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Abstract

The purpose of this paper is to present a recursive
algorithm and its implementation in Maple and Math-
ematica for the computation of joint moments and cu-
mulants of Hawkes processes with exponential kernels.
Numerical results and computation times are also dis-
cussed. Obtaining closed form expressions can be com-
putationally intensive, as joint fifth cumulant and mo-
ment formulas can be respectively expanded into up to
3,288 and 27,116 summands.

1 Introduction

Hawkes processes [Haw71] are self-exciting point pro-
cesses that have found applications in fields such as
earth science with the study of earthquakes [Oga98],
crime data [MSB™11], infectious diseases [SHH19], neu-
roscience [CR10], genomics analysis [RBS10], as well as
finance [ELL11], or social media [RLMX18].

The analysis of statistical properties of Hawkes pro-
cesses is made difficult by their recursive nature, mak-
ing the computation of moments difficult. In [JHR15],
a tree-based method for the computation of cumulants
has been introduced, with an explicit computation of
third order cumulants. Ordinary differential equation
(ODE) methods have been applied in [DZ11] to the
computation of the moment and probability generat-
ing functions of (generalized) Hawkes processes and
their intensity, with the computation of first and sec-
ond moments in the stationary case, see also [EGG10],
[CHY20], and [DP23] for other ODE-based approaches.

In [BDM12], stochastic calculus and martingale ar-
guments have been applied to the computation of first
and second order moments, however those approaches
seem difficult to generalize to higher-orders moments.
In [LRV23], cumulant recursion formulas have been ob-
tained for general random variables using martingale
brackets. Third-order cumulant expressions for Hawkes
processes have been used in [ABMR18] for the analysis
of order books in finance, and in [OJSBB17], [MMG20]
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for neuronal networks. Multivariate cumulants have
been used for Hawkes kernel estimation in [ABGT17],
[YSB21].

In [Pri21], the cumulants of Hawkes processes have
been computed using using Bell polynomials, based on a
recursive relation for the Probability Generating Func-
tional (PGF1) of self-exciting point processes started
from a single point. This provides a closed-form alter-
native to the tree-based approach of [JHR15].

In this note we apply the algorithm of [Pri21] to the
recursive computation of joint moments of all orders of
Hawkes processes, and present the corresponding codes
written in Maple and Mathematica. The algorithm uses
sums over partitions and Bell polynomials to compute
joint cumulants in the case of an exponential branching
intensity on [0,00), and does not rely on differential
equations.

We proceed as follows. After reviewing some com-
binatorial identities in Section 2, we will consider the
computation of the joint cumulants of self-exciting
Hawkes Poisson cluster processes in Section 3. Explicit
computations for the time-dependent joint third and
fourth cumulants of Hawkes processes with exponential
kernels are presented in Section 4, and are confirmed
by Monte Carlo estimates.

Implementations of the computation of joint cumu-
lants and moments using Maple, Mathematica and
SageMath can be found at
https://github.com/nprivaul/hawkes-moments.

2 Joint moments and cumulants

In this section we present background combinatorial
results that will be needed in the sequel. Given the
Moment Generating Function (MGF)

My (tr, .. t) = E[e X1 +aX0]

Bt
TnE[Xll ...Xnn]’

of a random vector X = (X,...,X,), the joint cumu-
lants of (X1,...,X,,) of orders (I1,...,1,) are the coef-
ficients sy, ... 1, ( ..., X,) appearing in the log-MGF
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expansion
log Mx (t1,...,t,) = log (E[et Xt +inXn]) (1)
.. - ghn
= > Ak (X X,
Il 1!
I, il >1
for (t1,...,t,) in a neighborhood of zero in R™. In the

sequel we let
H(Xl,...7Xn) = K17.__’1(X1,...,Xn), TLZ 1,
and
n(")(X) =k, 1(X,...,X), n>1

The joint moments of (X1,...,X,) are then given by
the joint moment-cumulant relation

E[Xl"'Xn]:Z Z |

l
=1 mU---Um={1,...,n} j=

where the sum runs over the partitions 7y,..., 7 of
the set {1,...,n}. By the multivariate Faa di Bruno
formula, (1) can be inverted as

H(Xl,...,Xn)

= g(z —DI(-1)? > ﬁE[ 11 Xi] .

Flu---UFL:{l,...,n}jzl 1ET

In the univariate case, the moments E[X™] of a random
variable X are linked to its cumulants (H(") (X))

n>1
through the relation
E[X"] = B, (k™M (X),..., kM (X))
=3 Bua(s (X)L kT (X)),
k=1
where
_ n! al, ay,
Bmk(alw'-aan—k-&-l)—ﬁl 27 ﬁm
1+ =n
1121, 0, >1
= Z a|7fl|(X)"'a\ﬂk\(X)7 (2)

T U--Ump={1,...,n}

1 < k < n, is the partial Bell polynomial of order (n, k),
where the sum (2) holds on the integer compositions
(I1,...,1k) of n, see e.g. Relation (2.5) in [Luk55], and

Bn(ah <. 7an> = ZBn,k(ala .- -aan—k+1)

k=1

n

is the complete Bell polynomial of degree n > 1. We
also have the inversion relation

£ (X)

= fk!(_l)an,k+1(E[X},]E[XQL.“7E[Xn—k])’
k=0

ki) ((Xi)ien'j)~

n > 1, see e.g. Theorem 1 of [Luk55], and also [LS59],
Relations (2.8)-(2.9) in [McC87], or Corollary 5.1.6 in
[Sta99].

As an example, we consider the recursive computation
of Borel cumulants as an example. Let (X,),>0 be
a branching process started at Xg = 1 with Poisson
distributed offspring count N of parameter p € (0, 1),
and let X denote the total count of offsprings generated
by (Xn)n>o0 It is known, see [PS98] and § 3.2 of [CF06]
that X has the Borel distribution

)n—l

P(X =n) = e—;m(/mi

n>1.
n!

)

We have £V (X) = 1/(1 —pu) and the induction relation

I

KM(X) = j(Bn(n(l)(X), kM) = M (X))

R (X)) (3)

n > 2, see § 8.4.3 in [CF06] and Proposition 2.1 in
[Pri21]. The recursion (3) is implemented in the follow-
ing Maple code.

¢ := proc(n, mu) local tmp, k, zl; option remember; if n = 1 then
return 1/(1 - mu); end if;
tmp := 0; z1 := [1; for k from n by -1 to 2 do z1 := [op(zl1), c(n

-k + 1, mu)]; tmp := tmp + IncompleteBellB(n, k, op(z1));
end do;

return mu*tmp/(1 - mu); end proc;

m := proc(nu, n, mu) local tmp, z, k; option remember; if n = O then
return 1; end if;

tmp := 0; z := []; for k from n by -1 to 1 do z := [op(z), nu*c(n
-k + 1, mu)l; tmp := tmp + IncompleteBellB(n, k, op(z));
end do;

return tmp; end proc;

In particular, the command ¢(2, 1) in Maple yields the
second cumulant £ (X) = p/(1 — u)3, and by the
commands c(3, 1) and c(4, ) we find £ (X) = p(1 +
211)/(1 = p)®, and £ (X) = p(1+8u+64%)/(1 - p)7,
see also (8.85) page 159 of [CF06]. Those results can be
recovered from the commands c[2, p], c[3, u] and c[4, y]
using the following Mathematica code.

cln_, mu_] := c[n, mu] = (Module([{tmp, k}, If[n == 1, Return[1/(1 -
mu)1l; tmp = 0; z1 = {};
For[k = n, k >= 2, k--, z1 = Append[z1, Block[{i = n - k + 1},
cli, mulll; tmp += BellY[n, k, z1l]l;
Simplify [muxtmp/ (1 - mu)11);
mlnu_ n_, mu_] := (Module[{tmp, z, k}, tmp = 0; If[n == 0,
Return([1]];
z = {}; For[k = n, k >= 1, k--, z = Append[z, Block[{i =n - k +
1}, nuxc[i, mull]; tmp += BellY[n, k, z]]; Simplify[tmp]])

3 Joint Hawkes cumulants

In the cluster process framework of [HO74], we con-
sider a real-valued self-exciting point process on [0, o),
with Poisson offspring intensity v(dz) and Poisson im-
migrant intensity v(dz) on [0,00), built on the space

Q= {&€={zi}icr C[0,00) :
#(ANE) < oo for all compact A C [0,00)}



of locally finite configurations on [0, c0), whose elements
& € Q are identified with the Radon point measures
&(dz) = Zel.(dz), where ¢, denotes the Dirac mea-

rel
sure at z € Ry. In particular, any initial immigrant

point y € R branches into a Poisson random sample

denoted by &, (y + dz) = Z €x+y(dz) and centered at
rel

y, with intensity measure v(y + dz) on [0, 00). Figure 1
presents a graph of the point measure £(dz) followed
by the corresponding sample paths of the self-exciting
= >_Loa@)
zEE

its stochastic intensity A, ¢ € [0,10], in the exponential
kernel example of the next section.

counting process X;(&) := £([0,]) and
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Fig. 1: Sample paths of X; and of the intensity A(¢).

In the sequel, we assume that v([0,00)) < 1 and con-
sider the integral operator I' defined as

o0

f(z+y)v(dy),

I'f(z) z e Ry,

0

and the inverse operator (I —I')~!
(Ia D)7 f(2) = f(2)
+ Z flz+a +-

R"L
with

(La =T)7'TH(2) =
- Z

z € Ry.

given by

+xm)y(de) -y (dem),

(Ila =) f(2) = f(2)

4 )y (den)

o Y
FASIS
that £ is started from a single point at z € R, is given

by Hgl)(f) = (I4—T)71f(2) for n = 1. The next propo-
sition provides a way to compute the higher order cu-

(f) of Y f(a)

AT

f Z+m1 + - ’Y(d‘rm)a

The first cumulant K,z ) given

mulants I{ ) given that & is started from
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a single point at z € Ry by an induction relation based
on set partitions, see Proposition 3.5 in [Pri21].

Proposition 3.1. For n > 2,

K (i fa) of D0 @)Y fal@)

zel z€E
is started from a single point at z € Ry are given by
the induction relation

K‘(Zn)(fla"wfn)

B

k=2 mU---Ump={1,...,n

the joint cumulants
given that €

(4)

(Id_ fz zEﬂj)

}

1FHI€ I3 1)

n > 2, where the above sum is over set partitions m, U

~Ump ={1,...,n}, k=2,...,n, and |m;| denotes the
cardinality of the set m; C {1,...,n}.
The joint cumulants K1,y fn) of
Z filx),. .., Z fn(x) can be obtained as a con-
TSI z€E
sequence of Proposition 3.1, by the combinatorial
summation

K (fryeees fu) (5)

= Z Z / 1_["’i lﬂ]l) fl iem; ) (dz)

k=1mU---Unrp={1,...,n}

see Corollary 3.4 and Proposition 3.5 in [Pri21]. Joint
moments can then be recovered by the joint moment-
cumulant relation

)‘|

E lz fi(z)
AT
n l
SP TP DI | (!
=1 mU---Um={1,...,n} j=1
which can be inverted as

/{(n) fla“'?fn)

..an(x

FASES

(6)

=N -1)i-

IS ﬁ E

mU---Um={1,...,n} j=1
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1€m; x€E

|
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—

4 Joint Hawkes moments with
exponential kernel
In this section we consider the exponential kernel

v(dz) = alp,o0)(w)e " dx, 0 < a < b, and constant
Poisson intensity v(dz) = vdz, v > 0. In this case,

X4 (€) == £([0,¢]) ZIOt] ;

zel

teRy,

defines the self-exciting Hawkes process with stochastic
intensity

t
A\ = V+a/ e =9 gx,, teRy.
0



Here, the integral operator I' satisfies

I'f(z) = a / fz +y)edy, = eRy,

and the recursive calculation of joint moments and cu-
mulants will be performed by evaluating (I; —T')~'T in
Proposition 3.1 on the family of functions e, of the
form e, () 1= 2Pe"™ 1 4(x), n < b, p > 0, as in the
next lemma.

Lemma 4.1. For f in the linear span generated by the
functions ey ¢, p >0, n < b, the operator (I, —T')~1T"
is given by

t—=z

(Is—T)7'T'f(2) = flz+y)elaPvay,

0
z € [0,1].
Proof. For all p,n > 0 we have the equality

! Lep,y.t(2)

—Z/ epmile 21+ )y(den) - ()
0,47

t—=z
Z n—l / (z +y)renGtulyn—le=bygy

n=1

t—z
ae™” / (z +y)rerta=tvay,
0

(Ia—T)"

€ [0,1],

which follows from the fact that the sum 7 +- - -+ 7, of
n exponential random variables with parameter b > 0
has a gamma distribution with shape parameter n > 1
and scaling parameter b > 0. ]

Using Lemma 4.1, we can rewrite (4) for¢; < --- <t,

as

R (Lo, Lo,ta) (7)
_ Z 3 / ola—b)y Hﬁu (10.00) e, )0,
k=27 U---Unmp= {1
with
£ (o) = (Ta = T) ' 1o,4(2)
b a
_ % (a=b)(t—=) t
b — . z€0,t],
if a # b, and
D (L) = (Ia —T) "o (2) = 1+ alt — 2),
z € [0,t], if a = b. The recursive computation of

k" )(1[0 IAIEEE 1[0%}) in (7) is implemented in the fol-
lowmg Maple and Mathematica codes using Lemma 4.1.

kz := proc(z, a, b, t::list) local pm, pp2, p, pp, tmp, k, y, h, i,
j, ii, u, n, zz, c; option remember; n := nops(t);

1 then if a = b then return 1 + a*(t[1] - z); else return
b/(b - a) + a*xexp((a - b)*(t[1] - z))/(a - b); end if; end
sl

if n
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tmp := 0; pp2 := Iterator:-SetPartitions(n); for pp in pp2 do p :
pp2:-ToSets(pp) ;

if 2 <= nops(p) then ¢ := 1; for i to nops(p) do ¢ :=
a, b, map(op, convert(p[i], list), t)); end do;

:= tmp + c; end if; end do; return a*int(exp((a - b)*y)*tmp, y

0 .. t[1] - 2); end proc;

cxkz(y + z,

tmp

Needs [Combinatorica™];
kz[z_, a_, b_, t__]
kz[z, a, b, t] = (Module[{tmp, y, i, ¢, n}, n = Length[t];
If[n == 1, If[a b, Return[1 + a*x(t[[1]] - 2)]1,
Return[b/(b - a) + a*xE~((a - b)*(t[[1]] - 2))/(a - ©)]1];
tmp = 0; Dolc = 1; If[Length[p]l >= 2, For[i = 1, i <= Lengthl[p],
it+,
c = cxBlock[{u = y + z, v = t[[p[[il]1]]}, kz[u, a, b, vI1];
tmp += c], {p, SetPartitions([n]}];
Return[a*Integrate[E~((a - b)*y)*tmp, {y, 0, t[[1]1] - 2}]111);

The computation of joint Hawkes cumulants by the re-
cursive relation (5) is then implemented in the following
Maple and Mathematica codes.

= proc(a, b, t::list) option remember; local y, e, k, pm, tmp,

P2, pp, P> C, i, zz, j, u, ii, n; n := nops(t);

:= kz(y, a, b, t); if 2 <= n then pm :
Iterator:-SetPartitions(n); for pp in pm do p :=
pm:-ToSets (pp) ;

if 2 <= nops(p) then e := 1; for i to nops(p) do e
b, map(op, convert(p[il, list),
end if; end do; end if; return int(tmp, y =

tmp

:= exkz(y, a,
t)); end do; tmp := tmp + e;
. t[11); end proc;

cla_, b_, t__
cla, b, t] = (Modulel[{y, e, tmp, n, i}, n
Dole = 1; For[i = 1, i <= Length[p]l, i++,
e = exBlock[{u = y, v = t[[p[[il]1]]}, kz[u, a, b, vI1];
tmp += Flatten[{e}][[1]],
{p, SetPartitions[n]}];
Return[Integrate[tmp, {y, 0, t[[111}111);

Length[t]; tmp =

Finally, joint moments are computed from the joint
moment-cumulant relation (6) which is implemented in
the following Maple and Mathematica codes.

m := proc(nu, a, b, t::list) option remember; local y, e, k, u, ii,
pm, tmp, p2, pp, P, i, 2z, j, n; n := nops(t); tmp := nu*c(a,
b, t);
if 2 <= n then pm Iterator:-SetPartitions(n); for pp in pm do p
:= pm:-ToSets(pp); if 2 <= nops(p) then e := 1; for i to
nops(p) do e exnuxc(a, b, map(op, convert(p[i], list),
t)); end do; tmp := tmp + e;

end if; end do; end if; return tmp; end proc;

mlnu_, a_, b_, t__] := (Module[{n, e, i, tmp}, tmp = 0; n =

Length[t]; If[n == 0, Return[1]];
Dole = 1; For[i = 1, i <= Length[p], i++, e = e*nu*c[a, b,
t[lp[li111117;

tmp += e, {p, SetPartitions([n]}]; Flatten[{tmp}][[1111)

The joint moments E[Xy, --- Xy | of Xy,,..., Xy, are
obtained from the above code using the command
m(v,a,b,[t1,...,t,]) in Maple or m[v,a,b, {t1,...,tn}]
in Mathematica. Figures 2 to 7 are plotted with v =1,
a 0.5, b 1, T 2, and one million Monte
Carlo samples, and Figure 2 presents the first moment
mq(t) = m(v,a,b,[t]) = mly,a,b, {t}].
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For example, the second joint moment of (X, Xr) is
obtained by the command msy(t,T) = m(v, a,b, [t,T]) in 600 ma(t,T,T,T) ——
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expressions when expanded as a sum of the form

see Figure 3.
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12 ¢ ma(t,t) ] excluding factorizations and simplifications of expres-
Monte Carlo  © sions
10 b .

] One variable
_ Cumulant | Time | Count | All variables
Sixth 64s 671 Time | Count
Fifth 11s 226 2403s | 3288
E Fourth 1.7s 81 31s 536
Third 0.5s 35 1.6s 91

2 Second 0.2s 12 0.3s 14
First 0.05s 4

8
6
4
2
0

Fig. 3: Second joint moment.

Table 1: Counts of summands and cumulant computa-

Figures 4 and 5 show the numerical evalua- tion times in Maple.

tion of third and fourth joint moments, ob-
tained from mg(ty,ta,t3) = m(v, a,b,[t,te,t3]) =
IIl[l/,a,b7 {tl,tg,tg}] and m4(t1,t2,t3,t4) =
m(V, a, b, [tl, tg, tg, t4]) = Hl[l/, a, b, {tl, tg, t3, t4}].

The tables also display the corresponding computa-
tion times on a 8-core laptop computer with 8Gb RAM.
Symbolic computation appears faster with Maple, al-
though computation times become similar at the order
six and above.

Figures 6 and 7 show the numerical evaluation of
fifth and sixth joint moments. ms(t1,t2,ts,t4,t5) and
mG(tla ta,13,%4, 5, tG)

,76,
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Computation times are presented in seconds for sym-
bolic calculation using generic variables a, b, t1, ..., t,,
and can be significantly shorter when the variables are
set to specific numerical values. Moment computations
times in Table 2 are similar to those of Table 1, and can
be sped up if cumulant functions are memoized after
repeated calls.

One variable
Moment | Time | Count | All variables
Sixth 66s 2159 | Time | Count
Fifth 11s 762 2544s | 27116
Fourth 1.9s 265 35s 2236
Third 0.5s 88 1.8s 266
Second 0.2s 22 0.5s 29
First 0.06s 4

Table 2: Counts of summands and moment computa-
tion times in Maple.

One-variable examples are computed using the follow-
ing Maple code which uses Bell polynomials instead of
sums over partitions.

kz roc(z, n, a, b, t) local tmp, z1, y, k; option remember; if n
1 then if a = b then return 1 + ax(t - z); else return b/ (b
- a) + axexp((a - b)*(t - z))/(a - b); end if; end if; tmp :
0; z1 := []; for k from n by -1 to 2 do z1 [op(z1), kz(y +
z,n-k+1, a, b, t)]; tmp tmp + IncompleteBellB(n, Kk,
op(z1)); end do; return axint(exp((a - b)*y)*tmp, y = 0 .. t
z); end proc;
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c := proc(a, b, t, n) local y, k, z; option remember; y := []; for k
from n by -1 to 1 do y := [op(y), kz(z, n - k + 1, a, b, t)];
end do; return int(CompleteBellB(n, op(y)), z =0 .. t); end
proc;

m:=proc(nu,a,b,t,n) local z,k;option remember;if n=0 then return 1
end if;z:=[];for k from n by -1 to 1 do
z:=[op(z) ,nu*c(a,b,t,n-k+1)]; end do; return
CompleteBellB(n,op(z));end proc;

For example, the second moment of X; is obtained in
Maple by the command m(v, a, b, t,2), which yields

o (0Pt + a(—1 + ele=0t — pt))?
(a—b)*

(e—2bt(2b4e2btt

E[X?] =v

+2(

v

a—b)*
+ azb(_czat + C2bt + 4bc(a+b)tt)
— 2ab?(—3e @0t 4 2%(3 4 b))
+2a3(e? — (@t (1 4 201)))).

The same result can be obtained in Mathematica from
the command m[v, a, b, t, 2] using the code below.

kz[z_, n_, a_, b_, t_] :
kz[z, n, a, b, t] (Module[{tmp, k, y, zl},
If[n == 1, If[a b, Return[1 + ax(t - 2)]1,
Return[b/(b - a) + a*E~((a - b)*(t - z))/(a - b)11]1; tmp = 0;
z1 = {}; For[k = n, k >= 2, k--, z1 = Append[zl, Block[{i = n
k+1, u=y+z} kz[u, i, a, b, t11];
tmp += BellY[n, k, z1];]; a*Integrate[E~((a - b)*y)*tmp, {y, O,
t - z¥]1);
cla_, b_, t_, n_] cla, b, t, n] = (Module[{y, k, z, temp}, temp =
0; y = {}; For[k =n, k >= 1, k—,
y = Append[y, Block[{i =n - k + 1, u = 2z}, kz[u, i, a, b,
t]11]; temp += BellY[n, k, yl]; Return[Integrate[temp,
{z, 0, t}111);
mlnu_, a_, b_, t_, n_] :=mfa, b, t, n] = (Module[{tmp, z, k}, tmp =
0; If[n == 0, Return[1]]; z = {}; For[k = n, k >= 1, k-——, z =
Append [z, nu*c[a, b, t, n - k + 1]]; tmp += BellY[n, k, z]];
tmpl)

5 Joint intensity moments with
exponential kernel

More generally, Equations (4) and (5) can be imple-
mented for any family (fi,..., fn) of functions defined
on R, by modifying the above Maple and Mathematica
codes as follows.

kz := proc(z, a, b, f::list, t::list) local pm, pp2, p, pp, tmp, k,
y, h, i, j, ii, u, n, zz, c; option remember; n := nops(t); if
n = 1 then return £[1](z, a, b, t[1]) + axint(exp((a -
D) *y)*f[11(z + y, a, b, t[1]), y =0 .. t[1] - z); end if; tmp
1= 0; pp2 := Iterator:-SetPartitions(n);
for pp in pp2 do p := pp2:-ToSets(pp); if 2 <= nops(p) then c :
1; for i to nops(p) do ¢ c*kz(z + y, a, b, map(op,
convert(p[i], 1list), f), map(op, convert(p[i], list), t));
end do; tmp := tmp + c; end if; end do;
return axint(exp((a - b)*y)*tmp, y = 0 .. t[1] - z); end proc
c := proc(a, b, f::list, t::1list) local y, e, k, pm, tmp, p2, pp, P,
c, i, zz, j, u, ii, n; option remember; n nops(t); tmp :
kz(y, a, b, £, t); if 2 <= n then pm
Iterator:-SetPartitions(n);
for pp in pm do p := pm:-ToSets(pp); if 2 <= nops(p) then e := 1;
for i to nops(p) do e exkz(y, a, b, map(op, convert(p[il,
list), f), map(op, convert(p[il, list), t)); end do; tmp
tmp + e; end if; end do; end if;
return int(tmp, y = 0 .. t[1]); end proc
m := proc(nu, a, b, f::list, t::list) local y, e, k, u, ii, pm, tmp,
P2, pp, P> i, 2z, j, n; option remember; n := nops(t); tmp
nuxc(a, b, £, t); if 2 <= n then pm :=
Iterator:-SetPartitions(n);
for pp in pm do p := pm:-ToSets(pp); if 2 <= nops(p) then e := 1;
for i to nops(p) do e exnuxc(a, b, map(op, convert(pl[il,
list), £), map(op, convert(p[il, list), t)); end do; tmp
tmp + e; end if; end do; end if;
return tmp; end proc




For example, defining f:=(x,a,b,t)—axexp(-bx*(t-
x)), the command m(v,a,b,[1,f],[t,t]) in Maple, or
m(v,a,b,{1&,f},{t,t}] in Mathematica using the code
below, yields the joint moment

t
aF [Nt / e_b(t_s)st}
0

ﬁ <(a — 2b)b + a(2a — b)e2@~ V)t

—2(a —b)el (a4 b+ abt)
+20(el @Vt — 1) (b2t 4+ a(—1 + @Dt bt))).

Needs [Combinatorica™]
kz[z_, a_, b_, f__, t__] := kz[z, a, b, £, t] = (Module[{tmp, y, i,
c, n, u, v, gF, n = Length[t];
If[n == 1,
Return[f[[1]][z, a, b, t[[1]]] +
a*Integrate[
£[[1]1]1[z + y, a, b, t[[1]11]1*E"((a - b)*y), {y, O,
t[[11] - 2}]11]; tmp = O;
Dolc = 1;
If [Lengthl[p]l >= 2,
For[i = 1, i <= Length[pl, i++,
c = cxBlock[{u =y + z, g = £[[p[[il1]1], v = t[[p[[i111]1},
kz[u, a, b, g, vl1l; tmp += c], {p, SetPartitions[nl}];
Return[axIntegrate[E~((a - b)*y)*tmp, {y, 0, t[[1]1] - z}111);
cla_, b_, f__, t__1 :=c[a, b, £, t] = (Modulel{y, e, tmp, n, i, u,
v, g}, n = Length[t]; tmp = 0;
Dole = 1;
For[i = 1, i <= Length[p]l, i++,
e = exBlock[{u =y, g = £[[pl[i]1]1], v = t[[p[[il]11]},
kz[u, a, b, g, v11l;
tmp += Flatten[{e}][[1]], {p, SetPartitions[n]}];
Return[Integrate[tmp, {y, 0, t[[1]11}111);
mlnu_, a_, b_, f__, t__] := m[nu, a, b, f, t] = (Module[{n, e, i,
tmp}, tmp = 0;
n = Length[t]; If[n == 0, Return[1]];
Dole = 1; For[i = 1, i <= Length[pl, i++,
e = nuxexc[a, b, £[[p[[i111], t[[p[[i]11111];
tmp += e, {p, SetPartitions[n]}]; Flatten[{tmp}][[1]111)

Similarly, the command

v? 4+ 2 v m(v,ab,[f],[t]) + m(v,a,b,[ff],[t,t])
in Maple or

v? + 2v mly,a,b,{f},{t}) + m[v,a,b,{ff},{t,t})
in Mathematica yields the intensity second moment

t 2
E (u—l—a/ e_b(t_s)st)
0
— 2e2(a=b)t
1— eZ(a—b)t e(a—b)t _ eZ(a—b)t
2wb+a?) (b —
Fvtamh ) (b~ ).

cf., e.g., Corollary 3 in [BSS18].
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