansions methods. Our approach improves on related results obtained
in discrete-time integration by parts settings and applies to U-statistics satisfying the
weak assumption of decomposability in the Hoeffding sense, and yield Kolmogorov dis-
tance bounds instead of the Wasserstein bounds previously derived in the special case
of degenerate U-statistics. Linear and quadratic functionals of arbitrary sequences
of independent random variables are included as particular cases, with new fourth
moment bounds, and applications are given to Hoeffding decompositions, weighted U-
statistics, quadratic forms, and random subgraph weighing. In the case of quadratic
forms, our results recover and improve the bounds available in the literature, and apply
to matrices with non-empty diagonals.

Keywords: Stein-Chen method; Berry-Esseen bounds; Kolmogorov distance; U-statistics;
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1 Introduction

Significant progress in probability approximation has been achieved in recent years by com-
bining the Chen-Stein method with the Malliavin calculus. See for example Nourdin and
Peccati (2009), Peccati et al. (2010), Peccati and Théle (2013), for the derivation of distance
bounds on the Wiener and Poisson spaces, and also Nourdin et al. (2010a) and Krokowski
et al. (2016) in the case of Rademacher sequences. Those results rely on covariance rep-

resentations based on the inverse of the Ornstein-Uhlenbeck operator L acting on multiple
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Wiener-Poisson stochastic integrals. While the inverse operator L=! is well adapted to cer-
tain random functionals such as multiple stochastic integrals, it can prove more difficult
to use in applications to other, more specific functionals. Other covariance representations
based on the Clark-Ocone representation formula and not relying on L~! have been used in
Privault and Torrisi (2013) on the Wiener and Poisson spaces, and in Privault and Torrisi

(2015) for Rademacher sequences.

In Last et al. (2016), second order Poincaré inequalities in the Kolmogorov and Wasser-
stein distances have been obtained for functionals of a Poisson point process by using the
iterated Malliavin gradient instead of L~!'. This approach relies on probabilistic repre-
sentations for the inverse operator L~! using Mehler’s formula on the Poisson space, see
e.g. Lemma 6.8.1 in Privault (2009). Second order Poincaré inequalities for functionals of
Rademacher sequences have also been obtained in Krokowski et al. (2017), with application
to renormalized triangle counting using the Kolmogorov distance in the Erdés-Rényi ran-
dom graph, see also Privault and Serafin (2020) and references therein for the treatment of

arbitrary subgraph counting.

In Chatterjee (2008), a method based on difference operators has been introduced with
the aim of obtaining Stein bounds in the Wasserstein distance for functions of vectors of in-
dependent random variables. This approach has been extended in Lachieze-Rey and Peccati
(2017) to the derivation of bounds in the Kolmogorov distance, see also Friedrich (1989) for

earlier related results. .

An integration by parts setting for related difference operators has been exploited in
Decreusefond and Halconruy (2019) to derive normal Stein approximation bound for func-
tionals of independent random variables, see also Nguyen (2020), and Bobkov et al. (2019)
for concentration inequalities. In Duerinckx (2021), this framework has been unified with
the approaches of Chatterjee (2008) and Lachieze-Rey and Peccati (2017) with applications

in statistical physics, see also Duerinckx et al. (2020).

In Privault and Serafin (2018), a general framework for the derivation of Wasserstein
distance bounds for functionals of independent random sequences has been developed in
the continuous-time integration by parts setting of Privault (1997), using an analog of the
operator L~! on discrete chaos expansions based on discrete multiple stochastic integrals.
This approach allows us to extend chaos-based arguments from the binomial and Wiener-

Poisson settings to general i.i.d. sequences of random variables.



Bounds in total variance distance have also been obtained therein using Clark-Ocone
covariance representation formulas under stronger smoothness conditions. Applications to
normal approximation in the Wasserstein distance have been obtained in Privault and Serafin

(2022) for the weights of subgraphs in the Erdés-Rényi random graph.

Our first goal in this paper is to extend existing Stein normal approximation bounds
proved in the Kolmogorov distance for Rademacher sequences, see e.g. Krokowski et al.
(2017), Débler and Krokowski (2019), to general sequences of independent random variables.
This is achieved in the general framework of Privault and Serafin (2018), by replacing the
Wasserstein distance with the Kolmogorov distance for which obtaining rates is known to
be more difficult and requires new ideas. In Theorem 3.1 we derive a general Berry-Esseen
bound in the Kolmogorov distance for functionals of independent random variables. In
comparison with Theorem 4.2 in Lachicze-Rey and Peccati (2017), the variance term (3.2)

in Theorem 3.1 can be easier to control, see also Theorem 2.3 in Duerinckx (2021).

The bound of Theorem 3.1 is then specialized to sums of multiple stochastic integrals
in Proposition 3.2, and then to multiple stochastic integrals in Proposition 3.3. Note that
multiple stochastic integrals of order d coincide with degenerate (generalized) U-statistics of
order d, and can then be used to represent Hoeffding decompositions as a chaos summations,

see the examples given below.

Our second goal is to show that the obtained bounds remain sharp despite the very general
framework of the paper, as demonstrated in the following examples. Consider a sequence
(X1,...,X,) of (not necessarily identically distributed) independent random variables, and

the d-homogeneous random multilinear forms W), ; written in the Hoeffding form as

Wha = > Wy,
JC{L,m}, |J|=d
where, for each J C {1,...,n}, W; is a random variable with variance 0%, measurable with
respect to the g-algebra F; := o (X; : j € J), and such that E[W, | Fx] =0, J € K C [n].
In de Jong (1990), a central limit theorem has been proved for the sequence (W), 4)n>1 under
the conditions

n—oo 1<i<n n—00

lim max Z 05=0 and lim E[W, ] =23,
J3i

generalizing earlier results by de Jong (1987) for quadratic random functionals. The results

of de Jong (1987; 1990) have been refined by the derivation of bounds in the Wasserstein



distance in Theorem 1.3 in Débler and Peccati (2017) in the case of degenerate U-statistics,
for which |J| is constrained to a fixed value |J| = d for some d € {1,...,n} in the sum

(2.17).

Applications of Proposition 3.2 are given to Kolmogorov distance bounds in Theorem 4.1
for general U-statistics, and in Theorems 4.2 and 4.3 for degenerate U-statistics. This extends
the bounds of Dobler and Peccati (2017) by using the Kolmogorov distance instead of the
Wasserstein distance, and by applying to Hoeffding decompositions in full generality and not
only to degenerate U-statistics. This also extends the bounds in the Kolmogorov distance
derived in Débler and Krokowski (2019) for U-statistics in the particular case of Rademacher

chaoses, where (X7,...,X,,) is a sequence of independent Bernoulli random variables.

More specifically, given an i.i.d. sequence (Xj)>1 of centered random variables with unit

variance, and the sum
1 n
Lp = —= Xk, n>1,
e
convergence bounds to the standard normal distribution A of the form

EXqf]
NG

have been obtained in e.g. Theorem 1.1 in Goldstein (2010) in the Wasserstein distance

dw (X, N) := sup [E[(X)] = E[R(N)]].

heLip(1)

See also Corollary 2.11 of Débler (2015) for related bounds in the Kolmogorov distance

di(X,N) :=sup|P(X <x)— PN <),

zeR

including the case of random sums. In the case of quadratic functionals of the form

Qui= > auXiX), (1.1)

1<k,l<n

where A = (a;j)1<ij<n IS & symmetric matrix, the bound
dic(Qu, N) < C (E [|X0])° [\, (1.2)

where A\; denotes the largest absolute eigenvalue of A and C' > 0 is an absolute constant,
has been obtained in Gétze and Tikhomirov (1999) when the diagonal of A vanishes, see e.g.

Theorem 1 therein, and also Theorem 3.1 of Shao and Zhang (2019).
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In this vanishing diagonals setting, Theorem 4.3 is applied to derive a version of Theo-
rem 3.3 of Débler and Peccati (2019) for the Kolmogorov distance instead of the Wasserstein
distance in Corollary 4.4. Theorem 4.3 also yields Corollary 5.1 which recovers Theorem 3.1
in Shao and Zhang (2019), and improves on the above bound (1.2) of Theorem 1 in G&tze
and Tikhomirov (1999). In addition, Corollary 5.1 extends the Kolmogorov bounds of Theo-
rem 1.1 in Dobler and Krokowski (2019), restricted to the quadratic case, from Rademacher
sequences to general sequences of random variables by using fourth moment differences as

in e.g. Theorem 1.3 of Débler and Peccati (2017).

In case the diagonal of A = (a;;)1<i j<» may not vanish, the bound

(E[1XP)° ++E[X")

/ 2
Z1gz’,jgn Qs

has been obtained in Theorem 1.1 of Gotze and Tikhomirov (2002) for some v > 0 depending

Al (1.3)

n

d (%,N) <C(v)

on A. See also Proposition 3.1 in Chatterjee (2008) for a result in the Wasserstein distance
using Rademacher sequences, and Theorem 2.2 in Chatterjee (2009) for related normal ap-
proximation bounds in total variation distance for a smooth function of finite-dimensional

random vectors via second order Poincaré inequalities.

In comparison with Theorem 1.1 of Gotze and Tikhomirov (2002), the bound (5.7) in
Theorem 5.2 gives better rates under weaker assumptions according to the inequality (5.5).
Theorem 5.2 also provides an additional bound (5.6) which is valid for any i.i.d. sequence
(X3)n>1 and holds in the Kolmogorov distance, instead of the Wasserstein distance used in
Dobler and Peccati (2017). This bound is related to the so-called fourth moment phenomenon
(Nualart and Peccati (2004)), which has been the object of intense research work, see e.g.

Nourdin and Peccati (2012) and references therein.

We proceed as follows. In Section 2 we recall the framework of Privault (1997) for the
treatment of functionals of independent random sequences, including the construction of
discrete multiple stochastic integrals and the associated finite difference gradient operator
and integration by parts formula, which are used to derive a fourth moment bound in Sec-
tion 2.3. Section 3 contains our main result Theorem 3.1 which states a general Berry-Esseen
bounds for general functionals of independent random sequences, and its applications to the
derivation of Kolmogorov bounds for discrete multiple integrals and for sums of discrete mul-

tiple integrals in Propositions 3.2-3.3. Applications to Hoeffding decompositions, weighted



=

U-statistics and random subgraph weighing in the Erdds and Rényi (1959) random graph

are given in Section 4. Section 5 focuses on quadratic forms.

2 Preliminaries

2.1 Setting

We work on the probability space (2, F,P) where Q = [-1,1]Y and F, P are the nat-
ural o-algebra and probability measure generated on €2 by the cylindrical Borel sets and
Lebesgue measure, respectively. Let (Uy)g>1 denote the ii.d. sequence of uniformly dis-
tributed [—1, 1]-valued random variables on (€2, F,P), constructed as the canonical projec-
tions from Q to [—1,1]. We define the finite difference gradient operator V of a functional

F(Uy(w),Us(w),...) of the sequence (Uy(w),Us(w),...) as

t
V,F ::E[F ‘Ul,...,UL%J,UL%JH :t—l—QBJ,UL%HQ,...]—E[F‘Ul,...,UL%J,UL%JH,...],
t € R,. In other words, using the shifted sequence

D) = (i), Uy ().t — 1 2{%}(]@”2@), ). ter,

we have
2[t/2]+2

V,F ::Focbt——/ Fod,ds, teR,, (2.1)
2t/2)

provided that (F' o ®;)eg, is integrable on Ry, P-a.s., see Definition 5 and Proposition 10
in Privault (1997). Although V, does not satisfy the chain rule of derivation, we have the
following identity.

Lemma 2.1 The finite difference operator V satisfies the relation

2|t/2]+2
2(t/2]

t € Ry, provided that (F o ®)ser,, (G o @y)ser, and (F? o Oy)ser,, (G? 0 Oy)ser, are
integrable on [2n — 2,2n], n > 1, P-a.s.

Proof. By (2.1), we have

1 2l/2)+2

Vi(FG) = - / (FG) o &, — (FG) 0 y)du
2 Jo11/2)

2(t/2]+2 20t/2|+2

/ (Foq)u)(GOCDt—Goq)u)du—l——/ (God)(Fod,— Fod,)du

2(1/2] 2 Jajry)

N | —
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1 2(t/2]+2 1 2[t/2]+2
= —(Fo<1>t)/ (God, — God,)du+ = (Go<1>t)/ (Fo®,— Fod,)du
2 2(t/2] 2(t/2]
1 2l/2)+2
_5/ (Fod, — Fo®,)(God —God,)du
2(t/2]
1 2Lt/
= (Fo®)V,G+ (God,)V,F — — / (Fo®;, —Fod,)(Go®, —God,)du.
2(t/2]
Furthermore, we have
2(t/2)+2 2(t/2)+2
/ (Fod, — Fod,)(God, —God,)du= / (VoF — V. F)(V,G — V,G)du
2(t/2] 2(t/2]
2(t/2]+2
- / (V,FV,G + V, FV,G)du,
2[t/2]
[t/2]42
from the equality f2Lt/2J V.Fdu = 0. O
For any X € L'(Q2) and k € N we also note the identity
1 2k+2
E[X] = -E / X o ®ydul . (2.3)
2 [Ja

In addition, since f;:“ V.Xdu = 0 a.s. holds directly from the formula (2.1), for any
X,Y € L'(Q) we obtain

242 2%-+2 242 2%-+2
/ VUXVquu:/ VUXCIDUYdu—/ CDSYds/ V. Xdu

2 2

k 2k 2k k

2%+2
= / V. X®,Ydu, a.s. (2.4)
2%k

Definition 2.2 Given f, in the space E2(R’}r) of square integrable symmetric functions on
R? that vanish outside of
Api= | [2k1 —2,2k] x -+ X [2ky — 2, 2Ky,

kit >1
1<i#j<n

we define the multiple stochastic integral

g =n [ [ [ et = ), 1/2),

with respect to the jump process Y; := Z Liok—140,,00) (), t € Ry, which satisfies

L(fa) = zn: (—l)nr (:) (2.5)

/ / foRky — 1+ Uy oo 2k = 1+ Uy Y1y e ooy Yner)dys - - dYp—
ki Ak >17 0 0



The multiple stochastic integral I,,(f,,) satisfies the bound

E (L)) €0l fal2ogn gun . 721,

which allows us to extend the definition of I,,(f,,) to all f,, € ZQ(Ri), see Propositions 4 and
6 in Privault (1997). Under the additional condition

2%
fu(t,*)dt =0, k>1, (2.6)
2%k—2
i.e. f, is canonical in the sense of Surgailis (2003), the multiple stochastic integral I,,(f,)

can be written as the U-statistics of order n

Lif) = Y falki— 14Uk, ... 2k, — 1+ Us,),
k1 kn>1

with the isometry and orthogonality relation

E [In(fn)]m<fm)] - 1{n:m}n'<fna fm>L2(R+,dx/2)®"7 fn S EQ(Ri)a fm € EQ(RT)a (27)

see Proposition 6 in Privault (1997), which shows that the sequence (I,,(f,))n>1 forms a
family of mutually orthogonal centered random variables. Under the condition (2.6) we have

the relation
vt[n(fn) = nInfl (fn(ta *)) , te RJr? (28>
see Proposition 10 in Privault (1997).

The operator V also admits an adjoint operator V* given by

A (]n(gn-i-l)) = n+1(1An+1§n+1)7

where g, is the symmetrization of g, .1 € [AJQ(RZLF) ® L*(Ry) in n + 1 variables. Precisely,

the operator V is closable with domain
Dom(V) = {X € L*(Q) : E[||[VX|[72,)] < 0o} C L*(Q),

see Proposition 8 in Privault (1997), and satisfies the duality relation (or integration by parts

formula)
E [(VX,u)r2®, an/2)] = E[XV*(u)], (2.9)

which shows that V* is closable as well, with domain Dom(V*) C L?(2xR, ). The operators
(V,V*) are linked by the Skorohod isometry

E[V*uV*] =E [/ utvtdt} +E {/ / V. Vivg ds dt} ,
0 o Jo
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see Proposition 9 in Privault (1997), which yields the Poincaré inequality

E[|[V*u]’] <E VOOO |ut|2dt] +E [/OOO /OOO |Vsut|2dsdt] : (2.10)

Finally, every X € L?(2) admits the chaos decomposition
X =EX]+ ) L(fa). (2.11)
n=1

for some sequence of functions f, in /I:Q(Rﬁ), n > 1, cf. Proposition 7 in Privault (1997).
Moreover, under the condition (2.6) the sequence (f,),>1 is unique in ZQ(Ri) due to the

isometry relation (2.7), and in this case we have

E[X?] = (E[X])* + Zn!anH%Q(]Ri,(dx/Q)@“)‘ (2.12)
n=1
The operator L defined on linear combinations of multiple stochastic integrals as

LIN(fn) = _V*vtln(fn) = _nIn(fn)v In € /L\z(]Rth—)v

is called the Ornstein-Uhlenbeck operator. By (2.11) the operator is invertible for centered
X € L*(R), and its inverse operator L™ is given by

LU () = —%]n(fn), n>l (2.13)

In fact, we can easily derive the form of any real power of —L, i.e. it holds
(—L)*I,(fn) = n“L,(fn), n>1 aeckR.

We also recall that, by Proposition 5.3 in Privault and Serafin (2022), for every f, €
32(]1%1) there exists f, € ZQ(R?F) given by

Falttseoiitn) = Uy Ty Fults,. . tn), (2.14)

satisfying (2.6) and such that I,,(f,) = I,,(f.), where
1 fl/2)+e
\I}tif(t17 Ce 7tn) = f(tl, Ce ,tn) — 5 / f(tl, Ce ,ti_l, S,ti+1, c. ,tn>d5’,
2[t;/2]

1=1,...,n,t,...,t, € R,. We end this section with the following multiplication formula

for multiple stochastic integrals, see Proposition 5.1 in Privault and Serafin (2018). Letting



nAm = min(n,m), for 0 <1 < k < nAm we define the contraction f,, x g, of f,, € ZZ(R?F)
and g, € ZQ(RT) as

fn*iQm(Z/la---aynflazlu---vszk) (215)
1

::E lfn(xl,...,xl,yl,...,yn_l)gm(xl,...,xl,yl,...,yk_l,zl,...,zm_k)dxl---dxl,
R
+

and we let f, % g, denote the symmetrization

fn’;i; gm<x1a-'~7xn+m—k—l)
I[Aernikil(xl, e ,.I'ner,k,l) l
n*g 9m\To(1)s - - -y To(mtn—k—1))-

U€2m+n7k71

Then, for f, € L2(R?) and g,, € L2(R™) satisfying (2.6), the following multiplication formula
holds:

) () = mzk' (V) () rorariion. e

1=0

whenever f, x& g,, € LQ(RTJ“"”“’Z') for every 0 <i < k < m An.

2.2 Multiple stochastic integrals and Hoeffding decomposition

Although the multiple integrals (chaoses) seem a little abstract, they are in fact very well
known objects. Namely, we can call them degenerate U-statistics. To explain the context,
let us recall the definition of the Hoeffding decomposition.

Given (X1i,...,X,) a family of independent random variables and [n] := {1,...,n},

n > 1, the family (F;) cp, of o-algebras is defined as
Fr=0(X; : je€J), J C [n].

Definition 2.3 A centered F,-measurable random variable W,, admits a Hoeffding decom-

position if it can be written as

Wo=>_ Wy, (2.17)

JC[n]

where (Wy)jcp) s a family of random wariables such that Wy is Fj-measurable, J C [n],

and

E[WJ‘IK]:O, JZKC[R]
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If we take the sum over |J| = d for a fited 1 < d < n, we call W,, a degenerate U-statistic

of order d. In particular, for any U-statistic we may write
= 3w 219
d=1

where W% are the degenerate U -statistics of order d

For J = {ki,... . k.j} with k1 < ks < --- < k), any Wy in Definition 2.3 can be written as
a function W; = g](Xkl, e ,ka) of (Xkl, . ’Xku\)’ with in particular

E g (X;:5€J)| Fapy =0, keJ, (2.19)
and
W= 9s(Xur,- - X)) (2.20)
JCn]

Note that if X; = U;, i € [n], then the chaos decomposition (2.11) coincides with the
Hoeffding decomposition (2.17), by taking

1
Wi; = —
T

and condition (2.19) is equivalent to (2.6). Furthermore, any sequence (Xji,...,X,) of

f|J|(2k‘1—l—l—l—Ul,...,ka,l+1+U‘J‘,1,2k‘m—|-1+U|J|), J C [n],

independent random variables with distribution functions (Fx,, ..., Fx, ) is distributed as

L (U +1 . (U,+1
(st (B57) o (57)).

where (F )}11, L F gj) are the generalized inverses of (Fy,,..., Fy,). For instance, for f; €

L?([0,2n)]), the stochastic integral

L) = nz_l <f1(2k 14U — %/:M f1<t)dt>

k=0 k

represents a sum of independent centered random variables (degenerate U-statistic of order 1)

n

L(f) £ (Xi — E[Xy)) (2.21)

k=1
by taking fi(z) = Fx'((z +2)/2 — k), z € [2k —2,2k), 1 < k < n. Analogously, we
may represent any degenerate U-statistic of order d as I4(f;) for suitable function f; and
therefore the chaos decomposition (2.11) becomes the Hoeffding decomposition (2.18). For
this reason, investigating the multiple stochastic integrals is very natural. It also explains
the special attention we put on the sums of the multiple stochastic integrals, as it allows us

to deal with any U-statistic in the most general sense.
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2.3 Fourth moment bound

The main result of this subsection is the below-given fourth order moment bound stated in

terms of the gradient operator V.

Proposition 2.4 For any X € L*(Q) we have
2
E [X*] < 36E[|VX||72m,)) + BEIVX | 11g,)] + 2 (E[X?])". (2.22)

Before passing to the proof, we present a covariance relation, that can be obtained as in
Proposition 2.1 in Houdré and Privault (2002) and also plays a crucial role in the proof of

Theorem 3.1.

Lemma 2.5 Let o € R and X,Y € L*(Q) such that L**X € Dom(V) and L™°Y €

Dom(V). Then we have the covariance relation

Cov(X,Y) = E [ /0 Oo(Vt(—L)O“lX)(Vt(—L)‘O‘Y)% | (2.23)

Proof. We have
Cov(X,Y) = E[X-E[X])(Y -E[Y])]
= —E[L(—L)* X - E[X])(=L)"*(Y — E[Y])]
— E[V'V(-L)" (X — E[X])(~L)(Y — E[Y)]

= 38| [ @ nr @ o).

Proof of Proposition 2.3. By the covariance relation (2.23), we have

E[X*] = Var [X?] + (E [x?])?

B A —"

(VAN
N~ N~

\/E [T wepa | [T 1va o - Bl ] - @)
E [/Ow !vt<X2>l2dt} + (E [X?])%,

where we applied (2.8), (2.12) and (2.13). Since

<

(X 0 @)V, X = XV, X + (X 0 ®, — X)V,. X

12



1 2|_t/2j +2
— XV,X + <th _ (X - / Xo @udu) ) v, X,
2[t/2]

by the relations (2.3)-(2.2) and the bound (a+b+¢)? < 3(a® + b* + ¢*), a,b,c > 0, we have

0o 00 1 2(t/2]+2 2
E U |Vt(X2)|2dt} = / (2(Xo<1>t)VtX——/ (|VtX|2+|VuX|2)du) dt
0 0 2 Jajey2)

0 0 1 2le2)+2 2
4/ (thX)th+4/ (th— (X— —/ Xo@udu))VtX dt
0 0 2 Jalt/2)
1 [ 2(t/2]+2 2
+—/ (/ (|VtX]2+\VuX|2)du) dt
4 Jo 2(t/2]
/ (XV, X )th]
2(t/2]+ 1 [2l/2)+2 dv
[ (v (xome L [ x o) o) 2
2l1/2) 2 Japiye 2
2|t/2]|+2 2
/ (/ (|VtX|2+|VuX|2)du> i
0 2(t/2]

211/2) d
/ ((ViX = V,X) ViX)* dt]
21t/2]

00 2|t/2]+2 2
/ (/ (|VtX|2+|VuX|2)du) dt
0 2(t/2]
00 2 00 2(t/2]+2
(/ \VtXPdt) / |th\2/ (VX2 + |V, X| )—dt
0 0 2

[t/2])
+ 3E { / (VtX)“dt}
0

%) 2
( / |VtX]2dt>
0

< 3E

= 12E

+ 12K

3
°F
"1

= 12E + 12

X? / (VX)) dt
0

3
°F
"1

+ 12E

< 12J E[X]E

+ 15K { /O Oo(th)4dt] :

< 12J E[X4]E

Thus, we get

E[X?] < 6J E[X‘YE

00 2
(/ |VtX|2dt>
0

. 1_25]E [/Ow(VtX)‘*dt} + (E[X?])".

Denoting

(/Ooo |VtX|2dt>2], b= %E {/Om(VtX)“dt] + (E[x?])°

13



and x = /E [X*], we rewrite the last inequality as z*> < 6ax + b, which gives x < 3a +

V9a? + b and consequently z? < 2(9a? + b) + 18a® = 36a* + 20, which yields (2.22). O

3 General results

3.1 Statements and discussion

Our main result is a Berry-Esseen bound on the Kolmogorov distance dgx (X, N') between
the standard normal distribution N' on R and a general functional X of the uniform i.i.d.
sequence (Uy)gen on [—1,1], using the operators V and L. This result extends Proposi-
tion 4.1 in Krokowski et al. (2017), see also Theorem 3.1 in Krokowski et al. (2016) and
Proposition 2.1 in Privault and Serafin (2020), from functionals of Bernoulli sequences to
more general functionals of independent random variables. We note that in comparison with
Theorem 4.2 of Lachieze-Rey and Peccati (2017), which is obtained in a discrete-time inte-
gration by parts setting, the variance term (3.2) in Theorem 3.1 can be easier to control,
in particular it vanishes when X = I;(f;) is a first chaos random variable. Before stating
our main result, let us mention that the Wasserstein distance has been approached in the
framework of this paper in Privault and Serafin (2018) and Privault and Serafin (2022),
which resulted in the bound (see Proposition 2.4 in Privault and Serafin (2022))

dw (X, N) <|1 - E[X?]| + \/Var [/OO VtXVtLlX%] (3.1)

v 2\/E[<<—L>—1/2X>21 | v 5

Below, we present an extension of (3.1) to the Kolmogorov distance. This general result will
be specialized to sums of multiple stochastic integrals in the next two propositions. Those

results will be applied to general and degenerate U-statistics in Sections 4 and 5.

Theorem 3.1 Let X € Dom(V) be such that E[X] = 0. We have

dg (X, N) <1 —E[X?]| + \/Var MOO VtXVtL—lX%} (3.2)
+ g\/E {/Om(th)4dt} ( (E (X' E </Ooo |VtL‘1X]2dt)2 )Uj \/7%\/]]1: [((—L)—1/2X)2]>
+4 <E VOOO (1+2(-L)"?) (|VtX|2))2dt] E [/0 "

14
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Direct application of Theorem 3.1 might be quite cumbersome, however, this is rather typical
in the area. One difficulty is estimation of the variance term, the other one is involvement of
the operator L™!. The next proposition applies Theorem 3.1 to sums of multiple stochastic
integrals, which, as explained in Section 2.2, covers U-statistics in full generality. It extends
Theorem 3.1 of Privault and Serafin (2020) from functionals of Bernoulli sequences to func-
tionals of independent random variables, see also earlier results such as Proposition 3.7 in

Nourdin and Peccati (2009) in the case of multiple Wiener integrals. In the sequel, we denote
dw/K(X, Y) = Inax {dw(X, Y), dK(X, Y)}

Proposition 3.2 For any X € L*(Q) written as a sum X = Yo  Li(fi) of multiple
stochastic integrals where fi € Zz(Rﬁ) satisfies (2.6), k=1,...,d, we have

dw/k(X,N) <E[|1 - E[X?]|] (3.3)
+Ca | 3 A fillagey + 0 (i Allageen, + sk FillZagees) )
0<i<i<d 1<i<i<d

for some Cy > 0.

We note that the constant Cy might be precisely calculated from the proof of Proposition 3.2.
The simplest example of application of Proposition 3.2 to sum of multiple stochastic integrals
is the quadratic form discussed in Section 5, which leads to the bound (5.8).

Next, due to the identity V,L™'I4(fs) = 1,1 (fa(t,*)), d > 1, the bound in Theorem
3.1 can be significantly simplified in the case of multiple stochastic integrals I;(f;), which

represent degenerate U-statistics.

Proposition 3.3 For X = 1;(f4) a multiple stochastic integral of order d > 1, we have

dwx (X, N)

< |1-E[XY|+ é\/\/ar Uooo(thV%} L2 55/3]m\/1@ {/Om(VtX)‘ldt}

|1 —E[X?]] + \/Var [/OOO(VtX)th} + 31\/1}3: Uooo(vtxyldt} : (3.4)

The bound (3.4) has been obtained for the Wasserstein distance in Privault and Serafin

IN

(2022) with different constants, see Proposition 2.4 therein. As an example, recall that by

(2.21), a sum of independent random variables S, = >, X might be represented as a

15



single stochastic integral I 1( fl) of fi. Then, since the variance term in (3.4) vanishes for

X = I(f)), for S, = w])/\/ Var[S,] we get

() < ﬁ\ ) RGRCORERANE

31 Z 4
= m\ 2;”—‘: (X — E[Xk])"],

which provides a quantitative bound with explicit constant in the Kolmogorov distance for

the L* Lyapunov Central Limit Theorem, and implies the fourth moment bound
dw,x (Sn, N) < 3121/ |E[S2] - 3].

In order to formulate the bound (3.4) in a framework closer to e.g. Lachieze-Rey and Peccati

(2017), let us assume that X as written as X = f(U) with U = (U, Us, Us, ...) and let
Ajf(U> U/) - f(U) - f(Ub R Uj—la U]/7 Uj+17 s )a

where U" = (U{, U}, U}, ...) is an independent copy of U. Then, for j € N and sufficiently
integrable h : R — R we have

2t dt :
B[ [ nvsw)g| - EnEn o) o)

hence (3.4) can be rewritten as

dw/k (X, N) <|1 — E[X?]]

+ 2 | Var

ZE E[A, f(U,U)|U])°]

7j=1

+31V2 Z]E A £ (U, Un0))Y,

where by E; we denote the expectation with respect to U; only.

3.2 Proofs

Proof of Theorem 3.1. The beginning of the proof of Theorem 3.1 follows the general
argument applied in the literature on the Stein method and the Malliavin calculus in discrete
settings, see Peccati et al. (2010), Nourdin et al. (2010a), Peccati and Théle (2013), Privault
and Torrisi (2015), Krokowski et al. (2016), Krokowski et al. (2017). However, the rest

of the proof presents significant differences as specific arguments are needed to bound the

16



remainder terms using the Kolmogorov distance. For any z € R, let f, denote the unique

bounded solution of the Stein equation

which is continuous, infinitely differentiable on R\{z}, and satisfies 0 < f,(z) < /7/8 and
|fi(z)] <1, z € R\{z}, see Lemmas 2.2 and 2.3 in Chen et al. (2011). From the Stein
equation (3.5) we have the bound

dx (X, N) < sup E[f,(X) — X fo(X)].

zeR

For every f € C'(R), the finite difference operator V satisfies

1 2L+
Vif(X) = 3 (f(X 0®y) — f(X 0®y))ds
211/2]
1 2L/l pXod—
= —/ / (X + u)duds
2 Jole)2) Xodb,—
1 2|_t/2j+2 XO‘I% X Xod;—X
_ -/ (/ (F/(X +u) — f’(X))du+/ f’(X)du) ds
2 Jayt/2) Xob,— Xob,—X
2Lt/2j+2 Xod,—
= f(X)V,X + = / / (X +u)— f(X))duds, teR,.
21t/2) Xob,—

Hence by the duality relation (2.9), we have

E[f'(X) — X f(X) f@ﬂ—f()(‘7v) X]
_ E[f’ ——/ V. f( LlX)dt}

= E{f (X) (1—5/ Vi X(— VtL‘lX)dtﬂ
42 IE[ / /2 A / T ) - f’(X))dudthL‘let]. (3.6)

1t/2] Xo®,—

By the covariance relation (2.23) applied with v = 0 and the fact that E[X] = 0, we have

E[X?’] =E [/Ooo(vtx)(—vtL X)Cﬂ

hence from the bound || f!|l« < 1 and Jensen’s inequality we obtain

‘]E [f’(X) (1 — %/OOO VtX(—VtLlX)dtﬂ ‘

<E Hl - %/ VtX(—VtLlX)dtH
0

17



1 [ > dt
< |1 -E[X?|+E H—/ VX (-V,L'X)dt — E U (Vi X)(=V: LX) — ] H
0
1o dt
<|1 - E[X?]| + Var Vi X(—=V. L™ X)2 (3.7)
Next, from the Stein equation (3.5) we have

Xo®—X

/ (f:::(X+u)_f:;(X))du:As,t(an)_’_Bs,t(an)u CL’GR,
Xob—X

where

A X)i= [ (X L0+ 0) - XL

Xo®y—X
and

Xo®i—X
B, i(r, X) = / (1{X+qu} - 1{X§x})du-

Xo®,—X
Thus, applying this and (3.7) to (3.6), we get

E[f(X) - Xf(X)]| < |1 -E[X? +Var{/oo VtX(—VtL_lX)%} (3.8)

2\t/2]+2
‘E[/ / Ag (2, X)dsV L™ 1th”
2(t/2]

21t/2)+
‘E[/ / Bay(z, X)dsV,L 1th”.
2(t/2]

_|_

+

B~ = ]

Using the inequality

u,w € R,

e+ )+ w) )] < (ol + Y25 )l

see Lemma 2.3 in Chen et al. (2011), we estimate

max(Xo®;—X,Xod;—X) 2
Ao, X < | Qm+l1)mm

© Jmin(Xo®,— X, Xod;—X)

5 |Xo®;—X]|
< (MTer) [l
4 | Xobs—X|

(S

G )(|Xo<I>S—X|2+|Xo<I>t—X|2).

Then, by the Cauchy-Schwarz inequality we have

[t/2]+2
' |:/ / st .’ﬂ X)dsvt 1th:|‘
2(¢t/2]

1 2|t/2|+2
- [/ / <_+|X|>(]Xo<1>t—X|2+|XocI>s—X|2)|VtL‘1X]dsdt
2 2(t/2]

IA
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1 2(t/2)+2 )
1 U / (X 0@ — X|>+|X 0@, — X") dsdt}
2 2(t/2]

<\f \/ vtL1X)2dt1 + \/ 2K [ /0 OO<XVtL1X)2dtD - (39)

Next, by the inequality (a + b+ ¢)* < 3(a? + b* + ¢?), a,b,c > 0, formula (2.23) with a =0

and the relation (2.3), we get

2(t/2]+2 )
U / (IX 0 ® — X|* + X 0 &, — X|*) dsdt]
2[¢/2]

2(t/2]+2 [t/2]+2 2
/ / / (| Xo® —Xo0d,)+|Xo0d,— X0d,[%) dvdsdt}
0 2(t/2] 2(¢t/2]

co  p2lt/2)42  p2(t/2]+2 )
/ (VX — V. X*+ |V, X — VUX|2) dv ds dt}
0o Ja2[t/2) 21t/2]

0o p2lt/2]42  p2(t/2)42 )
<E / / ’VtX‘Q‘i‘ ’VSX!2+2]VUX\2) dvdsdt]
2

0 2(t/2] [t/2]
oo p2|t/2]+2 2Lt/2j+2
< 3E { / / / + (VX)) +4(V, X) dv ds dt}
2|t/2] 2|t/2]
=T72E { 4dt}

Furthermore, by Lemma 2.5 applied to X and (—L)™*X with a = 1/2, we have

E VOOO (vtle)%zt] = 2E[((—L)"V2X)]

(/OOO(VtL—lXP)Q dt] .

Applying the last three inequalities to (3.9), we finally obtain

2Lt/2J+2
{/ / X)dsV,L let]
2(t/2]

and

E [/OOO(XVtL‘lX)th} <, |E[XYE

< 6\/E/OOO(VtX)4dt< <E (X' E

(ViL7'X), which is valid for 2|t/2| <wv < 2[t/2] 4 2, and get

2(t/2]+2
[/ / By i(x, X)dsV L~ 1th}
2|t/2]

19

(/Ooo(vtLlX)?)2 dt] > i + g\/E [((_L)—1/2x)2]> _

Regarding the last term in (3.8), we use (2.3) and the equivalence (V,L7'X) o @,



oo 2Lt/2J+2 Xod,
‘E[ (/ (Liu<ay — 1{X<x})du> dthL_let] ‘
0

2(t/2] Xod,

[t/2]+2  p2[t/2]4+2  pXod:
‘ {/ (/ / / 1{U<z} - 1{X0@U<z})dud5 dv> Vt[,l)(dt} ‘
0 2(t/2] 2t/2] Xo®, - =

e 2m+2
E Z/ n(t, X)V, L™ 1th] , (3.10)
2m
where
2m+2 2m+-2 Xody
m(t, 7, X) / / / 1{u§x} - 1{Xo¢>v§x})du dsdv, 2m <t <2m+ 2.
Xod,

Next, we rewrite K,,(t, X) as follows

2m+2 Xod, 2m+2
5 %) / / / <1{X°<I>t§w} - 1{Xo<1>v§z})d'0 duds

Xod,
2m+2  pXod: ,2m+2
/ / / (1{US9€} - 1{qu>t§;p})dv duds
Xod,
2m+-2 qu)t
Xodg

2m—+2 Xod;
= —4thvt1{X>m} + 2/ / l{ugm} — 1{Xo<1>t§m}) duds, (3.11)

Xodg

where we used the equality Vi1ix<,; = —Vi1lx>,}. Next, we consider two cases.

(1) If X o ®; > x, we have

20t/2]42 pXod,
Km(t, x, X) = —4thvt1{X>x} + 2/ / ]_{ugx} duds
2(t/2] Xod,
2(t/2]+
= —4thvt]_{X>z} + 2/ 1{XO<I>s§x} (33 —Xo (I)s) ds. (312)
2(t/2]

Note that the last expression depends only on m := [t/2]| and may be bounded for x <
Jorm 22 X o @y, du/2 as follows

2(t/2]+2
0 S / 1{XO¢S§$}(:L' —Xo (bs) ds
2

[t/2]
2m+2

2m—+2 2m+-2
= iL‘/ 1{XO¢’SS$} ds — / Xo (budu + / 1{Xo<1>u>x}X ] CIDudu
2 2

m m 2m

1 2m-4-2 2m+-2

2m+2 1 2m+2
+/ 1{Xo<1>u>:E}X © (Dudu - 5/
2

m 2m

2m—+2

1{qu>s>a:}d3/ X o®,du
2

m

20



2m+-2 1 2m+-2
< / (1{Xo<1>u>m} - 5/ 1{Xo<1>s>x}d5> Xo (I)udu
2 2

m m

2m—+2
_ / Vol ixon X 0 Budu
2

m

2m—+2
= / Vul{XM}VuXdu,
2

m

where we used (2.4) to obtain the last identity. Consequently, for z < |. 22

o X 0@, du/2 we

get

2m+2
/ 1{Xo¢t>$}Km(t,X)VtL*1th
2

2m+2
<4 / \ViXVilixsay Vi L' X | dt (3.13)
2m
2m—+2 2m+-2
+2 / VXV 1ixsaydu / Vil{xsap Vo L7 Xdt|
2m 2m

where we also changed 1;xcp,>2) into Vilixs,) in the last integral, which is justified by

(2.4). In order to obtain the same bound in the case z > f;;nHX o &, du/2, we rewrite
(3.12) as
2(t/2]+2
Km(t,x,X) = _4thvt]-{X>z} + 2/ 1{XO<I>SS.'E}($ —Xo (I)t + VtX — VSX) ds
2(t/2]

2|t/2]+2
:2/ 1{qu>s<x}<ZL’—X0(I)t—V5X)dS
2(t/2) -

2m+2 2m+-2
= 2/ VSI{X>$}VSXCZS - 2/ 1{XO@SS13} (X o (I)t — x) dS,
2

m 2m

and we estimate the last integral by

2m+-2
0 S / 1{X0‘1>3Sx} (X e} @t — l’) ds
2

m

2m~+2 1 2m+2
S / 1{X0<I>S§x} ds (X o Cbt — 5/ Xo (I)U du)
2m 2m

= _thvt]-{XSx} = thvt]-{X>x}7

which shows that the inequality (3.13) is valid for all x € R under the condition x <
X o ®;. Thus, applying the Cauchy-Schwarz inequality several times and using the bound
|Vilix<z| <1, we obtain

E

m

o0 2m+2
Z / 1{Xo<I>t>J:}Km(t,.T,X)vtL_let]
2

m=0
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<4,|E
m=0

2m—+2
Z/ |Val(xsay| [VuX Pdu
—0Y2m
0 2m+2
+4,|E E Z/ (Vulixse)2(Vu L 1X)2du
m=0" 2m

gs\/E U \Vul{XM}HVuXPdu}E{/ \vu1{X>z}\(vuL1X)2du].
0 0

By the duality relation (2.9), Holder’s inequality and the formula (2.10), we get

E UOO Vulixsay] ]VuX|2du]
0

=K |:/ Vul{X>x}sgn(Vu1{X>x})|VuX|2du}
0
=2 [1{X>,3}V* (SgIl(Vul{X>x})|vuX|2)}

2\/IE [(V* (sen(Viulixsq}) |VuX|2))2}

2\/IE VO (VuX) 4dt] +E [/ / (5en(Voul{x5ay) |V X |2 ))stdu} (3.14)

Next, we observe that by the covariance relation (2.23) with o = %, we have

[/ / sgn (Vulixse))| Vo X| ))2d3du1
[/ 1{vu1{x>x}>0}/0 (Vs (\VuX|2))2d8+1{vu1{x>x}<0}/0
[/ / s (IVuX] ))stdu}

—om [ [T (0 (v ).

Applying this to (3.14), we get

E[/Ow\vul{m}\\vuxﬁdu]sa\/E[/f«Ha( L) (9. X dul,

and analogously we obtain

00 2m+2
E ZO /2m |Vu1{X>w}|(VuL1X)2du]

00 2m+2
> / (Vul(xsa))?|Vu X 2du
2

m

m=0

IA

o0

(Vs (—|VuX]?))" ds du}

B [ 1Vidien| (LX) < 2\/ B[ (20 (T X)) ],

which eventually gives us

[e.o]

2m—+2
Z / 1{Xo<I>t>a:}Km(t,$,X)VtL_let]
2

m

E (3.15)

m=0
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<oz [ (a0 ()

- ) 1/4
x E {/0 ((I + 2(—L)1/2)1/2 ((VuLﬂX)?)) du] > . (3.16)

(77) In case X o &; < x we observe that, denoting
XOCDt

2m+-2
K (t x X) = —4V th]-{X>:p} + 2/ / 1{u<m} - ]-{Xo<I>t<:B}) du dS:

Xodg

which comes from (3.11) by changing weak inequalities into strict ones and conversely, and

repeating all the above argument, we arrive at

0 2m+2 B
B / 1 xod,50) Ko (t, 2, X))V, L X dt (3.17)
2

m

m=0

<16 <E [/OOO (I +2(=L)"2) (1V.X]%))*d } E UOOO (IT+2(-L)"?) ((vuL—1X)2))2duD

Next, by (3.11) we have, for m = [t/2] and X o &, < z,

2m—+2 Xod,
K (t i X) = —4thvt1{X>x} + 2/ / l{ugx} - 1{X0¢>t§$}) duds
Xod,
2m—+2 Xod,
== 4VtXVt1{X<$} — / / 1{u2x} - 1{X0‘I>t2$}) du ds
Xodg
2m—+2 Xod,
- 4thvt1{ X>—z} — / / 1{—u§—a:} - 1{—Xo¢t§—x}) duds
Xodg

2m—+2 Xod,
= —4Vt( X)th{ X>—x} —f-/ / ]-{ug—x} - 1{—X0¢t§—x}) duds

Xodg
= Kp(t,—z,—X).

Thus, using (3.17) with —z and —X instead of z and X respectively, we get

S 2m—+2
EY / 1 xod, <o) Ko (t, 2, X))V, L X dt
2

m

m=0

[e.9]

2m—+2 .
> / 1 Xowy>—a) K (t, —2, =X )V, LN (= X)dt
2

m

E

m=0

<16 (E [/OOO (1 2(-1)"2) (IV.XP))*d } E [/Om (L4 2(~1)"2) ((vupX)z))zduD
Combining (3.15) and (3.18) with (3.10), we finally obtain 19
/ /2W2J+2 By i(z, X)dsV, L~ 1th]

1
4 2(t/2)
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1 o 2m—+2 B
"8 ¢ mzzo/Qm (1{Xo<1>t>x} + 1{Xo<I>t§:c}) K (t,X)V,L let]
<4 (IE [/ (T4 2(=L)"?) (|VUX|2))2du] E [/ ((T+2(=L)"?) ((VULIX)2))2du])
0 0
which ends the proof. ]

Proof of Proposition 3.2. The bound for Wasserstein distance has been derived in The-
orem 3.2 in Privault and Serafin (2022), so we will focus of the Kolmogorov distance. Since
|V X]? and (V;L7'X)? are sums of multiple integrals of orders 2d — 2 and below, the rela-
tion (2.12) shows the bound

E[((1+2(-L)"?) (IV.X]%))*] < 2dE [(V.X)] |

and
E[((T+2(-L)"?) ((vtL—1X)2))2} < 2dE([ (VtL‘lX)4].

Additionally, by (2.12) we also have

E[((-1)72X)] <E[X?] < VE[XT].

Applying these inequalities to (3.2) in Theorem 3.1, we get

di(X,N) < |1 —E[X?)| + \/Var [/OO VtXVtLlet]
0

+ g (B [x*])"* \/E /Ooo(vtx)4dt(1 + (IE (/Ooo(vt/:lX)?dt)?DM)
+ 6d\/IE [/OOO (VtX)4dt] E UOOO (V,L-1X)* dt] .

ik
Rx = Z Zzl{i:j:k:l}c

1<i<j<d k=1 1=0

it follows from the proof of Theorem 3.2 in Privault and Serafin (2022) that

Denoting

l 2
fl *k f] HE2(R:‘FJ7}€71) 9

Rmd< > Al + D (||fz-*§fi\\;(Riu_n)+Hfl*ifiu;w)),
0<i<i<d 1<i<i<d

(3.19)
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and
Var { / h VtXVtL‘let] < c4Ry, E [ / Oo(th)‘*dt] < c4Rx, (3.20)
0 0
for some cq > 0. Taking L™'X as X in the last inequality, we also have
E { / OO(VtL_lX)‘*dt} < d,Rx,
0

for some ¢/, > 0. Furthermore, since

d—1

V.L'X = Z I (frea(t, )
k=0

and the functions f; satisfy (2.6), the multiplication formula (2.16) gives

o - ik
[ [T S S S e (it ) Rl )
0 0

0<i<j<d—1 k=0 =0
ik o
~1
= E E E Cijikdipj—k—1 (/ fir1(t, ) xp iz (2, ')dt)
0<i<j<d—1 k=0 1=0 0
for some ¢; j;r > 0, and consequently

7

</OOO(VtL1X)2dt)2] <ca Y, Zli(;

0<i<j<d k=0

i k
— Z Z Z H (f“'l *ggt-llfj-kl) Hi2(Rir+jfk—l)

0<i<j<d k=0 =0

ik
=4 ( Z Z Z Limj=k=t}°

1<i<j<d k=1 1=0

<cq (Rx + (E[X?)?) .

2

E

(/ooo Jira(t) 5 fi (ts ')dt)

LQ(Ri—Jrj*k*l)

d
(fz *ij) Hiz(RiJrjfkfl) + Z (fZ *;fz)2>
=1

Similarly, we get for some C; j; > 0

i

i 2
E [X*] < ¢.E ( > > Cigunivj—n—t (fz‘ 12]2-))

0<i<j<d k=0 1=0
ik

< ¢y Z ZZHfi*ijHi?(RT*’“’Z)

0<i<j<d k=0 [=0

d
= Cd (RX + Z (fi *Zfi)2 + Z Ji *8fjHi2(R3r+j)>
i=1

1<i<j<d
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(RXJrZIIszL?Rz)Jr S Ul fg|IL2R]>>
1<i<5<d

<cq (Rx + (E[X?))?) .
This finally gives us
dic(X,N) < |1 —E[X?| + car/R ( ((Rx + E[X2])1/4+1)2>.

Since dg (X, N) < 1, we may assume that E[X?] and Rx are bounded, which implies

dg(X,N) <1 — E[X?]| + cav/Rx,

and the assertion of the corollary follows from (3.19). =

Proof of Proposition 3.3. First, let us observe that we have

(—L)"I4(fa) = %Id(fd)a

and, by the covariance identity (2.23) applied with « = 0,

E[X?] = %Z]E [/OOO |VtX]2dt] | (3.21)

Then, Theorem 3.1 and the bound (3.1) give us

e (X.N) < |1~ E[X7]| + \/Var [

f\/ | 4dt<( X }(szanOmIVtXth]+4<E[X2]>2))1/4+§ E[X2]>

e[ o geoamya] )

Since dy (X, N) < 1 by definition, we may assume that \/Var [J5T IV X 2dt/2] < d and
E[X?] < 2. Hence we get

(IE [X*] (d2\/ar [/OOO |VtX|2dt} +4(E[X2])2))1/4 + \/7% E [X?]

< W(Vﬁ+§) s%‘E[X”‘]-

+

ISH T
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Furthermore, since |V, X|? is a sum of multiple integrals of orders 2d — 2 and below, we have

by (2.12)
E[((2(-=0)"2 +1)(IV,:X]})?] < <2\/2d -2+ 1)21@ [(V.X)"] <9dE [(V,X)"].

Combining all together we obtain the first inequality from the assertion. Next, applying

Proposition 2.4 and enlarging some constants, we get

dwx (X, N)

< —E[XY| + \/Var {/OOO |VtX|2dt] + \/IE [/Om(VtX)‘*dt]
X (12 + %( (36]E (/OOO |VtX|2dt)2 + 15E {/Ooo(vtx)‘ldt]) + 2 (E[X2])2>1/4>.

Using once again the inequality dg (X, N) < 1, we may assume \/ Var [ [° |V, X[2dt] < 1,
\/]E [J75(VeX)4dt] < £ and E[X?] < 2. Employing additionally (3.21), we get

o 2 0o 1/4
12 + 2 ( (s6m ( / \thPdt) + 15E { / (VtX)4dt] + 2 (1[-«:[)(2])2
\/El 0 0
5 o 2 o 1/4
=12+ —| [ 36Var ( / |VtX|2dt> + 15E { / (VtX)“dt] + (24 364%) (B[X?)
\/E 0 0
15 1/4
< 12+5<36+1—7+4(2+36)) < 12+ 5V189 < 31,
which ends the proof. ]

4 Applications to U-statistics

4.1 General U-statistics

The next Theorem 4.1 is a consequence of Proposition 3.2, using the fact that any random
variable can be represented in distribution as a function of a uniformly distributed random
variable, and makes more precise the central limit theorem of de Jong (1987; 1990). In
comparison with Theorem 1.3 in Débler and Peccati (2017), see also Theorem 3.7 in Débler
(2020), Theorem 4.1 is stated for the Kolmogorov distance instead of the Wasserstein dis-

tance, it applies to Hoeffding decompositions in full generality and not only to degenerate
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U-statistics for which |J| is constrained to a fixed value |J| = d for some d € {1,...,n} in

the sum (2.17).

Theorem 4.1 Let 1 < d < n. For any W, € L*(Q) admitting the Hoeffding decomposition
(2.17) with |J| < d, and such that E[W?] = 1, we have

( > E[(Wak)| ﬂ]ﬂ

|K|=l,KNJ=¢

+ > > E( > E[leuKWJ2UK|fJ1UJ2])2]

1<i<i<d | J1|=|J2|=i—1 |K|=l,K1N(J1UJ2)=¢
JiNJ2=¢

+ > DY E

1<1<i<d | J|=i—1

dw kW, N)<Ca| Y. D> E

0<i<i<d | J|=i—1

1/2

( > E[WkWiuk | fJ])QI , (4.1)

|K|=l,KNJ=¢

where Cyq > 0 depends only on d.

Proof. By representing X; as X; < F71((U; +1)/2) where F; ! is the generalized inverse
of the cumulative distribution function F; of X;, ¢ = 1,...,n, we rewrite (2.20) as the sum

of multiple stochastic integrals

4

Wy ]k(fk);

ES
I S8
—

fk(xh N ,.’L‘k) = (42)

1 /T x L/ x
E Z gJ (Fill (51 - LéJ) ,---,Fikl <?k - L?kJ)) 1[2i1—2,2i1)x.~x[2ik—2,2ik)($17 cee 71:76)7

" J={i1,ik}C )
(z1,...,21) € RE. Next, denoting
N = (ks ko) 2 ko k> 1, k£ Ry ifi#£§, 1<i,j <m},

we have

Hfl *z fZHL2(R1 l

=D
2 [251—2,251) XX [25;—1—2,275 1)

jeNi—

Z/ (fi(z1, ..., z:))%day - - - day
= J[2k1—2,2k1) X - X [2k; —2,2;)

keN!
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dxqq - - dx;

<@-nwe Y /

| J|=i—1 (251,271 +2) X+ X [2];-1,2]i—1+2)
J= {.71 """" .77, l}
2
/ (fi($la---7xi))2dx1"'d$l dxiqq - dr;
K=l [2k1,2k1+2) X X [2k;,2,+2)
K={k1,...k}
2
<C E ( > E[(Wak)? |E]) ]
|J|=i—1 |K|=l,KNJ=¢

for some C' = C(d). Similarly, we get

| £i % fz'”iz(Ri(i—l)) <C Z E
[J1|=|Ja|=l—i
JiNJ2=¢

2
( Z E[WJlUKWJQUK | ~7:J1UJ2}> ]

|K|=l,KN(J1UJ2)=¢

and

|fi4d Bl sy <C Y0 E

|J|=i—1

2
( > E[WKWJUKMJ])], 1<l<i<d

|K|=l,KNJ=¢

We conclude by applying the above to Proposition 3.2, which yields the required bound.
O

4.2 Degenerate U-statistics

In this section we narrow our attention to the degenerate U-statistics of a given order d > 1,

which are random variables W), ; admitting the Hoeffding decomposition (2.17) with |J| = d.

Theorem 4.2 For any degenerate U-statistics W, 4 € L*(Q) of order d > 1, and such that
E[W?2,] =1, we have

dW/K(Wn,d)N) < Var

ZE Woa—E nd|{Xk:}D2 HXk}C]]

+24 QEZE[ nd — [Wn,dHXk}c})ﬂ

k=1

( Y. E[(Wuk)| mﬂ

|K|=l,KNJ=¢

_Cd<z Y E

0<i<d |J|=d—I

29



+> > E
1§l<d ‘J1|=|J2‘:d7l
JiNJa=¢

21\ 1/2
( Z E[WukW ok | ]:Jluh]) ]) ;

|K|=l,K1N(J1UJ2)=¢

where { X} ={X1,..., Xp_1, Xba1, ..., X} and Cy > 0 depends only on d.

Proof. The first bound is just the latter bound from Proposition 3.3 rewritten in a different

form. Namely, it is enough to take f; as in (4.2) and then we have for ¢ € [2k, 2k + 2)
ViWhna=E[Whna [ {Xi} Xy =t] —E [Wha [ {Xs}].

The other bound in the assertion follows from Proposition 3.3 in view of (3.20), (3.19) —

where the last sum is vanishing — and the proof of Theorem 4.1. O

Weighted U-statistics

As an example, we consider degenerate weighted U-statistics. Precisely, given (X1,...,X,)

an i.i.d. sequence of random variables with distribution v, we define

-1
n
Umd:() > wlkr, kg (X X)), 1<d<n, (43)

d
1<k <<kq<n

where w(ky,...,kq) € R is symmetric and vanishes on diagonals, and g (zg,,...,Tx,) €

L2(RE,v®%), 1 < ky < --+ < kg < n, is symmetric and satisfies
Elg (X1, 29,...24)] =0, (za,...,14) € RS (4.4)

The variance 2 of U, 4 is given by

-2
n
O'2 = Var[Un,d] = (d) ||g||%2(Rd’y®d) Z w2<k17 cee 7kd)'

1<k1 < <kq<n

The assumption (4.4) plays a technical role, which helps in simplifying the derivations.
Nevertheless, it covers important examples of U-statistics such as quadratic forms and their
multidimensional generalizations. Sharp bounds have been provided in Chen and Shao (2007)
in case (4.4) is not satisfied, but only in the case of classical (i.e. non-weighted) U-statistics.
See also Krokowski et al. (2016) for weighted first order U-statistics based on symmetric
Rademacher sequences, and Nourdin et al. (2016) for a fourth moment type central limit

theorem in case g(x1,...,x,) = 21 ---x, and X; has a vanishing third moment.
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In order to formulate the next result, given v a probability measure on R, we use the

notation
(V)l 1
fn * K gm(yh- s Yn—1, 21, - - 'azm—k) = 5 . fn(xla' XYLy 7yn—l) (45)
R+
XGm (L1, oo s T YLy oy Ykly 21y - - -y Zmeg)V(dTy) - - - v(dxy),

where f,, € L*(R}, v®"), g, € L*(R", v®™), which is a generalization of (2.15). Nevertheless,
the two definitions are used in different contexts since v is a probability measure and (4.5)
can be interpreted as an expected value of function of a random vector, while the contraction

(2.15) can be used to compute the expected value of a stochastic integral.

Theorem 4.3 Let U, 4 be a degenerate weighted U-statistics of the form (4.3). We have

Un
dw/k ( ’d,N)
o
(V)l

2
maxj<i<d-1 {Hg * gHLQ(Rd,V@d*l))\/Zk,reNd—l (> ment w(k, m)w(r, m)) }

Hg“%2(Rd,u®d) Zlgkl,...,kdgn w?(k, ..., ka)

IN

Cq

2
||g||%4(]1gd7y®d) maxi<i<d—1 \/Zk,reNd—l (ZmENl w(k, m)w(r, m))

”gH%2(Rd7V®d) ZmeNd wQ(m)

Ca

for some Cy > 0 depending only on d € {1,...,n}, where v denotes the distribution of X;.

Proof. By Theorem 4.2, we have

Un
dW/K ( 7d7N)

o

c
< X

() (2 o (o) et 2 (5 tm)

keNd—l \meN!
2
+ ) / / / g, y)g(x, )™ (dz) ) v (dy)v® @D (dz)
1§l§d—1 Rd—-1l JRA- R!

2\ 1/2
X Z (Z w(k,m)w(r,m))) .

k,reNd—! \meN!

Applying the inequality

S (Swtem) < 5 (S ocmuem)

keNd—! \meN!



to the terms in the first sum, as well as the inequality

/R o /R . < /R 9, y)g(=, Z)V®l(d:c))2y®(dl)(dy)y(@(dl) (d2)
:/Rdl /Rdl /Rlg(arl,y)g(xl,z)y@(dxl)/ (@, 1) g(22, 2)v2(dz )2 4D (dy) @D (d2)

R!

2

_ / / ( / g(xl,y)g(aa,mu@(d-”(dy)) VO (dey )v® (ds)

]Rl Rl Rd—l
:/ / / (21, 9) g% (wa, y)v® 4 (dy)v® (dy )v® (ds)

Rl Rl Rd—l

2
_ (v)

o O ) I R Vs

Rd—l Rl

where we used Jensen’s inequality, to the terms in the latter sum, we arrive at

Un
dw/k ( ’dyN)

o

_ 2\ 1/2
cy (n\ )
< ﬁ(d) ( Z lg * ll g”%Q(Rdﬂ,@(dfl)) Z (Z w(k,m)w(r,m)) >

0<i<d—1 k,reNd— \meN

v)

( 2
maxi<i<d-1 {Hg <1 gHLQ(Rd,u@’(d—l))\/Zk,reNd*l (ZmeNl w(k,m)w(r,m)) }

<Oy
HgH%Q(RdW@d) Z1gk1,...,kd§n w?(ky, - .., ka) ’

which is the first bound from the assertion. To obtain the other one, it is enough to employ

Jensen’s inequality once again as follows

2
v) .
lg | gll L2(ma oy = / ( / gz(fc,wv@l(dx)) v (dy)
Rd—l Rl
< / / g (@, )= (de)r D (dy) = |19l Lagpa o
Rd—l ]Rl

This ends the proof. 0

Taking w = 1, we have for 1 <1 <d—-1

Z <Z w(k, m)w(r, m)) ~ Z w?(ky,. .. kg) ~ n

k,reNd—! \meN! 1<k1,....kg<n

as n tends to infinity, where f =~ g for non-negative functions f, g means that there is
a constant C' > 0 depending on d such that f/C < g < C f. Applying the above equivalence

to the first inequality of Theorem 4.3, we immediately obtain the next corollary.
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Corollary 4.4 Let U, 4 be a degenerate weighted U-statistics of the form

—1
n
Un,d:(d> Z g(XkM--'vXkd)a 1§d§n

1<k < <kq<n

We have

(V)l
U, * L8 (d—
dW/K( ’d,/\/) < Cy max lg * 1 gz et ).
o

1<i<d-1 HQH%%Rd,u@d)

An analogous result dealing only with the Wasserstein distance has been provided in The-
orem 3.3 of Ddbler and Peccati (2019). Although the explicit values of constants have not
been provided for simplicity in Theorem 4.3 and Corollary 4.4, they can be fully computed

from the proof arguments.

4.3 Random graphs

Consider the Erdds and Rényi (1959) random graph G, (p) constructed by independently
retaining any edge in the complete graph K,, on n vertices with probability p € (0,1). Here,
we assign an independent sample of a random weight X to every edge in G, (p,), and we
define the weight of a graph contained in G, (p,) as the sum of weights of its edges. Then,

consider the renormalized random weight

o . Wi B
" Var[W¢] ’

where W& denotes the combined weight of graphs in G, (p,) that are isomorphic to a fixed
graph G. By writing the combined weight W of graphs in G, (p,) that are isomorphic to
a fixed graph G as a sum of multiple stochastic integrals (which is equivalent to finding its
Hoeffding decomposition) we obtain the following result as in Privault and Serafin (2022),

by replacing the use of Theorem 5.1 therein with Theorem 3.2 above.

Theorem 4.5 Let G be a graph without isolated vertices. The renormalized weight Wf of
graphs in G,(p,) that are isomorphic to G satisfies

dwx (W, N) < C min
eg>1

\/IE [(X —E[X])*] + (1 — p)(E[X])? (

~1/2
Var[X] + (1 — p)(E[X])? (1 —p) min anpeH> ;

for some constant C' = C(eq) > 0, where vy, ey denotes the numbers of vertices and edges,

respectively, of a graph H.
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Theorem 4.5 extends other Kolmogorov distance bounds previously obtained for triangle
counting in Ross (2011), and in Krokowski et al. (2017) using the Malliavin approach to the
Stein method, see also Rollin (2022) for triangle counting, Privault and Serafin (2020) for
arbitrary subgraph counting, and Krokowski et al. (2016) for weighted first order Rademacher
U-statistics in the symmetric case p = 1/2. As a consequence, if p, satisfies p, < ¢ < 1,

n > 1, we have

~1/2
wyx (W, N) < “EX7 ( Pn)glclgn j : (4.6)
eg>1
and for p, > ¢ >0, n > 1, it holds
E [X4]

dw/k (WnGaN) <C (4.7)

ny/1 — p,Var[X]

In particular, when X = 1 is a constant, (4.6) and (4.7) recover the Wasserstein and Kol-
mogorov bounds of Theorem 2 in Barbour et al. (1989) and Theorem 4.2 in Privault and
Serafin (2020). Applications to cycle graphs, complete graphs trees can be treated as in
Privault and Serafin (2022) by replacing the Kolmogorov distance with the Wasserstein

distance.

5 Quadratic forms

5.1 Context and results

We consider the quadratic form @),, defined as

Qn = Z ainin + Zakk (Xlg — E[X]?]) ,
1<ij<n k=1
i#j
where A, = (a;j)1<ij<n 1S a symmetric matrix, n > 1, and (Xk)k21 denotes i.i.d. copies

of a given random variable X satisfying E[X] = 0. In the sequel, we let py, := E[X"],
i = E[ (X2 —E[X2))*?], k > 2, and

n
on = VarlQu =E[Q}] =25 Y afj+iu) dl
1<i,j<n i=1
i
Many papers in the literature are devoted to asymptotical normality of quadratic forms. The

best known convergence rates in the general case where the diagonal of A may not vanish
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are given in Gotze and Tikhomirov (2002), as

i (Qn N) SC(,y)(ﬂ‘Z[le?’]) +7E[X6]|A1|, (5.1)

/ 2
n
Zlgi,jgn a;;

see Theorem 1.1 therein, where \; denotes the largest absolute eigenvalue of A,, v =

Doy @i/ i< j<pn 05 and the constant C(y) blows up when 7 tends to one, i.e. when

the linear part is dominating.

Vanishing diagonals

More is known if we assume the diagonal of A, to be empty, in which case de Jong (1987)

proved the asymptotic normality of @), /o, under the conditions

n

1
E [(Qn/an) ] —3 and U—lrgi); 1 a - — 0. (5.2)
iz

In addition, for (X%)r>1 a Rademacher sequence, Theorem 1.1 in Dobler and Krokowski

(2019) restricted to double integrals gives the corresponding bound

dy (Qn N) <C \/’E [(Qn/on)] —3| —|— — [max azzj ) (5.3)

On 1<z<n1 <1
The same bound may be concluded from Débler and Peccati (2017) for (Xk>k21 being any
i.i.d. sequence, but only in Wasserstein distance. Note that the quantity ma<x a2 corre-

j=1
sponds to “maximal influence”, see Mossel et al. (2010), Nourdin et al. (2010b).

The bound

dw(fn )gcg_g Z(z@ Z(Z) B

n =1 i,7=1

has been provided for Rademacher sequences using the Wasserstein distance in Proposi-
tion 3.1 of Chatterjee (2008), and has been recently extended to arbitrary i.i.d. sequences
using the Kolmogorov distance in Shao and Zhang (2019), Theorem 3.1.

Corollary 5.1 recovers this bound as an immediate consequence of Theorem 4.3 by taking
d =2, w(ky, k) = gy, 1 < k1, ko < n, k1 # ks, and g(y1,y2) = y1y2. Note however that
only the second term is significant in the right-hand side of (5.4), making the conjecture at

the end of Section 3.1 in Shao and Zhang (2019) pointless.

35



Corollary 5.1 Assume a; =0,1=1,...,n. Then, there exists a constant C > 0 such that

dK (o'n < CO';l Z Zazkakj = Co_—;l TI"(A%), n 2 1.

i,j=1 n

Corollary 5.1 also improves (5.1) for matrices A, with empty diagonal, since

VTr(Ad) Z/\4<|/\1 Z)\2<|)\1
k=1 k=1

Non-empty diagonals

(5.5)

Theorem 5.2 below generalizes and improves all the aforementioned results. First, in compar-
ison with the above bound (5.1) of G6tze and Tikhomirov (1999; 2002), it gives better rates
under weaker assumptions, as noted in (5.5). Furthermore, it extends every other result by
applying as well to non-vanishing diagonals. In addition, it completes Corollary 5.1 with an
additional bound related to the so-called fourth moment phenomenon (Nualart and Peccati
(2004)), and it also extends (5.3) from the Rademacher case to any distribution. Finally, it
deals with the Kolmogorov distance instead of the Wasserstein distance considered in Dobler
and Peccati (2017). See also Theorem 3.11 in Bally and Caramellino (2019) for some bounds
in total variation and Kolmogorov distances, which however provide worse rates and require

slightly stronger assumptions.

Theorem 5.2 There exist absolute constants Cy,Cy > 0 such that

1<i<n v
1<5<1

dW/K <Qn N) < Ol \/‘]E Qn/gn — 3‘ + — max CL2~ s (56)

and

d (g” N) < 02% Tr(A%), (5.7)

n n

where

— Ha
QO 1= b2 + MQ]l{a§1+--'+a%n>0}’

Contrary to what is stated on page 1590 of Chatterjee (2008), the conditions o, 21/ Tr(A4) —

and By = ps + \/_ {

2+ +a,$m>0}

0 and E[(Q,/0,)*] — 3 are not equivalent as n tends to infinity, and therefore fourth moment
convergence is not sufficient for the central limit theorem to hold for quadratic functionals.
The next proposition clarifies this point via inequalities between the quantities appearing in

Theorem 5.2. In the sequel, we let a A b := min(a,b), a,b € R.
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Proposition 5.3 There exist absolute constants Cy,Csy, C3 > 0 such that

iy A ,U8
“=a <8 [@ufen)'] 3|+ 2 o 3
1<j<n
< Oy 5—2 Tr(A}) + —2 max az | <Gy by Tr(A#)
- o} 02 1<i<n 5. T T udo? n

where ay,, B, are as in Theorem 5.2
Theorem 5.2 and Proposition 5.3 immediately imply

Corollary 5.4 Assume (X;)ien is a fized i.i.d. sequence with zero means and finite 8th

moments. The following two conditions are equivalent:
a) E[(Qn/0,)"] — 3 and 0, maxicicn D, af; — 0,
b) o Tr(A) — 0,
and they imply Q, /o, L5 N with the Kolmogorov rates (5.6) and (5.7).

This extends (5.2) for any matrix A,, and completes it with the equivalent condition in terms

of the trace of A,,.

5.2 Proofs

Proof of Theorem 5.2. The quadratic form @, admits the Hoeffding decomposition

= > Wun+ Z Wik,

1<i,5<n

where
Wi = 24X X5, W = awe (X7 —E[X[]) .

Thus, Theorem 4.1 gives

. C
dw/x (Q N ) <= (uszau topd Y al+2dus > adlal, (5.8)

n i=1 1<i,5<n 1<i,5,k<n
i#] i#£],i#k,j#k
2 n 2\ 1/2
4 2
+ o E ( E aikakj> +M3M2§ < E ajjaz'j>> .
1<ij<n \ 1<k<n i=1 \1<j<n
i#]j k#i,j i#£]
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Next, we estimate this bound by means of E [Q%] and max af;. A direct calculation
1<isn £
shows that

E [Q,] = 51+ 35, + 45;,

where

S = [ig Zafi + 1643 Z afj + 4815414 Z a?ja?k
i=1

1<i<j<n 1<i j,k<n

i, 7k, j Ak
4 2
+ 4815 E Qiyiy Qi Qigiy Qigiy T 483102 E Q5 Qi O
1<i1,i2,i3,i4<n 1<i,j,k<n
egtin I kil i ik Gk
2 2
+ 483412 E A Qi Qs
1<4,5,k<n
i#7 ik
and
Z Z Z 2 2
52 B M4 @y @ JJ + 4M4M2 azza]k + 4:“2 jyipDigigo
7] 1<i,j,k<n 1<i1,i2,i3,i4<n
J7#k, j.k#i ip#iy if k£l
and

Sy = 3f15 Y auajay; + 8us (s — papia) Y asad; + 6pia (fi + flapa) Y ahay

1<i,5<n 1#£] 1<i,5<n
i#] i#]
1242 a2 - 24020 s (s
Hg b2 Q33 Qi a'jk Mo g Qi Qi Q| A -
1<i,j,k<n 1<i,j,k<n
i#J,37k,i#k i#5,77k,i#k

The sum S; is to dominate the right-hand side of (5.8), S, is approximating o2, and Ss
contains remainder terms that are more difficult to handle due to their unknown sign. Note

also that S3 vanishes if the diagonal of A is empty. First, by

2
) . — R TI TIUY PR 2 2
Aik Qg = Wy g Wiz Qigig Qg Qi A

1<i,j<n \ 1<k<n 1<i1,32,23,24<n 1<4,5,k<n
i#] k#i.3 iy if k£ i#],i#k,j#k
and
n 2
§ : § : Qg = § : Qi@ ik A + Z Qj; z]?
i=1 \1<j<n 1<i,j k<n 1<ij<n
i#] i#],i#k,j#k i#]
we get

n
~ 4 2 4 2 2 2
Sy 1= fig E Qg + 1641, § a;; + 48511y E i Qg
i=1 1<i<j<n ;gz#cg;k
7 j72 7]
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2 n 2
+A8u5 Y ( > az‘kaka‘) +48N§M22< > “ﬂ'ﬂ‘aij>

1<ij<n \ 1<k<n i=1 \1<j<n
i#] k#i,j i#]
— 481 Z azap; — 4843 s Z azaz; + 48151 Z aj Qi
1<i,j k<n 1<ij<n 1<i,j k<n
i#ji#k,j#k ] i#),i#k,j#k

The first two lines dominate the right-hand side of (5.8) with substantial surplus, which will
be used to deal with the last term of S; and some terms of S3. Indeed, by pZpus < puu3 and

the inequality of arithmetic and geometric means, we have

48#%#2 Z aijaikaij

1<i,j,k<n
i35,k j 7k
2
1
< 4674115 Z 5((akjaik)2+ (akjaij)2> + Z <<M4a12cj)2+ (M% Z aikai]) )
1<i,j,k<n 1<k,j<n 1<i<n
i#7,i2k,j 7k k#j Fik

2
2 2 2 2 4 4
= 46413114 Z Qi + Hy Z Q5+ po Z ( Z aikakj) : (5.9)
1<i,j,k<n 1<i<j<n 1<ij<n \1<k<n
i#5,i#k,j#k i#£]j k#i,j

Since, additionally

4 2 2 2 2 2
Mo E @, A + P3fh2 E ;A 5

1<i,5,k<n 1<i,j<n
i#],i#k. £k ij
< o212 max az + 02221 max E a?, < o2a? max a, 5.10
= Onltz 1<i<n v " iy {a§1+--~+a$m>0} 1<i<n W T gi<n L’ ( )
j=1 j=1 j=1
we arrive at
d Cn N < ¢ Sy + 4802 a2 o
—_— — o-of max as
W/K o, ) = 52 1 e il ij
n ]:1
2 n 2\ 1/2
4 2
+4611, E E Qirag; |+ 4Tpzpe E E ;i
1<i,j<n \ 1<k<n i=1 \1<j<n
i#£j k#i,j i#£]
n
C 4 4 2 2 2 4
< - |E [Q5] — 307, + 48020 max E az; + 3(0, — S2)
o: 1<i<n <
]:

2 n 2\ 1/2
—453 - 24,[1/21 Z < Z aikakj> - 24/1122))”2 Z < Z ajjaij> ) . (511)
1<4,5<n \ 1<k<n i=1 1<5<n
i#] k#i,j i#]
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Next, in order to bound 3(c} — S,), we calculate

<2u2 > a? —i—mZa”)

1<i,5<n
]
n n
i 3 ) i ) cagi( 3 ) (50)
1<i,j<n i=1 1<i,j<n i=1
1#] i#]
4 4 2 2 2 2
1<i,j<n 1< ,i2,i3,i4<n 1<4,5,k<n
i#] i A if kA J#k, jk#
+ IU’4 < Z a;; + Z Qj; ]j) + 4/1“2“4 <2 Z Qj; zg + Z azza]k>
1<i,j<n 1<i,j<n 1<i,j,k<n
i#] i#] J#k, j.k#i
hence
n
IEEEEE( S SRS MEZAREL) STREET) oY
1<i,j<n 1<4,5,k<n i=1 1<i,j<n
i#] J#k, jk#i i#]
n
2 4 2 ~ 2
= 12i%n ij (48“2 Z g+ 27u4u41{a§1+...+a%n>0} Z aii)
1<j<n 1<i,j<n i=1
i#]
2 2 M?L 2
< 4 27— 12
= Un( 81“’2+ 7/1% { 11+ +ann>0}) 1<?%}; Z azj (5 )
1<j<n

Regarding S5, we have

~2 § 2 ~2 § 2 2 2
Hy aiiajjaij S Hy e i S U max aij’
" 1<i<n
1<i,j<n 1<i,j<n 1<j<n
i#] i#]

and
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i i
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1<i,j<n
i#j i#]




2
8 4 4 4 o (1 2
> g D = —gon{ o) max ) a
1<i j<n T 1g<n
i#£j

Furthermore, using the correction terms from (5.11), we get

n 2
12/%2),,“2 Z aii@ija?k; + 6/1%/12 Z ( Z ij%‘j)

1<i,j,k<n i=1 \1<j<n
i),k ik i#j
n 2 n 2
_p 2 2 2 2
= 6pi3p2 Y ( > i+ ) ajﬂz‘j) — Gpips y ( > aik)
i=1 \ 1<k<n 1<j<n i=1 \ 1<k<n
k#i G£i k#i
1 2
> 612 max E E a2, > 30 — | max a?,
= TOH3l2 1<i<n ik [y ) 1<i<n 7
1<j<n =1 1<k<n 1<5<n
k#i
as well as
2
241210 G Qs - G Qs
o fhq Qi Qi A | A Mo Qi A
1<i,5,k<n 1<i,y<n \ 1<k<n
1#£5,J#k,iF#k i#j k#i,j
2
_ ~ 2 ~2 2 2
=6 E (2#4(17;1'017;]‘ + 5 g aikakj> — 24413 E Qi Ay
1<i,j<n 1<k<n 1<i,j<n
i#£] k#i,j i#£]
> —2472 | max a?, E aZ > —2402 1, max g a?
= Hy 1<i<n ij in = nH4 1<i<n
1<j<n 1<i,j<n 1<j<n
i#]

Hence, we arrive at

n 2 2
Ss+6M§MQZ< Z ajj%) + 6415 Z ( Z az‘kaka)

=1 \1<j<n 1<ij<n \ 1<k<n
i#] i#] ki,
2
o
> —Co? (—) 1 a;;
o {au—i- +a,m>0} 1<z<n 1<]ZSR
for some C' > 0, since S3 vanishes if a;; = - -+ = a,,, = 0. Applying this and (5.12) to (5.11),

we obtain the first inequality from the assertion. To prove the other one, we use (5.8) and

write

1/2

2 2
Q n n
dw/k ( Un < ; I Z Z Aikarj |+ pg Z ag; + pis Z Z ;i
n 1<i,j<n \ 1<k<n i=1 i= 1<j<n
=i i
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Next, we bound

2 2
E ( E az’kakj) = E ( E aikakj_aiiaij_aijajj>

1<ij<n \ 1<k<n 1<ij<n \ 1<k<n
k1,5
2
< Z 2( Z aikakj> + dajal;| < 2Tr(A%) 44 Z ( Z a§k> < 6Tr(A?2),
1<i,j<n 1<k<n 1<i<n \ 1<k<n
(5.13)
and, by the inequality ab < (a® + b%)/2,
n n 2 n n
ZG?HFZ( > ajﬂij) =) a;+ (aijan)(airas;)
i=1 i=1 \1<j<n i=1 i=1 1<j,k<n
i i
2
< Za“ + Z (agare)® < 2 ( Z a?k> < 2Tr(A}). (5.14)
1<4,5,k<n 1<i<n \ 1<k<n
G
This ends the proof. ]

Proof of proposition 5.3. The proof of Theorem 5.2 shows that the right hand side of
(5.6) is larger than the right hand side of (5.8) up to an absolute multiplicative constant,

hence we have

2
N
[E[(Qu/e0)"] = 3| + azo n 28 & ZCM MS(Z @ Z (Z aikakj> )
=T 1gi<n 1<i<n \1<k<n

Employing the inequalities (a + b)? < 2a? 4 20 and ab < (a® + b?)/2, a,b > 0, we get

2 2
E ( E aikakj> = E E aikakj+aiiaij+aijajj>
1<i,j<n \ 1<k<n 1<i,j<n \ 1<k<n
k#i,j
2
2
< E ( E aikakj> +8aua2]
1<ij<n | \1<ij<n
k#i,5
2
Z Z Z 2 Z 2 Z 4
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2
5 3 (X ) vy
1<i,j<n \ 1<ij<n 1<i<n
ki
which gives the first inequality in the assertion. In order to justify the latter one, we will

show

0' 1<i<n

E[(Qn/on)'] =3|<C (52 r(A) + —z max a%) : (5.15)
Tn 1<j<n

for some C' > 0. Following notation from the proof of Theorem 5.2, we have |E [(Q,/0,)"] —
3| < (IS1] +3[S: — o] + 4|Sg|) /ot By (5.9), (5.10), (5.12) and bounding terms from the

first three sums in Ss by a%a?; + a - and the last two sums from S3 by

2 2
1<k<n 1<j<n

ki G

i zg

n
=1

and

S [+( 3 >]

1<i,j<n 1<k<n
i#] k#i,j
respectively, we arrive at
[E[(@n/0n)"] = 3]
P 2, 2
2 2 2
<Ca4 5 aj; + g E @i O —i—E g @;j0;j —i—oznanlrgag% aijy
1<ij<n \ 1<k<n i=1 \1<j<n 1<j<n
k#i,j 1#]

and (5.15) follows from (5.13) and (5.14). Finally, the last bound in the assertion is a

consequence of

n n n 2
max > aj; < Z(Za%) < VTr(4}),

7=1 =1 7=1
and
2 Ug; | = —%
ij=1 \ k=1 k=1 ! 2 0
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