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Abstract

We consider a multitype Galton—Watson process that allows for the mutation and
reversion of individual types in discrete and continuous time. In this setting, we ex-
plicitly compute the time evolution of quantities such as the mean and distributions
of different types. This allows us in particular to estimate the proportions of different
types in the long run, as well as the distribution of the first time of occurrence of a
given type as the tree size or time increases. Our approach relies on the recursive
computation of the joint distribution of types conditionally to the value of the total
progeny. In comparison with the literature on related multitype models, we do not rely
on approximations.
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1 Introduction

Multitype Galton—Watson processes have been used in population genetics and evolutionary
biology to model the propagation and extinction of mutant types. In [INM06] and [DM10],
the mutation of a type-i cancer cell mutates into a type ¢ 4+ 1 cell has been modeled using
a continuous-time process that branches at an exponential rate depending on 7 > 0. In
[SMJV13], evolutionary branching processes modeling subpopulations with different traits
or genotypes have been analyzed under small mutational step sizes. More recently, the
diffusion limit of Galton—Watson branching processes modeling alele types has been analyzed
in [BW18]. This analysis relies mainly on the classical literature on birth-death and Galton—
Watson processes, see e.g. [Kend8|, [Ott49], [Har63], [ANT72], and [BS84], which is used to
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derive the distribution and generating function properties of the progeny of random trees or

branching processes.

In this paper, we consider multitype random binary trees in which every node bears
an integer type 7 > 0 and may generate either no offspring, or two offsprings, one with
type 0 and one with type 7 + 1. Our analysis covers both the discrete-time case, in which
two offsprings are generated with probability p € (0,1) and no offspring is generated with
probability ¢ := 1 — p, and the continuous-time setting, which yields a multitype Galton—

Watson process.

Figure 1 presents a sample of the corresponding multitype branching process in discrete

time.
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Figure 1: Marked random tree sample started from the initial type j = 3.

In terms of population genetics, such trees provide a way to model mutation and reversion,
by considering “wild type” individuals with type 0, and “mutant” individuals with type 7 > 1
which have been the object of j > 1 mutations. In this setting, wild type 0 individuals can
have offspring of both wild type 0 and mutant type 1, whereas mutants of type 7 > 1 can
have offsprings of wild type 0 (revertants), or mutant type j+ 1. See for example [AO21] and
references therein for the study of related population models in the framework of evolutionary

rescue.

In this model, type 0 individuals follow the same Galton—-Watson dynamics as in [INMO06],
[DM10], and the interbranching times are also exponentially distributed. However, higher
type transitions are modeled differently using a marked tree, and the growth of population
types over times can be subexponential, see Figure 6, whereas it is exponential in Theo-
rem 4 of [DM10]. In addition, due to model complexity, the computation of waiting times

distributions in [INMO06], [DM10] relies on approximation formulas.

Our main results are presented in Sections 2 and 3 and are proved in Appendices A



and B, respectively in discrete and continuous time. After recalling the computation of the
distribution of tree progenies in Propositions 2.1 and 3.1, we derive recursive expressions
for the distribution of any finite vector (X W X (”)) of type counts given the size of the

random tree, see Theorems 2.2 and 3.2, respectively in discrete and continuous time.

In particular, we provide closed form and recursive expressions for the distribution of type
counts in both discrete and continuous time, which allows us to determine the evolution of

quantities such as:

e expected counts and proportions of types, see Figures 2, 3, 6 and 9, and

e the distributions of the first occurrence times of a given type count, see Figures 7 and

8.

We also derive identities for the expectation of product functionals on random trees, which

in turn yield integrability conditions for generating functionals, see Sections 2.3 and 3.3.

In Figure 2 we display the computed values of the conditional mean proportions of types
as the size of the discrete-time tree increases. Figure 9 displays the continuous-time evolution
of those proportions. We note in particular that the (wild) type 0 remains predominant in
discrete time, see Figure 2, whereas in continuous time it is the initial type 7 which remains
predominant over time in Figure 9. Figures 7 and 8 present the tail distribution functions

and probability density functions of the occurrence times of given types.

The closed-form expressions of Theorems 2.2 and 3.2 are then applied to the computation
of the expectation of product functionals on random trees in Proposition 2.5 and Corollar-
ies 2.6, 2.7 in discrete time, and in Propositions 3.3, 3.4 and Corollary 3.5 in continuous
time. In particular, Corollaries 2.7 and 3.5 yield sufficient conditions for the integrability of
random product functionals involving marks. Such results are applicable to problems where
the generation of random trees is used in Monte Carlo integration, see for example [HP25],

[HP26] for an application to Monte Carlo methods for differential equations.

The recurrence formulas proved in Theorems 2.2 and 3.2 are implemented in Mathematica
and Python notebooks which are used to produce Figures 1-4 and 6-9, and are available at
https://github.com /nprivaul /branching/

in discrete and continuous time.

All analytical results are confirmed by Monte Carlo simulations that can also be run in the

above notebooks.


https://github.com/nprivaul/branching/

2 Discrete-time setting

In what follows, we let N = {0, 1,2,...}.

2.1 Marked Galton—Watson process

We consider a branching chain in which every individual has either no offspring with prob-
ability ¢, or two offsprings with probability p. For this, let (&, ), k>1 denote a family of

independent {0, 2}-valued Bernoulli random variables with the common distribution
q=P&,r=0) and p=P(,r=2), n,k>1,

with p+¢ =1 and 0 < p,q < 1, where &, j represents the number of offsprings of the k-th
individual of generation n — 1, see e.g. [Har63], [ANT2].

In this framework, the branching chain (Z,),>0 is recursively defined as

anl
Zo=1, Zy= &ui n>1, (2.1)
k=1

and represents the population size at generation n > 0. We let

1 00
k=1

denote the total count of nodes with non-zero types, excluding the initial node, i.e. 1+ 257°
represents the total progeny of the chain (Z,,),>0. Note that S7° is also equal to the number
of nodes with type 0 excluding the initial node, since each node with non-zero type has a

co-twin with type 0.

Using the sequence (&, x)nr>1 We construct a marked random binary tree 7 in which a
node k € {1,..., 7,1} at generation n — 1 yields either two branches if £, = 2, or zero
branch if &, ;, = 0. In addition, the nodes of 7 receive marks that represent individual types,

as described below.
i) The initial node has the type j > 0;
ii) if a node of type i € N splits, its two offsprings respectively receive the types 0 and i+ 1;

as shown in Figure 1. Proposition 2.1 recovers the distribution of the number of vertices of

the random binary tree 7 using classical results of [Ott49], and is proved in Appendix A for
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completeness. In what follows, we let

1 2
Cn = <n>7 n >0,
n+1\n

denote the n-th Catalan number (see [Aig07]), which represents the number of different

rooted binary trees with n + 1 leaves.

Proposition 2.1. The distribution of the count SZ° of nodes with non-zero types is given by
P(SZ =n) =q(pq)"Cn, n >0, (2.2)

with the probability generating function

1— 1= 4pgd
2pd ’

E[§%] = 0] < 1/(4pa). (2:3)

and we have P(SZ) < 00) =1 if p < 1/2.

In addition, it follows from (2.3) that if p < 1/2, we have
E[SZ] =p/(a—p). (2.4)

2.2 Conditional type distribution

We let X*) denote the count of types equal to k > 1 in the random tree 7, excluding the
initial node, with
X® =0 for k > S7°.

For example, in Figure 1 with j = 3 we have S7° = 9, and
XU =3 Xx®@ =1 XO =1, XW=2 XO=x©_1,

We also let P;, resp. E;, denote conditional probabilities and expectations given that 7 is

started from the initial type j € N.

In Theorem 2.2, which is proved in Appendix A, we compute recursively the conditional
type distribution of (X W X (”)) given that their summation equals S7° and X*) = 0
for all £ > n, and show that it does not depend on p, ¢. In what follows, we use the notation
14 to denote the indicator function taking the value 1, resp. 0 when condition A is satisfied,

resp. not satisfied.



Theorem 2.2. For 7 > 0 and n > 1, the conditional type distribution

bj(ml, e ,mn)

Pi(XY=my,..., X" =m, | SL=mi+ - +m,) = ;o (2.5)
Cm1+"'+mn
mi,...,my, >0, satisfies the recursive relation
n—j l
bij(my,...,my,) = Z Lim, >mypipa} Z H bo (mlf, e ,mfl) (2.6)
=1 Skt mP=m;—1(;ci<jpiy, 1<i<n k=1

0<mk<ml |, 2<i<n, 1<k<I

i—1

where my, 1 := 0 in the last indicator 1y, >m, .1},
bj(g) :]_, bj(ml,...,mn_l,O):bj(ml,...,mn_l),

and

bij(my,...,m,) =0if 1 <n<jandmi+---+m, > 1.

From Theorem 2.2, the conditional type distribution (2.5) can be computed first by applying

the recursion (2.6) to j = 0, as

n l
bo(ma,...,my) :Zl{mz>mz+1} Z Hbo(mlf,...,mﬁ),
I=1

1 ) =
ShoymP=mi—1g <<y, 1<i<n k=1
0<mb<mb |, 2<i<n, 1<k<I

and then applying again (2.6) to j > 1. Note also that when my + --- +m, < n — j, the

summation range in (2.6) is empty, whence b;(my, ..., m,) = 0. In addition, setting
{gu{(my,...,my) : my >--->m, > 1}, j=0,n>0,

S {(m1,....,my) : 1 >--->m; >0, mj+1>mjy >--->m, >1} 1<j<n,

e {(m1,...,m;) : my =---=m; =0}, j=n>1,
0, 1<n<y,

for 7 >0,1<n<m+ 7, m>1, and any weight function f, : N* — R, we have
1) (n) 40 bj(my,...,my)
E] [fn (X yooe ,X )1{X(1)+...+X(n):m}|500 = m] = Z C fn(ml, ce ,mn).

(mlwuvmn)eKj,n
mi+---+mp=m

In particular, the following corollary provides a way to solve the recursion (2.6) for the

computation of mean type counts given the value of S7°.



Corollary 2.3. The mean count of type | individuals given the value of S7° = m after
starting from type j is given by
1 l—7+1/2m -1+ 1 2m — |
E [X®]s57 = = —1joci—jcm———— —1 2.7
J[ } 00 m} C {0<l—j<m} m4+ 1 m + C., {m>1} m+1) ( )

ILm>1,3j>0.

The proof of Corollary 2.3, which is given in Appendix A, also shows that

o it
Bi[XO] = 1yenp™ + . iz 0121,

and

>k [x%) = L

>1 q—7p
which recovers (2.4), with
E,;[X"]
ZkZI Ej [X (

As a consequence of Corollary 2.3, the conditional mean proportions of non-zero types

o] = Lyay(g—pp™7 P49, >0, 1>1.

%]Ej XV S22 =m], m>1, (2.8)
satisfy

.1 I
JQOEE]-[XMS;?:m]:?, §>0,1>1.

Figure 2 displays the evolution of computed values of the conditional mean proportions (2.8)

of non-zero types for m = 1,...,12, after starting from the initial types j =0, 1,2, 3.
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(a) Initial type j = 0. (b) Initial type j = 1.

2 4 6 8 10 12 ’ 2 4 6 8 10 12

(c) Initial type j = 2. (d) Initial type j = 3.

Figure 2: Conditional average type proportions (2.7) given the values of SZ” in abscissa.

The color coding of types used in Figures 1-3 and 6-9 is shown below.
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The expected values of the conditional proportions (2.8) of non-zero types are computed as

functions of p € (0,1/2) in Corollary 2.4. Here,
B(z;a,b) ::/ w1 — )" tdu
0
denotes the incomplete beta function.

Corollary 2.4. The conditional proportion of type k individuals after starting from the
wnitial type j is given by

E; l 70 S > 1} = Z;B(ZE k+1,-1)+ 51{k>]’} <(k +1—7)B(p;k —j,0) — T) :
(2.10)
k>1,72>0.

The proof of Corollary 2.4 is given in Appendix A, and the average proportions (2.10) are
plotted in Figure 3 for p € [0,1/2), after starting from the initial types j =0, 1,2, 3.
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(a) Initial type j = 0. (b) Initial type j = 1.

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5

(c) Initial type j = 2. (d) Initial type 7 = 3.

Figure 3: Average type proportions (2.10) as functions of p € [0,1/2).

Corollary 2.4 also yields the limiting values of the mean proportions (2.10) as p tends to 1/2,

1.e.
X (k)
lim E; |[—|S7°>1
p—1>rlr;2 J{S@? Soe 2 ]

1 1 ,
as illustrated in Figure 4.

0.4

0.3F

outl 1= g2k out[«]= 0.2

0.1+

0.0

(a) Initial type j = 3. (b) Initial type j = 6.

Figure 4: Limiting distributions (2.11) for p = 1/2.



2.3 Generating functions
Let Fo(p,7) =1, p,r >0, and for n > 1,

r (np+r)zz(np+r—1)_ rI(np + 1)

np+r\ n n\ n—1 ) Tm+DI((p—1)n+r+ frac)

F.(p,r) = p,r >0,

denote the generalized Catalan numbers, or two-parameter Fuss—Catalan numbers, see [M1o10].

Then, the n-th Catalan number is given by

1

2
Cn:Fn(2,1)2n+1(:>, n > 0.

In Proposition 2.5 we derive a closed-form conditional generating function expression using

Fuss—Catalan numbers, which is proved in Appendix A.

Proposition 2.5. For any v > —1 and m > 1, we have

sz? (k)
7\ ¥ Fa(y+2,7+1)
E (1 —) ‘ S* —m| = . 2.12

By differentiation of the generating function (2.12), we have

=, X () d Fuly+2,7v+1) m+ 1
Eo — ‘ S =m| =" i N2
; k 0y F,.(2,1) [v=0 Z;m—i-]
hence o
S,
1 = X® 1
: #0 _ — _
Jim B |3 S [ S8 = m| =l 35S = log2
k=1 j=1
The following corollary generalizes (2.3) from 7 = 0 to any v > —1.
Corollary 2.6. The generating function
Sl k)
#0 7\ X
Gl(9) = S ( —>
3(6) =M, |65 [ (1+ -
k=1
solves the equation
(1 - 6pGHO)'™ GI0) = g (2.13)

Proof. From Propositions 2.1 and 2.5, we have

sz0

% (k)
Glo) =B |62 T (1+2)
0 0 ’H ( k;)

10



570

> x (k)
=Y omp(sE =mEs [[[(1+7) [s2=m
m=0 k=1
=q> (pgd)"Fu(y+2,7+1)
m=0
— 1 (1)—1( 5)
by Lemma A.2 below, where @7 ! the inverse function of
P, (w) :==w(l —w)'™, weC,
which yields (2.13). O

For example, taking v = 1, (2.13) becomes a cubic equation that can be solved in closed
form as

sZ0

x (k)
520 1 2 1
Eo |65 ]] (1 + E) e

el ~ 3pd 3 x 22/3 (2754p4q — 2533 + 34/367p7q(270pq — 4))

((276*p*q — 26%p® + 3./367p"q(276pq — 4))1/3
6 % 21/3(52p2 ’

As a consequence of Proposition 2.5, we also obtain the following integrability criterion for

product functionals.

Corollary 2.7. Let 6 > 0 and v > —1, and let (0(k))r>0 be a real sequence such that

1 1+~
0< o(0) < M—ZLM, and 0 < o(k) < <1+%) 5, k> 1. (2.14)
Then, we have
SZ°
Ey [0(0)% [T o(t)*"| < ox.
k=1
Proof. By Proposition 2.5, we have
<0 S’Zﬁoo 5 (0 () m v X (k)
Eo | (0(0)9)% T (1 + E) =3 (0(0)8)"Eo |[] (1 + k) §70 = m] Po(S2" = m)
=1 m=0 k=1
o0 m yy X®
=0 (p)"(0(0)0)"Cuo | [T (14 7) " [ 82 =m
m=0 k=1
=Y _(pgo(0)0)"Fu(y +2,7+1). (2.15)
m=0

11



From the relation I'(z 4+ «)/T'(z) = O(x®), we obtain

24+ (m+1)+y+DI((L+v)(m+1))
m+2)T((1+v)(m+2)0((2+y)m+~+1)
(@+)m+y+1)°

lim sup Frpn(y+2,7+1) = lim sup

= lim su
mooe. (14 2)((1+7)(m + 1)1
_ @2+
I
hence under (2.14) we have
£, 2.4 +1 1
lim sup (Y +2,7+1)

mooo  Fm(y+2,7+1) " pgo(0)8’

and the series (2.15) converges absolutely. We conclude from the inequality

sz0 SZ° k
#0 (k) #0 Y x®)
E, | o(0)%% a(k)X | <Ey | (0(0)8)%% 1+ - = Gl(c(0)9),
o |7 [Low)™™ | <Eo (o0 ,H( ) (0(0)0)
that follows from (2.14). O

3 Continuous-time setting

3.1 Marked binary branching process

In this section, we consider an age-dependent continuous-time random tree 7;, t > 0, in
which the lifetimes of branches are independent and identically distributed via a common
exponential density function p(t) = Ae™*, ¢ > 0, with parameter A > 0. In addition to a
type j € N, a label k in

K:={z}u| J{12}",

n>1

is attached to every branch, as follows.

e At time 0 we start from a single branch with label k = @ and initial type j € N. At
the end of its lifetime T}, this branch yields either:

— no offspring if Ty > t;

— two independent offsprings with respective labels (1), (2) and respective types 0,
jH1if T, < t.

12



e At generation n > 1, a branch having a parent label k— := (ky,...,k,_1) and type
1 € N starts at time Ti_ and has the lifetime 7. At the end of its lifetime Ty := Ty _ +7y,
this branch yields either:

— no offspring if Ty, > t;
— two independent offsprings with respective labels (k,1) = (ki,...,k,,1) and
(k,2) = (k1,...,kn,2), and respective types 0, i + 1 if Ty < ¢;

see Figure 5. In particular, when a branch k with type ¢ > 0 splits, its two offsprings are

respectively marked by 0 and ¢ + 1.

g _ g
o <EA > %

t
N ¢ iz '
j=3 2]
s, /BN

ol

Figure 5: Sample of the marked random tree 7T, t > 0, started from the initial type j = 3.

We refer to e.g. [Kend8, Eq. (8) page 3|, [Har63, Example 13.2 page 112], and [ANT72,
Example 5 page 109] or [INMO06, Equation (5)] for the following result, whose proof is given

in Appendix B for completeness.

Proposition 3.1. The distribution of the count Ny of nodes with non-zero types in T;, t > 0,

excluding the initial node, s given by
P(N,=m)=e M1 —e)™ m>0, (3.1)

and probability generating function

e—At

Gi(0) =E["] = E=nr t>0. (3.2)

In addition, it follows from (3.2) that E[N;] = e* — 1, ¢ > 0. Note also that N; equals the

number of nodes with type 0 excluding the initial node, since each node with non-zero type

has a co-twin with type 0. Hence, the total progeny of the random tree 7;, t > 0, is 2/N; + 1.

13



3.2 Conditional type distribution

In what follows, we let X denote the count of types equal to ¢ > 1 until time ¢, excluding

the initial node.

In Theorem 3.2, which is proved in Appendix B, we compute recursively the conditional
type distribution of (Xt(l), e ,Xt(n)) given that their summation equals N; and Xt(k) = 0 for

all £ > n, and show that it does not depend on time ¢ > 0 and on the parameter A > 0.
Theorem 3.2. For j >0 and n > 1, the conditional type distribution
aj(ml, .. ,mn) = P](Xt(l) =Mmq,... ,Xt(n) = Mpy | Nt =my+---+ mn) (33)

s given by the recursion

n—j l

k k
( -3 > IR
a] mi,...,M l' {mjpi>mjii41} 1 + m + o4 mk )
m; Tp.. +m mL—l{]<Z<J+l}, 1<i<n k=1 "
0<mk<m , 2<i<n, 1<k<I
(3.4)
my, ..., My >0, withmy1 = 0 in the last indicator 1y, sm, .}, a;(D) := 1, aj(my,...,my,) =

aj(mi,...,my_1) if my, =0, and a;(my,...,my) =0if 1 <n<j, m+---+m,>1

From Theorem 3.2, the conditional type distribution (3.3) can be computed by first applying

the recursion (3.4) to 7 =0, as

a0<m17 mn)
ag(ml,..., lel{ml>ml+1} Z H 1+m + . +mk7

m+ +m =m;— 1{1<1<l},1<z<nk 1
o<mk<m 1, 2<i<n, 1<k<I

and then applying again (3.4) to j > 1. Note also that when my + --- +m, < n — j, the
summation range in (3.4) is empty, whence a;j(m,...,m,) = 0. In addition, for j > 0,

m>1,1 <n<m+j and any weight function f,, : N* — R, we have

E]’ [fn <Xt(1)7 . ’Xt(n))]'{Xt(l)—f—m—&-Xt("):m} ’ Nt = m} = Z aj(ml, c. ,mn)fn(ml, Ce ,mn).

Figure 6 displays the time evolution of the expected values

=SB [XO| N, = m] B, = m) (3.6)

m=1

14



of the count of non-zero types computed as functions of ¢ € [0, 1] from

m-+j

E (X" |No=m]= > > ma(m, . my), L=1 m+j, (3.7)
n=max(l,5) (ml’_;l’y_?_n)EKj’n
mi+---+mp=m

by truncation of the series (3.6) up to m = 12, after starting from the initial types j =
0,1,2,3, together with Monte Carlo simulations over 10,000 samples. Color codings are

consistent with (2.9) and those of Figures 1-3 and 5.

1.2+ X
1.0+
0.8

1.0-
0.6

0.5+

x
x
3 & xo%—% s % 2
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0

(a) Initial type j = 0. (b) Initial type j = 1.

1.2
1.0
0.8
0.6
0.4

23
0.2

X
% o*zﬁ 3% i) . 1>A‘o
(c) Initial type j = 2. (d) Initial type j = 3.

Figure 6: Expected counts (3.6) of types as functions of ¢ € [0, 1] with A = 1.

Figure 7 displays the tail cumulative distribution functions

Pi(r" > 1) =P;(X) = 0) = P(N, = 0) + Y _P;(X” = 0| Ny =m)P(N; =m)  (3.8)

m=1

of the first time 7() of occurrence of type [ which, according to (3.3), is computed as

Pi(X" =0| N, =m) :i > ailma,. . my) (3.9)

n=j (m1:~~~7mn)eKj,n
mi+---+mp=m

m-j

+ Z Z aj(ml,...,ml_l,O,mlH,...,mn), lzl,,m+j

n=max(l,j) (m1,....mi—1,0,m41,....mn)E€K; p,
mi+-4+mp_1+mpp+tmp=m

15



For this, we truncate of the series (3.8) up to m = 12, after starting from the initial types
7 =0,1,2,3. The closed-form expressions are confirmed by Monte Carlo simulations over
10,000 samples, and remain stable for ¢ € [0, 2].

1.0

0.6

‘0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

(a) Initial type j = 0.

(c) Initial type j = 2. (d) Initial type j = 3.

Figure 7: Tail CDFs (3.8) of the occurrence times of given types with A = 1.

Figure 8 displays the evolution of the probability density functions of the first time 7 of
occurrence of type [, as obtained from (3.8) and (3.9) for ¢t € [0,2], after starting from the
initial types j = 0,1,2,3.
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%o T o5 10 1s 20 %% 0.5 1.0 1.5 2.0
(a) Initial type j = 0. (b) Initial type 7 = 1.

1.0 1.0

0.8 0.8

4 4 _—

%o os 10 15 20 o'%.o—/Ls T a0
(c) Initial type j = 2. (d) Initial type j = 3.

Figure 8: PDFs (3.8) of the occurrence times of given types with A = 1.
Figure 9 displays the mean proportions
E t(l)N>1— LS L X0 | N, = ] PV, = 1

A _1——MZE j[t ‘ t—m] (N =m) (3.10)

of non-zero types computed as functions of ¢ € (0,1) from (3.7) and truncation of the series
(3.10) up to m = 12, after starting from the initial types j = 0,1,2,3. Due to truncation,
the computed proportions are accurate and add up to 100% only up to ¢t = 1.

17



0.2 0.4 0.6 0.8 1.0 0. 0.2 0.4 0.6 0.8 1.0

(a) Initial type j = 0. (b) Initial type j = 1.

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(c) Initial type j = 2. (d) Initial type 7 = 3.

Figure 9: Mean proportions of types (3.10) as functions of ¢ € [0, 1] with A = 1.

3.3 Generating functions

In Proposition 3.3, which is proved in Appendix B, we derive a closed-form conditional

generating function expression.

Proposition 3.3. For any v,t > 0 and m,j > 0 we have

ak o “1-(G -1y
B, |10 +5 -2 | v = m] —on(TTUEIM e
k=1
In particular, for j =0, v =2 and ¢t > 0, we have
N
x® B _(2m)!
EO gk Nt—m]—m, m > 0.

Proposition 3.4. For any §,7,t > 0 such that (1 — e )yd < 1, we have

Ni —Xt
B PYAL o x® e .
E; [5 Ig(”y +k—2) ] T (1= (1= e M)yo)tG-D/ Jj = 0. (3.12)

Proof. By Propositions 3.1 and 3.3, we have

m

Ny [e%s)
E, laNt I 2)x§’“>] = ST B(N, = m)d"E;
m=0

k=1

(v+k —2)%" ’ Ny = m]
k=1

18



M (1 Nyt (—1 ~ (- 1)/7)

m=0
e*)\t
SOz empmanaon 120

In particular, for 6 =1, v =2 and £ > 0 we have

—At

Ny
x® | _ e _
E; ,Hk ] T Qe 1) z 0.

As a consequence of Proposition 3.4, we obtain the following integrability criterion for prod-

uct functionals.

Corollary 3.5. Lett >0, 7 >0, >0, v > 1, and let (0(k))r>o0 be a real sequence such
that

1
Then, we have the bound
. N N . ® _ e—)\t
1170 Ea( S S T e ey o <%

Proof. By (3.13) we have

Al (k) i (k)

E; |o(0)™ [[ok)™ ] < E; [(a(0>6)Nf [[o+r=2%"|. j>o0

k=1 k=1
and we conclude from (3.12). O
Conclusion

We have presented a multitype Galton—Watson process that can model mutation and re-
version in discrete and continuous time. Through a recursive computation of the joint
distribution of types conditionally to the value of the total progeny, we have determined the
evolution of various expected quantities, such as the mean proportions of different types as
the tree size or time increases, and the distribution of the first time of occurrence of a given
type. In comparison with the literature on related multitype models, our approach does not

rely on approximations.
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A Proofs - discrete-time setting

Proof of Proposition 2.1. By [Ott49, Theorem 2|, the probability generating function G of
the total progeny 1 + 2S57° of T satisfies the quadratic equation

G(0) = dq + 5pG(6)?

in a neighborhood of 0, and admits the solution (2.3), in which the choice of minus sign
follows from the initial condition py = lims_,o G(§) = 0. Letting g(w) := g + pw?, by [Ott49,
Corollary 3] we have P(SZ° < co) = 1 if and only if ¢/(1) < 1, i.e. p <1/2, and

P(SZ) < o0) = G(1)

1 —/T—4pq
=
11— /1—4q+4¢
_ r
_ 1—1]1—2¢]
==

q
_!p p=1/2
1 p<1/2.

Finally, by Lagrange inversion, see e.g. Theorem 2.10 in [Drm09], and the binomial theorem,

we have
P(S2 = n) = G (0
1 871—1 "
= S ggnt W
AR N A W
nl Guwn—1 (/{:)q P
k=0
1 u n\ ¢ FpF(2k)! .
“u X (et
k=[(n—1)/2]
from which (2.2) follows. O

Proof of Theorem 2.2. Recall that X*®) denotes the count of types equal to k > 1 in T,

excluding the initial node, with X®*) = 0 for & > S7Z°. In what follows, we let
pi(my,...,my,) = Pj(X(l) =my,..., X" =m,, S0 =my+--- +mn) (A1)
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:Pj(X(l) =my,...,X™ =m,, XO =0 for alli >n+1), j>0.

Our proof proceeds by induction on the value of m; +- - -+m,,, noting that when m; = --- =

my, = 0, we have p;(0,...,0) :IP’(S;ZO :O) =q.

(7) From the branching mechanism defining the random tree 7, we have

po(mi,....my) = Plim smayPo(mi — 1,ma, ... my)pi(0,...,0) (A.2)

/ / noon " "
+p E po(my,....,m,)p1 (my{,ms+1,ms,....m.),
mi+my=m;—1r1<;<0y, 1<i<n
0<mi<m/_,, 2<i<n
0<m/ <mf/_,, 2<i<n,i#3

0<mf <mf+1

and, for 1 <j<n—1,

pj(ml,...,mj,ij+1,mj+2,...,mn) (A3>
= pl{mj+12mj'+2}p0<m17 s 7mn)pj+1 (07 cee 70)
+p Z po(my,...,m.)

m; +m;’=m1 71{1§2:]+2} ) 1§Z§TL
0<mi<m/_,, 2<i<n
0<my/<ml/_,, 2<i<n,ij+3
" "
0smjig<mj o+l

" " " " "
X pjpa(my,...,mi ,mi o+ 1,mi . omy),
while for j =n — 1 we have

Pr—1(ma, ... ,mu_1,mp + 1) = ppo(ma, ..., my,)pn(0,...,0). (A.4)
We apply (A.3) with j =1 to (A.2) to get, since p;(0,...,0) =g,

po(mi,ma ..., my) = Pqlim smoyPo(my — 1,ma, ..., my,)

2 1 1 2 2
+ p“q E Do (ml,...,mn) 1{m§2m§}po(m1,...,mn)
mi+m2=m;—1{1<i<a}, 1<i<n
0<ml<m! |, 2<i<n
0<mZ<m?2_,, 2<i<n,i#3
0<m2<mi3+1
2 1 1 2 2 3.3 .3 3
+p E po(my,...,m,)po(mi,...,m:)pa(my, my,ms+1,my,....,m
m%—i—m?—l—m?:mi—l{lgigg}, 1<i<n
0<mi<m}_,, 2<i<n
0<m2<m?2 ,, 2<i<n
0<m3<m3_,, 2<i<n,i#4

Ogmigmg—i—l
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By repeated application of (A.3) with j = 2,...,n — 2 as well as (A.4) and using the fact
that my +---+m? <m —1[for all k= 1,...,n, we obtain

l

n
pO(m17"'7mn) = qzl{ml>ml+1}pl Z pO(m??mﬁ)
=1 1

! ) =
Sy mE=mi—1(1 <<y, 1<i<n k=

0<mk<m¥ |, 2<i<n, 1<k<I

Next, by the recurrence assumption (2.5) and Proposition 2.1, we have
1
C,

_ k k\ 14mE+-4mk mb4oq4mk
—bo(ml,...,mn)q 1 np™ ,

hence

pO(m17 v 7mn)
n l
= E ! E k kY l4mbtotmk mEiepmb
- q 1{ml>ml+1}p bo (m17 e Jmn)q ! np ! "
I=1 ShoymE=mi—1 <<y, 1<i<n k=1
0<mk<ml |, 2<i<n, 1<k<l
n l
_ mi+---+m § : § : k k
- Q(pQ) " 1{ml>ml+1} bO (mlv cee amn) 5
1

=1 ket mF=m;—11<;<y, 1<i<n k=

0<mk<ml |, 2<i<n, 1<k<l

which shows (2.5) for j = 0 from (2.2) and the recursive definition (2.6) of by.
(77) We iterate (A.3) over n — j — 1 steps and then use (A.4) to obtain

pj(mh sy My, M + ]-ij+27 R 7mn>
n—j l
— l k k
=4 Z 1{mj+l_1{l22}2mj+l+1}p g po(ml, o ,mn)
= o1 mf=mi—1{ i<y, 1<i<n F=1
0<mk<m¥ |, 2<i<n, 1<k<l
n—j l
— 1+mi+--+m E § k k
- Q(pQ) " 1{mj+171{122}2mj+l+1} bO (ml, ey mn>,
=1 k=1

l .
Yo mi=mi—1g0ciciy, 1<i<n
0<mk<mP |, 2<i<n, 1<k<l

which shows (2.5) for j > 1 from (2.2) and (2.6). O

Proof of Corollary 2.3. Let

m-+j
Bf(m) := C,E; H U(k')X(k) S70 m] ., 7>0, (A.5)
k=1




with Bf(0) = 1. By Theorem 2.2, we have

m-+j

Z Z b7 (ma, ..., my),

- mh mn)eK] n
mi—+-+mnp=

where

b7 (ma, ..., my) = bi(ma, ..., my) Ha(kz Mk

b
Il
—

By the induction relation (2.6), i.e

n—j

l
BT (ma, . om) =3 Loy} > [T (mt

= o1 mE=mi =1 iy, 1<i<n F=1
0<mk<mk |, 2<i<n, 1<k<l

we have
g g
Bi(m+1) = g b7 (ma, ..., my)
mi+-+mp=m-+1, n>1,
1<m;<m;_1, 2<i<n
m4j+1

- Z Z Z Limj>mypii) Z H b (m

=1 k
=i 17<n7711—:_<77—£711; 2@—1’_<1n : i 1M=L <i<y L<isn ¥
- - Ogmfng , 2<i<n, 1<k<I
m+1m+1-1 l
— E E E E | | o k k
— bo(ml,...,mn/)
=1 n'=1 mﬁ++mfn,:m+1—l 22:1 'rn,f:'rn/;7 1§1§n/ k=1
1<mi<m;_q, 2<i<n’ 0<mb<mb |, 2<i<n/, 1<k<I
m+1 l
E E E E | | o k k
— bo(m17...,mn/)
=1 mi+-+m=m+1-1 n'>1 mk4-4mb, =my,, 1<k<I k=1
mi,...,m; >0 L n’! T
= 0<mb<ml |, 2<i<n’, 1<k<I
at least one of mk,, 1<k<I is nonzero
m—+1

S SNED SRS DI DR LT

=1 mi+---+m;=m+1-1l k=1n;>0 k_|. +m =my
mi,...,m; >0 & "k
1<mj Smi_ , 2<i<ny

m+1 j+l !
:Z H o(k) Z HBg(mk—l), m >0,
=1 k=j+1 mi+-+my=m-+1 k=1

m12>1,...,m>1

(A.6)

where in the third equality we made the change of variables m; = m; — 1{j<i<j43. Let now

D(k)(m) = CE; [X(k) ’ S7) =m]

J
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Bi(m), l=1,....m+j, j,m>0,

with initial values D](-k)(O) = 0. By (A.6), for m > 0 we have

DP(m +1) = 806()k:) UZl[a:m“} i (kﬁi—l a(’f’)) (g Bg(n — 1>1’”>l
_ i Lnesn <k/: 'ﬁkl#ka(kl)> (g Bi(n - 1):;;") | -~
= 1oz Z <ZB n—le )l
) ; (2 Bi(n - 1)x”> - (i:jl Dy (n)x”“) :

where [™%1] is the operator extracting the coefficient of the term z™*! from the series

following it. Thus,

o o o0 !
> D m e+ D =1 Y (Z Bitn - mﬂ)

m=0 I=k—j \n=1
[e§) ] -1 oo
+ Zl (Z Bg(n — 1)x"> (Z D,E:O)(n — 1)x"> :
=1 n=1 n=1

By (A.5) and Proposition 2.1, we have

> > 1—+1—4x
Bl(n—1)a" = Cpqgaz" = ———
2 Byl = e = ) o = =

which implies

[eS) (9 ! k+1
1—+1—-14
( E Bg(n — 1)x"> = F (Q—x) ,
X
=k n=1

24
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Hence, the unconditional expected value of X*) is given by
E;[X®)] Z E;[X® | S22 = m]P(SL = m)

:C]ZD- (m +1)(pg)" "
=0

1/1=I—dpg\" ™" 1 /1— T —4pg\?
=1cn— (—pq) + = (—pq) E, [X(k)]

2 pq 2
i p
= 1{j<k}pk J + gEo [X (k)}.

When j = 0, this yields

k
]EO[X(k)]: q (1—\/1—4pq) _ a
V1 —4pq

and in general we obtain
w1 1— /T —dpg\"7 1 1— /T —dpg\ "
IE-[X ] =—1gepy | ————— +
7 D {i<k} 92

k+1

k—j , P
= Lyewpt T

Hence, when j = 0 we have

and in general we obtain

N k+1—j/2n—k+j = /(2n—k
E;[X®] = q1 n n
il Q{J<k}n;j e < . >(pq) +q;<n+1>(p(n,
which yields (2.7).
Proof of Corollary 2.4. Using (2.7), we have
X ) 1o 1
# o k #0 __ #0 __
E; {S?’f“ S0 > }_];;EEj[X<>|SO§_m}P(So§_m)
—~ k11— 2m—k+7\ ()™ 4~ (2m—k)(pg)"
94 A VAN |
{]<k}mzj m+ 1 ( m ) m +pm:k m+1 m

= k:—l—l—j 2m —k+ 7 1 q/pqoo 2m — k 1
:—1 ™= d = md
{]<k}/ Zk m+1 ( m )x x—i—p ; 7; m+ 1 x xX

m=k—j
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_ 4y R A th a " 1= J__Ekﬁd
= —1<ny B\ T 9 T+ - T
p 0 0 V1—dzx

x? P 2
q : 1—+/1—4pq , 1 (1= qkl
4y, k+1—jB(—;k:—];0)—— g
D {J<k}(( ) 9 g
1—y1—14
ﬂB(—pq;Hk,_l).
P 2

Proof of Proposition 2.5. Taking j = 0 and

n (A.6) and denoting B by B/, we have

n+1 l
sorn=> (") X II#em -,

=1 mi+--+my=n+1 k=1

and by the Faa di Bruno formula in Lemma A.1 below we find that Bj(n) is the coefficient

S ()

By Lemma A.2 below, denoting by @~ ! the inverse function of

of 2" in the series

P, (w) :==w(l —w)'™, weC,

~ +
)

z; ((2 —I;L’V_)nl— 2) %”) (Z Foi(v+2,v+ 1)a:”>

[
[M]8
T

()

= n= =1 ) n=1

(147 _ l

- (1) @@
=1

= (11— ()71
1

= Eq),yl(.f) -1

=Y Fu(y+27+1)
n=0

which yields (2.12). O
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We also recall the following version of the Faa di Bruno formula which is used in the proofs

of Propositions 2.5 and 3.3, see for example Theorem 5.1.4 in [Sta99].

Lemma A.1. For any two sequences (u)n>1, (Bn)n>1, the coefficient of 2™, m > 1, in the

series - - l
n
E Oél( E ﬁnx )
=1 n=1
s given by
m
E (07} § Bml'“ﬂml-
=1  mit-tm=m

mi,...,m;>1

The following lemma was used in the proof of Proposition 2.5.

Lemma A.2. The inverse function @;1 of
® () :==w(l —w)', weC, (A.7)

admits the expansion

n=1
Proof.  Since ®, is analytic near w = 0 and ®,(0) = 0, ®(0) = 1 # 0, by the Lagrange
inversion theorem, the inverse function of ®, is given by the power series

—1 S On n
2, (Z):Z_lz ’

where

n—1
— 1 —(14)n
3}1% S -(1—w)
Il S (E+(1+y)n—1\ ,
“tm e ()
k=0
y 1>‘((2—|—7)n—2>
n—1
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B Proofs - continuous-time setting

Proof of Proposition 3.1. We denote by

Fo(t) = P(Ty > 1) :/ p(r)dr, >0,
t
the tail cumulative distribution function of p, and let p;(n) := P(N; = n), n > 0, with
p(0) =P(N, =0) =P (T, >t) = F,(t), teR,.

For n > 1, by the relation {N; > 1} C {1y < t} and independence of branches, denoting by

(N} )ier, and (N?)ier, two independent copies of (NV;)ier, , we have

pe(n) =P(N; =n)

= E[P(Nt =n,Ty <t| Tz)]
= E[IF’(N; + st =n-— 1)\s:t—Tg1{Tg§t}]
= E[ :2(n - 1)'8:t—Tg 1{Tg§t}]

= /Ot p(t — s)pi*(n — 1)ds,

where * is the discrete convolution product. As the distribution p is exponential with pa-

rameter \, we have

e A n =0,

t t
pe(n) = )\/ e~ =2 (n — 1)ds = )\/ e~ (=9 Z ps(n1)ps(n2)ds, n > 1.
0 0

ni+ns=n—1
ni,n2>0

(B.1)
Multiplying both sides of the third equality in (B.1) by z" and summing over n > 1 gives

t
Gi(2) — ze™ = 2)\/ e =G (2)?ds,

0

which in turns yields the Bernoulli ODE

with initial condition G(2) = 2 since py(n) = 1{—o}. The solution of (B.2) is then obtained

by a standard argument, which allows us to conclude to (3.2). 0

28



Proof of Theorem 3.2. Recall that Xt(i) denotes the count of types equal to ¢ > 1 until time ¢,
excluding the initial node. Similarly to (A.1), we let
ptvj(mla S 7mn) = ]P)](Xt(l) =MmMq,... ,Xt(n) =My, Npy=mq+--- +mn)
= Pj(Xt(l) =my,.... X\ =m,, X{” =m, foralli>n+ 1),

7 > 0. Our proof proceeds by induction on the value of m; + - - - + m,,, with
pej(0,...,0) =P(N; = 0) = e
when m; =---=m, =0.

We note that the branching chain (X;):>o with initial type 0 has m; branches with type
i for each ¢ > 1, then it must have (1 +my + --- +m,) branches with type 0, since each
branch with type 0, except the initial one, has one and only one brother with a positive type.

(i) For j =0, we have

¢
Pro(ma,...,my) = 1{m1>m2}/\/ e*(t*s))‘p&o(ml —1,ma,...,mu)psa(1)ds (B.3)
0
t
+ )\/ e~ (=9 Z pso(mi,...,mi)psa(my,my +1,ms, ..., mp)ds,
0

mi+ml=m;—11<i<oy, 1<i<n
0<m}<m/_,, 2<i<n
0<ml<m!_|, 2<i<n, i#3

0<mf <mf+1
and, for 1 <j<n—1,
pt,j(m17-~amj>mj+1+1,mj+2,...,mn) (B.4)
t t
—= 1{mj+12mj+2})\/ 6_(t_8))\ps,0(m17 N ,mn)p&j_,'_l (07 e 0)d8 + )\/ 6_(t—8)>\
0 0
Z ps70(m/1, cee 7m;1)ps,j+1<m/1/7 s Jm;(+17 m;‘/+2 + ]., m‘/]'/+37 R ,m;;)ds,

m;+m§’=m¢fl{1§i:j+2}, 1§’L§n
0<mi<m!_,, 2<i<n
0<m/ <m/ 2<i<n, i#£j+3

i—17
0<mj z<mj ,+1
while for j =n — 1 we have
t
pt,n—l(mh ey M1, My + ]‘) = )‘/ 6_(t_8)>\ps,0(m17 - amn)ps,n(07 s 70>d8' (BS)
0
Since p;;(0,...,0) = e, we apply (B.4) with j =1 to (B.3) to get

t
Pro(ma,...,my) = 1{ml>m2})\6_)‘t/ Pso(mi —1,mo, ... ,my)ds
0
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t s
+ 1{m2>m3})\2eM/ / Z pso(my,...,m1)pro(mi, ... ,m2)drds
0 Jo

mi+mZ=m;—1li1<;<oy, 1<i<n
t s
+ / / )\26(r—t))\
0 JO

0<m}<m!_,, 2<i<n
0<m2<m?_,, 2<i<n
ml4m24mi=m;—1 ; 1<i<n
i i i z {1<:<3} 1>
0<m}<ml ,, 2<i<n

0<m?2<m?2_,, 2<i<n

0<m3<m3_,, 2<i<n,i#4
0<mi<m3+1

pso(mi,...,mI)pro(mi, ... m2)p,a(mi, mi, ms+1,m3, ... m:)drds.

By repeated application of (B.4) with j =2,...,n — 2 as well as (B.5), we obtain

pro(ma, ..., my) (B.6)

n l
=M Z D\ T /o Z Hpskyo(m’f, ,mEYds; - dsy
=1

<s51<--51<t . _
Shm1 mE=mi—1( <<y, 1<i<n k=1

0<mb<ml |, 2<i<n, 1<k<I

i—1

B LIRS/ ! t
D D T, 3 11 /0 Pao(mb, ..., mk)ds.
' k=1

=1 Sy mE=mi =1 <iapy, 1<i<n k=
0<mk<ml |, 2<i<n, 1<k<I

Observe that in multi-index notation, the constraint in the above summation reads

1 l

——
Z(mlf,...,mi) =(my,...,my)—(1,...,1,0,...,0).
k=1 7
Thus, the proof can be conducted by induction over the set of multi-indices

{(m17"'7mn) : leZmnzo}

in the back-diagonal order. The induction starts from the initial multi-index &, in which case
the result follows from ag(2) = 1 and p; (0, . ..,0) = e~*. Writing the induction hypothesis
as

pso(mb, ... omE) = ag(mF ... mF)e (1 - e_)‘s)m]f+"'+mﬁ

and using (B.6), we obtain

pt,O(mb s 7mn)

n l

N Z ].{mz;!mH—l} Z H /Otp&o(mlf, e ,mﬁ)ds

=1 Zéc:l mf:mlfl{lgzgl}y 1<i<n k=1
0<mk<mk |, 2<i<n, 1<k<I
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n

:e—AtZ% Z li[/tag(m’f,...,mﬁ

_ : A —1J0
=1 e mE=m;—1{1<;<y, 1<i<n k=1
0<mb<ml |, 2<i<n, 1<k<I

)e—)\s<1 . e—)\s)m’f+~~~+mﬁd8

n l k k
— eiAt(l — e*At)m1+"-+mn E 1{ml>ml+1} E : H ao(ml’ s 7mn)
I=1 ! Lk ; k711+m11€+.“+m7%
- Dokm1 mi=mi—1licicyy, 1<i<n F=
0<mk<ml |, 2<i<n, 1<k<I
n l
| . ag(mk mk)
(>myqr} o\, - -5 Ty
(N, = e ) 3 ) > i :
=1 l . A ) k_11+m1+..+mn
- Dop—1mi=mi—licicyy, 1<i<n F=
0<mF<ml |, 2<i<n, 1<k<l
from (3.1), which yields (3.4) when j =0 and 1 <m; <m;_1, 2 <i <n.
(77) By iterating (B.4) over n — j — 1 steps and then using (B.5), we obtain
pt,j(ml, ey Mg, M4 + l,mj+2, c. mn)
t
—\t
= L, >m; 0} AE / Dso(ma, ..., my)ds
0
t
+ /\/ 6—(t—s))\
0
/ / " " " " "
E Pso(my, sy )psjra(my, o omyy ,mly + 1mY s, my)ds
myt+my=m;—1r1<i—j 0y, 1<i<n
0<m}<m/_,, 2<i<n
0<mf’<m!_,, 2<i<n
i#j+3
" 17
0smjjyz<mj ,+1
¢
—Mt
= Lim,  >m 0} AC / pso(my, ..., my)ds
0
t s
2 At 1 1 2 2
+ ]—{mj+2>mj+3})‘ € / / E ps,()(m1; s 7mn)p7'70(m17 cet 7mn)drd8
0 Jo 4
m+mi=mi—1{1<iz;i2}, 1<i<n
0<m}<m}_,, 2<i<n
0<m2<m?2_,, 2<i<n
t s
2 r—t)A 1 1
+ A / / er=t) g Dso(my,...,my)
o Jo .
m%—i—m?—i—m?:mi—l{jJrzgiSjJrg}, 1<i<n
0<ml<ml ,, 2<i<n
0<m?2<m?_,, 2<i<n
0<m3<m3_,, 2<i<n, i#j+4
0<mj, ,<m? 5+1
2 2 3 3 3 3 3
Pro(my, .. my )prjra(my, .o my o, my s+ Lm y, ..., m;,)drds
n—j
_ =M l
=€ E :1{mj+z*1{zz2}2mj+z+1}>‘
=1
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!
k k
/ E Hpsk,g(ml,...,mn)dsl--~d81
0<5;<<51<t

ko mE=mi—1( 0cicjyy, 1<i<n F=1
0<mb<ml |, 2<i<n, 1<k<I

n—j

M)

n

l k
_ ef)‘t(l . e—At)1+m1+---+mn 2 : l{mj+l—1{zzz}2mj+z+1} Z H a0<m17 e
N {! k

=1 k=1

l .
Yo mi=mi—1g0ciciy, 1<i<n
0<mk<ml |, 2<i<n, 1<k<i

from which (3.4) follows.

Proof of Proposition 3.3. We proceed by induction on m > 0. We let

m+

A7(m) H RS

Ny=m|, 72>0,

with A7(0) = 1. By (3.5), we have

Af(m) = Z aj(my, ..., my),
mi+--+mp=m, n>0,

1<m;<m;_1, 2<i<n

where

=

aj(ma,...,my) = aj(my,...,my) | | o(k)™,

k=1

and o(k) :== v+ k — 2, k > 1. By the induction relation (3.4), similarly to (A.6), we have

g g
A7(m+1) = E aj(ma, ..., my)
mi+--+mp=m+1, n>1,
1<m;<m;_1, 2<i<n

m+j+1

k

n

)

1+ mk+ -

a( ,
=2 X Z Limimiss) > Hff,g@ g

n=j+1 mi+--+mp=m+1 =1 k=1
1

! k—pm,;— ; 1<i<
mi<mi_1, 2<i<n Lz mi=mi—lpziciy, 1Sisn

0<mk<ml |, 2<i<n, 1<k<I

m+1 m+1—1 p k k

>0 ) ) | P

I L+mf+- - +mk

=1 /=1 mitedml =mAl=l YL kot 1<i<n/ k=1 1 '
1<mi<m;_q, 2<i<n’ 0<mb<mb |, 2<i<n/, 1<k<I

~

m—+1 l p k k
. - . £ my, + 1
I=1 S mp=m1-1 21 my+-+m?, =my, 1<k<I k=1

mi,...,m >0 0<mb<ml || 2<i<n’, 1<k<I
at least one of m’; ,» 1<k<l is nonzero

ml !
Z—' Z H mk+1z Z ag(m’f,...,mflk)

‘m1+...+ml:@g14k=1 nkZ0 memy, =my,
M= 1<mk<mk |, i<
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=1 k=j+1 mi+--+m=m+1 k=1
mi>1,..my>1

where in the third equality we made the change of variables m] = m; — 1{1<i<;;. Plugging

the relation
ok)=y+k—-2, k>1,
n (B.7), we have

R s W (G = ey

mp — 1
=1 mi+--+mp=m+1 k=1
mi>1,...,m>1

and Lemma A.1 then shows that AJ(m + 1) is the coefficient of 2™*! in the series

Z (l T 2) <Z (Vni(_;tlﬁ) “"n>l - i(—l)l(l ; 7) (1— (1~ ~yz)')’

-y
= (- ya) 1

_Z ( 1+1/7)xm’

which allows us to conclude when 7 = 0. When 57 > 1, we have

A?<m+1>=n§(”“;”_2) > ﬁ(—<—v>mk(1”)), >0,

=1

hence Lemma A.1 shows that, letting

7)== () ) = 1= 0=

the quantity A7(m + 1) is the coefficient of 2*! in the series

S (e - (U iz

=1 =1
B 1
T Z @y

m=1

-1

which yields (3.11). O
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