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Abstract

We consider a multitype Galton–Watson process that allows for the mutation and
reversion of individual types in discrete and continuous time. In this setting, we ex-
plicitly compute the time evolution of quantities such as the mean and distributions
of different types. This allows us in particular to estimate the proportions of different
types in the long run, as well as the distribution of the first time of occurrence of a
given type as the tree size or time increases. Our approach relies on the recursive
computation of the joint distribution of types conditionally to the value of the total
progeny. In comparison with the literature on related multitype models, we do not rely
on approximations.
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1 Introduction

Multitype Galton–Watson processes have been used in population genetics and evolutionary

biology to model the propagation and extinction of mutant types. In [INM06] and [DM10],

the mutation of a type-i cancer cell mutates into a type i + 1 cell has been modeled using

a continuous-time process that branches at an exponential rate depending on i ≥ 0. In

[SMJV13], evolutionary branching processes modeling subpopulations with different traits

or genotypes have been analyzed under small mutational step sizes. More recently, the

diffusion limit of Galton–Watson branching processes modeling alele types has been analyzed

in [BW18]. This analysis relies mainly on the classical literature on birth-death and Galton–

Watson processes, see e.g. [Ken48], [Ott49], [Har63], [AN72], and [BS84], which is used to
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derive the distribution and generating function properties of the progeny of random trees or

branching processes.

In this paper, we consider multitype random binary trees in which every node bears

an integer type j ≥ 0 and may generate either no offspring, or two offsprings, one with

type 0 and one with type j + 1. Our analysis covers both the discrete-time case, in which

two offsprings are generated with probability p ∈ (0, 1) and no offspring is generated with

probability q := 1 − p, and the continuous-time setting, which yields a multitype Galton—

Watson process.

Figure 1 presents a sample of the corresponding multitype branching process in discrete

time.
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Figure 1: Marked random tree sample started from the initial type j = 3.

In terms of population genetics, such trees provide a way to model mutation and reversion,

by considering “wild type” individuals with type 0, and “mutant” individuals with type j ≥ 1

which have been the object of j ≥ 1 mutations. In this setting, wild type 0 individuals can

have offspring of both wild type 0 and mutant type 1, whereas mutants of type j ≥ 1 can

have offsprings of wild type 0 (revertants), or mutant type j+1. See for example [AO21] and

references therein for the study of related population models in the framework of evolutionary

rescue.

In this model, type 0 individuals follow the same Galton–Watson dynamics as in [INM06],

[DM10], and the interbranching times are also exponentially distributed. However, higher

type transitions are modeled differently using a marked tree, and the growth of population

types over times can be subexponential, see Figure 6, whereas it is exponential in Theo-

rem 4 of [DM10]. In addition, due to model complexity, the computation of waiting times

distributions in [INM06], [DM10] relies on approximation formulas.

Our main results are presented in Sections 2 and 3 and are proved in Appendices A
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and B, respectively in discrete and continuous time. After recalling the computation of the

distribution of tree progenies in Propositions 2.1 and 3.1, we derive recursive expressions

for the distribution of any finite vector
(
X(1), . . . , X(n)

)
of type counts given the size of the

random tree, see Theorems 2.2 and 3.2, respectively in discrete and continuous time.

In particular, we provide closed form and recursive expressions for the distribution of type

counts in both discrete and continuous time, which allows us to determine the evolution of

quantities such as:

• expected counts and proportions of types, see Figures 2, 3, 6 and 9, and

• the distributions of the first occurrence times of a given type count, see Figures 7 and

8.

We also derive identities for the expectation of product functionals on random trees, which

in turn yield integrability conditions for generating functionals, see Sections 2.3 and 3.3.

In Figure 2 we display the computed values of the conditional mean proportions of types

as the size of the discrete-time tree increases. Figure 9 displays the continuous-time evolution

of those proportions. We note in particular that the (wild) type 0 remains predominant in

discrete time, see Figure 2, whereas in continuous time it is the initial type j which remains

predominant over time in Figure 9. Figures 7 and 8 present the tail distribution functions

and probability density functions of the occurrence times of given types.

The closed-form expressions of Theorems 2.2 and 3.2 are then applied to the computation

of the expectation of product functionals on random trees in Proposition 2.5 and Corollar-

ies 2.6, 2.7 in discrete time, and in Propositions 3.3, 3.4 and Corollary 3.5 in continuous

time. In particular, Corollaries 2.7 and 3.5 yield sufficient conditions for the integrability of

random product functionals involving marks. Such results are applicable to problems where

the generation of random trees is used in Monte Carlo integration, see for example [HP25],

[HP26] for an application to Monte Carlo methods for differential equations.

The recurrence formulas proved in Theorems 2.2 and 3.2 are implemented in Mathematica

and Python notebooks which are used to produce Figures 1-4 and 6-9, and are available at

https://github.com/nprivaul/branching/

in discrete and continuous time.

All analytical results are confirmed by Monte Carlo simulations that can also be run in the

above notebooks.
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2 Discrete-time setting

In what follows, we let N = {0, 1, 2, . . .}.

2.1 Marked Galton–Watson process

We consider a branching chain in which every individual has either no offspring with prob-

ability q, or two offsprings with probability p. For this, let (ξn,k)n,k≥1 denote a family of

independent {0, 2}-valued Bernoulli random variables with the common distribution

q = P(ξn,k = 0) and p = P(ξn,k = 2), n, k ≥ 1,

with p + q = 1 and 0 < p, q < 1, where ξn,k represents the number of offsprings of the k-th

individual of generation n− 1, see e.g. [Har63], [AN72].

In this framework, the branching chain (Zn)n≥0 is recursively defined as

Z0 = 1, Zn =

Zn−1∑
k=1

ξn,k, n ≥ 1, (2.1)

and represents the population size at generation n ≥ 0. We let

S ̸=0
∞ :=

1

2

∞∑
k=1

Zk

denote the total count of nodes with non-zero types, excluding the initial node, i.e. 1 + 2S ̸=0
∞

represents the total progeny of the chain (Zn)n≥0. Note that S ̸=0
∞ is also equal to the number

of nodes with type 0 excluding the initial node, since each node with non-zero type has a

co-twin with type 0.

Using the sequence (ξn,k)n,k≥1 we construct a marked random binary tree T in which a

node k ∈ {1, . . . , Zn−1} at generation n − 1 yields either two branches if ξn,k = 2, or zero

branch if ξn,k = 0. In addition, the nodes of T receive marks that represent individual types,

as described below.

i) The initial node has the type j ≥ 0;

ii) if a node of type i ∈ N splits, its two offsprings respectively receive the types 0 and i+1;

as shown in Figure 1. Proposition 2.1 recovers the distribution of the number of vertices of

the random binary tree T using classical results of [Ott49], and is proved in Appendix A for
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completeness. In what follows, we let

Cn =
1

n + 1

(
2n

n

)
, n ≥ 0,

denote the n-th Catalan number (see [Aig07]), which represents the number of different

rooted binary trees with n + 1 leaves.

Proposition 2.1. The distribution of the count S ̸=0
∞ of nodes with non-zero types is given by

P
(
S ̸=0
∞ = n

)
= q(pq)nCn, n ≥ 0, (2.2)

with the probability generating function

E
[
δS

̸=0
∞
]

=
1 −

√
1 − 4pqδ

2pδ
, |δ| ≤ 1/(4pq), (2.3)

and we have P(S ̸=0
∞ < ∞) = 1 if p ≤ 1/2.

In addition, it follows from (2.3) that if p < 1/2, we have

E[S ̸=0
∞ ] = p/(q − p). (2.4)

2.2 Conditional type distribution

We let X(k) denote the count of types equal to k ≥ 1 in the random tree T , excluding the

initial node, with

X(k) = 0 for k > S ̸=0
∞ .

For example, in Figure 1 with j = 3 we have S ̸=0
∞ = 9, and

X(1) = 3, X(2) = 1, X(3) = 1, X(4) = 2, X(5) = X(6) = 1.

We also let Pj, resp. Ej, denote conditional probabilities and expectations given that T is

started from the initial type j ∈ N.

In Theorem 2.2, which is proved in Appendix A, we compute recursively the conditional

type distribution of
(
X(1), . . . , X(n)

)
given that their summation equals S ̸=0

∞ and X(k) = 0

for all k > n, and show that it does not depend on p, q. In what follows, we use the notation

1A to denote the indicator function taking the value 1, resp. 0 when condition A is satisfied,

resp. not satisfied.
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Theorem 2.2. For j ≥ 0 and n ≥ 1, the conditional type distribution

Pj

(
X(1) = m1, . . . , X

(n) = mn | S ̸=0
∞ = m1 + · · · + mn

)
=

bj(m1, . . . ,mn)

Cm1+···+mn

, (2.5)

m1, . . . ,mn ≥ 0, satisfies the recursive relation

bj(m1, . . . ,mn) =

n−j∑
l=1

1{mj+l>mj+l+1}
∑

∑l
k=1 m

k
i =mi−1{j<i≤j+l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

b0
(
mk

1, . . . ,m
k
n

)
(2.6)

where mn+1 := 0 in the last indicator 1{mn>mn+1},

bj(∅) = 1, bj(m1, . . . ,mn−1, 0) = bj(m1, . . . ,mn−1),

and

bj(m1, . . . ,mn) = 0 if 1 ≤ n < j and m1 + · · · + mn ≥ 1.

From Theorem 2.2, the conditional type distribution (2.5) can be computed first by applying

the recursion (2.6) to j = 0, as

b0(m1, . . . ,mn) =
n∑

l=1

1{ml>ml+1}
∑

∑l
k=1 m

k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

b0
(
mk

1, . . . ,m
k
n

)
,

and then applying again (2.6) to j ≥ 1. Note also that when m1 + · · · + mn < n − j, the

summation range in (2.6) is empty, whence bj(m1, . . . ,mn) = 0. In addition, setting

Kj,n :=


{∅} ∪ {(m1, . . . ,mn) : m1 ≥ · · · ≥ mn ≥ 1}, j = 0, n ≥ 0,

{(m1, . . . ,mn) : m1 ≥ · · · ≥ mj ≥ 0, mj + 1 ≥ mj+1 ≥ · · · ≥ mn ≥ 1}, 1 ≤ j < n,

{(m1, . . . ,mj) : m1 = · · · = mj = 0}, j = n ≥ 1,

∅, 1 ≤ n < j,

for j ≥ 0, 1 ≤ n ≤ m + j, m ≥ 1, and any weight function fn : Nn → R, we have

Ej

[
fn
(
X(1), . . . , X(n)

)
1{X(1)+···+X(n)=m}

∣∣S ̸=0
∞ = m

]
=

∑
(m1,...,mn)∈Kj,n
m1+···+mn=m

bj(m1, . . . ,mn)

Cm

fn(m1, . . . ,mn).

In particular, the following corollary provides a way to solve the recursion (2.6) for the

computation of mean type counts given the value of S ̸=0
∞ .
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Corollary 2.3. The mean count of type l individuals given the value of S ̸=0
∞ = m after

starting from type j is given by

Ej

[
X(l)

∣∣ S ̸=0
∞ = m

]
=

1

Cm

1{0<l−j≤m}
l − j + 1

m + 1

(
2m− l + j

m

)
+

1

Cm

1{m≥l}

(
2m− l

m + 1

)
, (2.7)

l,m ≥ 1, j ≥ 0.

The proof of Corollary 2.3, which is given in Appendix A, also shows that

Ej

[
X(l)

]
= 1{j<l}p

l−j +
pl+1

q − p
, j ≥ 0, l ≥ 1,

and ∑
k≥1

Ej

[
X(k)

]
=

p

q − p
,

which recovers (2.4), with

Ej

[
X(l)

]∑
k≥1 Ej

[
X(k)

] = 1{j<l}(q − p)pl−j−1 + pl, j ≥ 0, l ≥ 1.

As a consequence of Corollary 2.3, the conditional mean proportions of non-zero types

1

m
Ej

[
X(l)

∣∣S ̸=0
∞ = m

]
, m ≥ 1, (2.8)

satisfy

lim
m→∞

1

m
Ej

[
X(l)

∣∣S ̸=0
∞ = m

]
=

1

2l
, j ≥ 0, l ≥ 1.

Figure 2 displays the evolution of computed values of the conditional mean proportions (2.8)

of non-zero types for m = 1, . . . , 12, after starting from the initial types j = 0, 1, 2, 3.
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(d) Initial type j = 3.

Figure 2: Conditional average type proportions (2.7) given the values of S ̸=0
∞ in abscissa.

The color coding of types used in Figures 1-3 and 6-9 is shown below.

0 1 2 3 4 5 6 7 8 (2.9)

The expected values of the conditional proportions (2.8) of non-zero types are computed as

functions of p ∈ (0, 1/2) in Corollary 2.4. Here,

B(z; a, b) :=

∫ z

0

ua−1(1 − u)b−1du

denotes the incomplete beta function.

Corollary 2.4. The conditional proportion of type k individuals after starting from the

initial type j is given by

Ej

[
X(k)

S ̸=0
∞

∣∣∣ S ̸=0
∞ ≥ 1

]
=

q

p
B(p; k + 1,−1) +

q

p
1{k>j}

(
(k + 1 − j)B(p; k − j, 0) − pk−j

q

)
,

(2.10)

k ≥ 1, j ≥ 0.

The proof of Corollary 2.4 is given in Appendix A, and the average proportions (2.10) are

plotted in Figure 3 for p ∈ [0, 1/2), after starting from the initial types j = 0, 1, 2, 3.

8



0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

1.0

(a) Initial type j = 0.

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

1.0

(b) Initial type j = 1.

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

1.0

(c) Initial type j = 2.

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

1.0

(d) Initial type j = 3.

Figure 3: Average type proportions (2.10) as functions of p ∈ [0, 1/2).

Corollary 2.4 also yields the limiting values of the mean proportions (2.10) as p tends to 1/2,

i.e.

lim
p→1/2

Ej

[
X(k)

S ̸=0
∞

∣∣∣S ̸=0
∞ ≥ 1

]
= B

(
1

2
, k + 1,−1

)
+ 1{k>j}

(
(k + 1 − j)B

(
1

2
, k − j, 0

)
− 2j−k+1

)
, (2.11)

as illustrated in Figure 4.
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(a) Initial type j = 3.
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(b) Initial type j = 6.

Figure 4: Limiting distributions (2.11) for p = 1/2.
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2.3 Generating functions

Let F0(p, r) = 1, p, r ≥ 0, and for n ≥ 1,

Fn(p, r) =
r

np + r

(
np + r

n

)
=

r

n

(
np + r − 1

n− 1

)
=

rΓ(np + r)

Γ(n + 1) Γ((p− 1)n + r + frac)
, p, r ≥ 0,

denote the generalized Catalan numbers, or two-parameter Fuss–Catalan numbers, see [M lo10].

Then, the n-th Catalan number is given by

Cn = Fn(2, 1) =
1

n + 1

(
2n

n

)
, n ≥ 0.

In Proposition 2.5 we derive a closed-form conditional generating function expression using

Fuss–Catalan numbers, which is proved in Appendix A.

Proposition 2.5. For any γ ≥ −1 and m ≥ 1, we have

E0

S
̸=0
∞∏

k=1

(
1 +

γ

k

)X(k) ∣∣∣ S ̸=0
∞ = m

 =
Fm(γ + 2, γ + 1)

Fm(2, 1)
. (2.12)

By differentiation of the generating function (2.12), we have

E0

S
̸=0
∞∑

k=1

X(k)

k

∣∣∣S ̸=0
∞ = m

 =
∂

∂γ

Fm(γ + 2, γ + 1)

Fm(2, 1)
∣∣γ=0

=
m∑
j=1

m + 1

m + j
,

hence

lim
m→∞

1

m
E0

S
̸=0
∞∑

k=1

X(k)

k

∣∣∣S ̸=0
∞ = m

 = lim
m→∞

m∑
j=1

1

m + j
= log 2.

The following corollary generalizes (2.3) from γ = 0 to any γ ≥ −1.

Corollary 2.6. The generating function

Gγ
0(δ) := E0

δS ̸=0
∞

S
̸=0
∞∏

k=1

(
1 +

γ

k

)X(k)


solves the equation

(1 − δpGγ
0(δ))1+γ Gγ

0(δ) = q. (2.13)

Proof. From Propositions 2.1 and 2.5, we have

Gγ
0(δ) := E0

δS ̸=0
∞

S
̸=0
∞∏

k=1

(
1 +

γ

k

)X(k)


10



=
∞∑

m=0

δmP
(
S ̸=0
∞ = m

)
E0

S
̸=0
∞∏

k=1

(
1 +

γ

k

)X(k) ∣∣∣S ̸=0
∞ = m


= q

∞∑
m=0

(pqδ)mFm(γ + 2, γ + 1)

=
1

pδ
Φ−1

γ (pqδ)

by Lemma A.2 below, where Φ−1
γ the inverse function of

Φγ(w) := w(1 − w)1+γ, w ∈ C,

which yields (2.13). □

For example, taking γ = 1, (2.13) becomes a cubic equation that can be solved in closed

form as

E0

δS ̸=0
∞

S
̸=0
∞∏

k=1

(
1 +

1

k

)X(k)
 =

2

3pδ
− 1

3 × 22/3
(
27δ4p4q − 2δ3p3 + 3

√
3δ7p7q(27δpq − 4)

)1/3
−
(
(27δ4p4q − 2δ3p3 + 3

√
3δ7p7q(27δpq − 4)

)1/3
6 × 21/3δ2p2

.

As a consequence of Proposition 2.5, we also obtain the following integrability criterion for

product functionals.

Corollary 2.7. Let δ > 0 and γ ≥ −1, and let (σ(k))k≥0 be a real sequence such that

0 ≤ σ(0) <
(1 + γ)1+γ

(2 + γ)2+γpqδ
, and 0 ≤ σ(k) ≤

(
1 +

γ

k

)
δ, k ≥ 1. (2.14)

Then, we have

E0

σ(0)S
̸=0
∞

S
̸=0
∞∏

k=1

σ(k)X
(k)

 < ∞.

Proof. By Proposition 2.5, we have

E0

(σ(0)δ)S
̸=0
∞

S
̸=0
∞∏

k=1

(
1 +

γ

k

)X(k)

 =
∞∑

m=0

(σ(0)δ)mE0

[
m∏
k=1

(
1 +

γ

k

)X(k) ∣∣∣S ̸=0
∞ = m

]
P0

(
S ̸=0
∞ = m

)
= q

∞∑
m=0

(pq)m(σ(0)δ)mCmE0

[
m∏
k=1

(
1 +

γ

k

)X(k) ∣∣∣S ̸=0
∞ = m

]

= q
∞∑

m=0

(pqσ(0)δ)mFm(γ + 2, γ + 1). (2.15)
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From the relation Γ(x + α)/Γ(x) = O(xα), we obtain

lim sup
m→∞

Fm+1(γ + 2, γ + 1)

Fm(γ + 2, γ + 1)
= lim sup

m→∞

Γ((2 + γ)(m + 1) + γ + 1)Γ((1 + γ)(m + 1))

(m + 2)Γ((1 + γ)(m + 2))Γ((2 + γ)m + γ + 1)

= lim sup
m→∞

((2 + γ)m + γ + 1)2+γ

(m + 2)((1 + γ)(m + 1))1+γ

=
(2 + γ)2+γ

(1 + γ)1+γ
,

hence under (2.14) we have

lim sup
m→∞

Fm+1(γ + 2, γ + 1)

Fm(γ + 2, γ + 1)
<

1

pqσ(0)δ
,

and the series (2.15) converges absolutely. We conclude from the inequality

E0

σ(0)S
̸=0
∞

S
̸=0
∞∏

k=1

σ(k)X
(k)

 ≤ E0

(σ(0)δ)S
̸=0
∞

S
̸=0
∞∏

k=1

(
1 +

γ

k

)X(k)

 = Gγ
0(σ(0)δ),

that follows from (2.14). □

3 Continuous-time setting

3.1 Marked binary branching process

In this section, we consider an age-dependent continuous-time random tree Tt, t > 0, in

which the lifetimes of branches are independent and identically distributed via a common

exponential density function ρ(t) = λe−λt, t ≥ 0, with parameter λ > 0. In addition to a

type j ∈ N, a label k in

K := {∅} ∪
⋃
n≥1

{1, 2}n,

is attached to every branch, as follows.

• At time 0 we start from a single branch with label k = ∅ and initial type j ∈ N. At

the end of its lifetime T∅, this branch yields either:

– no offspring if T∅ ≥ t;

– two independent offsprings with respective labels (1), (2) and respective types 0,

j + 1 if T∅ < t.
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• At generation n ≥ 1, a branch having a parent label k− := (k1, . . . , kn−1) and type

i ∈ N starts at time Tk− and has the lifetime τk. At the end of its lifetime Tk := Tk−+τk,

this branch yields either:

– no offspring if Tk ≥ t;

– two independent offsprings with respective labels (k, 1) = (k1, . . . , kn, 1) and

(k, 2) = (k1, . . . , kn, 2), and respective types 0, i + 1 if Tk < t;

see Figure 5. In particular, when a branch k with type i ≥ 0 splits, its two offsprings are

respectively marked by 0 and i + 1.

0 T∅

T(2)

t

(2, 2)
j + 2 = 5

t(2, 1)

0

(2)
j + 1 = 4

T(1)

T(1,2)

t

(1, 2, 2)
2

T(1,2)

t

(1, 2, 1, 2)
1

t
(1, 2, 1

, 1)

0

(1, 2,
1)

0
(1, 2)
1

t

(1, 1)

0

(1)

0
∅

j = 3

Figure 5: Sample of the marked random tree Tt, t > 0, started from the initial type j = 3.

We refer to e.g. [Ken48, Eq. (8) page 3], [Har63, Example 13.2 page 112], and [AN72,

Example 5 page 109] or [INM06, Equation (5)] for the following result, whose proof is given

in Appendix B for completeness.

Proposition 3.1. The distribution of the count Nt of nodes with non-zero types in Tt, t ≥ 0,

excluding the initial node, is given by

P(Nt = m) = e−λt(1 − e−λt)m, m ≥ 0, (3.1)

and probability generating function

Gt(δ) = E
[
δNt
]

=
e−λt

1 − (1 − e−λt)δ
, t ≥ 0. (3.2)

In addition, it follows from (3.2) that E[Nt] = eλt − 1, t ≥ 0. Note also that Nt equals the

number of nodes with type 0 excluding the initial node, since each node with non-zero type

has a co-twin with type 0. Hence, the total progeny of the random tree Tt, t ≥ 0, is 2Nt + 1.
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3.2 Conditional type distribution

In what follows, we let X
(i)
t denote the count of types equal to i ≥ 1 until time t, excluding

the initial node.

In Theorem 3.2, which is proved in Appendix B, we compute recursively the conditional

type distribution of
(
X

(1)
t , . . . , X

(n)
t

)
given that their summation equals Nt and X

(k)
t = 0 for

all k > n, and show that it does not depend on time t > 0 and on the parameter λ > 0.

Theorem 3.2. For j ≥ 0 and n ≥ 1, the conditional type distribution

aj(m1, . . . ,mn) := Pj

(
X

(1)
t = m1, . . . , X

(n)
t = mn | Nt = m1 + · · · + mn

)
(3.3)

is given by the recursion

aj(m1, . . . ,mn) =

n−j∑
l=1

1

l!
1{mj+l>mj+l+1}

∑
m1

i+···+ml
i=mi−1{j<i≤j+l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

a0(m
k
1, . . . ,m

k
n)

1 + mk
1 + · · · + mk

n

,

(3.4)

m1, . . . ,mn ≥ 0, with mn+1 := 0 in the last indicator 1{mn>mn+1}, aj(∅) := 1, aj(m1, . . . ,mn) =

aj(m1, . . . ,mn−1) if mn = 0, and aj(m1, . . . ,mn) = 0 if 1 ≤ n < j, m1 + · · · + mn ≥ 1.

From Theorem 3.2, the conditional type distribution (3.3) can be computed by first applying

the recursion (3.4) to j = 0, as

a0(m1, . . . ,mn) =
n∑

l=1

1

l!
1{ml>ml+1}

∑
m1

i+···+ml
i=mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

a0(m
k
1, . . . ,m

k
n)

1 + mk
1 + · · · + mk

n

,

and then applying again (3.4) to j ≥ 1. Note also that when m1 + · · · + mn < n − j, the

summation range in (3.4) is empty, whence aj(m1, . . . ,mn) = 0. In addition, for j ≥ 0,

m ≥ 1, 1 ≤ n ≤ m + j and any weight function fn : Nn → R, we have

Ej

[
fn
(
X

(1)
t , . . . , X

(n)
t

)
1{X(1)

t +···+X
(n)
t =m}

∣∣Nt = m
]

=
∑

(m1,...,mn)∈Kj,n
m1+···+mn=m

aj(m1, . . . ,mn)fn(m1, . . . ,mn).

(3.5)

Figure 6 displays the time evolution of the expected values

Ej

[
X

(l)
t

]
=

∞∑
m=1

Ej

[
X

(l)
t

∣∣Nt = m
]
P(Nt = m) (3.6)
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of the count of non-zero types computed as functions of t ∈ [0, 1] from

Ej

[
X

(l)
t

∣∣Nt = m
]

=

m+j∑
n=max(l,j)

∑
(m1,...,mn)∈Kj,n
m1+···+mn=m

mlaj(m1, . . . ,mn), l = 1, . . . ,m + j, (3.7)

by truncation of the series (3.6) up to m = 12, after starting from the initial types j =

0, 1, 2, 3, together with Monte Carlo simulations over 10,000 samples. Color codings are

consistent with (2.9) and those of Figures 1-3 and 5.
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(d) Initial type j = 3.

Figure 6: Expected counts (3.6) of types as functions of t ∈ [0, 1] with λ = 1.

Figure 7 displays the tail cumulative distribution functions

Pj

(
τ (l) > t

)
= Pj

(
X

(l)
t = 0

)
= P(Nt = 0) +

∞∑
m=1

Pj

(
X

(l)
t = 0

∣∣Nt = m
)
P(Nt = m) (3.8)

of the first time τ (l) of occurrence of type l which, according to (3.3), is computed as

Pj

(
X

(l)
t = 0

∣∣Nt = m
)

=
l−1∑
n=j

∑
(m1,...,mn)∈Kj,n
m1+···+mn=m

aj(m1, . . . ,mn) (3.9)

+

m+j∑
n=max(l,j)

∑
(m1,...,ml−1,0,ml+1,...,mn)∈Kj,n
m1+···+ml−1+ml+1+···+mn=m

aj(m1, . . . ,ml−1, 0,ml+1, . . . ,mn), l = 1, . . . ,m + j.
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For this, we truncate of the series (3.8) up to m = 12, after starting from the initial types

j = 0, 1, 2, 3. The closed-form expressions are confirmed by Monte Carlo simulations over

10,000 samples, and remain stable for t ∈ [0, 2].
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(d) Initial type j = 3.

Figure 7: Tail CDFs (3.8) of the occurrence times of given types with λ = 1.

Figure 8 displays the evolution of the probability density functions of the first time τ (l) of

occurrence of type l, as obtained from (3.8) and (3.9) for t ∈ [0, 2], after starting from the

initial types j = 0, 1, 2, 3.
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Figure 8: PDFs (3.8) of the occurrence times of given types with λ = 1.

Figure 9 displays the mean proportions

Ej

[
X

(l)
t

Nt

∣∣∣Nt ≥ 1

]
=

1

1 − e−λt

∞∑
m=1

1

m
Ej

[
X

(l)
t

∣∣Nt = m
]
P(Nt = m) (3.10)

of non-zero types computed as functions of t ∈ (0, 1) from (3.7) and truncation of the series

(3.10) up to m = 12, after starting from the initial types j = 0, 1, 2, 3. Due to truncation,

the computed proportions are accurate and add up to 100% only up to t = 1.
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Figure 9: Mean proportions of types (3.10) as functions of t ∈ [0, 1] with λ = 1.

3.3 Generating functions

In Proposition 3.3, which is proved in Appendix B, we derive a closed-form conditional

generating function expression.

Proposition 3.3. For any γ, t > 0 and m, j ≥ 0 we have

Ej

[
Nt∏
k=1

(γ + k − 2)X
(k)
t

∣∣∣Nt = m

]
= (−γ)m

(
−1 − (j − 1)/γ

m

)
. (3.11)

In particular, for j = 0, γ = 2 and t > 0, we have

E0

[
Nt∏
k=1

kX
(k)
t

∣∣∣Nt = m

]
=

(2m)!

2m(m!)2
, m ≥ 0.

Proposition 3.4. For any δ, γ, t > 0 such that (1 − e−λt)γδ < 1, we have

Ej

[
δNt

Nt∏
k=1

(γ + k − 2)X
(k)
t

]
=

e−λt

(1 − (1 − e−λt)γδ)1+(j−1)/γ
, j ≥ 0. (3.12)

Proof. By Propositions 3.1 and 3.3, we have

Ej

[
δNt

Nt∏
k=1

(γ + k − 2)X
(k)
t

]
=

∞∑
m=0

P(Nt = m)δmEj

[
m∏
k=1

(γ + k − 2)X
(k)
t

∣∣∣Nt = m

]
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= e−λt

∞∑
m=0

(1 − e−λt)m(−γδ)m
(
−1 − (j − 1)/γ

m

)
=

e−λt

(1 − (1 − e−λt)γδ)1+(j−1)/γ
, j ≥ 0.

□

In particular, for δ = 1, γ = 2 and t > 0 we have

Ej

[
Nt∏
k=1

kX
(k)
t

]
=

e−λt

(2e−λt − 1)(j+1)/2
, j ≥ 0.

As a consequence of Proposition 3.4, we obtain the following integrability criterion for prod-

uct functionals.

Corollary 3.5. Let t > 0, j ≥ 0, δ > 0, γ > 1, and let (σ(k))k≥0 be a real sequence such

that

0 ≤ σ(0) <
1

(1 − e−λt)γδ
and 0 ≤ σ(k) ≤ (γ + k − 2)δ, k ≥ 1. (3.13)

Then, we have the bound

Ej

[
σ(0)Nt

Nt∏
k=1

σ(k)X
(k)
t

]
≤ e−λt

(1 − (1 − e−λt)γδσ(0))1+(j−1)/γ
< ∞.

Proof. By (3.13) we have

Ej

[
σ(0)Nt

Nt∏
k=1

σ(k)X
(k)
t

]
≤ Ej

[
(σ(0)δ)Nt

Nt∏
k=1

(γ + k − 2)X
(k)
t

]
, j ≥ 0,

and we conclude from (3.12). □

Conclusion

We have presented a multitype Galton–Watson process that can model mutation and re-

version in discrete and continuous time. Through a recursive computation of the joint

distribution of types conditionally to the value of the total progeny, we have determined the

evolution of various expected quantities, such as the mean proportions of different types as

the tree size or time increases, and the distribution of the first time of occurrence of a given

type. In comparison with the literature on related multitype models, our approach does not

rely on approximations.

19



A Proofs - discrete-time setting

Proof of Proposition 2.1. By [Ott49, Theorem 2], the probability generating function G of

the total progeny 1 + 2S ̸=0
∞ of T satisfies the quadratic equation

G(δ) = δq + δpG(δ)2

in a neighborhood of 0, and admits the solution (2.3), in which the choice of minus sign

follows from the initial condition p0 = limδ→0G(δ) = 0. Letting g(w) := q + pw2, by [Ott49,

Corollary 3] we have P
(
S ̸=0
∞ < ∞

)
= 1 if and only if g′(1) ≤ 1, i.e. p ≤ 1/2, and

P
(
S ̸=0
∞ < ∞

)
= G(1)

=
1 −

√
1 − 4pq

2p

=
1 −

√
1 − 4q + 4q2

2p

=
1 − |1 − 2q|

2p

=


q

p
p ≥ 1/2,

1 p ≤ 1/2.

Finally, by Lagrange inversion, see e.g. Theorem 2.10 in [Drm09], and the binomial theorem,

we have

P
(
S ̸=0
∞ = n

)
=

1

n!
G(n)(0)

=
1

n!

∂n−1

∂wn−1
(g(w))n∣∣w=0

=
1

n!

∂n−1

∂wn−1

n∑
k=0

(
n

k

)
qn−kpkw2k∣∣w=0

=
1

n!

n∑
k=⌈(n−1)/2⌉

(
n

k

)
qn−kpk(2k)!

(2k − n + 1)!
w2k−n+1∣∣w=0

,

from which (2.2) follows. □

Proof of Theorem 2.2. Recall that X(k) denotes the count of types equal to k ≥ 1 in T ,

excluding the initial node, with X(k) = 0 for k > S ̸=0
∞ . In what follows, we let

pj(m1, . . . ,mn) := Pj

(
X(1) = m1, . . . , X

(n) = mn, S ̸=0
∞ = m1 + · · · + mn

)
(A.1)
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= Pj

(
X(1) = m1, . . . , X

(n) = mn, X(i) = 0 for all i ≥ n + 1
)
, j ≥ 0.

Our proof proceeds by induction on the value of m1 + · · ·+mn, noting that when m1 = · · · =

mn = 0, we have pj(0, . . . , 0) = P
(
S ̸=0
∞ = 0

)
= q.

(i) From the branching mechanism defining the random tree T , we have

p0(m1, . . . ,mn) = p1{m1>m2}p0(m1 − 1,m2, . . . ,mn)p1(0, . . . , 0) (A.2)

+ p
∑

m′
i+m′′

i =mi−1{1≤i≤2}, 1≤i≤n

0≤m′
i≤m′

i−1, 2≤i≤n

0≤m′′
i ≤m′′

i−1, 2≤i≤n,i̸=3

0≤m′′
3≤m′′

2+1

p0 (m′
1, . . . ,m

′
n) p1 (m′′

1,m
′′
2 + 1,m′′

3, . . . ,m
′′
n) ,

and, for 1 ≤ j < n− 1,

pj(m1, . . . ,mj,mj+1 + 1,mj+2, . . . ,mn) (A.3)

= p1{mj+1≥mj+2}p0(m1, . . . ,mn)pj+1(0, . . . , 0)

+ p
∑

m′
i+m′′

i =mi−1{1≤i=j+2}, 1≤i≤n

0≤m′
i≤m′

i−1, 2≤i≤n

0≤m′′
i ≤m′′

i−1, 2≤i≤n,i̸=j+3

0≤m′′
j+3≤m′′

j+2+1

p0(m
′
1, . . . ,m

′
n)

× pj+1(m
′′
1, . . . ,m

′′
j+1,m

′′
j+2 + 1,m′′

j+3, . . . ,m
′′
n),

while for j = n− 1 we have

pn−1(m1, . . . ,mn−1,mn + 1) = pp0(m1, . . . ,mn)pn(0, . . . , 0). (A.4)

We apply (A.3) with j = 1 to (A.2) to get, since pj(0, . . . , 0) = q,

p0(m1,m2 . . . ,mn) = pq1{m1>m2}p0(m1 − 1,m2, . . . ,mn)

+ p2q
∑

m1
i+m2

i=mi−1{1≤i≤2}, 1≤i≤n

0≤m1
i≤m1

i−1, 2≤i≤n

0≤m2
i≤m2

i−1, 2≤i≤n,i ̸=3

0≤m2
3≤m2

2+1

p0
(
m1

1, . . . ,m
1
n

)
1{m2

2≥m2
3}p0(m

2
1, . . . ,m

2
n)

+ p2
∑

m1
i+m2

i+m3
i=mi−1{1≤i≤3}, 1≤i≤n

0≤m1
i≤m1

i−1, 2≤i≤n

0≤m2
i≤m2

i−1, 2≤i≤n

0≤m3
i≤m3

i−1, 2≤i≤n,i̸=4

0≤m3
4≤m3

3+1

p0(m
1
1, . . . ,m

1
n)p0(m

2
1, . . . ,m

2
n)p2(m

3
1,m

3
2,m

3
3 + 1,m3

4, . . . ,m
3
n).
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By repeated application of (A.3) with j = 2, . . . , n − 2 as well as (A.4) and using the fact

that mk
1 + · · · + mk

n ≤ m− l for all k = 1, . . . , n, we obtain

p0(m1, . . . ,mn) = q

n∑
l=1

1{ml>ml+1}p
l

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

p0(m
k
1, . . . ,m

k
n).

Next, by the recurrence assumption (2.5) and Proposition 2.1, we have

p0(m
k
1, . . . ,m

k
n) =

1

Cm

b0
(
mk

1, . . . ,m
k
n

)
P
(
S ̸=0
∞ = mk

1 + · · · + mk
n

)
= b0

(
mk

1, . . . ,m
k
n

)
q1+mk

1+···+mk
npm

k
1+···+mk

n ,

hence

p0(m1, . . . ,mn)

= q
n∑

l=1

1{ml>ml+1}p
l

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

b0
(
mk

1, . . . ,m
k
n

)
q1+mk

1+···+mk
npm

k
1+···+mk

n

= q(pq)m1+···+mn

n∑
l=1

1{ml>ml+1}
∑

∑l
k=1 m

k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

b0
(
mk

1, . . . ,m
k
n

)
,

which shows (2.5) for j = 0 from (2.2) and the recursive definition (2.6) of b0.

(ii) We iterate (A.3) over n− j − 1 steps and then use (A.4) to obtain

pj(m1, . . . ,mj,mj+1 + 1,mj+2, . . . ,mn)

= q

n−j∑
l=1

1{mj+l−1{l≥2}≥mj+l+1}p
l

∑
∑l

k=1 m
k
i =mi−1{j+2≤i≤j+l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

p0(m
k
1, . . . ,m

k
n)

= q(pq)1+m1+···+mn

n−j∑
l=1

1{mj+l−1{l≥2}≥mj+l+1}
∑

∑l
k=1 m

k
i =mi−1{j+2≤i≤j+l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

b0
(
mk

1, . . . ,m
k
n

)
,

which shows (2.5) for j ≥ 1 from (2.2) and (2.6). □

Proof of Corollary 2.3. Let

Bσ
j (m) := CmEj

[
m+j∏
k=1

σ(k)X
(k)
∣∣∣S ̸=0

∞ = m

]
, j ≥ 0, (A.5)
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with Bσ
j (0) = 1. By Theorem 2.2, we have

Bσ
j (m) =

m+j∑
n=1

∑
(m1,...,mn)∈Kj,n
m1+···+mn=m

bσj (m1, . . . ,mn),

where

bσj (m1, . . . ,mn) := bj(m1, . . . ,mn)
n∏

k=1

σ(k)mk .

By the induction relation (2.6), i.e.

bσj (m1, . . . ,mn) =

n−j∑
l=1

1{mj+l>mj+l+1}
∑

∑l
k=1 m

k
i =mi−1{j<i≤j+l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

bσ0
(
mk

1, . . . ,m
k
n

)

we have

Bσ
j (m + 1) =

∑
m1+···+mn=m+1, n≥1,
1≤mi≤mi−1, 2≤i≤n

bσj (m1, . . . ,mn)

=

m+j+1∑
n=j+1

∑
m1+···+mn=m+1

1≤mi≤mi−1, 2≤i≤n

n−j∑
l=1

1{mj+l>mj+l+1}
∑

∑l
k=1 m

k
i =mi−1{j<i≤j+l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

bσ0 (mk
1, . . . ,m

k
n)

=
m+1∑
l=1

m+1−l∑
n′=1

∑
m′

1+···+m′
n′=m+1−l

1≤m′
i≤m′

i−1, 2≤i≤n′

∑
∑l

k=1 m
k
i =m′

i, 1≤i≤n′

0≤mk
i ≤mk

i−1, 2≤i≤n′, 1≤k≤l

l∏
k=1

bσ0 (mk
1, . . . ,m

k
n′)

=
m+1∑
l=1

∑
m1+···+ml=m+1−l

m1,...,ml≥0

∑
n′≥1

∑
mk

1+···+mk
n′=mk, 1≤k≤l

0≤mk
i ≤mk

i−1, 2≤i≤n′, 1≤k≤l

at least one of mk
n′ , 1≤k≤l is nonzero

l∏
k=1

bσ0 (mk
1, . . . ,m

k
n′)

=
m+1∑
l=1

∑
m1+···+ml=m+1−l

m1,...,ml≥0

l∏
k=1

∑
nk≥0

∑
mk

1+···+mk
nk

=mk

1≤mk
i ≤mk

i−1, 2≤i≤nk

bσ0 (mk
1, . . . ,m

k
nk

)

=
m+1∑
l=1

(
j+l∏

k=j+1

σ(k)

) ∑
m1+···+ml=m+1
m1≥1,...,ml≥1

l∏
k=1

Bσ
0 (mk − 1), m ≥ 0, (A.6)

where in the third equality we made the change of variables m′
i = mi − 1{j<i≤j+l}. Let now

D
(k)
j (m) := CmEj

[
X(k)

∣∣S ̸=0
∞ = m

]
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=

m+j∑
n=max(k,j)

∑
(m1,...,mn)∈Kj,n
m1+···+mn=m

mkbj(m1, . . . ,mn)

=
∂

∂σ(k)

∣∣∣∣
σ=1

Bσ
j (m), l = 1, . . . ,m + j, j,m ≥ 0,

with initial values D
(k)
j (0) = 0. By (A.6), for m ≥ 0 we have

D
(k)
j (m + 1) =

∂

∂σ(k)

∣∣∣∣
σ=1

[xm+1]
∞∑
l=1

(
j+l∏

k′=j+1

σ(k′)

)(
∞∑
n=1

Bσ
0 (n− 1)xn

)l

= [xm+1]
∞∑
l=1

1{j<k≤j+l}

(
j+l∏

k′=j+1,k′ ̸=k

σ(k′)

)(
∞∑
n=1

Bσ
0 (n− 1)xn

)l ∣∣∣∣
σ=1

+ [xm+1]
∞∑
l=1

(
j+l∏

k′=j+1

σ(k′)

)
l

(
∞∑
n=1

Bσ
0 (n− 1)xn

)l−1( ∞∑
n=1

∂

∂σ(k)
Bσ

0 (n− 1)xn

)∣∣∣∣
σ=1

= 1{j<k}[x
m+1]

∞∑
l=k−j

(
∞∑
n=1

B1
0 (n− 1)xn

)l

+ [xm+1]
∞∑
l=1

l

(
∞∑
n=1

B1
0 (n− 1)xn

)l−1( ∞∑
n=1

D
(0)
k (n)xn+1

)
,

where [xm+1] is the operator extracting the coefficient of the term xm+1 from the series

following it. Thus,

∞∑
m=0

D
(k)
j (m + 1)xm+1 = 1{j<k}

∞∑
l=k−j

(
∞∑
n=1

B1
0 (n− 1)xn

)l

+
∞∑
l=1

l

(
∞∑
n=1

B1
0 (n− 1)xn

)l−1( ∞∑
n=1

D
(0)
k (n− 1)xn

)
.

By (A.5) and Proposition 2.1, we have

∞∑
n=1

B1
0 (n− 1)xn =

∞∑
n=1

Cn−1x
n =

1 −
√

1 − 4x

2
,

which implies

∞∑
l=k

(
∞∑
n=1

B1
0 (n− 1)xn

)l

= xk

(
1 −

√
1 − 4x

2x

)k+1

,

and
∞∑
l=1

l

(
∞∑
n=1

B1
0 (n− 1)xn

)l−1

=

(
1 −

√
1 − 4x

2x

)2

.
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Hence, the unconditional expected value of X(k) is given by

Ej

[
X(k)

]
=

∞∑
m=0

Ej

[
X(k)

∣∣S ̸=0
∞ = m

]
P
(
S ̸=0
∞ = m

)
= q

∞∑
m=0

D
(k)
j (m + 1)(pq)m+1

= 1{j<k}
1

p

(
1 −

√
1 − 4pq

2

)k+1−j

+
1

pq

(
1 −

√
1 − 4pq

2

)2

E0

[
X(k)

]
= 1{j<k}p

k−j +
p

q
E0

[
X(k)

]
.

When j = 0, this yields

E0

[
X(k)

]
=

q√
1 − 4pq

(
1 −

√
1 − 4pq

2

)k

=
qpk

q − p
,

and in general we obtain

Ej

[
X(k)

]
=

1

p
1{j<k}

(
1 −

√
1 − 4pq

2

)k+1−j

+
1

p
√

1 − 4pq

(
1 −

√
1 − 4pq

2

)k+2

= 1{j<k}p
k−j +

pk+1

q − p
.

Hence, when j = 0 we have

E0

[
X(k)

]
= q

∞∑
n=k

(
2n− k

n

)
(pq)n,

and in general we obtain

Ej

[
X(k)

]
= q1{j<k}

∞∑
n=k−j

k + 1 − j

n + 1

(
2n− k + j

n

)
(pq)n + q

∞∑
n=k

(
2n− k

n + 1

)
(pq)n,

which yields (2.7). □

Proof of Corollary 2.4. Using (2.7), we have

Ej

[
X(k)

S ̸=0
∞

∣∣∣S ̸=0
∞ ≥ 1

]
=

1

p

∞∑
m=1

1

m
Ej

[
X(k)

∣∣S ̸=0
∞ = m

]
P
(
S ̸=0
∞ = m

)
=

q

p
1{j<k}

∞∑
m=k−j

k + 1 − j

m + 1

(
2m− k + j

m

)
(pq)m

m
+

q

p

∞∑
m=k

(
2m− k

m + 1

)
(pq)m

m

=
q

p
1{j<k}

∫ pq

0

∞∑
m=k−j

k + 1 − j

m + 1

(
2m− k + j

m

)
xm−1dx +

q

p

∫ pq

0

∞∑
m=k

(
2m− k

m + 1

)
xm−1dx
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=
q

p
1{j<k}

∫ pq

0

1

x2

(
1 −

√
1 − 4x

2

)k+1−j

dx +
q

p

∫ pq

0

1

x2
√

1 − 4x

(
1 −

√
1 − 4x

2

)k+2

dx

=
q

p
1{j<k}

(
(k + 1 − j)B

(
1 −

√
1 − 4pq

2
; k − j; 0

)
− 1

pq

(
1 −

√
1 − 4pq

2
)k+1−j

))
+

q

p
B

(
1 −

√
1 − 4pq

2
; 1 + k,−1

)
.

□

Proof of Proposition 2.5. Taking j = 0 and

σ(k) := 1 +
γ

k
, k ≥ 1,

in (A.6) and denoting Bσ
j by Bγ

j , we have

Bγ
0 (n + 1) =

n+1∑
l=1

(
l + γ

l

) ∑
m1+···+ml=n+1

m1,...,ml≥1

l∏
k=1

Bγ
0 (mk − 1),

and by the Faà di Bruno formula in Lemma A.1 below we find that Bγ
0 (n) is the coefficient

of xn in the series
∞∑
l=1

(
l + γ

l

)( ∞∑
n=1

(
(2 + γ)n− 2

n− 1

)
xn

n

)l

.

By Lemma A.2 below, denoting by Φ−1
γ the inverse function of

Φγ(w) := w(1 − w)1+γ, w ∈ C,

we have

∞∑
l=1

(
l + γ

l

)( ∞∑
n=1

(
(2 + γ)n− 2

n− 1

)
xn

n

)l

=
∞∑
l=1

(
l + γ

l

)( ∞∑
n=1

Fn−1(γ + 2, γ + 1)xn

)l

=
∞∑
l=1

(
l + γ

l

)(
Φ−1

γ (x)
)l

=
(
1 − Φ−1

γ (x)
)−γ−1−1

=
1

x
Φ−1

γ (x) − 1

=
∞∑
n=0

Fn(γ + 2, γ + 1)xn,

which yields (2.12). □
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We also recall the following version of the Faà di Bruno formula which is used in the proofs

of Propositions 2.5 and 3.3, see for example Theorem 5.1.4 in [Sta99].

Lemma A.1. For any two sequences (αn)n≥1, (βn)n≥1, the coefficient of xm, m ≥ 1, in the

series ∞∑
l=1

αl

( ∞∑
n=1

βnx
n

)l

is given by
m∑
l=1

αl

∑
m1+···+ml=m
m1,...,ml≥1

βm1 · · · βml
.

The following lemma was used in the proof of Proposition 2.5.

Lemma A.2. The inverse function Φ−1
γ of

Φγ(w) := w(1 − w)1+γ, w ∈ C, (A.7)

admits the expansion

Φ−1
γ (x) =

∞∑
n=1

Fn−1(γ + 2, γ + 1)xn.

Proof. Since Φγ is analytic near w = 0 and Φγ(0) = 0, Φ′
γ(0) = 1 ̸= 0, by the Lagrange

inversion theorem, the inverse function of Φγ is given by the power series

Φ−1
γ (z) =

∞∑
n=1

αn

n!
zn,

where

αn = lim
w→0

∂n−1

∂wn−1

(
w

Φγ(w)

)n

= lim
w→0

∂n−1

∂wn−1
(1 − w)−(1+γ)n

= lim
w→0

∂n−1

∂wn−1

∞∑
k=0

(
k + (1 + γ)n− 1

k

)
wk

= (n− 1)!

(
(2 + γ)n− 2

n− 1

)
.

□
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B Proofs - continuous-time setting

Proof of Proposition 3.1. We denote by

F ρ(t) := P (T∅ > t) =

∫ ∞

t

ρ(r)dr, t ≥ 0,

the tail cumulative distribution function of ρ, and let pt(n) := P(Nt = n), n ≥ 0, with

pt(0) = P(Nt = 0) = P (T∅ > t) = F ρ(t), t ∈ R+.

For n ≥ 1, by the relation {Nt ≥ 1} ⊂ {T∅ ≤ t} and independence of branches, denoting by

(N1
t )t∈R+ and (N2

t )t∈R+ two independent copies of (Nt)t∈R+ , we have

pt(n) = P(Nt = n)

= E
[
P(Nt = n, T∅ ≤ t | T∅)

]
= E

[
P(N1

s + N2
s = n− 1)|s=t−T∅1{T∅≤t}

]
= E

[
p∗2s (n− 1)|s=t−T∅1{T∅≤t}

]
=

∫ t

0

ρ(t− s)p∗2s (n− 1)ds,

where ∗ is the discrete convolution product. As the distribution ρ is exponential with pa-

rameter λ, we have

pt(n) =


e−λt, n = 0,

λ

∫ t

0

e−(t−s)λp∗2s (n− 1)ds = λ

∫ t

0

e−(t−s)λ
∑

n1+n2=n−1
n1,n2≥0

ps(n1)ps(n2)ds, n ≥ 1.

(B.1)

Multiplying both sides of the third equality in (B.1) by zn and summing over n ≥ 1 gives

Gt(z) − ze−λt = zλ

∫ t

0

e−(t−s)λGs(z)2ds,

which in turns yields the Bernoulli ODE

d

dt
Gt(z) + λGt(z) = λzGt(z)2, t > 0, (B.2)

with initial condition G0(z) = z since p0(n) = 1{n=0}. The solution of (B.2) is then obtained

by a standard argument, which allows us to conclude to (3.2). □
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Proof of Theorem 3.2. Recall that X
(i)
t denotes the count of types equal to i ≥ 1 until time t,

excluding the initial node. Similarly to (A.1), we let

pt,j(m1, . . . ,mn) := Pj

(
X

(1)
t = m1, . . . , X

(n)
t = mn, Nt = m1 + · · · + mn

)
= Pj

(
X

(1)
t = m1, . . . , X

(n)
t = mn, X

(i)
t = mn for all i ≥ n + 1

)
,

j ≥ 0. Our proof proceeds by induction on the value of m1 + · · · + mn, with

pt,j(0, . . . , 0) = P(Nt = 0) = e−λt

when m1 = · · · = mn = 0.

We note that the branching chain (Xt)t≥0 with initial type 0 has mi branches with type

i for each i ≥ 1, then it must have (1 + m1 + · · · + mn) branches with type 0, since each

branch with type 0, except the initial one, has one and only one brother with a positive type.

(i) For j = 0, we have

pt,0(m1, . . . ,mn) = 1{m1>m2}λ

∫ t

0

e−(t−s)λps,0(m1 − 1,m2, . . . ,mn)ps,1(1)ds (B.3)

+ λ

∫ t

0

e−(t−s)λ
∑

m′
i+m′′

i =mi−1{1≤i≤2}, 1≤i≤n

0≤m′
i≤m′

i−1, 2≤i≤n

0≤m′′
i ≤m′′

i−1, 2≤i≤n, i̸=3

0≤m′′
3≤m′′

2+1

ps,0(m
′
1, . . . ,m

′
n)ps,1(m

′′
1,m

′′
2 + 1,m′′

3, . . . ,m
′′
n)ds,

and, for 1 ≤ j < n− 1,

pt,j(m1, . . . ,mj,mj+1 + 1,mj+2, . . . ,mn) (B.4)

= 1{mj+1≥mj+2}λ

∫ t

0

e−(t−s)λps,0(m1, . . . ,mn)ps,j+1(0, . . . , 0)ds + λ

∫ t

0

e−(t−s)λ∑
m′

i+m′′
i =mi−1{1≤i=j+2}, 1≤i≤n

0≤m′
i≤m′

i−1, 2≤i≤n

0≤m′′
i ≤m′′

i−1, 2≤i≤n, i̸=j+3

0≤m′′
j+3≤m′′

j+2+1

ps,0(m
′
1, . . . ,m

′
n)ps,j+1(m

′′
1, . . . ,m

′′
j+1,m

′′
j+2 + 1,m′′

j+3, . . . ,m
′′
n)ds,

while for j = n− 1 we have

pt,n−1(m1, . . . ,mn−1,mn + 1) = λ

∫ t

0

e−(t−s)λps,0(m1, . . . ,mn)ps,n(0, . . . , 0)ds. (B.5)

Since pt,j(0, . . . , 0) = e−λt, we apply (B.4) with j = 1 to (B.3) to get

pt,0(m1, . . . ,mn) = 1{m1>m2}λe
−λt

∫ t

0

ps,0(m1 − 1,m2, . . . ,mn)ds
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+ 1{m2>m3}λ
2e−λt

∫ t

0

∫ s

0

∑
m1

i+m2
i=mi−1{1≤i≤2}, 1≤i≤n

0≤m1
i≤m1

i−1, 2≤i≤n

0≤m2
i≤m2

i−1, 2≤i≤n

ps,0(m
1
1, . . . ,m

1
n)pr,0(m

2
1, . . . ,m

2
n)drds

+

∫ t

0

∫ s

0

λ2e(r−t)λ∑
m1

i+m2
i+m3

i=mi−1{1≤i≤3}, 1≤i≤n

0≤m1
i≤m1

i−1, 2≤i≤n

0≤m2
i≤m2

i−1, 2≤i≤n

0≤m3
i≤m3

i−1, 2≤i≤n,i̸=4

0≤m3
4≤m3

3+1

ps,0(m
1
1, . . . ,m

1
n)pr,0(m

2
1, . . . ,m

2
n)pr,2(m

3
1,m

3
2,m

3
3 + 1,m3

4, . . . ,m
3
n)drds.

By repeated application of (B.4) with j = 2, . . . , n− 2 as well as (B.5), we obtain

pt,0(m1, . . . ,mn) (B.6)

= e−λt

n∑
l=1

λl1{ml>ml+1}

∫
0≤sl≤···s1≤t

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

psk,0(m
k
1, . . . ,m

k
n)dsl · · · ds1

= e−λt

n∑
l=1

λl

l!
1{ml>ml+1}

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

∫ t

0

ps,0(m
k
1, . . . ,m

k
n)ds.

Observe that in multi-index notation, the constraint in the above summation reads

l∑
k=1

(mk
1, . . . ,m

k
n) = (m1, . . . ,mn) − (

l︷ ︸︸ ︷
1, . . . , 1, 0, . . . , 0︸ ︷︷ ︸

n

).

Thus, the proof can be conducted by induction over the set of multi-indices

{(m1, . . . ,mn) : m1 ≥ · · · ≥ mn ≥ 0}

in the back-diagonal order. The induction starts from the initial multi-index ∅, in which case

the result follows from a0(∅) = 1 and pt,0(0, . . . , 0) = e−λt. Writing the induction hypothesis

as

ps,0(m
k
1, . . . ,m

k
n) = a0(m

k
1, . . . ,m

k
n)e−λs(1 − e−λs)m

k
1+···+mk

n

and using (B.6), we obtain

pt,0(m1, . . . ,mn)

= e−λt

n∑
l=1

1{ml>ml+1}

l!

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

∫ t

0

ps,0(m
k
1, . . . ,m

k
n)ds

30



= e−λt

n∑
l=1

1{ml>ml+1}

l!

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

∫ t

0

a0(m
k
1, . . . ,m

k
n)e−λs(1 − e−λs)m

k
1+···+mk

nds

= e−λt(1 − e−λt)m1+···+mn

n∑
l=1

1{ml>ml+1}

l!

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

a0(m
k
1, . . . ,m

k
n)

1 + mk
1 + · · · + mk

n

= P(Nt = m1 + · · · + mn)
n∑

l=1

1{ml>ml+1}

l!

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

a0(m
k
1, . . . ,m

k
n)

1 + mk
1 + · · · + mk

n

from (3.1), which yields (3.4) when j = 0 and 1 ≤ mi ≤ mi−1, 2 ≤ i ≤ n.

(ii) By iterating (B.4) over n− j − 1 steps and then using (B.5), we obtain

pt,j(m1, . . . ,mj,mj+1 + 1,mj+2, . . .mn)

= 1{mj+1≥mj+2}λe
−λt

∫ t

0

ps,0(m1, . . . ,mn)ds

+ λ

∫ t

0

e−(t−s)λ∑
m′

i+m′′
i =mi−1{1≤i=j+2}, 1≤i≤n

0≤m′
i≤m′

i−1, 2≤i≤n

0≤m′′
i ≤m′′

i−1, 2≤i≤n

i ̸=j+3
0≤m′′

j+3≤m′′
j+2+1

ps,0(m
′
1, . . . ,m

′
n)ps,j+1(m

′′
1, . . . ,m

′′
j+1,m

′′
j+2 + 1,m′′

j+3, . . . ,m
′′
n)ds

= 1{mj+1≥mj+2}λe
−λt

∫ t

0

ps,0(m1, . . . ,mn)ds

+ 1{mj+2>mj+3}λ
2e−λt

∫ t

0

∫ s

0

∑
m1

i+m2
i=mi−1{1≤i=j+2}, 1≤i≤n

0≤m1
i≤m1

i−1, 2≤i≤n

0≤m2
i≤m2

i−1, 2≤i≤n

ps,0(m
1
1, . . . ,m

1
n)pr,0(m

2
1, . . . ,m

2
n)drds

+ λ2

∫ t

0

∫ s

0

e(r−t)λ
∑

m1
i+m2

i+m3
i=mi−1{j+2≤i≤j+3}, 1≤i≤n

0≤m1
i≤m1

i−1, 2≤i≤n

0≤m2
i≤m2

i−1, 2≤i≤n

0≤m3
i≤m3

i−1, 2≤i≤n, i̸=j+4

0≤m3
j+4≤m3

j+3+1

ps,0(m
1
1, . . . ,m

1
n)

pr,0(m
2
1, . . . ,m

2
n)pr,j+2(m

3
1, . . . ,m

3
j+2,m

3
j+3 + 1,m3

j+4, . . . ,m
3
n)drds

= · · ·

= e−λt

n−j∑
l=1

1{mj+l−1{l≥2}≥mj+l+1}λ
l
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∫
0≤sl≤···≤s1≤t

∑
∑l

k=1 m
k
i =mi−1{j+2≤i≤j+l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

psk,0(m
k
1, . . . ,m

k
n)dsl · · · ds1

= e−λt(1 − e−λt)1+m1+···+mn

n−j∑
l=1

1{mj+l−1{l≥2}≥mj+l+1}

l!

∑
∑l

k=1 m
k
i =mi−1{j+2≤i≤j+l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

a0(m
k
1, . . . ,m

k
n)

1 + mk
1 + · · · + mk

n

,

from which (3.4) follows. □

Proof of Proposition 3.3. We proceed by induction on m ≥ 0. We let

Aσ
j (m) := Ej

[
m+j∏
k=1

σ(k)X
(k)
t

∣∣∣Nt = m

]
, j ≥ 0,

with Aσ
j (0) = 1. By (3.5), we have

Aσ
j (m) =

∑
m1+···+mn=m, n≥0,
1≤mi≤mi−1, 2≤i≤n

aσj (m1, . . . ,mn),

where

aσj (m1, . . . ,mn) := aj(m1, . . . ,mn)
n∏

k=1

σ(k)mk ,

and σ(k) := γ + k − 2, k ≥ 1. By the induction relation (3.4), similarly to (A.6), we have

Aσ
j (m + 1) =

∑
m1+···+mn=m+1, n≥1,
1≤mi≤mi−1, 2≤i≤n

aσj (m1, . . . ,mn)

=

m+j+1∑
n=j+1

∑
m1+···+mn=m+1

1≤mi≤mi−1, 2≤i≤n

n−j∑
l=1

1

l!
1{ml>ml+1}

∑
∑l

k=1 m
k
i =mi−1{1≤i≤l}, 1≤i≤n

0≤mk
i ≤mk

i−1, 2≤i≤n, 1≤k≤l

l∏
k=1

aσ0 (mk
1, . . . ,m

k
n)

1 + mk
1 + · · · + mk

n

=
m+1∑
l=1

1

l!

m+1−l∑
n′=1

∑
m′

1+···+m′
n′=m+1−l

1≤m′
i≤m′

i−1, 2≤i≤n′

∑
∑l

k=1 m
k
i =m′

i, 1≤i≤n′

0≤mk
i ≤mk

i−1, 2≤i≤n′, 1≤k≤l

l∏
k=1

aσ0 (mk
1, . . . ,m

k
n′)

1 + mk
1 + · · · + mk

n′

=
m+1∑
l=1

1

l!

∑
∑l

k=1 mk=m+1−l
m1,...,ml≥0

∑
n′≥1

∑
mk

1+···+mk
n′=mk, 1≤k≤l

0≤mk
i ≤mk

i−1, 2≤i≤n′, 1≤k≤l

at least one of mk
n′ , 1≤k≤l is nonzero

l∏
k=1

aσ0 (mk
1, . . . ,m

k
n′)

mk + 1

=
m+1∑
l=1

1

l!

∑
m1+···+ml=m+1−l

m1,...,ml≥0

l∏
k=1

 1

mk + 1

∑
nk≥0

∑
mk

1+···+mk
nk

=mk

1≤mk
i ≤mk

i−1, 2≤i≤nk

aσ0 (mk
1, . . . ,m

k
nk

)


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=
m+1∑
l=1

1

l!

(
j+l∏

k=j+1

σ(k)

) ∑
m1+···+ml=m+1
m1≥1,...,ml≥1

l∏
k=1

Aσ
0 (mk − 1)

mk

, m ≥ 0, (B.7)

where in the third equality we made the change of variables m′
i = mi − 1{1≤i≤l}. Plugging

the relation

σ(k) = γ + k − 2, k ≥ 1,

in (B.7), we have

Aσ
0 (m + 1) =

m+1∑
l=1

(
l + γ − 2

l

) ∑
m1+···+ml=m+1
m1≥1,...,ml≥1

l∏
k=1

(
(−γ)mk−1

mk

(
−1 + 1/γ

mk − 1

))
, m ≥ 0,

and Lemma A.1 then shows that Aγ
0(m + 1) is the coefficient of xm+1 in the series

∞∑
l=1

(
l + γ − 2

l

)( ∞∑
n=1

(−γ)n−1

n

(
−1 + 1/γ

n− 1

)
xn

)l

=
∞∑
l=1

(−l)l
(

1 − γ

l

)(
1 − (1 − γx)1/γ

)l
= (1 − (1 − (1 − γx)1/γ))1−γ − 1

= (1 − γx)−1+1/γ − 1

=
∞∑

m=1

(−γ)m
(
−1 + 1/γ

m

)
xm,

which allows us to conclude when j = 0. When j ≥ 1, we have

Aσ
j (m + 1) =

m+1∑
l=1

(
j + l + γ − 2

l

) ∑
m1+···+ml=m+1

m1,...,ml≥1

l∏
k=1

(
−(−γ)mk

(
1/γ

mk

))
, m ≥ 0,

hence Lemma A.1 shows that, letting

Zγ(x) := −
∞∑
n=1

(−γ)n
(

1/γ

n

)
xn = 1 − (1 − γx)1/γ,

the quantity Aσ
j (m + 1) is the coefficient of xm+1 in the series

∞∑
l=1

(
j + l + γ − 2

l

)
(Zγ(x))l =

∞∑
l=1

(−l)l
(
−(j − 1 + γ)

l

)
(Zγ(x))l

=
1

(1 − Zγ(x))j−1+γ
− 1

=
∞∑

m=1

(−γx)m
(
−1 − (j − 1)/γ

m

)
,

which yields (3.11). □
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