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Abstract

We propose a recursive method for the computation of the cumulants of self-exciting
point processes of Hawkes type, based on standard combinatorial tools such as Bell
polynomials. This closed-form approach is easier to implement on higher-order cu-
mulants in comparison with existing methods based on differential equations, tree
enumeration or martingale arguments. The results are corroborated by Monte Carlo
simulations, and also apply to the computation of joint cumulants generated by multi-
dimensional self-exciting processes.
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1 Introduction

Hawkes processes were introduced in Hawkes (1971) as self-exciting point processes repre-
senting an alternative to doubly stochastic point processes. In recent years they have found
applications in many fields, from neuroscience, see e.g. Cardanobile and Rotter (2010), to ge-
nomics analysis, see e.g. Reynaud-Bouret and Schbath (2010), as well as finance Embrechts
et al. (2011) and social media Rizoiu et al. (2018). As noted in Jovanovi¢ et al. (2015), the
analysis of statistical properties of Hawkes processes is still incomplete, in particular in terms

of moments, cumulants and other statistical parameters such as skewness and kurtosis.



In Dassios and Zhao (2011) the moment and probability generating functions of (gen-
eralized) Hawkes processes and their intensity have been obtained by ODE methods, with
the computation of first and second moments in the stationary case, see also Errais et al.
(2010). In Bacry et al. (2012), a stochastic calculus and martingale approach has been ap-
plied to the computation of first and second moments, however it seems difficult to generalize
to higher orders, see also Cui et al. (2020) and Daw and Pender (2023) for other methods
based on differential equations. In Jovanovi¢ et al. (2015), a tree-based method for the
computation of cumulants has been introduced, with an explicit computation of third order
cumulants. However, this type of algorithm requires to perform tree enumerations, which

can be computationally expensive.

Third-order cumulant expressions for Hawkes processes have been used in Achab et al.
(2018) for the estimation of branching ratio matrices in the analysis of order books, and in
Ocker et al. (2017), Montangie et al. (2020) for the estimation of third order correlations in
spiking neuronal networks. Higher order cumulants can also be useful in order to provide
finer estimates of the evolution of time correlations and of the probability density functions
of neuronal membrane potentials by Gram-Charlier density expansions, see e.g. Brigham

and Destexhe (2015), Privault (2020).

In this paper, we derive a general recursion formula using the standard Bell polynomials
for the computation of the cumulants of a self-exciting point process on R? d > 1, with
immigrant intensity v(dz) and branching intensity v(dz) on (R B(R?)). Our approach
is based on a recursive relation for the Probability Generating Functional (PGFl) G, of a
self-exciting point process from a single point at z € R?, derived in Proposition 3.1. Such
an implicit relation has already been observed in Adamopoulos (1975), and applied in e.g.
Bordenave and Torrisi (2007) to large deviations, however it does not seem to have been

exploited for the computation of cumulants.

In Section 2 we start by reviewing the combinatorial approach of § 3.2 of Consul and
Famoye (2006) to the computation of the cumulants of the integer-valued Borel distribution,
and show that it can be extended as an explicit recursion using Bell polynomials. This
provides an elementary model for subsequent computations, as the Borel distribution can be

used to represent the cardinality of a self-exciting Poisson cluster point process.

Next, in Section 3 we extend this argument to the computation of the cumulants of



self-exciting Hawkes Poisson cluster processes in Proposition 3.1, with an extension to the

computation of joint cumulants. This provides a closed-form alternative, suitable for sys-

tematic higher-order computations, to the tree-based approach of Jovanovi¢ et al. (2015).

Explicit computations for the time-dependent third and fourth cumulants and skewness and

kurtosis of Hawkes processes with exponential kernels are presented in Section 4, and are

confirmed by Monte Carlo estimates.

Cumulants, Faa di Bruno formula and Bell polynomials

We close this section with background results on combinatorics that will be needed in the

sequel. Recall that if f(¢) admits the formal series expansion
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is the partial Bell polynomial of order (n, k). Given the Moment Generating Function (MGF)

My(t) = E[e¥] =143 gE[X"],

n>1



of a random variable X, the cumulants of X are the coefficients (/4:("))n>1 appearing in the
log-MGF series expansion
n tn
log Mx(t) = log (E[e'¥]) :Z/@( )m, (1.3)
n>1
for t in a neighborhood of zero. The moments E[X™] of a random variable X are linked to
its cumulants (ﬁ("))n>1 through the relation

n

E[X"] = Bo (s, ..., k™) =3 3 k(D il

k=1 mU---Unrp={1,...,n}
which runs over the partitions 1, ..., 7w of the set {1,...,n}, where |m;| denotes the cardi-

nality of 7;. By the Faa di Bruno formula, (1.3) can be inverted as

n
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see e.g. Theorem 1 of Lukacs (1955), and also Leonov and Shiryaev (1959), Relations (2.8)-
(2.9) in McCullagh (1987), or Corollary 5.1.6 in Stanley (1999). The third and fourth cumu-
lants can be used to define the skewness s/ (K(Q))g/ ? and the excess kurtosis 4/ (/42))2

of X.

See also Privault (2022) and https://github.com/nprivaul /hawkes-moments for re-
lated implementations of the computation of joint cumulants and moments using Maple,

Mathematica and SageMath.

2 Borel cumulants

In this section we consider the recursive computation of the cumulants of integer-valued
Borel-distributed random variables using the Faa di Bruno formula. For this, we review the
method of § 3.2 of Consul and Famoye (2006) which applies to Lagrangian distributions,
and note that it admits an explicit formulation using Bell polynomials. Let (X,),>0 be a
branching process started at Xy = 1 with Poisson distributed offspring count N of parameter
€ (0,1). Denoting by X the total count of offsprings generated by (X,),>0 and letting

(X (l))zz1
(PGF) of X can be estimated by the standard branching recursion

denote a sequence of independent copies of N, the Probability Generating Function


https://github.com/nprivaul/hawkes-moments

where

Gu(s) =e* Z Bogn = eHls=h), s € R,
is the PGF of the Poisson distribution with mean p > 0. The equation
Gx(s) = sGu(Gx(s)), -1<s<1, (2.1)

can be solved using Lagrange series, see page 145 of Pélya and Szegd (1998), showing that
X has the Borel distribution

which belongs to the class of Lagrangian distributions, see § 8.4 of Consul and Famoye (2006).
The following proposition then extends the relations (3.12) in Consul and Famoye (2006) for
the computation of the cumulants of the Borel distribution, via a general expression based
on the Bell polynomials. Another, less direct, recursion can be found in § 8.4.3 in Consul

and Famoye (2006), based on the derivatives of moments of X with respect to pu.

Proposition 2.1 Let X be a Borel distributed random variable with parameter p € (0,1). We

have kY = 1/(1 — p) and the induction relation
k) — L(Bn(/@(l), . ri(”)) _ K(n)) _ K Z Bn,k(l‘i(l), - H(nkarl))

where B,,, resp. B, 1, is the complete, resp. partial, Bell polynomial.

Proof. From (2.1), the moment generating function My (t) = E[e'*] = Gx(e!) satisfies

log Mx(t) =t + p(Mx(t) — 1) = t + p(esMx® —1)



for t in a neighborhood of zero, see also Relation (19) in Haight and Breuer (1960) with

r = 1. Based on the cumulant expansion (1.3) and the Faa di Bruno formula (1.2), we have

Z ﬁ(”)t— = log Mx(t)
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In particular, since By(x1,22) = 23 + 22 we have
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Given that Bs(xy, e, 73) = 23 + 37129 + 73, We have
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Since By(z1, o, 73, 24) = 2] + 623209 + 42123 + 323 + 14, We find

2
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which recovers (8.85) page 159 of Consul and Famoye (2006).

3 Hawkes cumulants

In this section we work in the cluster process framework of Hawkes and Oakes (1974). We
consider a self-exciting point process on R? d > 1, with Poisson offspring intensity ~(dx)

and Poisson immigrant intensity v(dz) on R¢, built on the space
Q= {¢={z}icsr CR? : #(ANE) < oo for all compact A € B(R?)}

of locally finite configurations on R?, whose elements & € € are identified with the Radon

point measures £(dz) = Zex(dz), where €, denotes the Dirac measure at x € R In
ze€



particular, any initial immigrant point y € R? branches into a Poisson random sample

denoted by &, (y + dz) = Z €x4+y(dz) and centered at y, with intensity measure y(y + dz)
HASI3

on R, We let

G.(f) = fRE |[] f(z + o)

el

denote the Probability Generating Functional (PGFI) of the branching process starting from
a single point at z € R?, for sufficiently integrable f : R — R. The next proposition states
a recursive property for the Probability Generating Functional G, (f), see also Theorem 1 in

Adamopoulos (1975).

Proposition 3.1 The Probability Generating Functional G,(f) satisfies

G0 = 1o ([ (G = 0(a)). 2 e

and the PGFl of the Hawkes process with immigrant intensity v(dz) is given by

Gulh) = e ([ (.00 - 1uta)).
R
Proof. Viewing the self-exciting point process £ as a marked point process we have, see e.g.

Lemma 6.4.VI of Daley and Vere-Jones (2003),

G.(f) = fRE|[[fz+2)

Lzel
= fRE|[]] (H f(z+x+y>>
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= fRE|[]E
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- f(Z)E HGz—i-:Jc(f)
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= Y [ G ) G (A ()
o v J (R

= 1@ ([ (Gnh) ~ (@)



and

Gy = S [ ) Gt vl
~ oo ([ (@0 - 1vta).

Let
Mz(f) = Gz(ef) =E

exp (f(z) + flz+ x))

el

denote the Moment Generating Functional (MGF1) of the stochastic integral Z f(x) given
el
that the cluster process ¢ starts from a single point at z € R?. The following corollary

is an immediate consequence of Proposition 3.1, see also Proposition 2.6 in Bogachev and

Daletskii (2009) for Poisson cluster processes.

Corollary 3.2 The Moment Generating Functional M,(f) satisfies the recursive relation

M(p = e (1) + [ 0l - (@), seR (3.1)

The MGFI of the Hawkes process with immigrant intensity v(dz) is given by
M) =esp ([ 007 - Dvias)). 32)
R

The next proposition provides a way to compute the cumulants nﬁ”)( f) of Z f(x) by an

el
induction relation based on the Bell polynomials. Note that the sum of coefficients in

Bpn(xy,...,x,) is the Bell number

that represents the count of partitions of a set of n elements. In the sequel, we assume that

7(R?) < 1 and consider the integral operator I" defined as

If(z)= [ flz+y(dy), =z€RY,

R4

and the inverse operator (I; — I')~! given by
(Is=T)7'f(z) = f(2) + Z/d Stz an)y(de) oy (den), 2 € R?,
— /R R

8



Proposition 3.3 The first cumulant e f) of Z f(z) given that & is started from a single
TSI

point at z € R? is given by 59)(]0) = (I;—T)"1f(2) forn=1, and f@in)(f) is given forn > 2

by the induction relation

W) = La—D)D(Ba(6L (), 6l () = 6L ()

n

= > (=D TBu (58 (F), KT ().

k=2
Proof. By (1.3), (3.1) and the Faa di Bruno formula (1.2), we have

Z —m(”) = log M, (tf)
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R(f) = / Bu(WEL (). mEL (D)) = TREL (AT (Ba (k). - wLL() =AEL()).
yet

(Lo = D) (f) = D(Bu(KEL(f), - 68 (0) = £25.00)),
which yields

K (f) = (I — T)"'T(B ( L), R EUD) = REL)

d / B, (D e (1) = Byt (F) 1 (A1) - ()

Mg
:%\

3
[N

I
NE

/Rd a / Bu (5 osan (- w0, (D)2 () (), 22
2

O

3
Il
=
l



Unconditional cumulants can be obtained in the next corollary as a consequence of Propo-

sition 3.3.

Corollary 3.4 The cumulant of order n > 1 onf(:c) s given by
el

B (6O (f), .. k0() = (Lo =) (Ba(sl () 68 = 52())

n

= > =T B (5 (), m5(F), 2 e RY

k=2
Proof. By (1.3), (3.2) and the Faa di Bruno formula (1.2), we have

0o tn
n=1

= [ ot(ep - vviaz)
- / (o8 M=) 1)(d2)

o0

and therefore
/ﬁ(”)(f):/ Bn(/ﬁgl)(f),...,ng")(f))u(dz), n > 2.
Rd

We conclude from the equalities

Bu(k(f), - ()
(”)(f ) + ( (KO, - k() = £(F))

- Z \/Rd /]Rd Bn z-i-:cl-‘r +acm(f)7 ] i@m-ﬁ- +:cm<f)) - g@x1+ +xm(f))”}/<dl’1) ce ’y(dﬂ?m)
+(B (W), wE()) = REV(S))
— Z /1; /Rd z+w1+ +acm(f); cey g—)xl-i- +:cm<f)) - S—L&—)acl-i- +Im(f))”)/<dx1) .. "Y(dl‘m),

that follow from Proposition 3.3. OJ

10



Second cumulant

For n = 2, Proposition 3.3 shows that

Z/Rd /Rd (K st () (1) - (),

and by Corollary 3.4 we have

11(2)(]‘) - / (2)<f) (dz) + / ((1)(f))2y(dz)
- Z/Rd /]Rd 214le+ g f))ZV(dxl)'"W(dl‘m)v(dz),

see e.g. Proposition 2 in Bacry et al. (2012) and Eq. (37) in Jovanovi¢ et al. (2015).

Third cumulant

For n = 3, we have

00) = 85 [ o [ DR, (D))

d o /]Rd (’ii{zx1+'~~+xm(f))37<dxl> o .V(dxm%

and

= /Rd (ﬁgl)<f))3y<d2) + 3/}1@ ,@gl)(f)/@-g?)(f)y(dz) + /Rd ,Qgi’))(f)y(dz)
=3 Z / / 22x1+ +a:m f) gzx1+---+xm<f)7(d$1) cy(drg,)v(dz)

32 [ o [ () A,

which corresponds to Eq. (39) in Jovanovié et al. (2015).

Fourth cumulant

For n = 4, we have
2
/4(4) = 6Z/d /Rd z+x1+ +m f)) gmﬁ +xm(f)7<df’31)"'7(dxm)

11



. / Bt (DR ey, (DY) - (A

+3Z /IR{d "/Rd (“g?x1+---+mm(f))2’7(di€1) < y(dry,)
+ Z_ /Rd : ./Rd (“22x1+--~+xm(f))47(d$1) cey(day,),
and
KOG) = [ B0 DRIl (35)

= /R (5O() w(dz) + 6 /R (KO0 R (P (d)
w4 [ ORI +3 [ D0 + [ i)

Rd

— 6Z/d / z+x1+ +a:m<f))2 ,(zale—l— o (f),y(dlal)ry(dxm) (39)
+4Z/d /]Rd Koty +-- +zm(f)/f,(jle+ +xm(f)7(dx1)’7(d$m)

+3Z/d / z+:v1+ +a:m(f))27(d$1)""V(dﬂ?m)

+§_:O/R /Rd oy () (A1) - (). (3.10)

We note that the count of 4 terms in (3.6)-(3.7) and the total count of 6+4x44+3x14+1x1 =
26 terms in (3.9)-(3.10), due to 4 terms in nfﬁm.,,ﬂm (f), is matching the 26 terms obtained

in Figure 4 of Jovanovi¢ et al. (2015) using tree enumeration.

Joint cumulants

The expression of Proposition 3.3 can be extended to joint cumulants by standard combina-

torial arguments.

Proposition 3.5 For n > 2, the joint cumulants R (fl, coosfn) of Zfl(:v), ce an(m)
el €l
given that & is started from a single point at z € R? are given by the induction relation

SUTNSAES SR SIS / / i‘iﬂH st ((Fiem ) (d) -y (dy),

k=2 mU--Urp={1,...,n} m=1

12



n > 2, where the above sum is over set partitions my U---Um, ={1,...,n}, k=2,... n.

As in Corollary 3.4, we obtain the expressions

O b= S [ T (el
p IR =1

k=1 mU---Ump={1,...,n

=> > > / / d1_11ni'ﬁh..ﬂm((fi)mj>v<dm1>---7<dxm>y<dz>,

k=2 mU---Ump={1,...,n} m=0

as a consequence of Proposition 3.5.

Second joint cumulant
We have
] = [ [ R (7 () 1),
m=1

and

it = | RORD (o) (d)

R

O ) + [

R

Third joint cumulant

For n = 3, we have

010089 = 32 [ oo [ W W U F () 2 d)

+m221 /Rd .. /Rd figzxﬁ...ﬂ:m(f2)/€,(232x1+...+$m(fl, f3)’y(dg;1) R V(dxm)
+m2:1 /Rd e /Rd /f,(zlsz1+---+mm(f3)/‘€£242x1+...+xm(fl, fQ)’y(dxl) R fy(dl.m)
+ mZ:1 /Rd .. /Rd K?,Ejle-‘r‘..-‘,-xm (fl)/ﬁ,(zl—gx1+...+xm<f2)f€22$1+..,+$m (fg)’y(dxl) .. .f)/(dxm)y
and
K(3)<f1’ far f3) = / “gl)(fl)’igl)(fz)ﬁil)(fg)v(dz)
Rd
[ RO o et + [ RO et + [ RO (ool
Rd R y

+/Rd fi@(fl, f2, f3)v(dz).

Similar expressions for ®)(f) can be obtained from (3.8).

13



4 Example - exponential kernel

In this section we take d = 1 and consider the exponential kernel v(dz) = aljy ) (z)e " dz,
0 < a < b, and constant Poisson intensity v(dz) = vdz, v > 0. In this case, N;(&) :=

£([0,¢]) = Z 14 () defines the self-exciting Hawkes process with stochastic intensity
el

t
A=V + a/ e_b(t_s)st, teR,.
0

The recursive calculation of the cumulants " (t) = n§">(1[07t]) will be performed using the

family of functions e, (x) := 2Pe" 1} 4(x), n < b, p > 0, which satisfy the relation
% ot ¢
(Id - F)_lrepﬂi(z) = Z/ o / ep,n(z +T A+ mn)V(dxl) o 'V(dxn)
n=1"0 0
t—z

. / (2 + et e vy, e 0,1,
0

with
B elnta—d)(t—2) _q
(Is = T)"'Tegy(2) = ae™1 o y(2) n+a—b
a—b
S 6(77+ )teo,—n+b—a(2) — 60}0(2), (41>
n+a—2>
e (2) ey 4~ B)(t— )~ 1)
_ eoo(2) +eTm M (n+a—-0b)(t—2)—1
L, —1T)'T = qe* — 4.2
( d ) 61,77(2:) ae (77 +a— b)z ) ( )
where (I; — I')"'Te, ,(2) can be similarly evaluated for p > 2.
First cumulant
We have
o0 t t
@) = 14 Z/ / eoo(z + a1+ -+ xp)y(day) - - - y(dxy,)
n=1"0 0
a a
= 1+ = be( Deop—alz) — = beoyo(z), z € Ry, (4.3)

which recovers

t
E[N,] = W (t) = / M (t)w(dz) = G v E ( a4 bb—a)t + ae(a—b)t),
0 —a
as solution of the differential equation

t
dE[N,] = v +a / et gR[N,].
0

14



Second cumulant

Using (4.1), we have

n9><t>=2 / / W () - (dr)

— b—a Z/ /600 y(dzy) - - y(da,,)

/ / €op—a(z + 1+ -+ xp)y(dzy) - y(day,)

1 0
+(b o)t / /eogba (z4+x1+ -+ xp)y(dzy) - - y(day,)
—1 /o 0
ab? 2a2b 3672(b7a)(tfz) _ ef(bfa)(tfz)

(b—a)? (b—a) (b—a)? ’
(4.4)
and
[ ey = [ (2 - et v
bt 2vba _ o(b-a) va® _ 20—yt
G- B—ap - )
hence

Var[Ny] = s®(t)

= _Q(a—ib)“ (6@62 — a’b+2b°(a — b)t + 2a(a® — 3b° + 2ab(a — b)t)el” " 4 a?(b — Qa)eg(a_b)t>.

Figures 1-3 are plotted with v =1, a = 0.5, b = 1, and 107 Monte Carlo samples.

1.4 T T T T 1.4 T T
Mean Standard deviation

1.2+ MonteCarlo © 1.2+ Monte Carlo  ©

1 1 1t
0.8 1 o08f
0.6 1 0.6
04r 1 0.4+
0.2r 1 02f

o 1 1 1 1 0 1 1 1 1

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
(a) First cumulant £ (¢). (b) Square root of second cumulant () (t).

Figure 1: Mean and standard deviation with exponential kernel.
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Third cumulant

The recursive computation of ) (¢) can be carried out from (3.4)-(3.5) and (4.1)-(4.2) using
Mathematica, based on the expressions of mgﬁxl tota,, (f) and miile toya, (f) given in (4.3)-
(4.4), which yields

v
6(a — b)S
+ 3(18a%h* — 16a’b* — a'b — 14ab* — 2a° + 6a’b(4ab® — 4b° + a’b — a®)t — 6a’b*(a — b)2t2)e(“’b)lt

+9(2a%° — 5a%0* — a*b + 2a° + 2a°b(b* — 3ab + 2a%)t)e* V" — * (2* — 11ab + 12a2)e3<a*b>t).

k() = — (42@()4 + 30a%b* — 7a®b* + a*b + 6b*(2a* — ab — b*)t

Figure 2 shows the numerical evaluation of £ (¢) and of the associated skewness 3 (t) / (k) (t))%/2.

3.5

T 9 T
Third cumulant gl Skewness
3 Monte Carlo  © Monte Carlo  ©
7 -
25} 6
2+ 5|
15¢ 4r
3 -
1f 51
0.5} 1k
0 1 1 1 ! 0 L I 1 I
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
i 3/2
(a) Third cumulant £®)(t). (b) Skewness x®)(£)/ (s (t))*>.

Figure 2: Third cumulant and skewness with exponential kernel.

Fourth cumulant

The recursive computation of ®(¢) can be similarly carried out from (3.8) and (4.1)-(4.2)

using Mathematica, which yields

v
12(a — b)3
+ 4(5a° — 45ab® + 3a” — 59a°b* — 180a°b” + 75a’b* + T5a'b’

k() = — (180ab6 + 570a%0° + 100a°b* — 15a*6® 4 2a°b? + 126° (66> + 2a2b — b° — Tab®)t
+ 6a*b(5ab* — 25b° + 41a*b* — 22a°b* — a*b + 2a°)t + 18a*b*(10ab® — 5b* — 4a*b* — 2a°b + a*)t?
+12a*6* (a — b)*)e™" + (150a°° — 360a°b* — 564a*b® + 5884a°b* + 18a°b — 84a”

+ 4ab(90b* — 306ab® + 180ab? + 108a®b — 72a*)t + 144a*b*(—4ab® + b + 5a°b — 2a°)t?)e* @)

+ (276a*b® — 40a%b* — 132a°b — 320a°b* + 144a” + 24a*b(13ab® — 23a®b — 2b° + 124°)t) 3"
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+ " (36" — Bdab? + 94a% — 72a%)e"e V1),

Figure 2 shows the numerical evaluation of x(¥(¢) and of the associated excess kurtosis

KO)/(k@(1))*.
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1r e
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t t
: 2
(a) Fourth cumulant £® (¢). (b) Excess kurtosis (% (t)/(/-f(2) ()"

Figure 3: Fourth cumulant and excess kurtosis with exponential kernel.

Intensity cumulants

Intensity cumulants can also be computed recursively from Corollary 3.4 and the expression

of A\;. We have

t t
E[MN] =v +aE {/ e_b(t_s)st] =v4ae"kW(egy) = v+ ae_bt/ kY (egp)v(dz),
0 0

with
ot ¢
"fg)(eo,b) = eop(2) + Z/ o / eop(z + a1+ +a,)y(dwr) - - - y(day)
n=1"0 0
= eepq(t — 2)
= eegqp(t — 2)
- eateo,b—a(z>a
hence
El\] = —bt (1) _ —bt ! (1) _ va (a—b)t
M] =v+ae kY (egp) = v+ ae Ky (egp)v(dz) = v + 7 a(l—e ),
o —

see e.g. Theorem 3.6 in Dassios and Zhao (2011). Next, we compute the joint moment

E[A:V;]. Using (4.1), we have

o t t
1
5O (eo0eon) = 3 / / v (€00)A ot (00) (1) -+ ()
m=1 0 0
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b o0 t t
— eatb - Z / .. / eo,b—a(z _|_ T + .. + xm)ry(dxl) .. V(dﬁm)
o m=170 0
a o0 t t
_me(zafb)t Z / e / 60’2(1)70‘) (Z _|_ X + [N + xm)ﬂy(dxl) . e fy(dmm>
- m=1"0 0
eat—l—(b—a)z o att e(a—b)(t—z) -1
. . at+(b—a)z
= ab—b—a (t—=z)+a‘e TOh—aE z €10,1].

Hence we have
¢
aE {Nt/ e_b(t_s)st} = ae_btﬁ@)(eop, eop) + ae_btﬁ(l)(eojb)/{(l)(eoyo)
0

t t
= ae_bt/ k) (e, €0p)v(dz) + ae_bt/ kD (e0.0)x M (e0p)v(dz) + ae ™ kM (egp) k™M (eg,0)
0 0

= - b ((a = 266 + a(2a — b)) = 2(a — b)el* ' (a + b+ abt)
-

+2u (el — 1) (b’ + a(—1 4 el* P — bt))), t>0.

The following figures are plotted with v =2, a = 0.5, b = 1, and 10° Monte Carlo samples.

2.8 ; ; ; ; 8 ; ; ; ;
Mean intensity Joint moment
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261 6

2.5 5¢

241 al

23F 3r

2.2 2t

2.1 1t

2 1 1 1 1 0 1 1 1 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
(a) Mean intensity E[\]. (b) Joint moment E[A;IV].
Figure 4: Mean intensity and joint moment with exponential kernel.
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