Nicolas Privault

Understanding Markov Chains
Examples and Applications
Third Edition

Solutions Manual

October 22, 2026






Contents

Solutions to the Exercises .............................. 1
Chapter 1. ... ..o e 1
Chapter 2. ... 14
Chapter 3. ... 31
Chapter 4. ... ... 51
Chapter 5. ... ... e 72
Chapter 6. .....ouu 112
Chapter 7. ... 118
Chapter 8. . ... 159
Chapter 9. ... 175
Chapter 10 .. ... 204
Chapter 11 ... ... . 216
Chapter 12. ... ... 221

References. ... ... ... i 223



vi

October 22, 2026



Solutions to the Exercises

Chapter 1 - Probability Background

Exercise 1.1 Assuming that (1.2.2) holds, by the complement rule and
using the relation

Z ( |I|+1 Z( 1 |1 -1

0#£ICT IcJ

(00)-+((u2))
(0

=1-) (-)l+p <ﬂ Ag)

we have

IcJg iel
=1- > (-pH+p (ﬂAg)
DAICT iel

-y (1-2(0)

=Y (-pli+ip (U Ai> ,

IcJ iel

which proves (1.2.3).
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Exercise 1.2

a) We have
P(X <o0)=> P(X=k)=q) p*=
k>0 k>0
hence
q 1-p—q

P(X:oo)zlfIP’(X<oo):17ﬁ: T

When 0 < ¢ < 1—p we have P(X = co0) > 0, hence E[X] =
b) We have P(Y < 00) =P(X < 00) =1 and

=Y PP =) =) FPX =k =(1-p) ) (),

k>0 k>0 k>0

hence E[Y] = (1—-p)/(1—pr) < co when r < 1/p, and E[Y] =
when r > 1/p.

Exercise 1.3 We write N
Z=3 Xx
k=1

where P(N =n) =1/6, n =1,2,...,6, and X}, is a Bernoulli random
variable with parameter 1/2, k =1,2,...,6.

a) We have
E[Z] = B[E[Z | N]] =Y E[Z | N = n]P(N = n)

n=1

—ZIE Zxk ‘N—n
n=1

N=n)= nZlE {Zxk} P(N =n)

16 nl 1 6
=S EiE N=m=532 5= 52"
n=1k=1 n=1k=1 n=1
1 6x(6+1) 7
= A 1
2><6>< 2 4’ (8-1)

where we applied (A.6). Concerning the variance, we have
E[Z°] = E[E[Z? | N]]

6
=Y E[Z? | N =n]B(N =n)

n=1

2 @)
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6 [ n 2

-V E (Zxk) ‘N:n P(N = n)
n=1 k=1
.

- ]EZXkZXl’N_n P(N = n)
n=1 Lk=1
6 [ n

=S E ZXle‘N:n P(N = n)
n=l  |kl=1

I
NE
=

X]% + Z Xle = n)
n=1 _k:l 1<k#I<n
6 n 6
=Y E ] N=n)+> E| Y  XX;|P(N=n)
n=1 Lk=1 n=1 1<k#I<n

o

Il
M‘
&=
?

—77+Z > EXX]P(N =n)

n=11<k£I<n

3
Il
—
=
Il
-

6
E[XZPN=n)+> 3 EXJEX]PN =n)

n=11<k#I<n
=5%% 6Zn+ 22z:n(nfl

1 6
- _ = 2
_2><6nZ 6><222

1 1
:6x22;n+6x22;n2

1 6(6+1) 1 6(6+1)2x6+1) 14

Il
M=
M=

3
Il
—
=
Il
-

6

1
T "

Tox2 2 ox2 6 =3 63
where we used (A.7) and (S.1), hence
14 49 717
7] = Z — == .
Va7 = B2 - iz = P TT (g
Using (1.6.10) and Var[Xy] = p(1 — p) we could also write
N
Var[Z | N =n] = Var ZX’" ‘ N—n}
k=1
= Var |:Z Xk}
k=1
3
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which implies
E[Z? | N =n] = Var[Z | N = n]+(E[Z | N = n])? = np(1-p)+n?p?,

hence

M-

E[Z?] =) E[Z*|N =nP(N =n)

=
Il

1

Il
(SN
M-

E[Z? | N = n]
1

Sl
ol

(np — np® +n*p?),

and recovers (S.2).
b) Applying (1.3.1) with B = {Z = k}, we have

Next, we notice that the deterministic summation ZX’“ has a

k=1
binomial distribution with parameter (n,1/2), i.e.

n lllrl_liflf()l n
($m-) =[G ) meon
k=1 0 if 1 >mn,

which yields

6 n
P(Z=0)=>P <ZXk = 0) P(N = n)
k=1

n=1

4 @)
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1 6 1 n
-2 (2)
n=1

5

1 1\"
:mg@

hence

P(Z=1)=

=

(]
=
N
I
[

1-(1/2)°

1< /1 1 N\" < /n

SO EWE

671.:1 2 6TL:1 2 =1 l
6 n n

1 1 n

6Z<§ !

n=1 1=0

1

where we used the identity Z (n) =(1+1)"=2"

¢) We have

6
E[Z] =) IP(Z=1)=

1=0

1=0

AORY

5
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SR 050 S

n=1

1 Zﬁjn— 1 6x(6+1) 7
- S 6x2 2 4

n!

n—1-1)!

Sy (L) <7Hz( )'5e(:)
:

76><2ZZQ 222"

1 6(6+1)(2x6-+1) 1 66+1) 14

T 6x22 6 6x22 2 3’

which recovers (S.3).

Exercise 1.4

a) We assume that the sequence of Bernoulli trials is represented by
a family (X})r>1 of independent Bernoulli random variables with

6
October 22, 2026
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distribution

P(Xp=1)=p, PXp=0)=1-p, k> 1.
‘We have
N
Z=Xi+Xo+ +Xn=Y X,
k=1

and, since E[X;] =p

N n
= [Z }ZE{Z}Q P(N =n)
k=1 n>0 k=1
=> (Z]EXk> =n)=pY nP(N =n)=pE[N].
n>0 n>0

Note that N need not have the Poisson distribution for the above
equality to hold.

Next, the expectation of the Poisson random variable N with pa-
rameter A > 0 is given as in (1.6.4) by

E[N] =) nP(N=n)=c¢?> n L:e**zﬁ

n>0 n>0

n
=X % = e et = A, (S.4)

n>0
where we used the exponential series (A.1), hence
E[Z] =
Concerning the variance we have, since E[X?] = p,

N 2
E[Z%] = E <Z Xk>

k=1

n 2
=Y E (ZXk> } P(N =n)
n>0 L k=1
=Y E ( Y Xk> (znjxl> P(N =n)
n>0 k=1 =1

=>E Xsz} P(N =n)

n>0 k=1
7
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8

P(N =n)

—

:Z]E
n>0

-

(np +n(n —1)p*) P(N =n)

> Xle)

1<k#l<n

(i(Xk)Q +
k=

1

> (X

k=1

> EX] ]E[Xz]) P(N =n)

1<k#l<n

R=
R=
p(l-

D) Z nP(N = n) + p* Z n?P(N = n)

n>0 n>0

= p(1 - p) E[N] + p* E[N?].
Again, the above equality holds without requiring that N has the
Poisson distribution.
Next, we have

E[N?] =) n’P(N=n)=e*) nZ%

n>0 n>0

)‘Z Aanl )

n>1 (” - n>1 >
P M B ‘AZﬁHe‘*Zf
=X+ AZ, . )
hence
Var[N] = E[N?] — (E[N])? = ), (S.5)
and
Var[Z] = E[2%] - (E[Z])®

=p(1 - p) E[N] +p* E[N?] -
= p(1 - p) E[N] + p*Var[N]
= Ap(1 —p) + Xp*

= pA.

(pE[N])?

For [ € N, using (1.3.1) with B = {Z = [} and the fact that ZX’“
k=1
has a binomial distribution with parameter (n,p), we have

ZIP’(ZXk_Z‘N_n>IP(N—n)

n>0
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A ny n—l)‘n_pl -\ 1 n—lyn
—e Z(l)p(l—m e s
n>l

_ (/\P)l A n A (Ap)l “An(1-p)A _ (Ap)l —pA

= e )Ty = g e e = e,
hence Z has a Poisson distribution with parameter pA. This result
is known as thinning of the Poisson distribution with parameter
A>0.

¢) From Question (b), Z is a Poisson random variable with parameter
pA, hence from (S.4) and (S.5) we have E[Z] = Var[Z] = pA.

Exercise 1.5 Using the relation P(X < Y) = A/(A + p) that follows

from (1.5.9), we can compute the following conditional expectation in
the same way as in (1.6.6) of Lemma 1.10:

Emin(X,Y) | X <Y]=E[X | X <Y]=

fooo e MY foy xe’)‘xdwdy

By <v) P X lixany]

=

=pA+p

= Ol [ e (e )y
_ HA( o gy — [ e =gy — \ [ o= tty0= Ay
= ()\+M))\2 .Io e Mdy .L) e Me ™ Mdy )\JO e Mye )dy)
1 1 A
—(\ Lot A
(A+w) moo At (/\+u)2>

pOAF 2 g+ )2 p(A+ p)?

I
>~
+
=

= xI= %=

(
( 2
E(Aﬂ») H(A + p) Ap >

_ A+ )2 = A+ p) = A
BT )
- ﬁlu — Efmin(X,Y)].

Note that (1.8.10) could also be obtained as in (1.6.7) or from point (iv)
page 42, since the random variable min(X,Y") is actually independent
of the event {X < Y}. Indeed, for any a > 0 we have

Pmin(X,Y) >aand X <Y) = Ay foo e fy e dady
=pu J:O e M (e — e’Ay)dy
= e~ Ioo e Mdy — joo e~ Ay gy
a a
Q) 9
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A
I 10
=P(X <Y)P(min(X,Y) > a).

_ 1 o= (Hma

Exercise 1.6 Since U is uniformly distributed given L over the interval
[0, L], we have

1
Yu|L=y(z) = ;1[0@](1})» reR, y>0

hence by the definition (1.5.7) of the conditional density ¢y, (z) we
have

ow,n)(@,Y) = eui=y(@)eL(y)

1 —y
EII-[O,y] (x)ye ™ Lio,00)(y)
= 10,41 () Lj0,00) (y)e Y. (S.6)

Next, we want to determine the density function (z,y) — ¢, L—v)(2, ).
For this, for all bounded functions A : R? — R, we rewrite the expec-
tation

EhU,L-0) = [~ [ h@2)pwr v 2)dedz  (87)

J—o0 .

EhU,L-U)] = foo (Ijo Wz, y — x)pw,ny(,y )dy) dz
= f f h(z, 2)pw,n) (@, + z)dedz,  (S.8)

using the change of variable (z,z) = (z,y — z). Identifying (S.7) with
(S.8) yields the relation
ow,L-v)(®,2) = pw,L)(r, T+ 2),

hence from (S.6) we get

ow,L-v)(®,2) = @, (T, T+ 2)
= 110,042 (%) Lo,00) (2 + 2)e

—xr—z

= Ljp,00) (Z) Lj0,00) (2)e "7,

—x—z

since

{0<z<z+4+2z & 242>0} <= {0<z<z+=z}
— {z>0& z>0}.

10 @)
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We refer to Theorem 12.7 page 92 of Jacod and Protter (2000) for the
general version of the above change of variable formula.

Exercise 1.7

a) Assuming that X and Y are independent Poisson random variables
with parameters A and p, we have

M=

PX+Y=n)=) P(X=kand X+Y =n)

ES
Il

0

I
™=

P(X=kandY =n—k)

=
Il

0
n Ak Mn—k
= =n—k)=e M Hy 2
PX=k)PY =n—k)=e 2 =

[
M=

£l
Il

0
sl & (n _ ey A+ )"
— A—p — k, n—k _ A—p
e -] ,§=0 <k))\ I e T (S.9)

hence X +Y has a Poisson distribution with parameter A+ p. This
result can be recovered from the probability generating function
(1.7.4) of the Poisson distribution and Relation (1.7.9), as

Gxyy(s) = Gx(s)Gy(s) = ANt = MW=l 1 <5< 1.
b) We have

P(X=kand X +Y =n)

P(X=k|X+Y=n)=

P(X+Y =n)
 P(X=kandY=n-k) PX=kKPY =n-—k)
P(X +Y =n) - P(X +Y =n)
: n—k ny\ —1
:Oﬂ\)‘icfﬂ pnk Cfxfu(A‘H‘)
K (n—k) n!

) )

hence, given X + Y = n, the random variable X has a binomial
distribution with parameters n and A\/(\ + p).
¢) In this case, using the exponential probability density

Pala) = 1) oo (2)e ™", zeR,
satisfying

PA<a) = [* sy = [ oaldy,  aeR,
) 11
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and
dP(A < z) = pa(x)de,

we have
MX:JQ:LfMX:k|A:xMMAg@
= IUOO P(X =k | A=z)pa(z)dz

oo ok
=€f z o= (04 D)z g

o kI
_ 4 eyt Ly
*w+mwﬂk e
_ 0
G

-o-ite) ()

i.e. X and Y are independent random variables with same geomet-
ric distribution with parameter p = 1/(6+1). Therefore X +Y has a
negative binomial distribution with parameter (r,p) = (2,1/(6+1)),
cf. (1.5.12), i.e.,

MX+Y:kﬁ4k+U0eﬁ%7f<§%ﬁk, keN.

Hence we have

P(X=kand X +Y =n)

]P(X:k,“XJ»Y:n):

P(X +Y =n)
P(X =kand Y =n—k)
- P(X +Y =n)
P(X = k)P(Y =n — k)
T PX+Y=n

. 1 1 \* . 1 1 \"*
0+1)\0+1 0+1)\0+1
1 1 \72/ 1 \™

X 1-— —

n+1 0+1 0+1

1

=——  k=01,...n
n+1

which shows that the distribution of X given X +Y = n is the
discrete uniform distribution on {0,1,...,n}.
d) In case X and Y have the same parameter, i.e. A = u, we have

12 @)
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1
P(X=k|X+Y=n)=(Z>ﬁ k=0,1,....n,

which becomes independent of A\. Hence, when A is represented by
a random variable A with probability density z — p4(z) on Ry,
from (S.10) we get

]P(X:k\X-',—Y:n):LDC]P(X:k\X—l-Y:nandA:x)dIP’(Agx)
:joooIP’(X:k|X+Y:nandA:x)<pA(z)dz
:IOOOIP’(X:k|X+Y:n)goA(:L')d:L'
=P(X=k|X+Y=n)fooogaA(z)dzr

:IP’(X:k|X+Y:n):(Z>%, k=0,1,...,n.

This relation holds regardless of the expression of the probability
density ¢4, and in particular when A has an exponential distribu-
tion with parameter 6 > 0.

Exercise 1.8 Let Cy denote the color of the first drawn pen, and let
C5 denote the color of the second drawn pen. We have

and
2 1
P(CQZRand01:R):§, ]P’(C2:Rand01:G):§.

On the other hand, we have

P(Cy = R) =P(Cy = Rand C; = R) + P(Cy = R and C; = G)

P(Co=R|Ci=RP(C,=R)+P(Cy=R|C, =G)P(C, =G)
_2 1 11

3727372 2
and

]P(Cg = G) = P(CQ =G and C; = R) +]P(CQ =G and C; = G)
=P(Cy=G|Cy =RP(C1 =R)+P(Ca =G| C, =@)P(C1 =G)
_1 121

372 372 2

Finally, the probability we wish to compute is

) 13
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ClzRanngzR)
P(Cs = R)
P(Ci=R) 2 1/2 2

:P(CQZR|01:R)m—§X1/2—§.

P(Cy = R|Cy= R) = ¢

Interestingly, we note that although the probabilities of finding a red
or green pen at the second stage remain the same as at the first stage
(P(Cy = G) = P(Cy = G) = 1/2), the result obtained at the second
stage does provide some information on the outcome at the first stage.

Exercise 1.9

a) The probability that the system operates is given by
3
P(X >2)= <2)p2(1 —p) +p° =3p" — 27,

where X is a binomial random variable with parameter (3,p).
b) The probability that the system operates is given by

1 1
fOIP’(X22|p:z)d]P’(PSI):L)P(X22|p:x)dx
1 .
= jo (322 — 22%)dx
P N R
—3f0Ldl QIOLdl
!
-3

similarly to Exercise 1.7-(b).

Chapter 2 - Gambling Problems
Exercise 2.1
a) By first step analysis, we have
fe) = (L =2r)f(k) + rf(k+1)+rf(k—1),
which yields the equation
f(k):%f(kJrl)wL%f(kfl), 1<k<S-1, (S.11)

with the boundary conditions f(0) = 1 and f(S) = 0, which is
identical to Equation (2.2.19).

14 @)
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=

N

=

=

We refer to this equation as the homogeneous equation.
According to the result of (2.2.20) in Section 2.2 we know that the
general solution of (S.11) has the form

f(k) = Cy + Cak, k=0,1,...,8
and after taking into account the boundary conditions we find

S—k
f(k)—?., k=0,1,...,5.

Intuitively, the game is fair to both players for all values of r, so
that the probability of ruin should be the same for all r € (0,1/2),
which is indeed the case.

By first step analysis, we have

h(k) =1 —=2r) 1+ h(k))+r(1+h(k+1))+r(1+h(k—-1))
=1+ (1 —2r)h(k)+rh(k+1)+rh(k—1),

hence the equation
W) = =+ Sh+ 1)+ She—1),  1<k<s-1
T2 2 2 ’ - ’

with the boundary conditions h(0) = 0 and h(S) = 0, which is
identical to (2.3.7a) by changing h(k) into 27 x h(k) in (2.3.7a). We
note that r should be strictly positive, otherwise if r = 0 we will
have h(k) = oo for all k =1,2,...,5 — 1 and h(0) = h(S) = 0.
After trying a solution of the form h(k) = Ck? we find

1

Ck* = —
2r

+ %C(lc +1)2+ %C(k —1)%

hence C should be equal to C = —1/(2r), hence k — —k?/(2r) is
a particular solution.
Given the hint, the general solution has the form

2
h(k) :cl+cgkf’2ir7 k=0.1,....8
which gives

_ k(S —k)

hw) =22,

k=0,1,...,85, (S.12)

after taking into account the boundary conditions.

Remark. The inclusion of draws changes the standard discrete
time step length 1 into 1/(2r), which can be interpreted as the mean

15
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-
=

E[r] = 1/(2r) of the geometrically distributed random variable 7
representing the time k spent by remaining at the same state, with

P(r = k) = 2r(1 — 2r)F~1, k> 1.
Starting from any state @ € {1,2,...,5 — 1}, the mean duration
goes to infinity when r goes to zero.

When r goes to 0 the probability 1—2r of a draw increases, therefore
the game should take longer. Hence the above answer is compatible
with intuition.

Exercise 2.2

a)

b)

Taking a = m and b = S in (2.3.20), we find the probability

1-(p/9°"* _ (¢/p)° —(a/p)*

L= (p/9)5—™  (q¢/p)% - (¢/p)™

Taking a = 0 and b = m in (2.3.20), we find the probability

(S.13)

C1—(p/g" " _ 1-(¢/p)*
S Y i W Y (8.14)

¢) Taking k = m+1in (S.13), we find that the probability of returning

16

to @ after starting from is

(¢/p)® = (¢/p)™ ™

(¢/p)% = (g/p)™ ~

Similarly, taking K = m — 1 in (S.14), we find that the probability

of returning to @ after starting from is

1—(g¢/p™!
L—(q/p)™ ~

Therefore, by first step analysis we find that the probability of
coming back to state @ in finite time after starting from Xy, =m
is

1— (p/q)5—(m+D = (¢/p)" "
1—(p/q)5—m 1—(g¢/p)™
_ p(1= (/9 ") — (a/p)™) + (1 — (a/p)""H(A = (p/0)*™™)
(1-@/9%5~™)A - (g/p)™)
(p—alp/9)% ™A = (¢/p)™) + (¢ — plg/p)™) A = (p/9)°™™)
(1= (p/9)5—™)(1 - (¢/p)™)
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1—2p(a/p)™ — 24(p/q)°~ ™ + (/@)
(1= (p/9)5~™)(1 = (¢/p)™)
1-2 m _ 9a(, S—m S—2m
_ p(q/p)m q(p/;z)_m + (p/g)_m C l<m<sS-1.
1—(a/p)™ — (p/@)5~™ + (p/0)
When S = 2 and m = 1 we find that the above probability is zero,
as expected.
Using (2.3.12) we can similarly compute the mean time to ei-
ther come back to m or reach any of the two boundaries {0, S},
whichever comes first, using first step analysis, as follows:

P (1 (s 1—q/p g (o 1—(g/p™"
t q—p (1 (S=mi= (q/p)s’m> * (m tome (¢/p)™ >
__pS=m)_ l-g¢/p  mg (@/p" (/D" _
T @ Tamp g1 EmESTE

2

When S = 2 and m = 1 we find that the above expression equals 1
as expected.
e) When p = ¢ = 1/2 we would find

1/S—-m-1 +1 m—1 _1 S

2\ S-m 2\ m ) 2m(S —m)’
for the probability of coming back to state @ in finite time after
starting from Xy = m, which gives 1 —2/S when S = 2m, m > 1.

Similarly, the mean time to either come back to m or to reach any
of the two boundaries {0, S}, whichever comes first, is

3
2 k)

1 1
1+§(Sfmfl)+§(mfl):
which does not depend on m =1,2,...,5 — 1.

Exercise 2.3
a) Starting from state @ we can reach in one time step by
going up with probability p, or we can go down to with

probability ¢, in which case we have to reach without hitting
state @ in two stages:

i) first, reach | k | from , with probability P(r, < 70 | Xo =

k—1),
ii) then, reach from with probability P(rx4+1 < 70 |
Xo = k).
This gives
Q) 17
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pr = P(mp+1 < 70 ‘ Xo=k)
=p+qP(r <70 | Xo=k—1DP(rpq1 <70 | Xo=Fk)
=p+ qPr—1Pk; kE=1,2,...,5—-1.
b) We need to check that (2.3.22) is satisfied when py, is given by

1-(q/p)*
PR T (g

Starting from the right-hand side of (2.3.22), this means checking
the following:

k=0,1,...,5—1.

1—(¢/p)*t 1-(¢/D)* 1—(¢/p)k!

S Ry L e Py A e ey

_ p(t—(¢/p)*™) +q(1 = (a/p)*")
1 - (g¢/p)F+t
_pta—pla/p)* —alg/p)*
1—(g/p)F+t
_ p+a—ale/p)* —pla/p)*
1— (q/p)*t!
_ 1—(g¢/p)*
T 1—(g/p)t
¢) We have

P(rs <70 | Xo = k)

:P(Tk+1<T()‘X0:k)
XP(Tk+2<Tg‘X0:k+1)><---><P(T5<TQ‘Xgisfl)
S— S—

:Hlpz:Hl L-(/p)' _1=(a/p" . g
o 1= (g/p)!**  1-(a/p)* T

1=k

which recovers (2.2.28).
d) In the symmetric case p = ¢ = 1/2, the same reasoning as in
Question (a) above shows that py should satisfy the equation

1 1
= — + —Pr_1Pk k=1,2,...,5—1,
Pk 2+2Pk 1Pk> ) 25
which rewrites as

Pe(2—pr-1) =1, k=1,2,...,8 -1

We check that the above equation is satisfied by

18 @)
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P
hence we find again
P(TS <T0‘X(]:k‘)

=P(rh41 < 710 | Xo = k)
XP(Tk+2<To|XU:k+1)X"‘XIP)(TS<TOIX0:*971)

showing that

k
]P(TO<T5|X0:]€):1—§, k=0,1,...,S,

which recovers (2.2.13).

Exercise 2.4

a) We have
f(0) =P(Ra | Xo=0) =q+pg.

b) We have
f(2)=P(Ra|Xo=2)=0,

and
fQ)=P(Ra| Xo=1)
=pP(Ra | Xo =2) +qP(Ra | Xo = 0)
=4 +pq’.

Exercise 2.5

a) Letting e =r —1, i.e. r = 1 + ¢, we have

hs(m:ﬁ(k—ﬁ:ﬁ):i(’“‘s%>

) 19
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hence

_ ok _ k
lim L (k _gt rg) —lim L (k, Sﬂ) = k(S—k),
r—1q—p 1—r e—0 pe + )5

which recovers (2.3.19).
b) Letting e =1 — r, we have

5=k (1465 - (1+¢e)F
fsth) = 5=7 = (T+e)5—-1

0 e L e U

i=0

s s
Z <f>£i—1 S+52; <f)6i_2

hence

oSk 1+ —(+e)k S—k
lim ——— = lim ~ = R
r=1 15 —1 &0 (1+e)9 -1 S

which recovers (2.2.22).

Exercise 2.6 By first step analysis, we now have
fk)=(0-a=B)f(k)+af(k+1)+Bf(k—1),
which yields

. a 8 .
f(k):mf(kJrl)erf(k*l)v 1<k<S-1,

with f(0) =1 and f(S) = 0. Therefore this non-symmetric problem
with draw can be reduced to a non-symmetric gambling process with-

20 @)
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out draw and probabilities p = a/(a + ) and ¢ = /(a + 8), and

solution

(B8/a)* — (B/a)®
1= (B/a)s

obtained by (2.2.12), with o # S. For the mean game duration, by
first step analysis we find the equation

f(k) = k=0,1,...,5,

h(k) = (1 —a—B)(1 + h(k)) + a(l + h(k + 1)) + B + h(k — 1))
=1+ (1 —a-pB)hk)+ah(k+1)+ ph(k—1),

i.e.

hk) = —— 4+~ hk+ D)+ —Dhk—1), 1<k<S—1
T a+B a+p a+p ’ - ’

or

(a+ B)h(k) =1+ pla+ B)h(k+ 1)+ q(a+ B)h(k —1),

with p = a/(a + 8) and ¢ = /(o + 3) which, using (2.3.12), shows
that

1 1-(B/a)* )
h(k) = k—S——m—= 1, k=0,1,...,5, S.16
=51 (= 51 Gy 19
when « # (. As in Question (e) of Exercise 2.1, the inclusion of a
draw changes the discrete time step length from 1 to 1/(a+ ), which
is the mean IE[7] of a geometrically distributed random variable 7 with
distribution

Pr=k)=(a+f)(1-a-B)""  k>1

When « tends to §, the result of Exercise 2.1 can be recovered as on
page 20. Indeed, the limit of (S.16) as a — f is given as in (S.15) by

k(S —k)
BT

which is consistent with (S.12).

h(k) k=0,1,...,5,

Problem 2.7
a) We have

g(k) =pg(k+1)+qg(k—1), k=12,....5-1  (517)

with
9(0) = pg(1) + qg(0) (5.18)

) 21
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for k =0, and the boundary condition g(S) = 1.
b) We observe that the constant function g(k) = C is solution of
both (S.17) and (S.18) and the boundary condition g(S) = 1 yields
C =1, hence
gk) = POW | Xo = 1) = 1

forall k=0,1,...,S.
‘We have

o
~

h(k) =1+ ph(k+1)+qh(k —1), k=1,2,...,8—1, (5.19)
with
h(0) =1+ ph(1) + qh(0)

for k = 0, and the boundary condition h(S) = 0.
Case p # g. The solution of the homogeneous equation

2

h(k) =ph(k+1)+qh(k—1), k=1,2,...,5-1,
has the form
h(k) = Cy + Ca(q/p)*, k=1,2,...,5—1,

and we can check that k — k/(p—q) is a particular solution. Hence
the general solution of (S.19) has the form

k
h(k):HJrClJrCE(Q/P)k, k=0,1,...,5,

5
0=h(S) = —— +C1 + Cs(q/p)*,
qa—p
1
ph(0) =p(Cr + C2) =1+ph(l) =1+p <H +Cr+ Cz%) ;

which yields

—y ¢/ S
-9 g
T
R
and
W) = B[Ts | Xo = M = 25 4 L ((/p)S — (a/)")
p—q (p—q)? '
k=0,1,....8.
22 @)
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~

P(X;

Case p = ¢ =1/2. The solution of the homogeneous equation is
given by

h(k)=Cy+ Cok, k=12,...,8-1,
and the general solution of (S.19) has the form

h(k) = —k? + C, + Cak, k=1,2,...,5,

with
0="h(S)=—5%+C +CyS,
R(0)  Cy (1) . Ci4+Cy—1
2 2 =1+ 2 =1+ 2 ’
hence
Cy=5(5+1),
Co=—1,

which yields
hk)=E[Ts | Xo=kl=(S+k+1)(S—k), k=0,1,...,5.
When p # g we have

1— k
pr=P(Ts <Ty| Xo=k) = (a/p) k=0,1,...,8,

1—(a/p)*’
and when p = ¢ = 1/2 we find

k
pk:§, k=0,1,...,5.

The equality holds because, given that we start from state
at time 1, whether Ts < Ty or Ts > Ty does not depend on the
past of the process before time 1. In addition it does not matter

whether we start from state at time 1 or at time 0.
We have

]P)(Xlzk,‘+17 Xo =k, Ts<T0)

=k+1|Xo=Fkand Tg < Tp) = P(Xo = k and Ts < To)

P(TS <T0|X1 =k+1 aIldX():k’)P(Xl =k+1 andXU:k)
]P)(TS <Ty and Xo = ]C)
P(Ts <Tp [ Xo=k+1)  prn1

P(Ts < Ty | Xo =k) P

k=0,1,...,5 — 1. By the result of Question (e), when p # q we
find

23
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1—(g/p)**!
1—(g¢/p)* "’

k=1,2,...,5—1, and in case p = ¢ = 1/2 we get

P(X1:k+1\X0:kandT5<To):p

k+1

P(X1:k+1|X0:kaIlde<T0):7,

k=1,2,...,5—1. Note that this probability is higher than p = 1/2.
h) Similarly, we have

P(X, =k—1| X, =k and Tp < Ts)
P(X;=k—1, Xo=Fkand Ty < Ts)
P(Xo =k and Ty < Ts)
P(To<Ts| X1 =k—1and Xo =k)P(X1 =k—1and Xg =k)
P(Ty < Ts and Xo = k)

P(Ty < Ts | Xo =k —1)

P(Ty < Ts | Xo =k)

1—pr—1

1—pr’

k=1,2,...,5 — 1. When p # ¢ this yields

(¢/p)F = (a/p)®
(¢/p)k = (a/p)5 ~

k=1,2,...,5 -1, and when p = ¢ = 1/2 we find

P(Xi=k—-1|Xo=Fkand Ty <Ts) =¢q

S+1-k

IP’(Xl:k—1|X0:kandT0<TS):m,

k=1,2,...,5—1. Note that this probability is higher than ¢ = 1/2.
i) We find

MM:1+p&ﬂ%%+1%%Ofp@ﬂah%fly (S.20)
Dk Dk

k=1,2,...,5—1, or, due to the first step equation py = ppr+1 +
qPk—1,
peh(k) = pr +pprrih(k+1) +qprah(k—1), k=1,2,...,5-1,

with the boundary condition h(S) = 0. When p = ¢ = 1/2 we have
pr = k/S by Question (e), hence (S.20) becomes

k+1 k-1
h(k) =14 == h(k+ 1) + == h(k 1),

24 @)
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k=1,2,...,5—1.
We have to solve the equation

—.
=

(k) = k+%(kﬂ)h(zm)%(kq)h(kq), k=12, 51,

with the boundary condition h(S) = 0. Letting g(k) := kh(k) we
check that g(k) satisfies

g(k):k+%g(k+1)+%g(k71), k=1,2,...,5-1, (S.21)

with the boundary conditions g(0) = 0 and g(S) = 0. We check
that g(k) = Ck? is a particular solution when C' = —1/3, hence the
solution of (S.21) has the form

1
g(k) = _gkg + C1 + Cak,

by the homogeneous solution given in Section 2.3, where C7 and Cy
are determined by the boundary conditions

0=g(0)=C

and 1
0=g(5) = —553 +C1+ a5,

ie. Cr =0and Cy = S2/3. Consequently, we have
g(k) = (8% — k?), k=0,1,...,5,

hence we have

327k2
3 ’

h(k) = E[Ts | Xo =k, Ts < Ty = k=1,2,...,85.

The conditional expectation h(0) is actually undefined because the
event {X() =0, Ts < To} has probability 0.

Problem 2.8

a) We have g(0) =0 and g(S) =g(S+1)=1.
b) We have

g(k) =pg(k+2) +rg(k) +2pg(k —1), 1<k<S-1,
and g(0) =0 and g(5) =g(S+1)=1.

c) Trying a solution of the form g(k) = CA\* shows that X must satisfy

) 25

October 22, 2026



M= pARFZ o ak o op it 1<k<S-1,

A =p)\ 4+ A+ 2p, 1<k<S-1,
hence, using the relation 3p +r = 1 we find
A3 +2 = (AN2=2M+1)(M+2) = A-1)2(M+2) =0, k=1,2,...,5-1,

with solutions A € {1, —2}. Hence we can now try a solution of the
form

g(k) = C1 + Cok + C3(—2)F
with the boundary conditions
g(0) =0=Cy + Cs,
9(8) =1=C1+ C2S + (-2)°Cs,
g(S+1)=1=C1+Ca(S+1)—2x (-2)%Cs,

1
Gi=1z (3S+1)(—2)5
O 3(=2)%
SR (35451)(—2)5
T T Es T
which yields
1 3k(—2)% (—2)*

9 = T Es T  T- GBSt )(—2° 1= GBS+ (27
_1-3k(-2)% — (-2)* o
= T Gsinys . F=OLSTL (5.22)

In the graph of Figure S.1 the ruin probability (S.22) is plotted as
a function of k for p = 1/3 and r = 0.
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Ruin probability S = 8
K/S

0.8 [

0.6 [

fik)

0.4

Fig. S.1: Ruin probability fs(k) as a function of Xo = k € [0,9].

2

Intuitively, this problem corresponds to a fair game for all values
of p since the expected gain E[X,, — X,,_;] = 0 vanishes* for all
n > 1, so that the probability of ruin f(k) should be the same for
all p € (0,1/2), which is indeed the case in (S.22).

We have h(0) = h(S) = h(S+1) =0.

We find

-
Nac NG

h(k) =1+ ph(k + 2) + rh(k) + 2ph(k — 1), 1<k<S-1.

After checking that k — Ck cannot be a solution we search for a
particular solution of the form h(k) = Ck?, which yields

0e
-

Ck? =1+ pC(k +2)% + rCk? + 2pC(k — 1)2, 1<k<S—1,
i.e.
0=1+pC2k+4)+2pC(~2k+1), 1<k<S-—1,
or C =—1/(6p).
h) The general solution takes the form

k‘2
h(k) = “op + Cy + Cok + C5(—2)*

with the boundary conditions
’L(O) =0= C1 + 03,

2
h(S)=0= —g—p + C + CyS + (=2)°Cs,
_(s+12

WS+ =0=-

+Cy + CQ(S + 1) —2X (—2)S03,

* We are in presence of a fair game in which probabilities of going up and down
are not equal, while increments are by two units and decrements are by one unit.
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o S(S+1)
LT 6p(1-35(=2)% - (—2)%)
o5 (S+1)1-(=2)°%
7 6p " 6p(1—35(-2) — (—2))
Oy = S(S+1)

6p(1 —35(-2)° - ()’
which yields

Wik = R S(S+1) S (S+1(a-(-2%)
B ==~ G- BS+ (2 <6p 6p<1—(35+1><—2)5>>
N S(S+1)(—-2)*

6p(1 — (35 +1)(—2)%)
k(S —k) —S(S+1)+k(S+1)(1—(-2)%) +85(S+1)(—2)*

=T 6p(1— (35 + 1)(—2)%) ’
_ k(S—k) N k(S +1)(1 - (=2)%) =SS+ 1)(1 — (—2)F)
6p 6p(1 — (35S +1)(—2)9)
Ck(S—k)  kK(S+1)-SS+1)  —k(S+1)(-2)% + S(S+1)(—2)k
T 6p 6p(1 — (35 +1)(-2)%) 6p(1 — (35 +1)(-2)%)
k S
_ k(S —k) +(S+1)S(72) —k(=2)% — (S —k) (5.23)

6p 6p(1— (35 +1)(-2)%) ~

k =0,1,...,5 4+ 1. In the graph of Figure S.2 the mean game
duration (S.23) is plotted as a function of k with p =1/3.

Mean game duration S = 20, p=1/3 —¥—
100 - k(S-k) —+—

60 -

h(k)

20 -

0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
3

Fig. S.2: Mean game duration hao(k) as a function of Xo = k € [0, 20].

Starting from a state k € {1,2,...,5 — 1}, the mean duration goes
to infinity when p goes to zero. Indeed, when p goes to 0 the prob-
ability 1 — 3p of a draw increases and the game should take longer.
Hence the above answer is compatible with intuition.

—
=
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j) When S tends to infinity, the ruin probability starting from k > 1
tends to 0 and the mean game duration tends to infinity.
Problem 2.9
a) We have h(0) = h(1) = 0.
b) Here we need to increment the value of 7 by one unit in the first
step analysis argument, which yields
h(k) =pE[(14+7)*| Xo=k+1] +q¢E[(1+7)*| Xo =k —1]
=pE[1+2r+7°|Xo=k+1]+qE[14+27+7°| X =k — 1]
=1+pE[2r+7*|Xo=k+1]+qE[2r+ | Xo =k — 1]
=1+2pE[r|Xo=k+1] +2qE [r|Xo =k — 1]
+pE [ | Xo=k+1]+¢E[r?|Xo =k — 1]
=1+2E[r|Xo=k+1] +2¢E [r| Xo =k — 1] + ph(k + 1) + qh(k — 1),
1 <k < S —1, where we used the relation p + ¢ = 1.
¢) We have

Mm:1+EhLm:k+q+Eh¢%:kfﬂ+%mk+n+%mkfn

= 14 (S k= D+ 1)+ (S —h+ )(k— 1)+ ghlk+1)+ sh(k—1)

=14+ (S —k—Dk+ S —k-1)+ S —k+1k—(S—k+1)
(k1) + Sh(k— 1)

14+ 2AS— Rk + %h(k S+ %h(k _y,

1<k<S—1.
d) We have
2k K3
h(k) = C1 + Cok + == = (25 — k)
with
0=h(0)=0Cy
and P
2
=h = - _ =
0="h(S) = Ca8 + =5 3
hence s g P
_ 2 _ = 2 _
Co s t3 =3 (5? -2)
and s P
2
— .2 (g2 _ -r T _
Mk)ka(S 2) + 3 3(25 k).
@) 29
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e) We have

v(k) = h(k) — k2(S — k)?

=kg(52—2)+27k?—%3(25—k)—k2(5'—k)2
:k(g(3272)+%7S%27%2(ka)fk(5'—k)2>
:g(3(3272)+2k75k2ka(ka)fSk(S—k)Q)
:g((s—k) (5% = 2) + Sk(S — k) — k(S — k) — 3k(S — k)°)
:g((ka)(5272+Sk)ka(ka)f?)k(S—kf)
=@(k2+(5—k)2—2).

Remark. When k = 5/2 we find

S
v(k) = 75 (5%/2-2)
and the standard deviation
S? 5?2
k)~ — o~ —.
o (k) V24 5

if S is large.

In the graph of Figure S.3 the standard deviation of the game du-
ration 7 is plotted as a function of the initial state £k = 0,1,...,S.

90

Mean game duration S = 20, p=1/3 —¥—
80 -

70 -
60

50 -

h(k)

40 |-

30

20

10

0 O Y Y Y O |
01 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20
k

Fig. S.3: Standard deviation of 7 as a function of Xo = k € [0, 20].
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f) We have v(1) = 0, which is consistent with the fact that the game
duration is constant equal to one when k£ =1 and S = 2.

Chapter 3 - Random Walks

Exercise 3.1

4 4
a) We find (3) = <1> = 4 paths, as follows.

)
VV\ ,'ﬁ/
|
T — : g
" H

n n

Fig. S.4: Four paths leading from 0 to 2 in four time steps.

(6) =) ==

paths there are 3 steps up (with probability p) and 1 step down
(with probability ¢ = 1 — p), hence the result.
¢) We consider two cases depending on the parity of n and k.

b) In each of the

i) In case n and k are even, or written as n = 2n’ and k = 2k,
Relation (3.3.3) shows that

P(S, =k | Sp = 0) = P(Sap = 2k | Sy = 0)

) 31
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2n’ T
_ , , pn +k qn k
n' +k

O

ii) In case n and k are odd, or written as n = 2n’ + 1 and k =
2k" +1, (3.3.4) shows that

P(S,, =k | So = 0) = P(S2nr11 =2k +1] Sp = 0)
_ 20’ +1 n'+k'+1 n' —k'
a <n’+k”+1>p 4

n n n—
- ((n+k)/2>p( HR/20n=K)/2 <<,

d) By a first step analysis started at state @ we have, letting p, 1, :=
P(S,, = k),

Ptk = P(Sny1 =k)
= P(Sps1 = k| So = 0)
=P(Sn41 =k | S1 =1)P(S1 =18, =0)
FP(Spar =k | S; = —1)P(Sy = —1| So = 0)
=pP(Spp1 =k | S =1) +¢P(Spy1 =k | 51 = —1)
= pP(Spyr =k — 1|81 =0) + qP(Sps1 =k +1] 5, =0)
= pP(Sp =k —1|So=0)+ qP(S, = k+1] S, =0)
= PPn,k—1 + qPn k+1;

which yields
Prn+1,k = PPnk—1 T qPnk+1,

for all n € N and k € Z. The same equation could be obtained by
a backstep analysis, by looking at the two possible ways to reach
state k at time n + 1 after starting from either £k — 1 or k + 1 at
time n.

e) We consider two cases depending on the parity of n + 1 + k.

i) If n+ 14k is odd the equation is clearly satisfied as both the
right-hand side and left-hand side of (3.4.25) are equal to 0.
ii) If n+ 1+ k is even we have

PPre—1 + Wrjet1 = p<( )p“’“’“)/z(l —p)nti=h2

+"<(n+ - k)/2>p

n
n—1+k)/2

(H1ER)/2(1 ) (n=1=)/2

p
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_ n p(n+1+k)/2q(n+1—k)/2
(n—14+k)/2

n (n+1+k)/2 (n+1—Fk)/2
+((n+1+k)/2>p g

) ) 1t/ n!
:p(n+ +k)/ (]( +1-k)/ (((n+17k)/2)!((n—]+k‘)/2)!

n!

+((n—1—k)/z)!((n+1+1c)/2)1>
a1 2 (na1—k)/2 nl(n+1+k)/2
= pl R <((n+17k)/2)!((n+1+k)/2)!

. nl(n+1-k)/2 )

((n1 = k)/2)/((n+ 1+ k)/2)!

n+1+4+k)/2 (n+1—k)/2 n,!(n,+1)
g ((F LR/ (n+L1h)2)
= pnHIHR)/2 gt 1-k)/2 <(n +n1—:1k)/2>

=P

= Pn+41,ks

which shows that p, ;. satisfies Equation (3.4.25). In addition
we clearly have

poo=P(So=0)=1 and por=P(So=k)=0, k # 0.
Exercise 3.2
a) By the spatial homogeneity of the random walk, we have
E[Ti—1 | So =1 =E[Ty | So =1], i=1,2,...k,

hence by adding inductively the average travel times from () to

we find

k
E[T) | So =k =Y BTy | S =1i] = kE[Ty | S =1].
i=1

Next, by first step analysis we have

ETo | So=1=gx1+px (1+E[T | So=2])
=gx1+px(1+2E[Ty | Sy =1])
=1+2pE[T, | So =1],
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hence
1

1-2p q-p
When p > ¢ we find E[Tp | Sp = 1] = +o0.
b) By the spatial homogeneity of the random walk, we have

E[Ty | So = 1] =

q>p-

P(Ti,1<OO|SUZi):P(T0<OO|S0:1), i=1,2,...,k,
hence by multiplying inductively the hitting probabilities of state

starting from (2) we find

k
P(Ty < 00 | So=k) = [[P(Ti-1 < 00 | So =) = (P(Tp < o0 | Sy = 1))*.

i=1

o
~

By first step analysis, we have
P(Ty < 0o | Sp = 1) = ¢+ p(P(Ty < 00 | Sy = 1))?,
which yields the equation
pa2 —a+q=0

for o :=P(Tp < oo | Sp = 1), and possible solutions a € {1, ¢/p}.
When p > ¢ we find

]P)(T()<OO‘S0:1):%,

when p < g we have P(Tp < oo | S = 1) = 1. We conclude that in

general,
k
IP’(T0<ooS0k)min<17(;> ) keN,

which coincides with (2.2.14) and (3.4.16).

Exercise 3.3 Recall that by (3.4.27) we have Gy (s) = 1—+/1 — 4pgs?,
se(-1,1).

a) We have P(T§ = 0) = G'r;(0) = 0 and
P(T§ < 00) = Gy(1) =1— /1 — 4pg = 2min(p, q),
by (3.4.14).
1

b) In general we have P(Tjj = n) = EG(TC})(O)’ n > 0, with
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Glpp(s) = dpgs(1 — 4pgs®)~'/2,
G’j’n(;-(s) = 4pq(1 — 4pqs?)=3/2,
G%;r (s) = 48p%¢>s(1 — 4pgs®) /2,

G%)(s) = 48p2¢2(1 + 16pgs?)(1 — 4pgs®)~7/2,

hence . ,
P(Iy =1) = Tg(o) =0,
P(T5 = 2) = G, (0) = 2pg,
. 1
B(T} = 3) = 1G5 (0) =0,
BT} = 4) = ~G0(0) = 2%
0o =M= vy =<pq.
¢) We have
4pq 4pq
E[T} 115 coey] = Gl (1) = —mt— = :
[[] {1y < }] TQ() m ‘p_ql
hence by (1.6.6) in Lemma 1.10 we find
» » max(p, )
BT | T <00l =~ BIT L iprcoey] = 202 d)
[O| 0 OO} P(Tg<00) [O {1y < }] |p7(1‘

see (3.4.19).

Exercise 3.4

a) We have the boundary conditions Go(s) = 1, G1oo(s) = 0, s €
(—1,1), and

Gi(s) =E [s7 | Xo = i]
:p]E[sHTD|XU:’L'+1} +q]E[sl+T° ‘onifl]
=psE[s™|Xo=i+1] +qsE [T | Xo =14 —1], i>1,
hence we have
Gi(s) = psGiy1(s) + qsGi—1(s), 1€ Z\ {0}, se€0,1). (S.24)

b) We note that (S.24) has the same form as Equation (2.2.6), up
to a parametrization by s € [0,1). Hence, substituting a possible
solution of the form G;(s) = (a(s))" into (S.24) we find

(a(s)" = ps(a(s))™ +gs(a(s) ",
which yields the characteristic equation

o 35
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ps(a(s))? — a(s) + g5 =0,
with unknown a(s) and solutions

)= 14 +/1 —4pgs?

2ps
2qs 1

—_— > s
1—+/1—4pgs?  2ps’

ay(s

and

(s) 1—+/1—4pgs?
a_(s) = —F———
2ps

2qs
= 4s < 2gs,

14+ +/1—4pgs?

s€[0,1),

ls| < 1/(2v/pa),

ls| <1/(2v/pa),

hence the general solution of (S.24) is given by

Gi(s) = Cas ()" + C-(a=(s))’

2p

1+4/1- 7\’
—C+< + 184pqs>+c<

1—+/1—4pgs? '
2ps ’

i€ 7.

Hence the boundary conditions G+ (s) = 0, or the boundedness
condition |G;(s)| < 1 for sufficiently small s € (—1,1), show that

Cy=0and C_ =1 wheni >0, i.e.

2ps

Gi(s) = (1\/14pq52> _ (

and Cy =1 and C_ =0 when i <0, i.e.

2qs '
1++/1 4pq52> ’

Gi(s) = <1+\/1—4pqs2> B (1

2ps N

while by symmetry we also have

K
2qs
V1—dpgs? )’

14+ +/1 —4pgs?

2ps

Gi(s)—< 2qs )i_<1—\/1—4pq52>7"

and
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Gils) = 2gs ': 1+ 4/1 — 4pgs? i <0
' 1—+/1— 4pgs? 2ps ’

¢) Relations (S.25) and (S.26) show from (3.4.14) that

(S.27)

P(Ty < oo | Xo =1) = Gi(1)
2q !
- <1+m>
(2 Y
a <1+ \pfq|>
= min <1, <q>l> , >0,
p

which recovers (2.2.14) and (3.4.16).
d) When p > ¢ and i < 0, we have

Gi(s) = - \/W) i 4pqz (17\/@)471
i ( W ,

and when s = 1 this yields

N I U R

Gi1) = (?q) [ (29)77 VI=4dpg
i dpgi (1—(p—q)
BT A O 7
i 2pi
S
= i<0

p—q

e) By first step analysis starting from state @ we have, when ¢ > p,

E [sTDT | Xo=0] =psE[s™ | Xg=1] +gsE [s™ | Xy = —1]
= psGa(s) +asG1(5)
1= Vi-dapes | g8
2 1+ /1 4pgs®

(1 — /1 —4pgs?)(1 + /1 — 4dpgs?) + 4pgs®

2(1 4 /1 — 4pgs?)
4pqs?
1+ /1 — 4pgs?
o 37
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=1—+/1—4pgs?, s €[0,1),
which recovers (3.4.9), while when ¢ < p we find similarly

E [STUT ‘ Xy = ()] = psGl(s) + qSG,1(S)

2qps> 1 — /1 —4pgs?
1+ \/1—4pq52 2
1—+/1—4pgs?, s€[0,1).

Exercise 3.5 By (3.4.21) we have

E [T5 1z <oey | So = 0] =Y nP(T5 =n | S =0)

= isz(Tg' =2k | S =0)
k>1
= Z ( > 1/4)* (S.28)

where the general term of the above series satisfies the equivalence

2% (2k)! 1
Qk—l( )(1/4)k Fhooo Tk (k)2 Shoo \[ 5

by Stirling’s approximation k! =~ (k/e)*v/2rk as k tends to oo, from
which we conclude to the divergence of the series (S.28).

Exercise 3.6

a) We have
E[M,] = [Z k- 1)@}
= ZQ’H IE [Xy]
k=1
n—1
=(p-q) 2"
k=
1—29n
=b-97—5
=(p—q)2"-1), n > 0.
38 O
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b) The two possible values of M, are 1 and

n
1—2n

DA =1-2" > 1.

Z 1_29 ) n =

We have
P(Mupr =1-=2")=¢q¢" and P(Mpar=1)=1-¢", n>1.

c¢) The stopped process (Mipin(n,r))nen represents the wealth of a gam-
bler whose strategy of the gambler is to double the stakes each time
he loses, and to quit the game as soon as his gains reach $1.

d) We have

E[Mpn,] = (1 — 2)P(Mypy =1 — 2%) + P(Mypr = 1)
_ (1 72n)qn+1iqn
=1-(2¢9)", n>1.

In particular, we find IE[M,x,] = 0 in the fair game with p = ¢ =
1/2.

Exercise 3.7

a) Applying (3.4.28) with m = n — 1 and k£ = 0, we find that this

. <2n — 2)
number is .
n—1
b) Applying (3.4.28) with m = n — 1 and k = —1, we find that this
. (271 — 2) 2n — 2
number is = .
n—2 n
¢) On the graph below, the blue path joining S; = 1 to Sa,—1 = 1
by crossing @ is associated to a unique red path joining S; =1 to
SQn—l = —1

original path

reflected path

1 2n—1

d) This number is (271 B 2) = <2n - 2).
n—2 n

e) This number is

) 39
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2n — 2 2n — 2 (2n —2)! (2n —2)!
<n71> - (n72> = (n=1)!(n-1)! B (n—2)In!
_ (n? —n(n—1))(2n —2)!
n!n!
(2n —2)!
(n—1)Inl’

2n — 2)!
f) According to the following graph, to each of the (2n )' blue

(n—1)In!
paths joining S; = 1 to So,—2 = 1 without crossing @ between
time 1 and time 2n — 1 we can associate a red path joining S; = —1
to Sa,_o = —1 without crossing (0).

original path

reflected path

1 2n—1

Adding the number of paths joining S; = 1 to Se,_o = 1 without
crossing @ from time 1 to time 2n — 1 to the number of paths
joining S7 = —1 to Sa,—2 = —1 without crossing @ between time
1 and time 2n — 1, we get the total to the number of paths joining
So = 0 to Sa, = 0 without crossing @ from time 0 to time 2n, as
follows:

o (2n=2)1 _ 2n(2n - 2)! 1 <2n>

(n—1)In! - nln! Ton—1

We note that the convolution equation (3.4.3) is also satisfied in
the following form:

1 (2n "i:l 1 o — 2k\ [2k
2n—1\n 2n—2k—1\ n—k k

3 =
- o

— 1 2k 2n — 2k -1
W—1\k)\n—k ) "=
k=0

see e.g. here. We note that the number of paths joining Sy = 0 to
Sonta = 0 without crossing (0), from time 0 to time 2n + 2 satisfies

1 2n+2\ 2 2n
m+1\n+1/) n+l1\n)’
40 O
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1
n+1
Dyck lattice paths joining Sy = 0 to S,, = n without passing above
the diagonal between time 0 and time n.

where

is the Catalan number counting the number of

Problem 3.8
a) Since the increment X, takes its values in {—1, 1}, the set of distinct
values in {Sp, S1,...,S,} is the integer interval
inf | s
[kOHlln St k:g,lll?..,n Sk] /
which has

elements. In addition we have Ry = 1 and Ry = 2.

b) At each time step k£ > 1 the range can only either increase by one
unit or remain constant, hence Ry — Ri—1 € {0,1} is a Bernoulli
random variable. In addition we have the identity

{Rr — Rp—1 =1} = {Sk # So, Sk # S1,..., Sk # Sk—1},
hence, applying the probability P to both sides, we get
P(Rr—Ri—1=1) =P(Sp—So # 0, Sx—51 #0,..., Sg—Sk—1 #0).

¢) By the change of index
(X1, Xay ooy Xpom1, Xi) — (X, Xi—1, -+, X2, X1)

under which X; + X5 +--- + X; becomes Xy, + -+ + Xp_141, [ =
1,2,...,k, we have

PRy — Ri—1=1) =P(Sx —So #0, Sk, —S1 #0,..., S — Sk—1 #0)
=PX1+- +Xp #0, Xo+--+ X, #0,..., X3 #0)
=P(X1#0, Xu + Xp #0,..., Xi +--- + X #0),

for all k > 1, since the sequence (Xj)r>1 is made of independent
and identically distributed random variables.
d) We have the telescoping sum

R,=Ro+ (Ri—Ro)+---+ (R, — Ry_1)

n

=Ro+ Y (Rx—Rp1), n>0.
k=1

o) 41

October 22, 2026



e) By (1.2.6) we have

P(Ty = 00) =P (ﬂ {Ty > k}) = lim P(Tp > k),

k>1

since
{To>k+1}:>{T0>k}, k>1,

i.e. ({To > k})r>1 is a decreasing sequence of events.
f) Noting that Ry — Rr—1 € {0,1} is a Bernoulli random variable with

E[Ry — Ry—1] =P(Ry — Ry—1 = 1),
we find that
E[R,] = E |Ro+ Y (Rk — Re-1)| = Ro+ ) E[Ry — Ry—1]
k=1 k=1

=R+ P(Rp—Re1=1)
k=1

n
:RUJFZ]P(Xl7507X1+X2#07‘.,,X1+,4_+Xk7é0)
k=1

=Ro+Y P(S1#0,5 #0,....8 #0) =Ry + > _P(Ty > k)
k=1

k=1
n n n
=14 P(Ty> k) =P(Ty > 0)+ > P(Ty > k) = > P(Ty > k).
k=1 k=1 k=0
g) Let e > 0. Since by Question (e) we have P(Ty = c0) = limy_,00 P(Tp >
k), there exists N > 1 such that
‘P(T()=OO)—[FD(T[]>I§)‘<8, k> N.
Hence for n > N we have
P(Tp = o0 li:]PT > k)| = liIP(T —P(Ty > k
0= - 0 =5 0= b > k))
k=1 k=1
<= Z |P(Ty = P(Ty > k)|
<EZ\IP(T7 )= P(Ty > k)| + — Z IP(Ty = o0) — B(Ty > k
<5 0=00)— 0 n O_OO)_(U> )l
= k=N+1
42 O
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€

N n—N
—+
n n

IN

N
— +e.
n

Then, choosing Ny > 1 such that (N +1)/n < e for n > Ny, we get

1 n
P(Ty = o0) — EZP(TO > k)| < 2,

1
<=+
" k=1

P(Ty = oo) — %]E[Rn]

n > Np, which concludes the proof.

Alternatively, the answer to that question can be derived by apply-
ing the Cesaro theorem, which states that in general we have

n

lim — E ar = a
n—oo N
k=0

when the sequence (ay)ren has the limit a, by taking a, = P(Tp >
k), k € N, since we have limy,_,o, P(Ty > k) = P(Tp = o0).
h) From Relation (3.4.15) in Section 3.4 we have

P(Ty = +o0) = |p — ql,

hence by the result of Question (g) we get
. 1
lim —E[R,]=[p—ql,
n—oo n

when p # ¢, and
1
lim — E[R,] =0,

n—o00 N

when p=¢=1/2.

Problem 3.9 The question of recurrence of the d-dimensional random
walk has been first solved in Pdlya (1921), cf. Champion et al. (2007)
for the solution proposed in this problem.

a) We partition the event {,, = 0} into
{Sn =0} = (J{Snk=0, Sntt1 #0,...,8 1 #0, S, =0}, n>1,
k=2

according to the time of last return to state 0 before time n, with
P({S1 = 0}) = 0 since we are starting from Sy = 0. Then we have

P(S, =0) :==P(S, =0 So = 0)
) 43
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:ZP(Snfk:d Snkarl #Gw-'vsnfl #6 Sn:(j‘ 30:6)
k=2
=Y P(Snkr1 #0,...,Sn 1 #0, S =08, =0, Sp=0)

2

=
Il

XP(Sn,k = 6 ‘ Sg = 6)

n
D P(Si#0,. . Sp1 #0, S =08 =0)P(Sy—k =0 S =0)
k=2

M: -

P(TF =k | So = 0)P(Sy—r = 0| Sp = 0)

P(S,—i = 0)P(TF =k), n>1.
k=2
b) We have
Y P(S,=0) =Y > P(Tf = k)P(S, 1 =0)
n=1 n=1k=2
=33 BTy = K)P(S, = 0)
k=2n=k
m m—k
=> P(Tf =k) > P(S =0)
k=2 1=0
< P(TF =k) Y P(S, =0)
k=2 =0
- (et (Srag =)
n=0 n=2

n>2

which allows us to conclude. Note that the sum of the series
ZIP’(ST, = 5) actually represents the average number of visits
n>0

to state @

d) We have

44 @)

October 22, 2026



2m 2m
S RS =0) =Y B =n) Y B(s)
n=1 n=2

=0
m 2m—n
>3 P(T5=n) > P(S=0)
n=2 =0
> Y B(T =) Y B(s = )
n=2 1=0

e) Letting m tend to +oo in (3.4.30) we find

> P(S, =0)

n 1
P(T5 < o0) = S P(T} =n) < =2 -
n P(S,=0) P(S, =
> ; n ; n

f) When d = 1 we have

1 /2n (2n)! 1
P(S2, = 0) = 22n (n) = W Sn—oo \/ﬁ7

by Stirling’s approximation, hence

> PGS

n>0

and the result of Question (c) shows that P(T§ < co) = 1.
We note that the random walk can return to state 0 in 2n time
steps by

oo
Z

o k forward steps in the direction eq,

o k backward steps in the direction —eq,

e n — k forward steps in the direction es,

e n — k backward steps in the direction —es,

where k ranges from 0 to 2n. For each £ = 0,1,...,n the number
of ways to arrange those four types of moves among 2n time steps
is the multinomial coefficient

2n B (2n!)
<k, kyn—k,n— k) kK (n —k)!(n — k)

hence, since every sequence of 2n moves occur with the same prob-
ability (1/4)%", by summation over k = 0,1,...,n we find

P(S% = 6) = ( >2ni (k12 (2n|) BDE

) 45
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n
- ()
k=0

(2n)! [2n
42” nh)2\ n
~ ((2n) 2

42”(n') “n—oo 271'71 )

where we used Stirling’s approximation, and this yields

ZP(SHZG) = 00.

n>0

To conclude, the result of Question (c¢) shows again that ]P’(Tg <
oo) =1

h) In order to come back to 0 we need to take i; forward steps in the
direction e; and i; backward steps in the direction e;, and similarly
for ig,...,iq. The number of ways to arrange such paths is given
by the multinomial coefficient

< 2n ) _ (2n)!
i1,01,72,%2, - - -, id; id (i2)%- - (ia))?’

and by summation over all possible indices i1, 2, ...,iq > 0 satisfy-
ing iy + - - - + iy = n and multiplying by the probability (1/(2d))*"
of each path we find

1 2n
]P)(SZn :6) = (2d)2" Z ( i1,19,1 ,idyid>

Db Tigen N\ U 250250 0
01,09, ,ig >0

1 (2n)!
R I o o3
i1,0g,enig >0

i) By the hint provided that we have

(n})?
Z]P (820 =0) = Z (2d (n') lﬁzﬂd:” (i1)2-+ (ia))?

n>1
i14ig,..,ig>0

n! n!
< [
Z (2d )2n (n') (an!)4(an + 1)b Z iyl ig!

it -+z,,:n
iy,in, ,d>o

2n nld™
- Z (2d )2n (n!) (an)daly Z 92ngn

n>1 n>1

n‘(a 1)d

46 @)

October 22, 2026


https://en.wikipedia.org/wiki/Stirling%27s_approximation

j) For sufficiently large n, by the Stirling approximation we have

(2n)! N (2n/e)?"/4rn
22ndnpl(a,)dalr — 22ndn(n/e) v 2rn((an /) /2may ) al
V2 n™
T 2m)2 b (and)ral?

VB (b
(2m)4/2 gbn g ¥/?
V2d¥2 (1 = (d—1)/n)™™

= (2m)/2 (and)®/2
V2d4/2ed-1 1

since a,d ~ n as n goes to infinity from the relation a,d/n =
1—by/n.
k) The result of Question (j) shows that

ZIP’(SH =0) < oo,

n>0

hence IP(Té" = oo) > 0 by the result of Question (e), and the random
walk is not recurrent when d > 3.

Problem 3.10

a) The cookie random walk does not have the Markov property when
p # 1/2 because in this case the transition probabilities at a given
state may depend on the past behavior of the chain starting from
time 1. On the other hand, the cookie random walk has the Markov
property when p = 1/2 because in this case it coincides with the
usual symmetric random walk with independent increments.
Knowing that the probability for a symmetric random walk to reach
state before hitting state (0) starting from @ isk/(x+1),
by first step analysis we find the probability

=

z—1 2q
1— =1-— x> 1.
p+(1-p)— 21 %2

N

We have P(1; < 79 | So = 0) = 1/2 and by the (strong) Markov
property, by reasoning inductively on the transitions from state @
to state @, then from state @ to state @, etc, up to state @, we
find

z—1
P(r <70 | S0 =0)=[[Plni1 <7 S =1)
1=0

o 47
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z—1

=P(n <7 ]S =0)[[P(rnr1 <m0l S=1

=1
r—1 (1 2(] )
=1 ! 1

I
—

d) Using the inequality log(1 + z) < z for z > —1, we have

x 2 ™ 2
Zlog <1 — —q> < f log <17 —q> dy
= l 2 y

w1
< — —
- 2qj2 ydy

= 72qlogg,
hence
1 m 2q
P(ry < 79| So=0) = Eexp (; <1— l))
con(c2aee) <(5) 7
x> 2.
e) We have

]P(TU<OO|SU:0)2P UTO<TT’

x>1

So=0

llm P(ro < 7% | So =0)
lim (1 —P(r, <79 | So =0))
lgn (1-=P(rs <710|So=0))

VvV

. -2
b i /A
=1.
Remark. We note that P(r, < oo | Sp = 0) = 1, as can be seen
by bounding from Question (a) of Problem 2.7 with rebound. Note
also that P(BN A) = P(B) when P(A) = 1.
f) This question can be solved in three possible ways.

i) By first step analysis. We have

48 @)
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1
E[r | So=0]= = 5X1+35 (1+]E[n | So =10]),
hence
E[Tl | So :0] =2.
ii) By pathwise analysis. We have
Bl k 1/2
E[Tl'sofo]*zﬁﬁsz AoijaE =%

k>1

iii) By applying the result of Question (d) of Problem 2.7 page 74
with S =1 and k = 0, which shows that

E[rn|So=0=(S+k+1)(S—k)=2.

¢) Applying the result of Question (d) of Problem 2.7 together with
first step analysis, we find the mean time

p+q(1+(z+1+(z—1)+1)(z+1—(z-1))) = p+q(1+4z+2) = 1+q(4z+2).

h) We have
x—1
E[r, [ So=0] =2+ (1+q(4k +2))
k=1
r—1
=2+ (1+2g)(z—1)+4g) k
k=1

=2+ (1+2q)(x — 1)+ 2qx(z—1)
=24 (1+2¢)x — (1 +29) + 2q2° — 2qz
=1-2q+x+ 2%, z>1.

i) Using the notation of Problem 2.7 we have

P(Tz+1 < 7o I So :lL'+1)
P(rp1 <710 | So=12)
_ p
P(’Tz+1 < To ‘ S() = 7))

P(S1 =2+1]|S)=aand 7541 < 70) =

and

]P)(TI+1 < T | Sg =T — 1)
]P)(’TI+1 < To | S() = T)
glz —1)/(z+1)

P(7p1 <710 | So =)’

P(S1=2—1]5)=a,Tp41 <70) =¢

49
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as we have P(7,41 <7 | So=2+1)=1and

z—1
]}D(Tz+1<TQ‘S():I71):m,

because the random walk becomes symmetric when started from

state ‘ Next, we note that, according to Question (b),

P(7z41 < 70 | So = x) can be computed as

]P(T_T+1 < T | So = I) = p]P)(T_T+1 < T | Sl =z + 1)
+qP(tp41 <70 | S1=2—1)
z—1

=p+ ,
P
and in this case we get

p p

P(Sl :x+1|50:wandfrz+1 <TU):])+(1(1‘—1)/(’1,‘+1) = 1_2{1/(1‘_"_1)

and

P(S; =a—1| Sy =z and 7541 < 79) = gz -1/ +1) = gz—D/(z+1)

pra@-Dj@tl)  1-2/@+D)

j) The mean time is given by

(z+1)* — (2 =1)*) g(z = 1) /(x +1)
3 1—2¢/(x+ 1)
dgr(z —1)/(xz +1)

E[ro41 | So = 2,71 <To] =1+

= 30 g/
_ 4qz(z — 1)
B 1J’3(m+1—2q)’

which yields 1 + (22 — 2)/3 when p = ¢ =1/2.

Remark. Using the above result we can also compute the average
time to reach state @ with z > 2 after starting from state @ and
given one does not hit @ by the summation

IE[Z,; | S() = 1, T < To] = ZIE[Tk | SO = k‘*l,Tk < Tg]

k=2
4g G (k—1)(k—2)
—rore gy BRI
3k—2 k—2q
r—1
2qz(x —1)  8pg k
o1y BN Y
rolt Ty 5 2t %
k=1
50 O
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z—1
2qe(z—1)  8pg 8pq 1
—p 14 Py 2y - -

ol g =D+ ®2;k+17m

1+43q<(2_1)_2p(z—1)+2p(p—q);c21]“_11_2(]>.

When p = ¢ = 1/2 we recover the known expression

x2
Elr | So=1, s <m]=2z—-1+ < Zk
3
p_14 D=2
3
22 —1
= > 2,
3 ’ l— b

cf. Question (j) of Problem 2.7.

Chapter 4 - Discrete-Time Markov Chains

Exercise 4.1

a) This process is a Markov chain because its increments Z,, 11 — Z, =
2(Sp+1 — Sn), n € N, are independent random variables.
b) We have

n+1 — Sn + Sn)
) ( n+1 — Sn)sn + (S7z+1 - Sn)2
) ( n4+1 — Sn)Sn +1
=Zn+2Xp+15, + 1,

n+1 = (SnJrl)
= (9
= (Sn
=(Sn
where (X,,)n>1 = (Sn — Sn—1)n>1 denotes the independent incre-
ments of (S, )n>0, and the increment of (Z,)nen is

ZTL+1 —Zn = 2X1L+1Sn + 17 n > 0.

In the symmetric case P(X,41 = £1) = 1/2, the process (Zn)n>0
is a Markov chain because X, 1S, takes the values

{Snv *Sn} = {\/Z *\/Zin}
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with probabilities 1/2, hence the probability distribution of X;, 415,
is always (1/2,1/2) over the two values {v/Z,, —+/Z,}, and the
distribution of Z, 41 is fully determined given the value of Z,, =

(Sn)?.

In the non symmetric case, with
P(Xpy1=1)=p, P(Xpy1=-1)=¢q, and p#gq,

the process (Zy,),>0 will not be a Markov chain because when .S,, >

0 we have
(S'n,7 7571,) = (\/ Zn; -V Zn)

and the probability distribution of X415, over (v/Z,,—vZ,) is
(p,q). On the other hand, when S,, < 0 we have

(Sn:=8n) = (/20N Z2)

and the probability distribution of X, 115, over (v/Z,, —v/Z,) be-
comes (g, p) which differs from (p, q) since p # ¢q. Hence the sign of
Sy, is needed and the knowledge of Z,, = |S,| is no longer sufficient
in order to determine the distribution of Z,; given Z,,, therefore
(Zn)n>0 is not a Markov chain.

Exercise 4.2
a) By the Markov property, we have
P(X7;=1and Xs =2 | Xy =1and X3 =2)

:P(X7:1andX5:2\X4:1)
P(X;=1, Xs=2, Xy=1)

P(X,=1)
_ P(X'y:l, )(5=27 X4=1)P(X5=QandX4=l)
T P(X;=2and X; =1) P(X,=1)

:P(X7:1|X5:2andX4:1)P(X5:2| X4:1)
=06xP(X;=1]X;5=2).

Next, we note that
0.4 0.6 0.4 0.6 0.64 0.36
P?= X = s
0.8 0.2 08 0.2 0.48 0.52
hence P(X7 =1 | X5 = 2) = 0.48, and we conclude that
P(X;=1and X5 =2| Xy =1 and X3 = 2) = 0.6 x 0.48 = 0.288.

b) We have
52 O
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IE[XQ‘X]:1]:1><]P)(X2:1|X1:1)+2><P(X2:2‘X1:1)
=04+2x0.6=1.6.

Exercise 4.3

a) We have
Mg M1 To T3 -+ TN
o M1 T2 W3 -+ TN
Pn:p: Ty T Ty T3 . TN ,
T M1 To T3 ™~
for all n > 1.

b) The vector 7 is an invariant (or stationary) distribution for P be-
cause it satisfies

T 7w T2 * TN
T T M2 o TN
= T W Wy o T

[0, M1y - vy TN] = [T0y ..., N] X | O T T2 i
o M1 T2 TN

as in (4.2.5).
¢) Since P" = P, n > 1, we have

P(Z,=i|Zr=37)=P(Z,=1)=m, 4,j=0,1,....N, 0<k<n,
hence by the Markov property we find
P(Z, =iand Z = j) =P(Z, =i | Z, = j)P(Zr = j) (S.29)
=P(Zn = i)P(Z), = j),
i,j = 0,1,..., N, which shows that Z, is independent of Z; for

0 < k < n. Similarly, using induction and the Markov property, or
(4.1.1), shows that

P(Zn =in; Zn-1='ln-1,---,20 = 20)
=P(Z, =in| Zn-1 =in-1) - P(Z1 =iy | Zy = i0)P(Zy = ip)
= P(Z = Zn)]P)(anl = ’L’nfl) . P(Zo = Z())
= Ty Ty """ Tigs
@) 53
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0,71, .-,in € {0,1,..., N}, which shows that (Z,)nen is an i.i.d.
sequence of random variables with distribution 7 over {0,1,..., N}.

Exercise 4.4

a) We find

P(Og =a| Xo=0)P(O; =b| X1 =0) =mg,amop,

IP)(OO =a ‘ X() =0 P(Ol =b ‘ X] =1 mo,a™1,b,

[P’(OO:a\X():lIP’(Ol—b\Xl—O = M1,aMo,b,

)
)=
)
=1)=

—_ = =

P(Og=a|Xo=1 M1,aM1,b,

b) We find P(Xo =1,X; =1) =P((Xo,X1) = (1,1)) = m P11, and
P((Op,01) = (a,b) and (Xo, X1) = (0,0))
P((Op,01) = (a,b) and (Xo, X1) = (0,1))
]P’( 0y, 01) = (a,b) and (Xo, X7) = (170))
P((Oo,01) = (a,b) and (Xo, X1) = (1,1))

= 10 Po,0m1,aM0,b,

07 1)

00,110,001,

m1 Py omy,amo,

TP 1M ama b,
¢) We have

IP)((O(% 01) = (av b))

= Y P((Oo,01) = (a,b) and (Xo, X1) = (z,y))
z,yc{0,1}

= E Ty Py M My gy
z,y€{0,1}
= 7o Po,0mo,amop + T Po,1m0,amp + 71 P oM oMoy + TP 1ima ama -

d) We have

P((Xo, X1) = (0,1) | (Oo, 01) = (a,b)) = moPo.1mo,am1,6/P((Oo, O1) = (a, b)),
]P)((Xle) = (1,0) ‘ (00701) = (ab)) = W]Plyomlﬁamo‘b/P((OmOl) = ((l7 b))

On the other hand, we have

{x1 =1} = {(Xo, X1) = (0, )} U { (X0, X1) = (0, 1)}
U {(Xo0, X1) = (1,1)} U {(Xo0, X1) = (1,1)}
U {(X0,X1) = (2,1)}

ze{0,1}
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= {(X0. X1) = (0.} J{(X0, X1) = (1, 1)},
where the above union is a partition, hence
P(X; =1 (00,01) = (a,b))
= Z P((Xo, X1) = (z,1) | (00, 01) = (a,b))

z€{0,1}
1
= mﬁ%l}m(&,xl) = (z,1) and (O, 01) = (a,b))
1
" R0 = @) 2, T

- P((Oo, O1) = (a,b))

ToPo,1M0,am1p + T Primaomap) .

Exercise 4.5

a) The process (Z,,)nen cannot be a Markov chain because when e.g.
Z, = 25 the distribution of the next value of the chain at time n+1
is not uniquely determined from the data of Z,, = 25. Indeed, it may
depend on how the state 25 has been reached, e.g. through (5,0)
or (4,3), and this information will influence the next transition
probabilities, which can then can depend on past chain values from
time 0. Other examples include (99,101) and (11, 141) whose sums
of squares are both equal to 992 + 1012 = 112 + 1412 = 20002.
The random walk (S,)nen cannot have the Markov property be-
cause the behavior of the chain at time n + 1 may depend on the
past of the chain from time 0 to time n — 1. Indeed, the fact that
have visited a given state between time 0 to time n — 1 will affect
the probability of visiting that state at time n.

=

Exercise 4.6 The Elephant Random Walk (S, )nen does not have the
Markov property because the distribution of S,y; given the value
of S,, depends on extra information that relies on the past data of
(Xh e ,anl)A

Exercise 4.7 The state space of (Z,),>1 is {(O7 0),(0,1),(1,0), (1, 1)}
Based on Z,, = (X,,—1, Xy), the distribution of Z,, 11 = (X, Xpn41) at
time n + 1 is fully determined from the data of X, and the transition
matrix of (X, )nen hence (Z,),>1 is a (0,1)-valued Markov chain and
its transition matrix is given by
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00 01 10 11
0 |l—-a a O 0
01 0 0 b 1-0
w|l—a a 0O 0
11 0 0 b 1-0

Exercise 4.8

a) The probability distribution of T% is negative binomial with param-
eters (p,2), i.e.

P(Ty = k | Xo = 0) = (Z B ;>(1 o2 k>
b) We have

E[T3 | Xo=0] = > kP(Ty =k | Xo = 0)

k>2
k1) .
—-pr k()
k>2
=(1-p)?*) k(k—1)pF?
k>2
—a-pr S
=(1-p55
g k>0
0% 1
=(1-pP2——o
(1-p) 921 p
2
- =
_2
2

Remark. We could also recover the values E[T} | Xy = 0] and
E[T, | Xo = 1] from the first step analysis equations

E[T: | Xo=1=p(1+E[T2 | Xo=1]) +¢x 1.
and
E[Ty | Xo = 0] = p(1 + BITy | Xo = 0)) +qx (1 + E[13 | X, = 1)),
which yield
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]E[T2|Xo:1]:é and ]E[T2|X0:0]:§,

Exercise 4.9 When N = 5, the transition matrix of this chain is

0 1 0 0 0

1/258/2516/25 0 0
0 4/2512/25 9/25 0
0 0 9/2512/254/25 0
0 0 0 16/258/251/25
00 0 0 1 0

0
0
P = 0

For general N > 1, the transition matrix reads

0 0 0 0 0
1/N2 2(N —1)/N? (N — 1)%/N? 0 0 0

0 22/N?  4(N — I 0 0

0 0 g 0 0

P=|

0 0

0 0 0

0 0

0 0 0

and the matrix entries are given in general as

k2
Pip1 =P(Xy=k—1|Xo=k) = 17,
2(N — k)?
Pk,k:]P’(XI:MXO:k):%,
N — k)?
Pk,kH:P(Xl:kH\XO:k):(T),

k=1,2,...,N —1, with Py; = Py ,ny—1 = 1. We check that

k% 4 2k(N — k)2 + (N — k)2
N? =5

Py g1+ P p+Pr 1 = k=1,2,...,N—1.

Exercise 4.10

a) Let S,, denote the wealth of the player at time n € N. The process
(Sn)nen is a Markov chain whose transition matrix is given by
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1 00 000
q 0 p 00O
q 00 p OO
P=[Pijliex=1q 000 p 0
q 00 0 0 p

After n time steps we have
P(Sy=n+1|S=1)=p", n2x1l,

and, by decomposing over n possible paths made of [ steps up and
one step down, [ =0,1,...,n— 1, we find

n—1

]P(S'n:O'SO:l):qul
=0

_ Lo

7q1fp

:1—p"

=1-P(S,=n+1|5 =1), n>1.
More generally, we have
P(S,=n+Fk|So=k)=p", kyn>1,

and

n—1
P(S,=0]S=k)=q>_ p
1=0

_L=pt
:1_pn

=1-P(Sp=n+k|So=k), kn>1,

by (A.2), hence P" is given by
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g gp P 0 0 0

g gqp 0 p* 0 0

, |4 a0 0 0 p* 0
PP=1qg o 0 0 0 p? )

q 0 0 0 0

ap

and more generally, by induction on n > 2 we find

q qp qp* gt p" 0 0 0
q qp qp* g"t 0 p" 0 0
q g qp* g"t 0 0 pr 0
P'=lg @ a* ... @' 0 0 0 p - (8:31)
q g q* ... g™t 0 0 0 0

Exercise 4.11
a) We have

IP>(Zn+1 = 21 Zn = 0: Dn1= 2)
P(Z,=0and Z,,_1 =2)

P(Zps1=2|Zp=0and Z,_ =2) =

_ IP(X”Jr] =2, X, € {07 1}7 Xpo1 = 2)
P(X, € {0,1} and X,,—1 = 2)
P(Xp41=2, X, =0, X;,-1=2) PX,41=2, X, =1, X;,-1 =2)
P(X, € {0,1} and X,,_1 =2) P(X, € {0,1} and X,,_1 =2)
= O7

n > 1. Next, we have

P(Zn+1 = 2a Ly = Oa D1 = 3)

Plln =2]Zn=0and Zooy =3) = =5 0 7 —3)

C P(Xpa1 =2, X, €{0,1}, X, 1 =3)
n P(X, € {0,1} and X,,_1 = 3)
P(Xpi1 =2 Xo=0, Xpo1=3) P(Xps1=2 Xp=1, Xp_;=3)
P(X, € {0,1} and X,,_1 = 3) P(X,, € {0,1} and X,,—1 = 3)
P(Xps1 =2, Xp =0, Xp_y =3)
P(X, =0and X,—1 =3)+P(X, =1and X,,_1 = 3)
P(Xp1 =2, Xn=1, Xp_1 =3)
+]P’(Xn =0and X,,_1 =3)+P(X, =1and X,,_; =3)
P(X, =0 and X,_; = 3)P(Xni1 = 2| Xp=0and X,_; =3)
P(X,=0and X, =3)+P(X,, =1 and X,,_1 = 3)
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P(X,=1and X,,_1 =3)P(X,y1 =2 | X,, =1 and X,,_1 = 3)
P(X,=0and X, 1 =3)+P(X, =1and X,,_1 =3)
P(Xp41 =2 X, =0)
T1+P(X,=1land X,_; =3)/P(X, =0 and X,,_; = 3)
B(Xpi1 = 2| X, = 1)
1+P(X,=1and X,,_; =3)/P(X,, =0 and X,,_1 = 3)
IPJ(‘Xn+1 =2 ‘ X, = 0)
T1+P(X, =1land X,_; =3)/P(X, =0 and X,,_; = 3)
1/2
T+ (1/3)/(1/3)
1
Ve
n > 1.
b) The process (Z,,)nen is not a Markov chain because by Question (a)
we have

+

0=P(Zps1 =2| Zy, =0and Z,_, =2)
A P(Zns1 =2 Zy=0and Z,_; = 3)
1

W= |

Exercise 4.12
a) We find

360n. -+5050a7 +640n = 360 x 50%+505 x 40% + 640 x 10% = 446.

b) We find
2/3 1/6 1/6
nP = [50%,40%,10%] x |1/3 1/2 1/6
1/6 2/3 1/6
_[2x05 04 0105 04 2x0.1 %+0.4 0.1
B 3 3 6’ 2 3 76 6 6
-~ 29 21 10
~ 160607 60
~ [48.3%, 35%,16.7%] .
¢) We find
36071, + 505mrs + 640 = 360 x 29 + 505 x 21 + 640 x 10 457
nL M NH = 60 60 60 = .
d) The equation ™ = 7P reads
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8/12 2/12 2/12
[7TL,Tr1y1,7TH]:[TFL,TI']wJTH]XP:[7T[‘77T1\,{,7TH]>< 4/12 6/12 2/12 s
2/12 8/12 2/12

and it can be rewritten as

m(P—I)=7nP—m=0,

W(P*I) = [7TL,71'M,7TH](P*I)
—4/12 2/12  2/12
= [ﬂ'L,ﬂ'J\{,TrH] X 4/12 76/12 2/12
2/12  8/12 —10/12

0
=10
0

which can be rewritten as
7w —3my +4ry =0
{WLJrﬂM57rH =0.
Combining the above with the additional condition
T+ 7Ty + 7T =1,

we arrive at

11 9 4

- | ~ 5 3
o 24] ~ [45.8%, 37.5%, 16.7%).

[, ot ] = {

Problem 4.13

a) We have
_ {1 0}
qa p]’
with ¢ :=1—p.
b) We have
10 0 0 0
qg p O 0 0
0 q p 0 0
P=|. . ]
00 qg p O
00 0 q p
62 O
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2

with ¢ :=1—p.

Clearly, the first row of P has to be [1,0,...,0] because state (0)
is absorbing, and the remaining of the matrix can take the form
[, Q]. In addition, every row of the d x (d + 1) matrix [a, Q] has
to add up to one, i.e.

d
a/ﬂrZQk:,z:L k=1,2,...,d,
=1

which can be rewritten as

[1-Qi1 —Qi2 —Q1,4 1
Q11 1-Qi2 - —Q1,4 1
(I = Q)e= : : - : .
L *Qd,l Qad—1 1—Qaa 1
[1-Qi1— = Q14
B 1-Q21— = Q24
11— Qa: —.“‘_Qd,d
Car
a2
Lo
i.€.
a=(I—-Q)e.

Clearly, the conclusion holds for n = 0, and also at the rank n =1
since o = (I — @)e. Next, we assume that the relation (4.5.9) holds
at the rank n > 0. In this case, we have

Pt =pxpr
_ {1 0] y [ 1 0 }
aQ (I-Q"e Q"
1 0
- [aw(l—cz")e Q"H]

. 1 0
- (] _ Qn+1)8 Qn+1 El
since

a+QU-QYe=(I-Qe+(Q-Q"e=(I-Q" .
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e) Since [P"71]; ), = [Q" Yk and ay = Pyro, k =1,2,...,d, we find
that

d
IP’(TOnXOi)IP’<U{Xn1k7 Ton}‘X0i>
k=1

d
=Y P(Xp1=k| Xo=i)P(X, =0| X1 =k)
k=1

d
= Z[Pnil]i,kpk,o
k=1

d
= > Q" ik
k=1
=[Q"ali, w21
f) We have
d
P(Ty =n) =Y P(Xo=i)P(Th =n | Xo =1)
i=1
d d
=3 > B!
i=1 k=1
— ﬂTQnila, n>1.
g) We have

P(Ty <n) =Y P(Ty=k)
k=1

_ ZﬂTQk—]a

k=1
=8TI-QYI-Q) 'a
=87 -Q"e
=1-37TQ", n>1.

Alternatively, using the relation o = (I —Q)e and a telescopic sum,
we recover this result as

P(Ty <n) =Y P(Ty =k)
k=1

— iﬂTQk_la
k=1
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— S ATQ (I - Qe

k=1

n—1
— Z[))TQk(j_ZﬁTQk
_ ﬁTefﬁTQ"e

=1-8TQ", n>1.

h) We have

d
P(Ty<n)=1-) P(X, =

d d

=1-) > BPXy=k|Xo=1)
kjll;l

=1-> > BiQk
k=11i=1

=1-8"Q", n> 1.
Alternatively we could also write

P(TO < TZ) = [P(Xn = 0)
d
=D _BP(Xn =0 Xo=1)
zjl
= Z Bi[P"]i0
zzl
= Z BilI — Q™)el
L;l .
=D Bi- Zm[@%h

=1-8"Q", n > 1.

i) We note that Tj is finite with probability one, since

P(Ty < ) Z[P(Tn =n)
_ ZﬂTanla
n=1
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e}

_ ﬂT Z Qna

n=0
=5(I-Qa
=8I -Q) (I~ Qe

d
= 6
i=1

M=

Since the states {1,2,...,d} are transient, Corollary 6.9 shows that
the matrix inverse (I — sQ)~! exists and is given by the series

([_SQ)71 :ZSka? s € (_171]7
k>0
hence we have
Gr,(s)=E [STO}
= S"P(Ty = k)

k>0

=P(Xo=0)+> s*87Q" 'a

k>1

:szskﬁTQka

k>0
=sBT(I-sQ) 'a
=587 (I —sQ) (I - Qe.

‘We note that
P(Ty <o) =Gr,()=8"TIT-Q)*I-Qe=p8Te=1,

hence state @ is reached in finite time with probability one.
j) We have

7(s) =BT —sQ)ra+s8TQU — Q) a,
hence
E[Ty) = Gr, (1)
=BT I-Q) la+8TQU-Q) %
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=8TI-QU-Q 2a+8"QI-Q)*a
=8T(I-Q)*a
=pT(I-Q) e

We also have

G, (s) = BTQU-35Q) 2a+8TQ(I-5Q) *a+2s8T Q*(I-sQ) a,

hence

E[To(To - 1)] = G7, (1)
=28TQU - Q) a+28"Q°(I - Q) *a
=28TQ(I - Q) *q,
=28TQ(I - Q) %,
hence
E[T5] = B[To(Tp — 1)] + E[Ty)

=28TQU-Q) %e+B8 (I-Q) e

=28"QU-Q) %e+8TIT-Q)I-Q) %

=TI+ Q) - Q) 2.

More generally, by (1.7.7) we could also compute the factorial mo-

ment

E[Ty(To — 1) (To — k+1)] = GF (1) = kIFTQ* (1 - Q)™

for all k > 1.

Problem 4.14
a) We have
P((Og,ol,Og) = (c,a,b) and (X07X17X2) = (1, 1.0))
=P((0p,01,02) = (¢,a,b) | (Xo, X1, X2) = (1,1,0))
x P((Xo, X1, X2) = (1,1,0))
:P(00:0|X0:1)P(01:a\X1:1)
x P(O2 = b | Xz = 0)P((Xo, X1, X2) = (1,1,0))
= mP11P1 omy cmy oo,
since
P((Xo, X1, X2) = (1,1,0)) = m P11 P1o-
b) We have

O

Icey
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P((0o, 01,02) = (c,a,b))

= Z ]P)((OO701702) = (07 a, b) and (XU7X17X2) = (I7y>z))
z,y,2€{0,1}

= g 7TzPz,ypy,zmz,cmy,zﬂnz,b-
z,y,2€{0,1}

¢) We have

{X1 =1} = {(Xo0, X1, X2) = (0,1,0)} | J { (X0, X1, X2) = (0, 1,1)}

(J{(X0, X1, X2) = (1,1,0) } [ { (X0, X1, X2) = (1,1, 1)}
= U {(Xo0, X1, X2) = (z,1,2)},
z,2€{0,1}

where the above union is a partition, hence

P(X1 = 1] (Og,01,02) = (c,a,b))

> P((Xo, X1, X2) = (2,1,2) | (00, 01,03) = (c,a,b))
z,2€{0,1}

1
" P((00, 01,02) = (¢:a,b))

> P((Xo, X1,X2) = (,1,2) and (Op, O1,05) = (c,a,b))
z,z€{0,1}

X

1
P((Oo, 01,02) = (c,a,b))

E Ty P, 1 P1 Mg ey Mz
z,2€{0,1}

d) By the result of Question (a), we find

IP((X(),Xth) (0 0 0) and (00,01702) (C a,b)) = 0.005887
]P)((X07X17X2) = (0 0 1) and (OQ,O] 02) (C a,b)) = 0‘001267
P((Xo, X1, X2) = (0, 1,0) and (Og, 01,02) = (¢,a,b)) = 0.0101
P((Xo, X1,X2) = (0,1,1) and (Og, O1, 02) = (¢,a,b)) = 0.00756,
]P)((X(),Xl,Xg) = (17070) and (O() 01702) (F b)) 0.000448
P((Xo, X1, X5) = (1,0,1) and (Op, O1,03) = (c,a,b)) = 0.0000960
P((X(),Xl,XQ) = (1, 1,0) and (00,01702) (C a b)) 0. 002697
P((Xo,XhX)) (1,1 1) and (00,01,02) (C a, b)) 0.00202.

From the above computation we deduce that the most likely sample
sequence of values for (Xo, X7, X2) given the observation (Og, O1,02) =
(¢c,a,b) is (Xo, X1, X2) = (0,1,0), with the probability

P((Xo, X1, X2) = (0,1,0) and (Og, O1,02) = (¢, a,b)) = 0.0101.
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e) By the result of Question (b), we find
P((Oo, O1,02) = (¢, a,b)) = 0.030028 ~ 3%.

f) Proceeding as in the answer to Question (c), we obtain

P(Xo =01 (0o,01,03) = (c,a,b)) = 0.825,
IP(XO =1 ‘ (00,01702) = (C,a,b)) = 01757
]P(Xl =0 ‘ (00,01702) = (C,(Lb)) = 0.2567
]P(Xl =1 ‘ (00701702) = (c,a7b)) = 0.74:47
IP(XQ =0 ‘ (00,017 02) = (c,a,b)) = 0.636,
]P(XQ =1 ‘ (00,01, 02) = (c,a,b)) = 0.364.

According to the above estimates, the most likely sequence for
(Xo, X1, X2) given the observation (Og, O1,02) = (¢, a,b) is (0,1,0).
g) We find #t = [#o, 1] = [0.825,0.175].
h) We find

. [0.415 0585
0.482 0.518 |
i) We find

M=

= 0.149 0.370 0.481
0.580 0.284 0.136 | -

j) The estimates of the matrix M obtained from the ‘R code can be
plotted as follows:

Fig. S.5: Plot of estimateShmm$emissionProbs][1,].
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Fig. S.6: Plot of estimateShmm$emissionProbs(2,).

From Figures S.5 and S.6 we can infer that the vowels {a, ¢, ,u, o}
are more frequently associated to the state @ of the hidden chain
(Xn)nen. The vowels “a,e,i,0,u”, together with the spacing charac-
ter “_” total 93% of emission probabilities from state @, and the
combined probabilities of vowels from state (1) is only 6.2 x 1072 %.

Human intervention can be nevertheless required in order to set a
probability threshold that can distinguish vowels from consonants,
e.g. to separate “u” from “t”. The classification effect is enhanced in
Figure S.7 that plots n — (Mo ,/Mo,» »)((M1,» »—Mi,)/My» »)?
by combining the information available in the two rows of the emis-
sion matrix M, showing that “y” recovers its “semi-vowel” status.

Fig. S.7: Plot of > (Mo,y/Mo,»_»)((My,»_» — Myy)/My»_»)°.

Note that the graphs of Figures S.5 and S.6 do not represent a fre-
quency analysis. A frequency analysis of letters can be represented
as the histogram of Figure S.8 using the command

text = readChar("brown.txt",nchars=10000)
data <- unlist (strsplit (gsub ("["a-z]", "_", tolower (text)), ""))
barplot(col = rainbow(30), table(data), cex.names=0.7)

with the following output:
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Fig. S.8: Frequency analysis of alphabet letters.

The command

I | estimate$hmm$transProbs(1,]

yields the transition probability estimate

P 0 1
~10.1906356 0.8093644
for the hidden chain (X,,)nen-

Note that P is not the transition matrix of vowels vs. consonants.
For example of the word “universities” contains eleven letter tran-
sitions, including:

five vowel-consonant transitions,

one vowel-vowel transition,

four consonant-vowel transitions,
one consonant-consonant transitions,

which would yield the transition probability estimate
5/6 1/6
4/5 1/5|°

assuming the alphabet has already been partitioned. Such a matrix
can be estimated on the whole text, from the following code:

x <- unlist (strsplit (gsub ("["a-z]", "", tolower (text)), ""))

¥y <- unlist (strsplit (gsub ("["a,e,i,o,ul", "2", tolower (x)), ""))

z <- as.numeric(noquote(unlist (strsplit (gsub ("[a,e,i,oul", "1",y), "*))))
p <- matrix(nrow = 2, ncol = 2, 0)

for (t in 1:(length(z) - 1)) plzlt], z[t + 11] <- plzlt], z[t + 1]] + 1

for (i in 1:2) pli, ] <- pli, ] / sum(pli, 1)
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as
0.1424749 0.8575251

0.5360502 0.4639498

which means that inside the text, a vowel is followed by a consonant
for 85.7% of the time, while a consonant is followed by a vowel for
53% of the time.

The Baum-Welch algorithm does more than a simple frequency/-
transition analysis, as it can estimate the emission probability ma-
trix M, which can be used to partition the alphabet. However, the
algorithm is not making a one-to-one association between states
(0,1) of (X,)nen and letters; the association is only probabilistic
and expressed through the estimate M of the emission matrix.

Using a three-state model shows a more definite identification of

vowels from state 3 in Figure S.9, and a special weight given to the
letters h and ¢ from state (1) in Figure S.10.

Flg S.9: Plot of est1maLe$hmm$em15510nProbs[3 ].

Flg S 10 Plot of ebtnnate$hmm$emlssmnPr0bs[1 ]

Chapter 5 - First Step Analysis

Exercise 5.1

a)
72

The chain has the transition matrix
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1 0 0 0

(Pl .= |12 0120
wilijen= 1 0 1/3 0 2/3|"
00 0 1

and the graph

1/2 1/3

b) Compute o :=P(T5 < 0o | Xg =1) and 3 :=P(T3 < o0 | Xo = 2),
where

T3 :=inf{n >0 : X, =3}

By first step analysis, we have
1 1
QZP(T3<OC|X0=1)=§X0+5Xﬂ
1 2
ﬁ=]P>(Tg<OO|X0=2)=§X(1+§X1,
hence
2 4
a=IP’(T3<oo\XU=1)=g and [3=P(T:;<OO\XU=2)=5.
¢) By first step analysis, we have

1 1
E[Tys | Xo=1] = 3 (1+E[Tys | Xo=10])+ 3 (1+E[Tys | Xo =2])
1
=1+ E]E[Tg)g | Xo = 2],
1 2
E[Tos | Xo=2]=1+ ; E[Ty3 | Xo =1] + 3 1+ E[Tos | Xo = 3])
=1+ gE[wa | Xo=1],

3 1
ET)s| Xo=1]= 3 + EE[To,g | Xo=1]
4 1
E[T)s | Xo=2]= 3% E[Tys | Xo = 2],
hence 9
E[Tos | Xo=1]= 5
8
E[Tos | Xo=2]= B
Q) 73
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Exercise 5.2 By interpreting the mean duration between two visits to
state @ as the mean return time p; (1) from state @ to state @, we
find b 08 7

from e.g. (5.3.6). This mean time can also be recovered by path-
wise analysis using the mean 1/a of the geometric distribution on
{1,2,3,...} with parameter a € (0,1], as

1 b 7
1- 1 1+-)=1+-=~.
(1-0)x +bx< +a> t.=3

Exercise 5.3

a) The chain has the following graph:
1/3 1

=0
2/3

Noting that state @ is absorbing, by first step analysis we have
90(0) =1
90(1) = 500(0) + 290(2)
90(2) = go(1),

which has for solution

90(0) = go(1) = go(2) = 1.

1 | install.packages("igraph");install. packages("markovchain")

2 | library("igraph");library (markovchain)

P<-matrix(c(1,0,0,1/3,0,2/3,0,1,0),nrow=3,byrow=TRUE);
MC<-new("markovchain",transitionMatrix=P)

i | graph <- as(MC, "igraph")

plot(graph,vertex.size=50,edge.label.cex=2,edge.label=E(graph)$prob,edge.color='blak’,
vertex.color='dodgerblue',vertex.label.cex=3)

6 | hittingProbabilities(object = MC)

123

% |11 0.0000000 0.0000000

21 0.6666667 0.6666667

10 | 31 1.0000000 0.6666667

b) By first step analysis, we have
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h()(o) =0
1 2
h0(2) =1 + }10(1)7
which has for solution

ho(0) =0, ho(1) =5, ho(2)=6.

meanAbsorptionTime(object = MC)
56

Exercise 5.4

a) By first step analysis, we have

p2(0) = 0.2 X pa(1) + 0.8

p2(1) = 0.1 x pa(1) + 0.3 x p2(0) + 0.6 x p2(3)
)
)=

pg(? —05><]}2(0)+0 ><p2(3)
p2(3
hence
p2(0) = 0.2 x pa(1) + 0.8
0
(1) = pz?() )
0
p2(2) = Lé )
p2(3) =0,
and 6
p2(0) = 7
2
pa(l) = 7
3
p2(2) = 7
p2(3) = O
‘We note that
4
P(TLIZOC|X0:2):1—}'72(2):?Z]P(X1:3\X0:2):0-57

as seen in (6.3.6).
b) By first step analysis, we have
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p1(0) = 0.2+ 0.8 x p1(2)

p1(1) = 0.1+ 0.3 x p1(0) + 0.6 x p1(3)
)
)=

p1(2 —05><p1(0)+0 ><p1(3)
(3
hence
p1(0) = 0.2+ 0.8 x p1(2) = 0.2+ 0.4 x p1(0)
p1(1) = 0.1+0.3 x p1(0)
p1(2) 0.5 x pl(O)
p1(3) =0,
and 1
p(0) =3
p1(1) =0.2
1
p1(2) = s
p1(3) = 0

‘We note that
P(Tf =< | Xo=1)=1-p1(1) =08 > P(X; =3 | Xy =1) = 0.6,

as seen in (6.3.7).
We have

(0) =0.2 x (14 p2(1)) +0.8
(1) = 0.3 x (1 + u2(0)) + 0.1 x (1 + p2(1)) + 0.6 x (1 + u2(3)
ugg2; 0.5 % (14 p2(0)) 4 0.5 x (1+ pa(3))
3

hence po(1) = pa(l) = p2(2) = p3(2) = +oo, as can be checked
from P(Ty = o0 | Xo=k)=1—pa(k) >0,k=0,1,2,3.

Exercise 5.5 This exercise is a particular case of the Example of Sec-
tion 5.1, by taking @ := 0.3, b:=0, ¢c:=0.7,d:=0, « := 0, §:= 0.3,
v :=0, n:= 0.7, and the chain has the graph
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C@%@/@

a) States (0) and (3) are absorbing.
b) By first step analysis we find the equations

90(0) =1
go(1) = 0.3+ 0.7g0(2)
90(2) = 0.3g0(1)
90(3) =0
hence
0.3 0.3 x 0.3
90 =T57x0s ™ 9@ =T"5703
which is consistent with the answer
a
1) =
90(1) 1-—pec
af
2) =
90(2) 1~ fe

obtained from (5.1.11). Note that this chain is actually a particular
case of the gambling process of Chapter 2 with S = 3, hence by
(2.2.12) we can also write

(3/7) = (3/7)° _ (7/3)* ' —1
1-3/73%  (7/33-1

¢) By first step analysis we find the equations

go(1) =P(Ra|[Xo=1)= ~ 0.3797.

h1(0) =1+ hy(0)

ha(1) =

h(2) = 0.3(1 + ha (1) + 0.7(1 + hi(3)) = 1+ 0.7h1(3)
h(3) =1+ h(3),
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which admit the only solution hy(1) = 0 and hy1(0) = hy(2) =
h1(2) = +o00.

Exercise 5.6 We observe that state (3) is absorbing:
0.5
0.5

Let
hg(k) = IE[T3 | Xo = ]C]
denote the mean (hitting) time needed to reach state (3) starting from

state k = 0,1,2,3. We have

hs(0) = 1+ Lhs(0) + 3ha(2)

ha(1) = 1+ Lhs(0)

h3(2) =1+ %hg(O) + %hg(l)
hs(3) =0,
which yields
h3(3) =0, h3(1) =8, h3(2) =12, h3(0) = 14.
We check that h3(3) < h3(1) < h3(2) < h3(0), as can be expected

from the graph.

Exercise 5.7 This exercise has some similarities with the gambling
problem of Chapter 2, with the maze problems of Section 5.3, and
with Exercise 5.11 below.

a) The chain has the following graph:
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! C@ 0.5 0.5

Note that this process is in fact a fair gambling process on the state
space {0,1,2,3}.
b) Since the states @ and @ are absorbing, by first step analysis we

have
90(0) =1
90(1)= 3+ 300(2)
90(2) = %go(l)
00(3) = 0*,

which has for solution
2 1
P00 =1 gol)=3, 0@ =3 9B =0
¢) By first step analysis, we have
ho3(0) =0

1
}1073(1) =1+ 5}10)3(2)

1
hos(2) =1+ 5}1073(1)
ho,3(3) =0,
which has for solution

ho3(0) =0, hos(1) =2, hos(2)=2, hos(3)=0.

Exercise 5.8 Using the law of total probability with respect to the
partition 2 = U {Ta =m}, we have, provided that io € A,

m>0
P(XTA+n =7 ‘ XTA =1dg,..., X0 = iT, and Ty < +OO)
= Z P(X71,4n =7 and Ty =m | X1, =io,...,Xo =ir, and Ty < +00)
m>0
_ Z P(XTA+H =7, Ty =m, XTA =i0,..., X0 = iTA and Ty < +OO)
P(Xp, =ig,...,X0 = i1, and Ty < 400)

m>0
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B ZIP’(XnJme], Ta=m, Xm =10y, X0 =lim)
= P(Xr, =io,..., X0 =tir, and Ty < 400)

_ Z P(X7L+TTL :ja Xm = i07~ .. aXO = imy Xm S A, Xm—l ¢ A7 cee 7XO ¢ A)
- P(XTA =10,...,X0 = ir, and Ty < +OO)

m>0
Z P(Xn+m—,] X,,I—Z(],...,X()Zim, X EA:Xm—l ¢A1-~-7XU ¢A)
& Xin =0, Xo = im, Xm € A, X1 £ A, Xo & A)

]P(X =00y, , X0 = lm, XWEAXm1¢A X0¢A)
]P)(XTA =14g,...,Xo =141, and Ty < +oc)
= Z IP)(Xner :] | Xm = 7;0,.‘.7X0 = U, Xm c ‘,47}("1’71 ¢ A,...,X() ¢ A)
m>0
P(Xpm =0, -, Xo = im, Xm €A, Xm1¢A,..., Xo ¢ A
P(Xr, =i0,...,X0 = i1, and Ty < 400)
= 3" P(Xpim = j | Xn = io and X, € A)
m>0
]P)(Xm = 7;07 XK 7X0 = 7;m7 Xm € Amefl ¢ A, . >X0 ¢ A)
P(Xr, =io,..., X0 =tir, and Ty < 4+00)
= Z P(X7L+7IL :_7 | Xm = 10)
m>0
X11J>(Xm =gy, Xo=imand X, € A, Xp1 € A,..., Xo ¢ A)
P(XTA =ig,..., X0 = iTA and Ty < +00)

P(Xm = i07 s Xo =y and Xm € A7 Xn-1 ¢ A7 -, Xo

¢

=P(X,=j|Xo=i
(Xn=J | Xo=i0) 3 P(X1, = o, ..., Xo = i1, and Ts < +00)

m>0
. . ]P)(Xm:io....,X(]:im&lndTA:m)
—P(X, =] | Xo=1 ’
( 7| Xo to)T;J B(X1, = do, ..., Xo = i1, and Ty < +00)

P(XT :Z Xg:iT and TA:m)
—P(X,=j| Xo= A =200 0 A
(Xn =71 %o ZO);]PXTA—ZO,A..,XO:Z'TA and Ty < +00)

= P(Xn =J I Xo = i0)7

for all n,m >0, j €S, and (ix)ken C S.

Exercise 5.9

a) Letting f(k) := P(Ty < oo | Sp = k) we have the boundary condi-
tion f(0) =1 and by first step analysis we find that f(k) satisfies

fR)=pfk+ 1) +qf(k-1), k=1,
which is (2.2.6), and has the general solution
f(k)=C1+Cor*,  keN, (S.32)
80 O
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where 7 = ¢/p, by (2.2.17), see also the command
RSolve[f[k] =pf[k+1]+(1-p)f[k-1],£[k] k.

i) In case ¢ > p, f(k) would tend to (positive or negative) infinity
if Cy # 0, hence we should have Cy = 0, and C; = f(0) = 1,
showing that f(k) =1 for all k € N.

ii) In case ¢ < p, the probability of hitting (0) in finite time after
starting from state @ becomes 0 in the limit as k tends to
infinity, i.e. we have

lim f(k)= lim P(Tp < oo | So=k) =0, keN,
k—o0 k—o00

which shows that C; = 0.
On the other hand, the condition f(0) =1 yields Cy = 1, hence we
find f(k) = (¢/p)* for all k > 0.
Alternatively, denoting by T}, the hitting time of state @ we could
show the decomposition
flk4+1)=P(Ty <oo|Sy=k+1)
:P(Tk<00|50:k+1)XP(T0<OO‘S():]€)
=P(T()<OO‘SQ=1)XP(T0<OO‘S()=]€)
=f)x f(k), keN,
based on the Markov property, i.e. the probability of going down
from k+1 to 0 in a finite time should be the product of the probabil-

ity to go down one step in finite time, multiplied by the probability
of going down k steps in a finite time. This shows that

Fk) = FO(fF)" = (FQ)*, k>0,

hence we have C; =0, Cy =1, and f(1) = r = ¢/p, which yields

k)= <%>k keN,

and recovers (2.2.14) and (3.4.16), cf. also (S.25) and (S.26).

b) Letting h(k) := E[To | So = k] we have the boundary condition
h(0) = 0 and by first step analysis we find that h(k) satisfies
h(k) =p(1+h(k+1))+q(1+ h(k—1))
=1+ph(k+1)+qh(k—1), k>1,
which is (2.3.7a) and has a general solution of the form
O 81
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h(k) = €1+ Car* + — ipk, keN, (5.33)

by (2.3.10). Next, we note that by the Markov property we should
have the decomposition
h(k+1)=E[T, | So =k +1]
=B[Ty | So = 1]+ E[T | So = k]
= h(1) + h(k), keN,
i.e. the mean time to go down from %k + 1 to 0 should be the sum

of the mean time needed to go down one step plus the mean time
needed to go down k steps. This shows that

h(k) = h(0) + kh(1) = kh(1),
hence by (S.33) we have Cy = C> =0, h(1) =1/(¢ — p), and

k

=—, keN.
q—-p

h(k)

In case ¢ < p the above argument would yield a negative value for
h(k), which is impossible, and h(k) has to be infinite for all £ > 1.

Exercise 5.10 First, we take a look at the complexity of the problem.
Starting from @ there are multiple ways to reach state @ without

reaching @ or @ For example:

13 =3+4+1+5, or 13=1+6+3+3, or 13 =1+1+2+1+3+1+4,

etc. Clearly, it would be difficult to enumerate all such possibilities, for
this reason we use the framework of Markov chains.

We denote by X, the cumulative sum of dice outcomes after n
rounds, and choose to model it as a Markov chain with n as a time
index. We can represent X,, as

Xn:kaa TLZO,
k=1

where (§;)i>1 is a family of independent random variables uniformly
distributed over {1,2,3,4,5,6}. The process (X,)n,>0 is a Markov
chain since given the history of (X)k=0,1,....n up to time n, the value

X7L+1 = Xn + £n+1
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depends only on X,, and on &, 1 which is independent of Xo, X1,..., X,.
The process (X, )n>0 is actually a random walk with independent in-

crements &1, &, .. ..

The chain (X,,)n>0 has the transition matrix

0 1/6 1/6 1/6 1/6

0 0 1/6 1/6 1/6

00 0 1/6 1/6

00 0 0 1/6

00 0 0 0

00 0 0 0

- _loo o o o
[Pig Jigen 00 0 0 0
00 0 0 0

00 0 0 0

00 0 0 0

00 0 0 0

1/6
1/6
1/6
1/6
1/6
0

[=NeleNoBol=]

1/6
1/6
1/6
1/6
1/6
1/6
0

oo o oo

0
1/6
1/6
1/6
1/6
1/6
1/6

oo OO

0
0
1/6
1/6
1/6
1/6
1/6
1/6

oo o

0
0

1/6
1/6
1/6
1/6
1/6
1/6

0
0

[l e)

1/6
1/6
1/6
1/6
1/6
1/6
0
0

OO OO

e

1/6 ---
1/6 -
1/6 -
16 -
1/6 -

0

Letting A := {11,12,13,14,15,16}, we are looking at the probability

go = ]P)(XTA =13 | Xo = O)

of hitting the set A through state 13 after starting from state @ More

generally, letting

gk ‘= ]P(XTA = 13 ‘ X() = k)

denote the probability of hitting the set A through state @

after

starting from state & > 0, we have g = 0 for all ¥ > 14, and for
k =38,9,10,11,12,13 the probabilities g are easily computed as

g13 = P(XTA =13 | XO = 13) = 1,
gi12 = P(XTA =13 | X() = 12) = 07
gi11 = P(XTA =13 | X() = ]1) = 07

1
glOZP(XTA :13|X0:10):é,

1
99 = P(Xr, = 13| Xp=0) = ¢ +

1
ggiIP)(XTA:13|X0:8):6+

X

N o~

X

6

1
6
L

X

5
L
6

T

1
6

1

X = X

6

1

49

6 216’

where for the computation of gg we note that there are only 4 ways

to reach state @ from state without hitting states @ or @, by

the four combinations

O

83

October 22, 2026




13 = 8+5, 13 =8+1+4, 13=8+2+3 13=8+1+1+3.

Clearly, things become easily complicated for & < 7, and we will rely
on first step analysis to continue the calculation. We have

6
1
gk:EngH, keN,
i=1

1
910 = =913

6
1

go = E(gw + 913)
1

gs = 8(99 + 910+ 913)
1

gr = 6(98 + g9 + 910 + g13)
1

96 = 597+ 95 + 99 + g10)
1

g5 = 6(96 + 97+ 98 + 9o + g10)
1

ga = 8(95+96 + 97 + g8 + go + g10)
1

93 = (94 + 95+ g6 + 97+ 9 + 90)
1

g2 = 6(g3+g4+95+!]6‘ + 97+ gs)
1

g1 = 6(92+93+94+95 + 96 + g7)
1

go = E(ﬁh + 92+ 93+ 94+ g5 + go)-

In order to solve this system of equations we rewrite it as

84 @)
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T 7 x 61 —4x T3 x6°

1
90*91:6(91*97) g0 611
1 T =T x 6t =3 x 72 x 60
91*92=6(92*98) 9= 610
1 T -7t x6t—2x7x6°
g2 — g3 = 6(93 ) 92 = )
1 T -1 %6t — 60
g3 — g4 = 6(94 - 910) g3 = 6
_ 1 76 — 7% x 6*
94795—695 g4=T
1 75— 7 x 6
—g6 = = 0 _
g5 — ge 696 T gs,T
1 4 4 a4
96*97=6(97*1) 96:7771:7 -6
1 65 6 6°
_ — 73
gr — g8 698 97:67
1
g8 — g9 = =99 72
6 98:673
1
!]9*910:6910 7
99:672
1
gi0 = 2913 1
67 910:6’
ie. 10 6 4_y 3 6
go— X6 —AXT XGT 151892636,

611

The total number of paths leading to 13 in the above fashion is
928. More generally, the numbers of such paths starting from k =
0,1,...,10 can be computed by induction according to the following

E [0 1] 2]

314[5]6]

\ 78]
| Number of paths| 928] 492| 248 125] 63| 32| 16] 8] 4|

9[ 10
2[1

Table 2.1: Number of paths starting from k£ = 0,1,2,3,4,5,6,7,8,9, 10.
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In Figure S.11 we enumerate the corresponding possible paths.

Path number 928 out of 928

OFNWAMUON®O

o 1 2 a 5 6

3 7 8
(=Jbe+)
Fig. S.11: Graph of 928 paths leading from 0 to state 13.*

In addition, we could compute the number of paths leading to 13 in &
rounds with £ = 3,4,5,6,7,8,9,10,11 as in the following table:

\ k [3][ 4] 5[ 6] 7] 8[ 910
| Number of paths| 18 [ 88 | 191 | 246 [ 209 [ 120 [ 45 | 10

[11
1

Table 2.2: Number of paths starting taking k rounds, k = 3,4,5,6,7,8,9,10,11.

This would also allow us to recover the value of gy as

18 88 191 246 209 120 45 10 1

Ere T T T o 6 e o0 g
65990113

= ————— ~().1818926:
362797056 0.181892636,

9o =

see e.g. here.

Exercise 5.11

a) The transition matrix is given by

X oo ox X
X o ox © X
X o o X
X ok o X
X o8 © o X
X' oo o X

* Animated figure (works in Acrobat Reader).
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https://www.wolframalpha.com/input/?i=sum(18/6^3,88/6^4,191/6^5,246/6^6,209/6^7,120/6^8,45/6^9,10/6^(10),1/6^(11))

The information contained in the first and last lines of the matrix
is not needed here because they have no influence on the result. We
have g(0) =0, g(5) = 1, and

gky=gxglk—1)+pxg(k+1), 1<k<4. (S.34)

b) When p = ¢ = 1/2 the probability that starting from state @ the
fish finds the food before getting shocked is obtained by solving
Equation (S.34) rewritten as

1 1
g(k):§><g(k71)+§><g(k+1), 1<k <4
Trying a solution of the form g(k) = Cy 4+ kC5 under the boundary
conditions g(0) = 0 and g(5) = 1, shows that C; = 0 and Cy = 1/5,
which yields

g(k):g, k=0,1,...5

Exercise 5.12

a) The transition matrix is given by

1 0 0 0 0
1 0 0 0 0
1/21/2 0 0 0
1/31/31/3 0 0
1/4 1/4 1/4 1/4 0
1/5 1/5 1/5 1/5 1/5

Note that an arbitrary choice has been made for the first line (i.e.
state @ is absorbing), however, other choices would not change the
answer to the question.

b) We have
m—1 1 m—1
h = —(1+h =1+ — h >1
o () ;) m( + ho(k + Z w(k m>1,

and ho(o) = 07 ho(l) =1.
¢) We have

1 m—
ho(m) = — Z ho(k)
k=0

§
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1
:1+*h0(m71)+
m

m m—1
k=0
1 m-1 m-1 el g(k
=14+ —h -1)— —+ 1
+mLo(m ) - < +Z
1 -1 -
=1+ —ho(m—1)— m + 2 ho(m -1)
m m

m—1

1 1
=1- + —ho(m—1) + = ho(m —1)
m

m
1
=ho(m—1)+ —, m>1,
m
hence

ho(m) = hg(m - 1) + %

o 2)+L+i7il >1
= ho(m — Tt = R m > 1.

We can also note that from the Markov property, we have
ho(m) = hy—1(m) 4+ ho(m — 1),

where the mean time h,,—1(m) from state @ to state is

equal to 1/m since state is always reached in one step from
state @7 with probability 1/m.
Exercise 5.13

a) Assuming that it takes one day per state transition, the graph of
the chain can be drawn as follows:

In this model, state (0) represents the tower, states (1) and (2)

correspond to the path returning to the tower in three steps through

exit A, the returning loop to state @ accounts for the time to return

to the tower through exit B, and state @ represents the outside.
b) We have

88 @)
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¢) By first step analysis, the average time h3(i) from state (2) to state

(3) solves

a(0) = 51+ hs(0)) + 51+ ho(1) + 3
ha(1) =1+ h3(2)
hs(2) = 1+ hy(0)
h3(3) =0,
which yields
hs(0) = 1+ hs(0)) + 53+ hs(0) + 3,

i.e. h3(0) =5, i.e. 4 times steps on average to reach the exit, plus
one time step from the exit to the outside. The result h3(0) = 4
can also be obtained directly by writing the equations

1 1 1
hs(1) =1+ hs(2)
h3(2) = 1+ hs(0).
The difficulty in this exercise is that the Markov chain itself is
not specified and one had to first design a suitable Markov model,
sometimes involving a Markov chain with weighted links. On the

other hand, the equation h = 1+ Ph cannot be directly used when
the links have different weights starting from state @

Alternative solutions:

(i) The problem can be solved in a simpler way with only 3 states,
by adding a weight corresponding to the travel time (under-
lined) on each link:

o 89
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90

(i)

(iii)

Here, the average time hy() from state () to state @ solves

ha(0) = (14 ha(0)) + 5 (1+ ha(1) + 5 % 0
ha(1) = 2+ h2(0)
ha(2) =0,

which yields

Ba(0) = (L4 ha(0)) + 5(3+ Pa(0) + 5 x 0,

i.e. h2(0) = 4, which is consistent with the answer to Ques-
tion (c) above since the time from the exit to the outside is
here taken equal to 0.

The answer can even be further simplified using the following
graph, which no longer uses the notion of Markov chain, and
in which each link is weighted by a travel time:

0

1/3 1/3 @
T

1/3\V3
By first step analysis, the average time ¢;(0) to travel from
state @ to state @ is directly given by

1 1 1
t1(0) = g(l+t1(0)) + §(§+t1(0)) + 3% 0,

i.e. t1(0) = 4.
The problem could also be solved using 4 transient states and
one absorbing state, based on the following graph:
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1
1/3
‘\u 1

Exercise 5.14 The average time t spent inside the maze can be quickly
computed by the following first step analysis using weighted links:

1 2
><(t+3)+g><2+6><(t+5),

which yields ¢t = 21. We refer to Exercise 5.13 and its solution for a
more detailed analysis of a related problem.

t =

N =

Exercise 5.15 The chain has the following graph:

0.6

0.2

a) Let us compute
go(k‘) = P(To < o0 ‘ Xo = k) = ]P)(XT{O‘S} =0 | Xo= k)7 k=0,1,2,3.

Since states @ and @ are absorbing, by first step analysis we have

1% go(0) +0.6 X go(1) + 0.1 X go(2) + 0.2 x go(3)
2% g0(0) + 0.3 X go(1) + 0.4 x go(2) + 0.1 x go(3)

)
(=}
=
®
R N
Il
o o o
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90(0) =
go(1) = 0.1+ 0.6 x go(1) + 0.1 x go(2)
90(2) = 0.2+ 0.3 X go(1) + 0.4 x go(2)
90(3) =0,
which has for solution
WO =1 @)= w)=51 0@)=0

cf. also (5.1.11).
b) Let
ho3(k) = E[T(o,3y | Xo = K]

denote the mean time to reach the set A = {0,3} starting from
k=0,1,2,3. By first step analysis, we have

’L() 3(0) 0
ho3(1) = 0.1 x 14 0.6 X (1 + hos(1)) 4+ 0.1 x (1 + ho3(2)) + 0.2 x (1 + ho3(3))
h013(2) =02x1404x (1 + h073(1)) +0.3 x (1 + h013(2)) +0.1 x (1 + h073(3))
ho,3(3) =0,

i.e. h013(0 —0

)
hofg(l) 1+06Xh03(1)+01><h()3(2)
ho’3(2) =14+04x hog(l) + 0.3 x h03(2)
ho,3(3) =0,

which has for solution
10 10
ho3(0) =0, hos(l) = 3> ho3(2) = 3 ho3(3) = 0.

Note that the relation ho 3(1) = ho 3(2) can be guessed from the sym-
metry of the problem.

Exercise 5.16 The chain has the following graph:

92 @)
October 22, 2026



0.3

a) The absorbing states are (0) and (3).
b) By (5.1.12) we have go(1) = g3(1) = 1/2. On the other hand, we
clearly have ¢1(0) = g1(3) = 0 and ¢1(1) = 1, hence

91(2) = 0.3 % g1(0) + 0.4 x g1 (1) + 0.3 x g1(3) = 0.4.
¢) We clearly have p;(0) = p1(3) = 0, and

pl(l) =0.3 x pl(O) + 0.4 x p1(2) + 0.3 x ]71(3) =04 x p1(2)
P1(2) = 0.3 x p1(0) + 0.4 4+ 0.3 x p1(3) = 0.4,

hence p;(1) = 0.16.

d) We have hi(1) = 0 by construction and hy(0) = hi(3) = 400
because states (0) and (3) are absorbing, and h;(2) = +oo be-
cause ¢go(2) > 0.3 > 0. Regarding mean return times, we have
11(0) = p1(1) = 1(2) = u1(3) = 400 because states (1) and (2)
communicate while states (0) and (3) are absorbing.

Exercise 5.17

a) Let go(k) = P(Tz < 0o | Xo = k), k = 0,1,2. We have g2(2) =1
and by first step analysis,

02(0) = 502(0) + 50a(1) + 5

1 3
1) =— —g2(1),
g92(1) 492(0)+ 492( ),
with g2(2) = 1 since state (2) is absorbing. This shows that
2 1 1
zZ = Zgo(1) + =
392(0) 392( )+ 3
92(1) = g2(0),
hence P(T2 < oo | Xo = 1) = g2(0) = ¢2(1) = g2(2) = 1.

o 93
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Next, let g1(k) = P(IT7 < oo | Xo = k), k = 0,1,2. We have
¢1(2) = 0 and by first step analysis we have

0(0) = 3010 + 3
0= {00+
91(2) =0,
hence 1
1(0) = 3
n() =1
91(2) =0,

1
and P(T7 < oo | Xo=1)=¢:1(1) =7/8.
We have E[T] | Xo = 1] = 400 x P(T] = 00 | Xg = 1) = 400
because P(T] = oo | Xo = 1) > 0 as state (1) is transient, cf.
Proposition 7.4.

On the other hand, let hy(k) = E[T: < oo | X = k|, k = 0,1,2.
We have hy(2) = 0 and by first step analysis we have

=

ha(0) = 1+ %hQ(o) + %hg(l)

h2(1) =1+ ihg(o) + Zhg(l)

ha(2) =0,
hence
2h2(0) = 3+ ha(1)
ha(1) = 4+ ho(0)
ha(2) = 0,
hence
ha(0) =7
ha(1) =11
ha(2) =0,

and E[T5 < oo | Xo =1] = ha(1) = 11.

Exercise 5.18

a) We have

94 @)
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m—1
E[T0] = mp™ + 3 pFq(k+ 1+ E[T™)]).
k=0

b) We find
m—1

mp™ +q Z PPk +1)

E[T(m)] _ k=0

m—1
L=ad ot
k=0

— (m+1)p™ + mpm+L
1—p ’
pHL
m(l—p)p™ +1—(m+1)p™ +mp™*

(1—p)pm

1
mp™ +

l/pm -1

(S.35)

Pﬂs
w"_‘

k=1

Alternative solution: We note the recurrence relation
ET™]=EI™ Y] +px1+1-pET™], m>2

or
]E[T(m—l)} +p

» )
with IE[T(M] = 1/p, which also recovers (S.35).

E[T(™)] = m>2

)

Exercise 5.19 We have

V*(k) = mSXIE Zw"R(Xn) ‘ Xo = k}

Ln>0

=maxE |R(Xy) + Z Y'R(X,) ‘ Xo = k]

T
n>1

= max [E +'yZ’y” R(X ) Xo = k}

n>1

Y TIR(XG) | Xo = kD

n>1

= max <R(k) +E

) 95
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= R(k) + 7 max B {Z'y"lR(Xn) ‘ Xo = k]

n>1

_ —1 _
- R(k)+’yr(f1€aj<lEZSPﬁlmng [;w R(X,) \ X, = z]
n>

= R(k) +'yr;1€ajclEZSPﬁl mfz;LXIE [Z’YHR(X"“) ‘ X, = l}

n>0

S ATR(X) ‘ Xo = l}

n>0

= R(k) +ymax > P E
les
= R(k) + yr&a}ZPkJV (), kes.
les
The optimal policy 7} € A starting from state k € S is given by
T = argmax,c, Z B, v (1).

les

Problem 5.20
a) The boundary conditions ¢(0) and g(NN) are given by ¢g(0) =1 and

g(N) =0.
b) We have
g(k) =P(To < Ty | Xo = k)
N
=Y P(Ty < Ty | X1 = DB(X; = 1| Xo = k)
=0
N
=N B(T < Tw | X1 = 1)Puy
=0
N
=S"P(Ty < T | Xo = 1) Pe
=0
N
=>"g)Ps,  k=0,1,...,N.
=0
¢) We find
96 o
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1 0 0 0
(2/3)° (2/3)* 2/3% 1/3°
[ P ]ogi,_;'g:s = 1/33 2/32 (2/3)2 (2/3)3
0 0 0 1
d) Letting g(k) =1 — k/N, we check that g(k) satisfies the boundary
conditions ¢g(0) =1 and g(N) = 0, and in addition we have

N

1= N
_i:lL kY (BTN
T4 (NSDWAN N ~

T

1=0

= g(k), k=0,1,...,N,

which allows us to conclude by uniqueness of the solution given two
boundary conditions, cf. Exercise 5.9 for cases of non-uniqueness
under a single boundary condition.

e) The boundary conditions h(0) and h(N) are given by h(0) = 0 and
h(N) = 0 since the states (0) and @ are absorbing.

f) We have

h(k) = E[Ton | Xo = k]

1= 1=

1+ETon | Xi=))PX1=1]|Xo=k)

N N
=Y (1+E[Ton | X1 =)Pu=> P+ Y Ellon | Xi=1P
1=0 = o
= N-1
=1+ Y Elow [ X0 =[P =1+ h()Pus, (5.36)
=1 =
© 97
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E=1,2,...,N 1.
¢) In this case, the Equation (S.36) reads

h(0) =0,
h(1) =1+ gh(l) + ghm)

h2) =1+ 2h(1) + %h(?)

9

which yields

h(0)=0, h(1)=3, h(2)=3, h(3)=0.

Problem 5.21

a) Since we consider the time until we hit either 0 or N, we have

h(0) =0 as well as h(N) = 0.
b) We have

h(k) = {Z X;

} (.37)

(S.38)

T—1
—EB[X | Xo=k|+ B[ X; Xok}
i=1
=k+pE ZX =k+1|+q¢E ZX —kl}
Li=1
T—2
—k+pE leﬂ‘xl_kﬂ +qE ZX1+1‘X1_1¢—1
Li=0
[r—1
=k+pE Y X; =k+1|+qE ZX 1}
Li=0
=k+ph(k+1)+ qh(k - 1), 1§k§N71,
where we used the fact that 7 — 1 in (S.37) becomes 7 in (S.38).
When passing from
p]E|:ZX —k+1|+qE ZX —k—l}
i=1
to
98 O
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2

f)

Xo=k+1| +qE

T—1 T—1
vE {z X, S,
i=0 =0

we are shifting the time summation index from i to ¢ — 1, and after
that the summation starts from 0 instead of 1. Nevertheless the
summation remains up to 7 — 1 at the second step because in both
cases, 7 denotes the first hitting time of 0 or N. Writing 7 — 2 in
the second step would be wrong because the first hitting time of 0
or N within the expectation is 7 (not 7 — 1).

Xokl],

From now on we take p = ¢ = 1/2.

We check successively that h(k) = C, h(k) = Ck, h(k) = Ck?
cannot be solution and that h(k) = Ck3 is solution provided that
C=-1/3.

Note that when trying successively h(k) = C, h(k) = Ck, h(k) =
Ck? and h(k) = Ck3, the quantity C has to be a constant.

Here, the index k is a variable, not a constant. Finding for example
C =3k

can only be wrong because 3k is not a constant. On the other
hand, finding C' = 2 (say) would make sense because 2 is a con-
stant. Note that N also has the status of a constant (parameter)
here.

The general solution has the form

3

k
h(k) = -3 + Cy + Cak,

and the boundary conditions show that
0=h(0) =Cy,
N3
0=h(N) = —?-‘rCl + CyN,
hence C; = 0, C, = N2/3, and

k3 kK
= —— +N2Z = Z(N2—k?) = k(N—
h(k) = —5+N* 3 = S (N?—k?) = k(N —k)

N+ k

k=0,1,...
3 )

(S.39)
When N = 2 we find h(1) = 1 since starting from k = 1 we can
only move to state @ or state N = 2 which ends the game with a
cumulative sum equal to 1 in both cases.
i) We find an average of

E[To,n | Xo = 4] = 4(70 — 4) = 264 months = 22 years.
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ii) By (S.39), we find

h(4) = 3(702 —4?) = $6,512K = $6.512M.

iii) In that case we find
$4K x 264 = $1056K = $1.056 M.

iv) It appears that starting a (potentially risky) business is more
profitable on the average than keeping the same fixed initial
income over an equivalent (average) period of time.

However, this problem has been solved in the fair game case
and without time discount, which may not be realistic. A more
thorough analysis should consider

hk) =& [S BiX;
i=0

with discount factor 8 € (0,1) in the case where p < ¢, with
additional computational difficulties.

X0=k}

Note that the probability of hitting 0 first (i.e. ending with a
bankruptcy) is given by

k
P(X71, & :O\onk):lfﬁ:%f)él
when k =4 and N = 70.

Problem 5.22 This problem is based on a simplified version of questions
considered in Gusev (2014).

a) We find
a,b

a
b b

ma , ,
0‘\_)\1/ ’ ’ ! ’
b \_/\/

a

The smallest integers are I = 3, m = 2 and the word is a®b?.
b) This language can be denoted by X*ah?X*. An example of five-
letter word is aabbb.

100 O
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¢) The process (Y )ren is clearly a Markov chain because given Y}, the
distribution of Yi41 := f(Xg+1, Yk) is independent of Yy, ..., Yi_1.
The graph of the chain (Yj)ken is

q p
q

W\uy\/

The transition matrix of the chain (Y )rey is

[ Pij ]ogm’gs =

S o oOoR QR
o oo o
cocooow® o
oo oo
oo OO0 O
—Q OO0 oo

d) Denoting by hs(k) the time it takes to reach state (5) starting from
state k =0,1,2,3,4,5, we have the equations

}L5(0) =1+ (]}L5(0) + ph5(1)
hs(1) = 1+ qhs(0) + phs(2)
hs(2) = 14 qhs(0) + phs(3)
hs(3) = 1+ phs(3) + ghs(4)
hs(4) = 1+ phs(1) + ghs(5)
hs(5) =0,
i.e.
phs(0) = 14 phs(1)
hs(1) = 1 + qhs5(0) + phs(2)
hs(2) = 1 + qhs5(0) + phs(3)
qhs(3) =1+ qhs(4) =1+ qphs(0)
hs(4) = 1+ phs(1) = phs(0)
h5(5) = 07
i.e.
@) 101
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e) We find

a,b

A
hs(1) = — + — + hs(3)
1

q
hs(4) = phs(0)
hs(5) =0,
q(p*+p+1)+p? 1
hs(0) = ( 32) = 3q2
1 plq prq
hs(1) = 45— — =
r°q {
A S
5 1133(12 o P
h5(3)=51+qu
}L5(4)— W
h5(5):0.
a
a b b

f) The synchronizing words are “abab” and “aabb”.
¢) The graph of the chain (Zy)gen is

8
q
0

~

(Dt (D) (D)
N AN

The transition matrix of the chain (Zj)ken is

102
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1 0 00O
q 0 p 0O
[ P ]ogi,jg4 =00 pq0
0 p 0 0 ¢
00 0 01

probability that state (0) is reached first

h) Denoting by go(k) the
ek =0,1,2,3,4, we have the equations

starting from stat

90(0) =

go(1) = qgo(O) +p90(2) = g + pgo(2)
90(2) = pgo(2) + qgo(3)

90(33 = pgo(1) + qg0(4) = pgo(1)

go(4
9o(0) =
go(1) = g+ pgo(2)
90(2) = pgo(2) + q90(3) = pgo(2) + gpgo(1)
90(3) = pgo(1)
go(4) =0,
90(0) =1
go(1) = g+ p?go(1)
90(2) = pgo(1)
90(3) =P90(1)
!]0(4) =0,
90(0) =1 .
q
9o(1) = g
90(2) = 725 = L
1 7qp2 1+p
90(3) = LZ =
1-p* 1+p
go(4) =0.

The probability go(1) can also be computed by pathwise analysis
and a geometric series, as

1
N=1- k_q_ P4 _, P _ >
g9o(1) qu§>0p 2 T g

Now, starting from state @ one may move directly to state @ with
probability ¢, in which case the first synchronized word is “b”, not
“abab”. For this reason we need to subtract ¢ from go(1), and the
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probability that the first synchronized word is “abab” starting from
state (D is 1/(1 +p) — (1 = p) = p*/(1 +p).

Note that the above computations apply only when p € [0,1). In
case p = 1 the problem admits a trivial solution since the word
“abab” will never occur.

Problem 5.23

a) We have

Vik) =E

> R(X0) | Xo = k}
n>0

> Pim (R(k) +E| Y R(X,) ] X, = mD

meS
= PenR(E)+ 3 P E | S R(X,) ( X = m]
meS meS n>1
=R(K)S. Pom+ > PimE {Z R(X,) | Xo = m}
meS meS n>0

=R(k)+ Y PrmV(m), keS.

meS
b) bl) We have
Q7,1 =0, Q(7,=)=0, Q(6,1)=5 Q" (6,—)=5
and Q*(3,]) = 4. Regarding Q*(3,—), we have

Q*(3,—) = -1+ max (Q*(3, 1), Q*(3, %)),
which implies
Q7 (3,—2) <Q"(3,),
hence
Q" (3,=)=-1+Q7(3,]) =3.
Similarly, we find

The optimal action-value functional Q*(k,a) can be summa-
rized as follows:
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This solution can also be obtained by backward optimization
(or dynamic programming):

b2) At every state @ we have
V* (k) = max (Q"(k, 1), Q" (k, =),

hence

*

X
Il

¥
ool w o
Il

STSSSS

*
N
Il

*
NN N S S S

cekZzez2a
Il
N =N R SO

3

We obtain the following backward optimization tree:
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b3) We find
7 = (7" (1), 77(2), 7" (3), 7" (4), 7" (5), 7 (6), 7" (7)) = (=, =, 4, =, =, [, F),

which is consistent with the following MDPtoolbox output.

1 | install.packages("MDPtoolbox")

2 | library(MDPtoolbox)

P <- array(0, c(7, 7, 2))

1+ | PI,,1] <- matrix(c(0,0,0,1,0,0,0,

0,0,0,0,1,0,0,

6 0,0,0,0,0,1,0,

0,0,0,1,0,0,0,

8 0,0,0,0,1,0,0,

0,0,0,0,0,0,1,

10 0,0,0,0,0,0,1), nrow=7, ncol=7, byrow=TRUE)
P[,,2] <- matrix(c(0,1,0,0,0,0,0,

12 0,0,1,0,0,0,0,

0,0,1,0,0,0,0,

14 0,0,0,0,1,0,0,

0,0,0,0,0,1,0,

16 0,0,0,0,0,0,1,

0,0,0,0,0,0,1), nrow=7, ncol=7, byrow=TRUE)
15 | R <- array(0, <(7, 2))

RI[,1] <- matrix(c(0, -2, -1, -1, -3, 5, 0), nrow=1, ncol=7, byrow=TRUE)
20 | R[2] <- RL1]

mdp_ check(P, R)

22 | mdp_value_iteration(P,R,discount=1)

$v

24 [112241250

$policy

26 [[112212211

¢) c¢l) We have

Q" (k.a)

7 : w(k)=a

max E | Y R(X,) ‘ Xo=k
>0
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= max E
7w : w(k)=a

R(Xo) + 3 R(X,) ‘ Xo = k}

n>1

/)
|

= max E|R(k)+ Y R(X,) ) Xo = k}
7w : w(k)=a w1
- Z P;f‘l) (R(k) +max B Z R(X,) ‘ X, =
les n>1
= R(k)+ Y P\ maxB | Y R(Xp41) ‘ X, = z}
les T n>0
= R(k)+ 3 P% maxE | Y R(X,) ‘ Xo=1
les T n>0
= Rk)+>_PYV*(), keS.
les

Similarly, the value function Q™ (k,a) for a given policy

m by

setting the first action at state @ to “a” satisfies the equation

Q"(k,a) = R(k)+ Y _PYV™(),  keS. (S.40)

les

c2) The optimal policy 7} € A at state k € S is given by

7, = argmax,c, Q" (k, a) = argmax, ¢, Z P,E?V*(l).

les

c3) We have

V*(k) = max E

S R(X.) ‘ Xo = k]

n>0

=max max IE
a€A 7 : n(k)=a

3T R(X,) j Xo = k}
n>0

= max Q*(k,a)

— ms (a)y,*

= max (R(k) + %PM v (l))

= R(k) + Teaj(%p,gyv*m, kes.

This also implies

107

October 22, 2026



V7 (k) = R(k) + max % PV (1)

= max (R(k) +> P,gf?v*(z))
acA I8 >
= max Q" (k,a), keSs. (S.41)

Similarly, the value function V™ (k) for a given policy satisfies
the equation

VT (k) = R(k)+ > PGV kes, (S.42)
les

and the Bellman equation for Q*(k, a) can also be rewritten as
*(k,a) = R(k P *(k,b), keS.
Q" (k,a) R()+ZEZS it max Q" (k. b), €

In order to solve the MDP problem, starting from an arbitrary
initial policy choice 7, one can:
i) Compute V™ by applying (S.42) iteratively.
ii) Deduce the value of Q™ (k, a) for every state (k) and action
“a” from (S.40).

iii) For every state @ and action “a”, based on (S.41), choose
to update 7 with 7(k) := a if Q™ (k,a) > V™ (k).

iv) Repeat the above iteratively.

d) d1) Similarly to Question (bl), we have
Q* (77 *L) = 07 Q*(77 H) = 0’
Q*(GV‘L) =5, Q*(67 %) =5,
Q*(3,4) =4, Q*(3,—) =3,
Q*(5,1)=-1,Q"(5,>) =2
We also have Q*(2,]) = 0 and
Q*(2,—) = =2+ pmax (Q*(3,1), Q*(3,—)) + gmax (Q*(5, =), Q*(5,—))
=—2+pQ"(3,)) +9Q"(5,—)
=—2+4+4p+2q=2p,
and
Q*(47~L) = 07 Q*(47*>) = 17 Q*(L\L) = 17 Q*(L %) = Q*(27 H) = 2p
In other words, we have the following backward optimization
(or dynamic programming) graph:
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d2) At every state (k) we have

V*(k) = max (Q*(k, 1), Q" (k, —)),

hence

V(7)) =0,

V*(6) =5,

V*(5) =2,

V*4) =1,

V*(3) =4,

V*(2) = 2p,

V*(1) = max(2p, 1)

d3) When p = 0, we find
7 = (r"(1),7"(2),7"(3), 7" (4), 7" (5), 7" (6), 7" (7)) = (}, L, |, =, =, F,F)

which is consistent with the MDPtoolbox output:

Y

2 [[111041250
$policy
11112211
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Fig. S.12: Optimal value function with p = 0.

When 0 < p < 1/2 we obtain

= (7" (1), 7" (2), 7 (3), 7 (4), 77 (5), 77 (6), 7 (7)) = (b, =, 4, =, =2, 1, 1)

which is consistent with the MDPtoolbox output, here with
p =0.25:

Y

2 |[1] 1.0 0.5 4.0 1.0 2.0 5.0 0.0
$policy

11212211

Fig. S.13: Optimal value function with 0 < p < 1/2.

When p = 1/2 we find

7 = (7" (1), 7(2), 7" (3), 77 (4), 7" (5), 7 (6), 7" (7)) = (¥, =, |, =, =, 1, F)

110 O
October 22, 2026



Fig. S.14: Optimal value function with p = 1/2.

which is consistent with the MDPtoolbox output, with p = 0.5:

Y

> |[111141250
$policy

1 fmi1212211

When 1/2 < p < 1, we obtain

*
T =

(m* (1), 7" (1), m5, w5, w5, mg, w7 ) = (=, =, L=, =, 0L ).

Fig. S.15: Optimal value function with 1/2 < p < 1.

which is also consistent with the following MDPtoolbox output,
here with p = 0.75:
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1 | library(MDPtoolbox)
2 | P <- array(0, c(7, 7, 2));p=0.75;q=1-p
PI,,1] <- matrix(c(0,0,0,1,0,0,0,
0,0,0,0,1,0,0,
0,0,0,0,0,1,0,
6 0,0,0,1,0,0,0,
0,0,0,0,1,0,0,
8 0,0,0,0,0,0,1,
0,0,0,0,0,0,1), nrow=7, ncol=7, byrow=TRUE)
10 | P[,,2] <- matrix(c(0,1,0,0,0,0,0,
0,0,p,0,9,0,0,
12 0,0,1,0,0,0,0,
0,0,0,0,1,0,0,
14 0,0,0,0,0,1,0,
0,0,0,0,0,0,1,
16 0,0,0,0,0,0,1), nrow=7, ncol=7, byrow=TRUE)
R <- array(0, c(7, 2))
18 | R[,1] <- matrix(c(0, -2, -1, -1, -3, 5, 0), nrow=1, ncol=7, byrow=TRUE);R[,2]
<- R[]
mdp__check(P, R);mdp_ value_iteration(P,R,discount=1)
20 | $V
[1] 1.5 1.5 4.0 1.0 2.0 5.0 0.0
22 | $policy
112212211

Chapter 6 - Classification of States

Exercise 6.1

a) The graph of the chain is

This chain is reducible because its state space can be partitioned
into two communicating classes as S = {0} U {1,2, 3}.

b) State (0) has period 1 and states (1), (2), (3) have period 3.

¢) We have

1
po,o:IP’(To<oc|X0:0):IP>(TO:1\X():o)zg,

and
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P(To:oo\XO:O):lflP’(TO<oo|X0:O):§.
We also have
P(Ry < 00| Xo=0) =P(Tp =00 | Xo=0) Y _ (P(Tp < 00 | Xo =0))"
n>1
2 n\"
== ) =1
2 ()
n>1

d) There are no absorbing states, state @ is transient, and states @,
(2), ®) are recurrent by Corollary 6.7. State (0) is transient since
P(Ry < 00 | Xo =0) = 1, as expected from (5.4.4).

Exercise 6.2

a) The chain is reducible and its communicating classes are {0, 1} and
{2}.

b) States (0) and (1) are transient and the state (2) is (positive) recur-
rent and absorbing.

¢) All states have period 1.

Exercise 6.3

a) The chain has the following graph

7 e 9

1/4

1/4

b) All states (0), (D), (2) and (3) have period 1, which can be obtained
as the greatest common divisor (GCD) of {2,3} for states (0), (1),
(2) and {4,6,7} for state (3). The chain is aperiodic.

c) State @ is absorbing (and therefore recurrent), state @ is transient
because

1
P(Tf = 00| Xo = 0) > 7 >0,

and the remaining states @, @, @ are also transient because
they communicate with the transient state @, cf. Corollary 6.7.
By pathwise or first step analysis, we can actually check that
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P(T] < 00| Xy = 0)
(BT} < 00| Xo = 1) + B(T§ < 00| X = 2) + P(T§ < 0| Xo = 3)

= | =

d) The Markov chain is reducible because its state space S = {0, 1,2, 3,4}
can be partitioned into two communicating classes {0,1,2,3} and

{4}.

Exercise 6.4 The graph of the chain is

a) The chain is reducible and its communicating classes are {0}, {1},
{3}, {5}, and {2,4}.

b) States @, @, @ are transient and states @, @, @ are recurrent.

¢) State @ has period 0, states @ and @ have period 2, and states
©), @), (&) are aperiodic.

Exercise 6.5

a) The graph of the chain is

0.3
0.8 0.3
1 0.2 0.4

1
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This chain is reducible, with communicating classes {0, 2}, {1}, and
{3}.

b) States (0), ), @) have period 1, and state (1) has period 0. States
(D) and (3) are transient, states (0) and (2) are recurrent by The-
orem 6.11 and Corollary 6.7, and they are also positive recurrent
since the state space is finite. There are no absorbing states.

Exercise 6.6

a) The communicating classes are {0}, {1,2}, {3,4,5}.

States (1), ), @), @) and (5) are transient.

)
) State (0) is recurrent.

) State @ is positive recurrent.

e) State (0) has period 1, states (1) and (2) have period 2, and states

@, @ and @ have period 3.

Exercise 6.7

b
c
d

a) This question refers to the Ehrenfest chain, cf. Example (iv) page 112.
By (4.3.2) and (4.3.3) the transition matrix of this chain takes the
form

0 1 0 0 0 0
1IN 0 (N-1)/N 0 0 0
0 2/N 0 (N-2)/N 0 0
0 0 3N 0 0 0
0 0 : 0 3N 0 0
0 0 0 (N-2))N 0 2/N 0
0 0 0 0 (N-1)/N 0 1/N
L0 o 0 0 0 1 0

Note that the random choice made is that of a ball among N balls,
not a box among two boxes.

b) All states have period 2 and are recurrent. There is no transient
state.

Exercise 6.8

a) For the Markov chain of Exercise 4.10-(a) we find that state (0)
is (positive) recurrent as it is absorbing, while every state @ is
transient when & > 1 since P(T}, < oo | Xo = k) =0, k > 1. State
@ is aperiodic, and all other states have period 0.
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b)

<)

For the success runs chain of Exercise 4.10-(b), we have

T T q
P(TO<OO\X0)=qZp :le’
n>0 p

hence state (0) is recurrent. Since the chain is irreducible, it is
recurrent by Corollary 6.7. State @ is also positive recurrent as
we have

1
BT | Xo] = ¢ Y mprt = —L— -1

n>1

Next, by first step analysis we have

k
E[T} | Xo =01 = Y E[I7 | Xo=i— 1]
=1

k
=3 (a0 + ET7, | Xo=0)) +p)

i=1

k
=Y (1+qE[T], | Xo =0))
i=1
k
=k+qy B[T7 | Xo=0, k=1,
i=1

which shows by induction that [T} | Xy = 0] < oo, k > 0. On the
other hand, we have

E[T} | Xo = k] = 1+ qE[I] | Xo = 0]+ pE[T} | Xo = k+1]
=14+qE[T] | Xo=01+pE[T] | Xo=k], k>0,

since the starting point does not matter as long as we start from
k > 1, hence

1
IE[TIJIX0=/€]=6+]E[TEIX0=OL k=1,

which shows that IE[T}] | X} = 0] < oo, k > 0, therefore the success
runs Markov chain is also positive recurrent.

The chain is aperiodic because it is recurrent and state (0) has a
returning loop.

Problem 6.9 By the same argument as in Exercise 3.2, by first step
analysis we have
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1
BI] | Xo=1] = X1+ x (1+ BT} | Xo = 2))

a+1 a+1
1 T
= ot X1+a+1 x (1+2E[T§ | Xo =1])

2a
=1+ —E[T] | Xo=1],
+a+1 (T3 | Xo = 1],

hence
1+a

BT | Xo=1] = 1o

a<1.

From the spatial homogeneity of the chain, we deduce that

k
[T | Xo =K = Y BT}, | Xo=1i]
=1

— KE[T] | Xo = 1]
S Y
11—«

and

1+« 2
E[T] | Xo=0=1+E[T] | Xo=1]=1 =
[T | Xo = 0] = 1+ BTy | Xo=1] = 1+ 1o = -,

hence state (0) is positive recurrent if & < 1. On the other hand, we
have

. 1 «
E[T] | Xo=1]= — 5 x2+ — - x (1+ B[T] | Xo=2])

1 mT X =
- a+l a+1 0 0=
SR
N a+l 11—«
_ 2
T 1-a?

Similarly to the above, we have E[T] | Xo = 0] =1 and, for k£ > 1,

B[l | Xo =k = ail x1+ai1 x (1+ B[T,, | Xo =k —1])
= 1+ai1 x (E[T} | Xo =k — 1] + E[T},, | Xo = k]),
hence
BT | X = 4 = ORI R k2l sy
which can be solved as
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" 207k —a—1
E[T;,, | Xo=kl=——"—
see e.g. the command

RSolve[flk+1]==1+1/a+{[k] /a,f[0] == 1, f[k], k],
which shows that

BT} | Xo = K]

1 - _ o r _
:TH(1+IE[TI€|X0*k71])+a7+1(1+]E[Tk | Xo=k+1])

1 @
=1+ —E[T] | Xo=k -1 —E[T] | Xo=k+1
+a+1[k‘0 ]+a+1[k|0 +1]

:1+%_H]E[T,§'\X0:k71]+1iya
1 1

=t B X =k 1)

- 207k

T 1—a?’

therefore the chain is positive recurrent if and only if o < 1.

Chapter 7 - Long-Run Behavior of Markov Chains

Exercise 7.1 Writing the condition 7P = 7 leads to the equations

o T
20 L 90t
3 T3
) et
of0 1
3 T3 o™

i.e. mp = m. Combining this relation with the condition 7y + m =1
shows that myp = m; = 1/2.

a

Using the general relation

o, i) = | ——, ¢
O e a+ b’
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with (a,b) # (0,0) and (a,b) # (1,1) for the two-state chain with

transition matrix

yields the same answer

e

when a = b, in which case the matrix P is also column-stochastic. .

install.packages("igraph");install.packages("markovchain")
library("igraph");library (markovchain)
P<-matrix(c(1/3,2/3,2/3,1/3),nrow=2,byrow=TRUE);MC
<-new("markovchain", transitionMatrix=P)
graph <- as(MC, "igraph")
plot(graph,vertex.size=50,edge.label.cex=2,edge.label=E(graph)$prob,edge.color='black’,
vertex.color='dodgerblue',vertex.label.cex=3)
steadyStates(object = MC)
12
[1,]0505

Exercise 7.2

a) The chain is reducible, state @ is aperiodic and all other states have
period 0. On the other hand, we check that state @ is positive
recurrent and all other states are transient, cf. Exercise 6.8-(a).
Therefore, the assumptions of Theorems 7.2, 7.8 and 7.10 are not
satisfied.

b) Writing 7 = 7P, i.e.

1000 0 -
qg 0 p 0 0 -
q 00 p 0 -
[m0, 71, T2, 3, -+ -] = [0, T, W2, g, 0] X g 00 0 p - )
qg 00 0 0 -
00 00
shows that
mo = mo + q(m1 + 72+ -+ ) = mo + q(1 — M) = q + pmo,
7T1:07
Ty = P71,
T3 = pT2,

hence 7, = 0, k > 1, and the stationary distribution is given by
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7 =[1,0,0,0,.. ]

¢) Taking the limit as n tends to infinity in (S.30), we find

lim P" =

n—0o00

==
oo oo
o O oo
o O oo
o O OO

hence the limiting distribution coincides with the stationary distri-
bution 7 obtained in (b).

Exercise 7.3

a) The chain irreducible, aperiodic, recurrent and positive recurrent
by Exercise 6.8-(c). Therefore, the assumptions of Theorems 7.2, 7.8
and 7.10 are all satisfied and the chain admits a limiting distribution
which coincides with its stationary distribution.

b) Writing # = 7P, i.e.

[mo, 71, T2, T3, - - - | = [mo, M1, W2, W3, -] X

R R R R
L oococom
cocox o
com oo
o8 oo o

shows that

T = P7To,
T2 = P71,
T3 = P72,

hence by induction we get 7, = pFmp, k& > 1. By the condition

Zﬂ'k =1 we find
k>0

_ _ k_ _To
1= m=m) p -
k>0 k>0

which shows that mp = ¢. We conclude that 7 is the geometric
distribution
e = (1 —p)p*, k>0.

c) Taking the limit as n tends to infinity in (S.31), we find, when
p<l
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a a a a’ ap’
q g a@* @® o'
lim P"= | ¢ @ @ @® @'
n—o00 q 2 3 4

qp 4qp~ gqp~ qp

hence the chain admits the geometric distribution with parameter
p as a limiting distribution, which coincides with the stationary
distribution 7 obtained in (b).

Exercise 7.4

a) The Ehrenfest chain is irreducible and positive recurrent, and has
period 2, therefore it satisfies the conditions of Theorem 7.10 and
it admits a stationary distribution.

b) The stationary distribution of the Ehrenfest chain satisfies the equa-
tion 7P = 7, which reads

ro 1 0 0 0 0
IN 0 (N—1)/N 0 0 0
02N 0 (N-2)N 0 0
0 0 3/N 0 0 0
[mo, 1,72, ] X
0 0 : 0 3/N 0 0
0 0 0 (N-2/N 0 2N 0
0 0 0 0 (N-1)/N 0 1/N
Lo o 0 10 |

= [7T0777177F2>~~] =,

cf. Exercise 6.7. This yields

— Trl
o = N
. 2
T = T + N
N-1 3
T2 =M ¢ + N
N-2 4
Ty = Mo N + Nm;,
from which we deduce
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o =
T =
Ty =
T3 =
hence
1>< 2 X 3 X
TN N1 N2
or

In addition we have

=2

2

N1

3

N727T3>

4

N_3™%"
kRN R
N_k+1 = W k>
k=0,...,N.

N N N
1= T = T =14 1)"m =2Vm,

hence my = 27N

parameter (N,1/2), i.e.

("

and (7% )k=0,1,...

_n is the binomial distribution with

k=0,1,...,N. (S.43)

Conversely, from (S.43) we can recover

N
N—- (k-1 k+1
;mﬁ,k:mq g\f )+7Tk+1 N
(NN RN Y (1 R
C\k-1)\2 N k+1)\2 N
B EN(N71)!1¢+ 1Y (V= DN - k)
T \2) (N k)& 2 (N — k)'&!
(v
T2 k
=m, k=12, N—1,
and similarly for £ = 0 and k& = N, showing that 7 = 7 P.
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¢) The powers of the transition matrix of the Ehrenfest chain can be
computed using the following ‘R code which shows that (P™),>1
admits two subsequences converging to two distinct limits, therefore
lim,,_, o, P™ does not exist and this chain does not admit a limiting
distribution. Note that the conditions of Theorems 7.8 and 7.10 are

not satisfied here, as this chain has period 2.

1| install.packages("expm");library(expm)

> | Ehrenfest <- function(n) {States <- c(0, seq(1,n))

TPM <- matrix(0,nrow=length(States),ncol=length(States),dimnames=
list(seq(0,n),seq(0,n)))

tran_prob <- function(i,n) {

6 tranRow <- rep(0,n+1)

if(i==0) tranRow[2] <- 1

n) tranRow[(n+1)-1] <- 1

0 & il=n) {

j=it+1

tranRow(j-1] <- i/(n)

12 tranRow(j+1] <- 1-i/(n)}

return(tranRow)}

14 for(j in 0:(n))TPM[j+1,] <- tran_prob(j,n)

return(TPM)}

16 | P=Ehrenfest(4)

P%" %1000

15 | P%"%1001

P%" %1002

Exercise 7.5

a) The Bernoulli-Laplace chain is irreducible, aperiodic and positive
recurrent. Therefore it satisfies all the assumptions of Theorems 7.2,
7.8 and 7.10, the chain admits a limiting distribution which coin-

cides with its stationary distribution.
b) The equation 7 = 7P reads

™
Ty = ﬁ
2(N —1) 22
T = Mo + TTH + mﬂg,
(N —1)2 4(N - 2) 32
T = N2 T + N2 T + mﬂ'&
(N —2)2 6(N —3) 32
T3 = N2 T+ N2 T2 + mﬂ'&

from which we deduce
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o = m
22
™ (N-1) 25
32
T2 = (N—2)27r3’
42
T3 = (N—J)QM’
hence
- —ix 22 o 32 o k2 k'2(N k)12 .
TN N2 (N 22 N k12 NI2 ko
or

2
7rk=<]]:]> o, k=0,...,N.

In addition we have
2 /aN
1727‘%7”02( ) ( )71'07

2N
hence 7y = 1/< N > and (7 )k=0,1,....n is the probability distribu-
tion given by
A\ 2
(i)
2N\’
N

¢) The Bernoulli-Laplace chain admits a limiting distribution which
coincides with its stationary distribution by Theorem 7.8.

T = k:0,17...7N.

Exercise 7.6

a) We have
0 05 0 05
05 0 05 0
0 05 0 05
05 0 05 0

b) By first step analysis, we have

124 O
October 22, 2026



N

po(0) = 1+ yio(1) + 1)
po(1) =1+ pio(2)

Ho(2) = 1+ 2pio(1) + 510(3)

1
Ho(3) =1+ 5#0(2)-
By symmetry of the maze we have po(1) = p(3), hence
1o(0) = 10(2) =1 + po(1)

pol1) = o(3) = 1+ L 10(2)

and
#0(0) =4, /1'0(1) =3, u0(2) =4, /1'0(3) =3.

The symmetry of the problem shows that we have, £10(1) = po(3),
which greatly simplifies the calculations. One has to pay attention
to the fact that p(0) is a return time, not a hitting time, so that
110(0) cannot be equal to zero.

Clearly, the probability distribution

1111
(7r0,7r1,7r2,7r3): 1411

is invariant and satisfies the condition m = 7P, see also Exer-
cise 7.15.

Recall that the family (mg, 71,72, 73) is a (probability) distribution
if and only if

(i) m >0, m >0, m>0, m3>0,
and

(i)

o+ 7 + 7o+ 7wy = 1.
In the present situation we have
Ty = M = T2 = T3

and
mo + 71 + 7o+ 73 =1 = 4mg,

which necessarily yields
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Exercise 7.7

a) Clearly, the transition from the current state to the next state de-
pends only on the current state on the chain, hence the process
is Markov. The transition matrix of the chain on the state space
S=(D,N)is

r= ) = [ )

=

The stationary distribution 7 = (7p,7y) is solution of 7 = 7P,
ie. 1 1

7p=(1—a)tp+bry = VHC R

3 3

7y =arp+ (1 —b)ay = 1™ + ™
under the condition 7p+7y = 1, which yields 7p = b/(a+b) = 1/4
and 7y = a/(a+ b) = 3/4.
¢) In the long run, by the Ergodic Theorem 7.12 we find that the
fraction of distorted signals is m7p = 1/4 = 25%.

d) The average time hy (D) = py (D) to reach state @ starting from
state @ satisfies
pn(D) = (1 - a)(1 + (D)) +a (.44)
hence pn (D) =1/a =4/3.
Additional comments:
(i) The stationary distribution [7p, 7] satisfies

un(D) B (V)
pp(N) + un (D) up(N) + pn(D) ]’

o = |

as the ratios of times spent in states D and N, since uy (D) =
1/a and pp(N) =1/b.
(ii) The value of pn (D) may also be recovered as

3 Nt o3 4
w0 =352 (3) =St h

k>1

cf. (A.4).
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e) The average time pp(N) to reach state @ starting from state @
satisfies
ip(N) = (1= B)(1+ pp(N)) +b (S.45)

hence pn(D) =1/b=4.
Additional comments:

(i) The value of up(N) may also be recovered as
k-1
1 3 1 1
N)y==-)» k(= = =4
Ho(N) 4;1 <4> A1—3/a2 " "

cf. (A4).
(ii) The values of uB and p} can also be computed from p3 =
1/np and pf = 1/7n.
Exercise 7.8

a) The chain has the following graph:

0.6

0.4

The chain is reducible and its communicating classes are {0,1,2}
and {3}.

b) State (3) is transient because P(T3 = 0o | Xo = 3) = 0.4 + 0.6 = 1,
cf. (6.3.1), and states (0),(),(2) are recurrent by Theorem 6.11 and
Corollary 6.7.

¢) It suffices to consider the subchain on {0,1, 2} with transition ma-

trix
_ 010
P=1020 08],
0.3 0 0.7
and to solve m = 77]3, i.e.
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o = 0.2 + 0.3m2
T = To
Ty = 0.87{'1 + 0.771'2

which yields m = 7 and 0.3 = 0.87; = 0.87, with

8
1:7r0+7r1+7r2:27r0+§7r0,

3 3 4
W0:ﬁ7 W1:ﬁ7 7T2:77
and the fraction of time spent at state (0) in the long run is 3/14 ~
0.214 as the limiting and stationary distributions coincide.

d) Letting ho(k) denote the mean hitting time of state @ starting
from state (k), we have
}Lo(o) =0
ho(1) = 0.2(1 + ho(0)) + 0.8(1 + ho(2))
h0(2) = 0.3(1 + ho(o)) + 047(1 + h()(?))
ho(3) = 0.4(1 + ho(0)) + 0.6(1 + ho(1)),
i.e.
ho(0) =0, ho(0) =0,
ho(l) =1 + 08}1,[](2), ho(l) =1 + 08}1,[](2),
or
ho(2) =14 0.7ho(2), 0.3ho(2) =1,
ho(3) =14 0.6h(1), ho(3) =14 0.6h(1),
hence
11 10 16
h = ho(l) = —, ho(2)=—, ho(3)=—
0(0) 07 0( ) 3 U( ) 3 0(3) 5’
and the mean time to reach state (0) starting from state (2) is
found to be equal to ho(2) = 10/3, which can also be recovered by
pathwise analysis and the geometric series
0.3 10
ho(2) =03 k(O = =
k>1
Note that the value of hy(2) could also be computed by restriction
to the sub-chain {0,1, 2}, by solving
ho(0) =0
ho(1) = 0.2(1 4+ ho(0)) + 0.8(1 + ho(2))
ho(2) = 0.3(1 4+ ho(0)) + 0.7(1 + ho(2)).
128 O
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Exercise 7.9

a) First, we note that the chain has finite state space and it is ir-

©)

reducible, positive recurrent and aperiodic, hence by Theorem 7.8
its limiting distribution coincides with its stationary distribution
which is the unique solution of @ = wP. After calculations, this
equation can be solved as

mo = ¢ x 161, T = ¢ X 460, Ty = ¢ X 320, m3 = ¢ x 170,
see here. The condition

l=mg+m +7m2+m3=cx 161+ ¢ x 460+ ¢ x 320+ ¢ x 170

shows that
- 1 1
©7 1611460+ 320+ 170  1111°
hence
161 460 320 170
T T ™ T T

(S.46)
We choose to solve this problem using mean return times since
po(i) = ho(é), i = 1,2,3, however, it could also be solved using
mean hitting times h;(j). We have

£o(0) =1+ po(1),
po(1) = 0.1+ 0.4(1 + po(1)) + 0.2(1 + po(2)) + 0.3(1 + 0(3))
=1+ 0.4p0(1) + 0.2110(2) + 0.3110(3),

110(2) = 0.2+ 0.2(1 + p1o(1)) + 0.5(1 + p10(2)) + 0.1(1 + 10(3))
=14 0.200(1) + 0.510(2) + 0.110(3),

po(3) =1+ 0.3u0(1) + 0.440(2),
hence

790

950 860
po(1) = 161 ho(2) Ho(3) = 61’

61° 16
see here or here. Note that the data of the first row in the transition
matrix is not needed in order to compute the mean return times.

We find

950 161 + 950 1111
#o(0) *1+ﬂo(1)*1+ﬁ* BT ERETIE

hence the relation mg = 1/10(0) is satisfied from (S.46).

Exercise 7.10

O
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https://www.wolframalpha.com/input/?i=10*x%3Dy%2B2*z%2B3*t%2C10*y%3D10*x%2B4*y%2B2*z%2B3*t%2C10*z%3D2*y%2B5*z%2B4*t%2C10*t%3D3*y%2Bz
https://www.wolframalpha.com/input/?i=Solve[{x%3D1%2By%2Cy%3D1%2B0.4*y%2B0.2*z%2B0.3*t%2Cz%3D1%2B0.2*y%2B0.5*z%2B0.1*t%2Ct%3D1%2B0.3*y%2B0.4*z}%2Cx%2Cy%2Cz%2Ct]
https://www.wolframalpha.com/input/?i=10*y%3D10%2B4*y%2B2*z%2B3*t%2C10*z%3D10%2B2*y%2B5*z%2Bt%2C10*t%3D10%2B3*y%2B4*z

a) All states of this chain have period 2.

b) The chain is irreducible and it has a finite state space, hence it
is positive recurrent from Theorem 6.13. By Proposition 6.16, all
states have period 2 hence the chain is not aperiodic, and for this
reason Theorem 7.2 and Theorem 7.8 cannot be used and the chain
actually has no limiting distribution. Nevertheless, Theorem 7.10
applies and shows that the equation m = wP characterizes the sta-
tionary distribution. This equation reads

1 1
T = Z‘frl + 5773
1 1
T = 571'0 + 3772
1
T = Z‘n'] + 571'3
1
T3 = 5Mo + 372

hence
™ = T, 71'2:3770/27 7r3:37r0/27

see here, under the condition
mo + M+ T2+ T3 =1,
which yields the solution
Ty =2¢, m =2c¢ wo=3c, m3=3c,
and ¢ = 1/10, i.e
Ty = 20%, m™ = 20% T = 30%}7 T3 = 30%

Exercise 7.11 We choose to model the problem on the state space
{1,2,3,4}, meaning that the replacement of a component is imme-
diate upon failure. Let X,, denote the remaining active time of the
component at time n. Given that at time n there remains X,, = k > 2
units of time until failure, we know with certainty that at the next

time step n + 1 there will remain X,,11 = k—1 > 1 units of time until
failure. Hence at any time n > 1 we have

X,=4 = Xp1=3 = Xnj2=2 = Xp3=1,

whereas when X,, = 1 the component will become inactive at the next
time step and will be immediately replaced by a new component of
random lifetime T € {1,2,3,4}. Hence we have
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IP)(XnJrl =k ‘ Xy = 1) = P(T = k)7 k=1,2,3,4,

and the process (X, )nen is a Markov chain on S = {1,2, 3,4}, with
transition matrix

PY=1) P(Y=2) P(Y =3) P(Y =4) 0.1 0.2 0.3 04
p_ 1 0 0 0 |1 0 0 O
- 0 1 0 0 “l0 1 0 0
0 0 1 0 0 0 1 0
‘We now look for the limit
lim P(X,, =1).

n—00

Since the chain is irreducible, aperiodic (all states are checked to have
period one) and its state space is finite, we know by Theorem 7.8 that

m = lim P(X, =1),

n—00

where m = (w1, T2, 73, m4) is the stationary distribution 7 uniquely
determined from the equation m = 7P, as follows:

1 = 0.1m + 7o
o = 0.2 + 73
73 = 0.3m + My
7y = 0.47y.
hence
o = 0.97q, w3 = 0.771, 74 = 0.47q,

under the condition

7T1+7T2+7T3+7T4:1,

7 + 097 + 0.7 + 0.4m = 1,
which yields
1 I
= 87300 "M 300

This result can be confirmed by computing the limit of matrix pow-
ers (P")nen as n tends to infinity using the following Matlab/Octave
commands:
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P =[0.1,0.2,0.3,0.4;
1,0,0,0;

0,1,0,0;

0,0,1,0;]
mpower(P,1000)

showing that

0.33333 0.30000 0.23333 0.13333
lim P — 0.33333 0.30000 0.23333 0.13333
n—oco 0.33333 0.30000 0.23333 0.13333
0.33333 0.30000 0.23333 0.13333

Exercise 7.12 The graph of the chain is as follows:

0.4
We note that the chain is reducible, and that its state space S can be

partitioned into 4 communicating classes:

S={A4,B}u{C}U{D} U{E},

where A, B are recurrent, E is absorbing, and C, D are transient.

Starting from state @, one can only return to @ or end up in one

of the absorbing classes {A, B} or {E}. Let us denote by

T{A,B} = inf{n >0: X, € {A, B}}

the hitting time of {A, B}. We start by computing P(T4,5; < oo |
Xo = C). By first step analysis, we find that this probability satisfies

]P)(T{A’B} < o0 | Xo= C) = 0.2+0.4><]P(T{A73} < o0 ‘ Xo= C)+0.4><07

hence
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1
]P)(T{AyB} <OO‘X0:C):f

37
which can also be recovered using a geometric series as
0.2 1
_ _ n o__ _ =
P(Tapy < 0| Xo=C) =02 (04)" = o1~ 3

n>0
On the other hand, {A, B} is a closed two-state chain with transition
matrix
l-a a | (06 04
b 1-b| (03 07|’
hence, starting from any state within {4, B}, the long run probability
of being in A is given by

lim P(X, = A| X, € {A,B})
n—oo

:nlggcp(x,,,:A\XO:A)]P&fgi{T%D
+ lim P(X, = A| X =3)%
_L< P(Xo=4)  P(Xo=B) )
T a+b \P(Xo€{A, B}) | P(X, € {4, B}
03 3
T 03404 T

Since
{Xn:A}C{T{A‘B}Sn}C{T{A.B}<OO}, n >0,
we conclude that
a:= lim P(X,=A|X,=0C)
n—oo
= lim ]P‘(T{A_B} <ooand X, =A| Xy = C)
n—0o0 .
= 7Lh~>rr:§o P(T{A,B} < oo and X"‘FT{A.B} =A ‘ Xo = C)
= P(T(a,p <0 | Xo=0C) Jim P(Xni1yam = A | Tiapy < oo and Xo = C)

= IP(T{A,B} < o0 ‘ Xo = C)
x lim P(X”'+T{A,B} = A|Ta,py <o, Xriap € {A, B}, Xo = C)

n—00
= P(T{Ayg} < o0 ‘ X():C) lil}l ]P(Xn =A | Xo € {AB})
1 3
= — X —
37
_ !
=7
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where we used the strong Markov property, cf. Exercise 5.8.

The value « of this probability could also be obtained in a faster way
by the following more intuitive first step analysis:
0.3
=04 x 0.2 x —,
“ ot 0.7
which recovers o = 1/7, although this way of reasoning is a bit too
fast to be truly recommended.

On the other hand, the numerical computation of the 20th power
of P shows that

0.4285 0.5714 0 0 0
0.4285 0.5714 0 0 0
P29 = [0.1428 0.1904 1.099510~8 0 0.6666 | ,
0.2500 0.3333 1.099510~% 1.048510~* 0.4166
0 0 0 0 1

which recovers

1
lim P(X, = A| Xo=0) = = = 0.142857

n—00

up to 6 decimals, and one can reasonably conjecture that the limiting
distribution of the chain is given by

3/7 4/T 0 0 0

3/7 4/T 0 0 0
lim P"=|1/7 4/21 0 0 2/3 |, (S.47)
e 1/4 1/3 0 0 5/12

0 0 00 1

which could also be recovered term by term using the above method.
From this matrix one also sees clearly that C and D are transient states
since they correspond to vanishing columns in the above matrix. From
(S.47) we also note that lim,,_, P(X,, =i | Xo = j) is dependent on
the initial state @, due to the fact that the chain is not irreducible
and Theorems 7.2 and 7.8 cannot be applied except if the initial state
belongs to the communicating class {A, B}, for which (3/7,4/7) is a
limiting distribution independent of the initial state. We also check
that every limiting distribution in (S.47) is a stationary distribution
solution of m = 7P, cf. Proposition 7.7.

Exercise 7.13
a) The chain has the following graph:
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b)
¢)

d)

22 1/2 1/7

13 1/2

__®

1 1

The communicating classes are {0, 1}, {2}, {3}, and {4}.

States (3) and (4) are transient, states (0) and (1) are recurrent, and
state @ is absorbing (hence it is recurrent).

By (4.5.7) we have

lim B(X, =0 Xo=4) = lim P(X, =0| Xo=0) 1/2

cf. also the Table 8.1.

Exercise 7.14

a)

=

o
-~

2

The transition matrix P of the chain on the state space S = (C,T)

is given by
4/5 1/5
3/4 1/4|°

The stationary distribution 7 = (7¢, mp) is solution of # = 7P, i.e.

4 3

TC = gﬂ'c + ZWT
1

T = 571'(7 + Zﬂ'T

under the condition 7o + 7y = 1, which yields 7¢ = 15/19 and
mr = 4/19.
In the long run, applying the Ergodic Theorem 7.12 we find that 4
out of 19 vehicles are trucks.
Let pr(C) and pr(T) denote the mean return times to state @
starting from @ and @, respectively. By first step analysis, we
have 4

pr(C) =1+ £ur(C)

3
pr(T) =1+ pr(C)
which has for solution pr(C) = 5 and pp(T") = 19/4. Consequently,
it takes on average 19/4 = 4.75 vehicles after a truck until the
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next truck is seen under the bridge, and we check that the relation
7p = 1/pr(T) holds.

Exercise 7.15

a) We note that, due to the symmetry of P, the vector
w = [m1,mo,...,7n] = [1/N,...,1/N]

is an invariant probability distribution for the chain, since we can
check the balance condition

N
[P]; = ZERJ
i=1

Pji

“-

Il
-

i

=7, j=1,2,...,N.

zl= ==

b) When N = 2 the chain can only have the transition matrix

0 1
P =
10
which clearly has period 2. When N > 3 the chain is aperiodic
because it is irreducible and one can travel from (0) to (0) in 2
steps via the path (0) — () — (0), and in 3 steps via the path

©-0-0-0
Exercise 7.16 (Problem 5.22-(d) continued).

a) The chain is reducible and its communicating classes are {0,1,2, 3,4}
and {5}.

b) The limiting distribution is (0,0, 0,0, 0, 1) independently of the ini-
tial state because the states {0,1,2,3,4} are transient (cf. Propo-
sition 7.4) and state (5) is absorbing. This means that

lim P" =

n—00

[e=len B e an B e e}
(el e Jen i en Bl en Bl en}
OO OO oo
[e=) en B e an e i e}
[evli e Jen i en Bl en Bl an}
— ===

which would be difficult to recover by a direct computation of P™.
For the stationary distribution, the equation © = 7P reads
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Ty = qTo + qm1 + qma
T = Py + p7a

T2 = P
T3 = pmy + pmy
T4 = P73

M5 = T4 + Ts,

pmo = qm1 + qm2
T = Py + Py

T2 = Pm
qm3 = pm2
Ty = P73
g =0,

hence (o, 1,72, 73, 74, 75) = (0,0,0,0,0,1), which coincides with
the limiting distribution.

Note that the relation m; = 1/p;(2) still holds for ¢ = 0,1,2,3,4,5,
although not all of the assumptions of Theorems 7.2, 7.8 and 7.8
(notably the irreducibility condition) are satisfied here.
Exercise 7.17
a) We solve the system of equations
mo = q(mo + 71 + T2 + 73) + T4 = ¢+ pry
T = PTo
Ty =Py = PQTF 0
T3 = pmy = p°7o
Ty = pmy = pmo,
which yields

L=mg+m + 72+ 73+ =7mo(l+p+p? +p° +ph),

and
-~ 1
T = 1+p+p2p+p3+p4
T = 1+p+p22+p3+p4
Mp=— T
1+p+p23+p3+p4
7T3:—p
Lp+p? +p° +pt
7T4:p—¢.
14+p+p?+p3+pt
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b) Since the chain is irreducible and aperiodic with finite state space,
its limiting distribution coincides with its stationary distribution.

Exercise 7.18

a) The transition matrix P is given by

0 1/2 0 1/2
1/3 0 1/31/3
01 0 0
1/21/2 0 0

P =

b) The chain is aperiodic, irreducible, and has finite state space hence
we can apply Theorem 7.8 or Theorem 7.10. The equation 7P = 7

reads
1
0 1/2 0 1/2 1 3R
7P = [ra, 7m0 7] X 1(/)3 (1] 1(/)31(/)3 _ §7TA+1T"C+§7TD
1/21/2 0 0 . 3"
§TFA+§TFB

= [ﬂ-Aaﬂ-B7TrC77TDL

i.e. T4 = mp = 27w¢ and mp = 37w, which, under the condition
TA+ 7 +7mc +7p =1, gives ma = 1/4, g = 3/8, ¢ = 1/8,
D = 1/4

¢) We solve the system

po(A)= 3 + 3 (L4 an(B)) = 1+ Lun(B)

kp(B)= 5 + 3 (14 up(A) + 5 (14 ap(C)) = 1+ Z(kn(4) + up(C))
#p(C) =1+ pp(B)

k(D) = 3 (14 up(A) + 5 (14 un(B)) = 1+ S (un(4) + up(B)),

which has for solution

8 10 13
up(A) = 3 mp(B) = 3 pup(C) = 3 pp(D) = 4.
On average, player D has to wait up(D) = 4 time units before
recovering the token.

This probability is mp = 0.25, and we check that the relation
w(D) =1/7p = 4 is satisfied.

2
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Exercise 7.19 Clearly we may assume that ¢ < 1, as the case ¢ = 1
corresponds to the identity matrix, or to constant a chain. On the
other hand, we cannot directly apply Theorem 7.8 since the chain is
reducible. The chain has the following graph:

a) By observation of

1 0
P? = 0 1 0
a(l+¢) b(l+ec)
and
1 0 0
P3= 0 1 0

a(l+c+c?) bl+c+c?)

we infer that P" takes the general form

where a,, b, and ¢, are coefficients to be determined by the follow-
ing induction argument. Writing down the relation P+ = P x pP»
as

1 0 0 10 0 1 0 0
prtl=1 o0 1 0 |=]010[x]|]0 1 0
Ap41 bn+1 Cn+1 a b ¢ an by cp

shows that we have the recurrence relations

_ ., n—1 _ 1—c"
Ani1 = a + cay, ap =a+ac—+---+ac —al_c,
_ . . 1
bpy1 =0+ cby,  which yield by =b+bet - +be L =b : c 7
—c
Cn+1 = € X Cn,
Cnt1 =",
hence
1 0 0
0 1 0
P" = ,
al—c" bl—c” o
1-c 1-c¢
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b)

From the structure of P™ it follows that the chain admits a limiting
distribution
1

lim P" =
n—oo

2O

0 0
1 0
b

1—c¢c 1—00

which is dependent of the initial state, provided that ¢ < 1. The
limiting probabilities

a
1-¢’

lim P(X, = 0| Xo=2) =
n—ro0

resp.
. b
nlLr%oP(Xn =1|Xp=2)= Fp

correspond to the probability of moving to state @, resp. the prob-
ability of moving to state @, given one does not return to state

In addition we have P(T3 = oo | Xo = 2) = a+ b > 0, hence state
(2) is transient and the chain is not recurrent.

By solving the equation m = 7P we find that the chain admits an
infinity of stationary distributions of the form (g, 71,0) with mo +
71 = 1 when ¢ < 1. We also note that here, all limiting distributions
obtained in Question (b) are also stationary distributions on every
row. Here again, Theorem 7.8 does not apply for the same reasons
as in Question (b), and the limiting and stationary distributions
may differ.

Exercise 7.20

a)

The process (X,,)n>0 is a two-state Markov chain on {0,1} with
transition matrix

a B

P q

and o = 1 — 3. The entries on the second line are easily obtained.
Concerning the first line we note that P(N = 1) = 3 is the proba-
bility of switching from 0 to 1 in one time step, while the equality
P(N > 2) =1 — 3 shows that the probability of remaining at 0 for
one time step is 1 — .

This probability is given from the stationary distribution (7, 71)
as m —

p+8

Exercise 7.21

a) Since the chain is irreducible and aperiodic with finite state space it
admits a unique stationary distribution = = (7,72, ..., 7n) with
140 O
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=

;o i=12..,N,

by Corollary 7.9. Since m = (my,72,...,7n) is a probability dis-
tribution we have m 4+ m2 + --- + mn = 1 hence there exists
i€ {1,2,...,N} with m; = 1/p;(i) > 1/N, d.e. p;(i) < N, oth-
erwise the sum 7 + 7o + - -+ + mn would be lower than one.
Similarly, the condition 71 +mo+- - -+ = 1 shows that there must
exist 4 € {1,2,...,N} with m; = 1/p;(2) < 1/N, i.e. (i) > N,
otherwise the sum m + m3 + - - - + w5 would be larger than one.

Exercise 7.22

a)

b)
<)

The N x N transition matrix of the chain is

(¢ p O 000
q 0 000
0 g O 000
p_ 0 0 ¢ 0 00
000 . 0poO
000 - -+ qg 00p
000 - - 0 ¢ p]

The chain is irreducible if p € (0,1), and reducible if p = 0 or p = 1.
If p € (0,1) there are no absorbing states and all states are positive
recurrent. If p = 0, state @ is absorbing and all other states are
transient. If p = 1, state N is absorbing and all other states are
transient.

The equation 7 = 7P yields

7r2:]27r1 and WN:EWN—la E=12,...,N—-1,
q q

and
p(mp — 1) = q(Tpy1 — )  k=2,3,...,N -1

We check that 7y, given by

pk—l

qk—l

T = 1, k=1,2,...,N,

satisfies the above conditions. The normalization condition
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N N L1 N-1 k N
P P 1—(p/q)
1= T = M1 =m <7> =T —
Z Z k—1 Pt q lfp/q
shows that

_ k-1
o= AP/ P k=12, N,

T 1-(p/oN ¢V

provided that 0 < p # ¢ < 1. When p = ¢ = 1/2 we find that the
uniform distribution

wk:%, k=1,2,...,N,

is stationary. When p = 0 the stationary distribution is 1yp; =
[1,0,...,0,0], and when p = 1 it is Ty} = [0,0,...,0,1].

The chain has finite state space and when p € (0, 1) it is irreducible
and aperiodic, hence its limiting distribution coincides with its sta-
tionary distribution. It can by easily checked that this coincidence
also occurs here for p = 0 and p = 1, although in those cases the

chain is not irreducible and not aperiodic.

@
~

Exercise 7.23 (Problem 6.9 continued). We note that the chain is
irreducible and has period 2.

a) By Problem 6.9 the chain is positive recurrent if and only a < 1,
hence by Theorem 7.10 it admits a stationary distribution = in this
case. The relation 7 = 7P reads

0 1 0 0
1 ¢
0o -2 0
a+1 a+1
T = [70, 71,2, . .| = [m0, 1, Ta, .. ] X 0 1 0 e
a+1 a+1
hence
st n T2 QT 3
T = , ™ =70+ —— Ty =
T At ! RPN 2T+ Tar1
i.e.
9 9 T3
TN = —F"7"7"—"3, ™ =—), Mo = —...
°7 ala+1) T S
from which we can deduce that
_ k-1
T = moa" (14 ), k>1.
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From the condition Z 7 = 1 we find

k>0

1+«

1= 1 k=l —
7o + 7o ( +o¢)2a ™o+ Moy

k>1
hence

1-— 1-—

T = Oéamd 7 = af ! a, E>1

More generally, from the relation 7 = 7P we can also write

QAT—1 Tk+1

= k> 2,
= a1 T atl =
which can be written as
Tk = qTk—1 + DT, k> 2, (5.48)

where p = 1/(a+ 1) and ¢ = a/(a + 1). We look for a solution of
(S.48) of the form 7, = C(gq/p)* = Ca* as in (2.2.15), k > 1, which
clearly satisfies (S.48) written as

Oéoék—l ak+1 &

= k> 2.
a+1+a+1 @ -

When a < 1 the value of C' can be found from the condition

>

k>0

7To+271'k

k>2

~ alat 1) +Z7T1c

kE>1

1

@ «@
=C C——

a+1+ 11—«
_ 2

T T 1-a2

hence )
1-—a

¢= 2a

and
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b) When a > 1 the series ), m; does not converge so there cannot
be a stationary distribution. In addition, 7y would be negative if
a > 1. When a = 1 we find 7 = 0, & € N, which cannot be a
probability distribution as well (note that from Question (a) the
solution of 7 = 7w P is unique).

¢) From the solution of Problem 6.9, we check that

1 1
IE[TU‘X():O]: =

11—« o

and o1
241 1
B[l | Xo=kl="2 = — <o, k>1
1—a? Tk

as expected from Theorem 7.10.
Exercise 7.24
a) We have

IP(XH = I) = P({Xﬂ = I} n {T < TL}) + P({Xn = I} N {T > n})
=P{Y, =z}n{r <n}) +P{X, =2}n{r >n})
<P(Y, =z)+P(r >n).

b) Similarly to Question (a), we have

PV, =z) =P{Y, =z} Nn{r <n}) +P{Y, =2} n{r >n})
=PH{{X, =z}n{r <n})+P{Y, =z} n{r >n})
<P(X, =z)+P(r >n),

hence
—P(r > n) <P(X, =z) —P(Y, =z) <P(r >n),
which leads to the conclusion.

Problem 7.25
a) We have

P(Yp4+1 =J and Y, =1)

P(Yo1=3|Yn=1)=

- P(Y,41=7)P(Y,, =i and Y41 = j)

B [P(Yn = Z) ]P(YnJrl = J)

 PXn 1 =) P(Xnpn=tiand Xn_n_1 =)

N P(XN n:l) ]P)(Xanfl :.7)
_% (XNen=1| XN_pn- 1—])——z i
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On the other hand, we have

P(Y;H—l = j7 Y, = i'rn s 7YO = ZO)

P(Y;Hrl:jllf'n:inw”yYO:iO): P(Y — 1/():7-0)

_ P(XN-n1 =5, XN n =ins- ., Xn =0)
P(XN—pn =in,..., XN =1p)
=P(Xy_pn-1=jand Xy_p, =ip)
X]P)(Xan+1 =in-1,--, XN =0 | XN—n—1 = J, XN—n = in)
P(XN-nt1 =in-1,..., XN =10)
O P(Xnon1 =) P(Xn_n 1 =jand Xy_, =i,)
P XNy =in) P(XN_pn_1=173)
P(XN-nt1 =in-1,---, XN =%0 | XNon-1=5,XNn = in)
P(XN-nt1 =in-1,---, XN =10 | XN-n = in)
_ P(XN_n1 =)
B P(Xan = in)
P(XN_nt1 =tn-1,.., XN =10 | XN_n_1=1J)
P(XN—pt1 =tn-1s--, XN =0 | Xnon = in)

P(XN_n-1=17) . . T
=———— P XN_n=tn | XNcn_1=7) =
P(Xn_m = i) (Xn in | Xn 1=17) .

]P(XN—n =1 ‘ XN-n-1 :]7)

P .

Jstn

and this shows that

yim s

P(Ynt1 =7 |Yn =tn,..., Yo =1i0) =P(Yos1 =74 | Y, :ln):W_J P;

in

i.e. the time-reversed process (Y;,)n—0,1,...,n has the Markov prop-
erty.

b) We find

P = —'_Pj,,;, (S.49)

miPij =P,

which is the detailed balance condition with respect to the proba-
bility distribution 7 = (7;);es-

¢) We have
mj =Y miPi =Y mPi;=[rP);
d) According to the detailed balance condition (S.49), we have
n—1 n—1 T
Piy ko Proks - Ponts = Proir [ Prokoss = Proks [[ = Proiroe
i=1 i=1
O 145
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n—1

H Pk7+11kn
=1

Tk

n—1
n _
Prois [T Prcike = Pro
ki i=1

Ky

holds for all sequences {k1, k2, ..., kn} of states and n > 2.

e) If the Markov chain satisfies
Pi ks Proo ks *+* Prop—1,jPji = Pij Py ** Praka Prasi
then by summation over the indices ks, k3, . . ., ky—1, using the ma-
trix power relation
PP ij= Y PikPhoks - Pou 1
k2, kno1
we get
[(P" P =Pii Y PikaProks - Pro s
koyoskn—1
=P D> Pika i PrgrsPrs
k2yoskn—1
= P,i[P" ;-
On the other hand, taking the limit as n goes to infinity, Theo-
rem 7.8 shows that
nlijr;c[P"*l]m = lim [P");;=m,  ij€S,
since the limiting and stationary distributions coincide, and we get
mi P = P jm, i,j €S,
which is the detailed balance condition.
f) The detailed balance condition reads
1 % i+1
iPiiq1=m | - — =mi1Pig1i = mip1 s
Til5i41 = T (2 2]\[> Tit14%41, Tit+1 oM
hence
Ti+1 _ 1—i/M _ M —i
o (@+1)/M T i1
which shows that
(M—i+1)(M—-1i+2) (M-1)M M! M
i = - - —7myg=————mg="70| . |,
i (1—1) 2 1 (M — i)l i)’
1=0,1,..., M, where the constant 7y > 0 is given by
146 O
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3
O]

MM
i 1=0
hence my = 2~M and

1 (M
T“:QW< ) i=0,1,..., M.

We have

[7P); = Piy1,imip1 + Piymi + Py imiy

1+l M +1 1 i—1 M +1><1M
T oM oM \i+1 2M \ 2  2M i—1 oM "9\ ¢

_ L+l M! +iM—i+1 M!
ToM oM ()M —i—1)! T 2M  2M (i — )Y(M —i+1)!
1 M!

oM 2N — )

:1<L (M —1)! L (M —1)! >+ 1 <M>

2 \2M (M —i—1)! " 2M (; — 1)!(M —i)! 2M+1\
1 M-1 1 M-1 1 M

:ﬁ< i >+2Mﬁ<z’71>+w<i>

1 (M

_TM<Z)

which is also known as Pascal’s triangle.

The chain is positive recurrent, irreducible and aperiodic, therefore
by Theorem 7.8 it admits a limiting distribution equal to 7.

‘We have

M
lim X, | Xo =1 = lim_ z;) JP(X, =5 | Xo=1)
iz

M M
=203 fim P0G =1 X0 =)= Zom
Jj=0 J=

M M

M 1
~ oM Z < ) oM Z] ]u )
B Z (Mf 1)! ME -1y M
TOM G- DI(M—j) oM = UM —-1—5)! 2’

independently of 1 = 0,1,..., M.

Clearly, the relation

)
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M

M
E[x-§ -3

-3

holds when n =0. Next, assuming that the relation holds at the
rank n > 0, we have

M .
Xn+1*7 ‘ Xo:l]

h7l+l(i) =E
M ) X, = z]

M
=P E |:Xn+1 -3 ‘ X1 =i+ 1} +P,;E |:Xn+1 -5

M
+H,i_11E[Xn+lf?)X1:¢71]
1 M , 1 M )
:(572]M>]E|:Xn+l*?‘X1:2+1:|+§]E|:Xn+17?‘){1:2:|
j M
+ ? E|:Xn+1_7‘X1:i—1:|

oM
1 M A 1 M ,
<§7W>IE{X”77‘XO—LJrl}Jri]E[an?‘XU—z}
i M .
+2A’11E{X,L77‘X0471}
— l L ,‘+1 % 1 i "+1 7 % 1 i "
2 om ) \! 2 M 2" 2 M
(o MY (N (oMY (1 e -
o \! 2 M) "2 M =

foralli=0,1,..., M.
Taking the limit as n goes to infinity, we get

M . . .M 1 "7
[ang‘Xofz}f lim <277>< 7M> =0,

lim E
n—oo n—oo
hence M
g Bl | Xo =11 =5
for all i =0,1,..., M, which recovers the result of Question (i).

Problem 7.26
a) The ranking table is completed as follows:
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b)

2

@

Y [P &

Y AN TA | @

olalo || |lA
Y 1Y TIATA
AN LA T[] o
AT ]

AL T TN TA ]

The state space of the chain (X,,)nen is (a, b, ¢, d, €) and its transi-
tion matrix is

3/5 0 0 1/51/5
0 1 0 0 0
P=|0 1/54/5 0 0
00 0 1 0
0 0 0 1/54/5

The chain (X,,)nen admits the following graph, and is clearly re-
ducible:

4/5
: 1/5
p@ e %\é 3/5
@

5]

Starting from state (@), @ or (©), the limiting distribution is
(0,0,0,1,0), starting from state @ or (©), the limiting distribution
is (0,1,0,0,0), so that although the chain admits limiting distribu-
tions, it does not admit a limiting distribution independent of the
initial state.

More precisely, it can be checked that the power P™ of order n > 1
of the transition matrix P takes the form

(3/5)" 0 0 1—(4/5" an
0 1 0 0 0
Pr=1| 0 1-(4/5" (4/5)" 0 0
0 0 0 1 0
0 0 0 1—(4/5)" (4/5)"

where a,, = (4/5)" — (3/5)" since the sum of probabilities over the
rows of P™ is equal to 1, hence
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00010
01000
lim P = {01000
nee 00010
00010

e) The equation m = 7P reads

T = [Ta, T, Tes Ta, Te)
35 0 0 1/51/5
0 1 0 0 0
x| 0 1/54/5 0 0
0 0 0 1 0
0 0 0 1/54/5
[37a/5, mp + 7o /5,47 /5,70 /5 + Tq + Te /5, Ta /D + 4T /5],

i.e.

[0707 0,0, 0] = [727['0/57 Trc/5y 7770/57 Tra/5 + 7"6/57 7Ta/5 - 71'(1/5] 5

or
e =0
T =0
e = 0.

As a consequence, any probability distribution of the form
T = [a, T, Tey Ta, me] = [0,p,0,1 = p, 0],

with p € [0,1], will be a stationary distribution for the chain with
matrix P. The stationary distribution is not unique here because
the chain is reducible. B

f) All rows in the matrix P clearly add up to 1, so P is a Markov
transition matrix. On the other hand, all states become accessible
from each other so that the new chain is irreducible and all states
have period 1.

¢) Since the chain is irreducible, aperiodic and has a finite state space,
we know by Corollary 7.9 that it admits a unique stationary distri-
bution 7. The equation © = 7P reads

7 =7P
11111
|t
=71 1111|+(1—-e7P
"l11111
11111
150 @)
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h) The equation

E € € € €
—[EEEE¢ 1—
[5’5’5’5’5]+( e)Fp
reads

3/5 0 0 1/51/5
.. 0O 1 0 0 0
[ﬂam,,mmﬂdme]:{5,5,5,575]”175)& 0 1/54/5 0 0
0 0 0 1 0
0 0 0 1/54/5

_ [E cee E]
T 15’5'5°575
+(1 =€) [3ma/5, mp + 7e /5,47 /5, o /5 + Ta + Te /5, Ta /5 + 47 /5],

i.e.

(0,0,0,0,0]
=le+3(1 —¢&)mg — 5ma,e +5(1 —&)mp — 5mp + (1 — &)me, e + 4(1 — &)m. — B,
e+ (1—e)mg +5(1—€)mg —dmqg+ (1 —€)me, e + (1 — &) + 4(1 — &) — 57,

e—(2+3e)m, =0
e—bem+(1—¢e)m.=0
e—m(l+4e)=0

e+ (1—e)mg—bemg+ (1 —e)me =0
e+ (1—e)my — (1 +4e)m. =0,

_ g
K
243
™ 51+ de)
_ €
TS T ae
. 3+2
T 50 1 4e)
e(3+2)
Me = —————.
(1+42)(2 + 3¢)

We also check that
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Tq + Tp + Te + Tg + Te
__& 2+ 3e LI 3+ 2 n £(3 +2¢)
243 5(1+4e) 144 5(1+4e) (1+4e)(2+3¢)
5¢(1 + 4¢) (24 3¢)? 5¢(2 + 3¢)
5(2+3e)(1+4e) | 5(1+4e)(2+3¢)  B(L+4e)(2 + 3¢)
(3+2)(2+3¢) 5e(3 + 2¢)
5(2+3¢)(1+4e)  5(1+44e)(2+ 3¢)
_ 5e(144e) + (2 + 3e)(5 + 10e) + 5¢(3 + 2¢)
B 5(1 + 4e)(2 + 3¢)

=1.

i) We note that
To < Te < Te < Ty < Tg,

hence we will rank the states as

Rank| State
1 d
2 b
3 e
4 c
5 a

based on the idea that the most visited states should rank higher.
In the graph of Figure S.16, the stationary distribution is plotted
as a function of ¢ € [0,1].

T+ T+ T+ g +Tle —@—

= 0.8 Mp 26—
S e

=] e —%—
5 oseq M, ——
K’}

S

=

S o4 <5z

S e

=

&

I~ =

€

Fig. S.16: Stationary distribution as a function of ¢ € [0, 1].

j) By Corollary 7.9, we find
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tala) =3+ g

pe(c) = 4+ %

patd) = 20

tie(e) = %

In the graph of Figure S.17 the mean return times are plotted as
a function of € € [0,1]. A commonly used value in the literature is
e=1/T.

Mean return times

Fig. S.17: Mean return times as functions of ¢ € [0, 1].

‘We note that the ranking of states is clearer for smaller values of €. In
particular € cannot be be chosen too large, for example taking ¢ = 1
makes all mean return times and equal and corresponds to a uniform
stationary distribution. However, the mean return times can be higher
and hence the simulations can take a longer time for small values of e.

Problem 7.27

a) The cardinality of S is 2%.

b) We note that zj(zx—1 + 2k+1)/2 can only take the three possible
values —1,0, +1, and treat all cases separately.

¢) We have

N
P(Zy=z|Zo=2)=1-Y P(Z1 =22 =2)
k=1
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1 1
=1-5 ; ey e €s.
d) The transition probability matrix P of (Z,)nen is given by
77777 + —t— — b= bt A=t
oo w3 0 g3 0 0o o
——+ | p/3 1)2 0 1/6 0 ¢/3 0 0
-+- | p/3 0 (1+¢)/31/6 0 0 1/6 0
p_ —++ 0 1/6 1/6 1/2 0 0 0 1/6
+— | p/3 0 0 0 1/2 ¢/3 1/6 0
+—+ 0 p/3 0 0 p/3 ¢ O p/3
++— 0 0 1/6 0 1/6 0 1/2 1/6
R U 0 1/6 0 q/31/6 (1+p)/3]

The chain is irreducible because starting from any configuration
z = (zr)i<k<n € S we can reach any other configuration 2 =
(2k)1<k<n € S in a finite number of time steps. For this, count the
number of spins in z = (z;)1<k<n that differ from the spins in 2 =
(2k)1<k<n and flip them one by one until we reach 2 = (2;)1<rp<n-

Alternatively, we could also enumerate all possible 2V configura-
tions by flipping one spin at a time, starting from z = (+1,+1,...,+1)
until we reach z = (=1,—1,...,—1). When N = 3 the chain has
the following graph:

(1+p)/3

1/2 1/2

From (7.3.5) we note the property

P(Z1 =7 | Zo = 2) +P(Z1 = 2 | Zo = 7¥)
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1 1
N+ (pfa) G 7e7) N1+ (pfq) G P 2y’
1

=—, k=12,...,N.
N’ [t} )

e) The chain is irreducible by Question (d), and it has a finite state
space of cardinality 2V by Question (a), hence it is positive recur-
rent by Corollary 6.14. In addition it is aperiodic since every state
has a returning loop because

P(Zy = z | Zp = z) > min(p,q) > 0, z€S.

Hence by e.g. Theorem 7.2 it admits a unique stationary distribu-
tion which coincides with its limiting distribution.

f) Under (7.3.7) we have
N
P(Zy=2)=P(Z1=2|Zo=2)m. + Y _P(Z1 =z | Zo = 2)mz
k=1
N
=mP(Z1=z2|Z0=2)+m Y P(Z1 =72 =2)
k=1

N

=, (IP(Z1 =z|Zo=2)+Y P(Z =7" Zo—z)>
k=1

= Tz,

hence (7, ).¢s is a stationary distribution.
¢) By (7.3.5) we have

= Zy=2) 1+ (p/q)” Gir o)/
2| Zo=725) 1+ (p/q)rmrtae)/2
L+ (p/q) = Grortzes)/2

14 (p/q)=rmat2r0)/2
A1 (g ok

pacs
N
[

=
N
I

qzk(zk,1+zk+1)/2 +pzk(zk,1+zk+1)/2
(q/p)zk(Zk—1+Zk+1)/2(pzki(zk—l+zk+1)/2 + qzl«~(zk—1+zk+1)/2)

qZA»(Zk71+Zk+1)/2 + pzké(zk:—l+zk:+l )/2

q zi(Zh—1+2K41)/2
:<7) k=12 N
p

h) For all z € S we have
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k-2 N
mze = Cpexp <ﬁzzl2l+1 — Bzr—12K — B2rzp+1 + B Z ZzZz+1)

1=0 I=k+1

N
= Cﬁ exp <26zk(zk1 + zp+1) + 6 Z zlzl“)
1=0

— er_zﬂzk‘(zk—l+zk+l)

q zi(zZh—1+2K4+1)/2
:<7) 7, k=1,2,...,N,
p

and the inverse temperature 3 is given by

1. p
= Zlog
B 1le
i.e.
. 1
P e

The constant Cp is chosen so that

N
sz =Cy Zexp (ﬂZZzzz+1> =1,
=0

z€S z€S
i.e.
N -1
Cyg = (Z exp (,BZzle_l)) .
z€S =0

The stationary distribution (7 ).es is known as the Boltzmann dis-
tribution.

i) We have
i __ i i Cﬂ | i 1 | i g |
L — Cs 1 pq
L Cpe™*? a/p s
e Cs — 0y Lp_ 1 Pq
T Cy 1 L+dpg | pq
Tt Cs 1 Pq
g Cs 1 Pq
RS i 05843 [ |I7/q I h P’ [
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and from the relation

M AT T AT AT T+ T =1,

we find

1
Csg=——F7""
P T AP e 16

B 1
4 cosh?(26) + 4
-__ra
¢? +p? + 6pq

B 1
6+p/q+q/p

_ e
1+4pg

We note that when p > 1/2 the configuration “+ + +” has the
highest probability p?, while “— 4+ —” has the lowest probability
¢? in the long run, due to the presence of two “opinion leaders”
zp = +1 and z4 = +1 who will not change their minds.

)

We can also compute the probabilities of having more “+” than
in the long run, as

_ p(1+2q)
T F Tt F M T = Fipg
while the probability of having more “-” than “+” is

1+2
M+ T+ T +Ty_ = (]1(_"_74])5)
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0.9 -
0.8 - -
0.7 -
0.6 -
0.5 -
0.4 - -
0.3 -
0.2 -
0.1 - -

Fig. S.18: Probability of a majority of “+” in the long run as a function of
p € [0,1].

Clearly, the end result is influenced by the boundary conditions zy =
z4 = -’rl

For another example, taking zp = —1 and z4 = +1, we have
| ) | [ | ) P
f— Cge?’ p/a Pl -
T4 Cpe?? Vp/a p| —+
Ty Cpe™ % Va/p q| —+-
. Tt Cge?? c Vp/q 1 p| —++
= = | =Cs ==
T Cpe™8 Va/p 4 g+
Th—+ 0567213 V q/p q +—+
Tpge Cpe=2P Va/p q| ++
P y o g ) v/, R Iaans
where
o1 _ym
4/pla+4Va/p 4
The probabilities of having more “+” than “-” in the long run are
1
T T Mgt T g+ Ty = 5
while the probability of having more “-” than “+” is also
1
M+ +T_y_ +Ty = 3
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The study undertaken in Bhattacharya and Mukherjee (2018) shows
that f = 0.853 in the Ising model for a Facebook friendship-network
with N = 333 nodes and 2519 edges, in which spin values refer to
gender, i.e.

p 5= 0.968077467.

Tltes

A similar analysis on the 2012 US presidential election shows that
B =0.96113, i.e. p = 0.979051557.

Chapter 8 - Branching Processes

Exercise 8.1

a) We have

P(Xz > 0) =1 —P(Xz :0)

. 1+3X1+1X1X1
N 5 575 5755
41 84

T 125 125

b) We have
]PJ(XZ = 1) = P(XQ =1 and X1 = 0) +]P(Xz =1and X1 = 1)

+P(Xy =1 and X; =2)
=P(X,=1]X; =0)P(X; =0)

P =1| Xy = 1)P(X; =1)
+P( Xy =1| X1 =2)P(X; =2)
=0><1-&-§><§-&-2><1><§><1
5 5 5 5 5 5
51
=155

We could also compute

P(Xs=2) = P(Xz = 2 and X; = 0) + P(X5 = 2 and X; = 1)
+P(Xy =2 and X; =2)
—P(Xy = 2| X; = 0)P(X; = 0)
FP(Xo = 2| X; = )P(X, = 1)
+P(Xo =2 | Xy =2)P(X; =2)
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and

P(Xy=3) = P(Xz = 3 and X; = 0) + P(X, = 3 and X, = 1)
+P(X; =3 and X; =2)
—P(Xy = 3| X; = 0)P(X; = 0)
FP(X, = 3| X1 = DP(X, = 1)
+P(Xo =3 | X1 =2)P(X; =2)

1 1 3
=2X - X=-X~=
5 5 b
_ 6
C 1257
and
]P(XQ = 4) P(XQ =4 and X1 = 0) +IPJ(X2 =4 and X1 = 1)

+P(Xy =4 and X; = 2)
=P(Xy=4|X; =0)P(X; =0)
+P(Xo =4 X, = 1)P(X; = 1)
+P(Xy =4 X1 =2)P(X; =2)
1 1
=_-X=-X
575
_ b
125

1
5

which recovers

51+26+6+1 84

PX221) = 125 T 125
¢) We have

P(X; =2and Xp =1)
P(X, = 1)

P(X, =2 X,=1) =

_ -~ L P(Xh=2)
_P(X2_1|X1_2)IP’(X2:1)
1 3 1 125 2
=2X XXX ——=—.
5 5 5 51 17

We can also compute
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P(X; =1
PX;=1][Xs=1)=P(Xo=1|X, = 1)Pf 1=

(X2=1)
3 3/5
==X
5 51/125
15
T

which allows us to check that
P(X: =2 Xo = )4+ P(X1 = 1| Xa=1) = = 4+ 39 _1
1= 2= 1= e=)=+E=1h

since P(X; =0| Xy =1) =0.

Exercise 8.2

a) We have

Gﬂ@:EW@:&MY:m+§MY:D:%+%& seR.

b) We prove this statement by induction. Clearly, it holds at the order
1. Next, assuming that (8.3.10) holds at the order n > 1 we get

Gn“(s):Gl(Gn(S)):Gl( : 9)

1— — 4 =
2n + 2n
,1+1 1,i+i 71,L+i
) 2 on on | on+1 on+1’
Additional comments:

(i) We may also directly note that

1
P(X,=1|Xo=1)=PYi=1Y=1....Y,=1)=BY =1)" = __,
hence

1
P(X,=0]Xo=1)=1-P(X,=1|Xo=1)=1- 5,

and
GM@:PQEZOMWZD+£Q%:1L%:lﬁﬂ_%+%_
(ii) It is also possible to write
Gals) = 3+ g bt g+ =
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Lapr 1

1
StoX T Tt

-1
T oon

although this is not recommended here.
(iii) It is wrong (why?) to write

Gn(s) =B [s"7 0] = W/[4Y] /o I [s) ¥ ].

Note that the left-hand side is a well-defined deterministic
number, while the right-hand side is not well-defined as a ran-
dom product.

(iv) For n > 2 we do not have G,,(s) = (G1(s))7.

¢) We have

1
P(Xp=0[Xo=1)=Gn(0) =1~ ..

Additional comments:

(i) We may also directly write

P(X,=0|Xo=1)=1-P(X,=1|Xo=1)
=1-P(Y,Ya=1,...,Y, =1)
=1-(PM=1))"

1

- o

On the other hand, we do not have

P(Xn = 0] Xo = 1) = (B2 F/0))7,

since the events {X,, = 0} and {Y; =0,Y>, =0,...,Y, =0}
are not equivalent, more precisely we only have

{Yl :071/2:0»“'7}/”:0}%{X7L10}7

hence

1 1
g SPXG=0[Xo=1)=1-7. >l

(if) The probability 8, := P(X, = 0| Xo = 1) is not solution of
G, (Br) = B It is easy to check that the equality

G (1-30) =14

does not hold for n > 1.
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(iii) In fact, {X,, = 0} means that extinction occurs at time n, or
has already occurred before time n.

d) We have
1
E[X, | Xo =1] = G,,(s)js=1 = (BW1)" = o
Additional comment:

In this simple setting we could also write

ElX, | Xo=1=0xP(X,=0|Xo=1)+1xP(X, =1| Xy =

=P(X, =1|Xo=1)
1
=5

e) The extinction probability « is solution of Gy () = ¢, i.e.
1
o= By + sa,
with unique solution o = 1.

Additional comment:

Since the sequence of events ({X,, = 0}),>1 is increasing, we
also have

. . 1
o= F{ U =0} ) = lim POG =00 = lim 1- 57 = 1
Exercise 8.3
a) We have G1(s) = 0.2+ 0.5s5 + 0.3s? and
EX:]=E[¢(=G(1)=05+2x03=1.1,

hence
E[Xo] = (G1(1))? = (E[¢])* = (1.1)%,
by Proposition 8.2. On the other hand, we have
Ga(s) = G1(Gr(s))
= G1(0.2 +0.55 + 0.35?)

= 0.2+ 0.5(0.2 + 0.55 + 0.35%) + 0.3(0.2 + 0.55 + 0.35%)?
=0.312 4 0.31s + 0.261s> + 0.09s> + 0.027s*,

with
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Gh(s) = 0.31 4 0.5225 + 0.275% + 0.108s°

and
G5(s) = 0.522 + 0.54s + 0.324s%,

hence
Gh(1) = (Gh(1))? = (1.1)> =121  and  Gj(1) = 1.386,

and
E[X3] = GY(1) + G5(1) = 1.386 + 1.21 = 2.596.

By (1.7.8), this yields
Var[Xs] = 2.596 — (1.21)2.
b) We have
G2(s) = 0.312 4 0.31s + 0.261s + 0.095% + 0.027s*,
hence
P(Xo =0)=0.312, P(Xy=1)=031, P(Xy=2)=0.261,

and
P(Xy =3)=0.09, P(Xy=4)=0.027.
¢) We have
P(X, = 0) = G4(0)
= G2(G2(0))
= 0.312 4 0.31G5(0) + 0.261(G2(0))? 4 0.09(G2(0))? + 0.027(G2(0))*
=0.312 4 0.31 x 0.312 + 0.261 x 0.312% 4 0.09 x 0.3123 + 0.027 x 0.312*
~ (.44314.

d) We have
E[X) = (E[X1))* = (G1(1))'° = (1.1)* = 2.59,

since the mean population size grows by 10% at each time step.
e) The extinction probability « solves the equation

a=G(a)=02+0.5a+0.302,

0.30% — 0.5+ 0.2 = 0.3(a — 1)(a — 2/3) = 0,
hence o = 2/3.
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Exercise 8.4

a) We have
G1(s) =P(Y = 0)+sP(Y = 1)+s*P(Y = 2) = as’+bs+c, seR.

b) Letting X,, denote the number of individuals in the population at
generation n > 0, we have

P(Xy =0 X =1) = G1(G1(0)) = G1(¢) = ac® + bc + c.
This probability can actually be recovered by pathwise analysis, by
noting that in order to reach {X> = 0} we should have either

i) Y7 = 0 with probability ¢, or
ii) Y7 = 1 with probability b and then Y; = 0 with probability ¢,
or
iii) Y7 = 2 with probability a and then Y7 = 0 (two times) with
probability ¢,

which yields
P(Xy=0| Xg=1) = ¢+ bc+ ac®.

We have

o
~

P(Xs=0|Xg=2)=(P(Xa=0] Xo =1))? = (ac® + bc + ¢)?,

as in (8.3.1).
d) The extinction probability a; given that X, = 1 is solution of
Gi(a) = qa, i.e.
ac® +ba+c=a,
or
0=ac®— (a+c)a+c=(a—1)(ax—c)

from the condition @ + b + ¢ = 1. The extinction probability «; is
known to be the smallest solution of G1(a) = a, hence it is a1 = ¢/a
when 0 < ¢ < a. The extinction probability as given that Xy = 2
is Qg = (a1)2.

e) When 0 < a < ¢ we have a3 = 1.

Exercise 8.5

a) We have

Gy (s) =P(Y = 0)+sP(Y = 1)+s*P(Y = 2) = ¢*+2spg+5°p* = (g+ps)?,

b) The extinction probability satisfies the equation o = Gy (), i.e.
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a = ¢’ +2apg+a®p’® = (¢+ap)?,
with solutions @ = 1 and o = ¢2/p?, hence the extinction probabil-
ity is
1 ifp<yq,

2
min (1, q—2> = qz
p e if p > gq.

¢) Since {Z; = 0} C {Z2 = 0}, this probability is

P(Zy=0and Z, > 1) = P (Z2 =0z = 0}6)
= P(Z, = 0) — P(Z, = 0)
= Gy(Gy(0)) — Gy (0)
=2p¢° + ¢*p".

Alternatively, it can be recovered pathwise as
2pg x ¢ +p° x ¢ X ¢ = 2pg® + p*q".

d) When ¢ < p the extinction probability is ¢?/p? starting from Z; =
1, hence when Zj has a Poisson distribution with parameter A > 0
this extinction probability is

P(Th < 00) = ZIP’(TO < ooand Zy =n)
n>0
=P(Zy=n) ZIP’(TO <oo| Zy=n)
n>0
2 n
q
% (5z) p=n
n>0
1/ 2?\"
ey L (i)
=e
] 2
syt \p
— M@®/p-1)
— Ma*=p)/p?

= Ma—p)/p?

whereas when ¢ > p the extinction probability becomes

ZP(ZO:n):&fAZ%:l.

n>0 n>0

Exercise 8.6
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a) When only red cells are generated, their number at time n — 1 is
s"~1, hence the probability that only red cells are generated up to
time n is

1 1 2 1 gn—1 n—1 1 2k
(1) < (3) —k[{,@

n—1

_ (i>2k:o 2

b) Since white cells cannot reproduce, the extinction of the culture
is equivalent to the extinction of the red cells, and this question
can be solved as in the framework of Exercise 8.3. The probability
distribution of the number Y of red cells produced from one red
cell is

1
PY =0)=— IP’(Y:l):§7 ED(Y:Q):Z’
which has the generating function

Gi(s) =P(Y =0) + sP(Y = 1) + s*P(Y = 2)
1 25 2

1 2
7§+§+17§(1+88+38 ),

hence the equation Gy («) = « reads
30 —4a+1=3(a—1)(a—-1/3) =0,

which has o = 1/3 for smallest solution. Consequently, the extinc-
tion probability of the culture is equal to 1/3.

¢) The probability that only red cells are generated from time 0 to
time n is

2 2"t n—1 2k 2" -1
1 1 1 1 1
7 (5) =< (3) *,EO@ -(3)

n > 0. The probability distribution

1 2 1
PY=0)=—, PY=1)=_ PY=2)=_,
(v=0)=g, PY=D=>, Pr=2=g
of the number Y of red cells has the generating function
Gi(s) =P(Y =0)+sP(Y =1)+s°P(Y =2)
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1 s &2 1
=4+ == —(2+6s5+4s?
6+2+3 12(+s+ s?),

hence the equation G;(a) = «a reads 1+ 3a + 202 = 6a, or
20% —3a+1=2(a—1)(a—1/2) =0,

which has o = 1/2 for smallest solution. Consequently, the extinc-
tion probability of the culture is equal to 1/2.

Exercise 8.7 Using the relation®
E[Tg‘X@Zk]SkIE[TQ‘X():lL keN,
we have

E[T) | Xo=1] =Y P(Y1 = k)(1 + E[Ty | Xo = k])

k>0
=Y "P(Mi=k)+ > P(Yy =k E[T | Xo =k
k>0 k>0
=14 P(Y1 =k E[Tp | Xo =k
k>0
<1+E[Ty | Xo=1])_ kP(Y1 = k)

k>0
=1+ E[T | Xo =1]E[Y1],

hence

1
Ty | Xo=1 < ————+ X
]E[U‘ 0 ]_17E[Y'1]<Oo

Exercise 8.8 This is a particular case of Example (iv) on page 245.

a) We have

m@:memw%7fL—

n>1 —ps)*
b) The equation Gi(«) = « reads
e T
(1 =pa)*’

p?a® —2pa® +a—¢* =0,

which is known to admit o = 1 for solution, i.e.

* This inequality follows from the relation E[max(X1,...,X,)] <E[X; + -+
Xn].
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(a=Dp*e” — (1-¢*)a+¢®) = (a=1)(p*a® —p(1 +q)a+q*) = 0,
whose smallest solution

Pt = VP42 -4 2-p— Vip—3p°
2 2

is the extinction probability.

Exercise 8.9

a) We have P(X = k) = (1/2)**, k> 0.
b) The probability generating function of X is given by

Gx(s) = =Y sP(X Z(S/Q)k =5 L -,

k>0 k>0

—-1<s<1.
¢) The probability we are looking for is
1
P(X3=0]| Xo=0) =Gx(Gx(Gx(0)) = —F— =

3
2- 2-1/2 4

2

Since giving birth to a girl is equivalent to having at least one
child, and this happens to every couple with probability 3/4, the
probability we are looking for is equal to

2
3\2 1 1 1-(3/4)? , 37

T4 Ox (D) x o= ox = = 1-(3/4)% = 0o = 0.578125.
4+4X4+<4> 1T 1 134 (/)" =51

It can also be recovered from

37 27s

G(Zs)(S) =Gz(Gz(Gz(s))) = o n o

at s = 0, where Gz is the probability generating function

1 3s
G =4+ —.
2()=3+7
Exercise 8.10
a) We have
Gz, (s) = 177+qszps -1
E>1
-1--4 , %
1-p 1-ps
Q) 169
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1—p—
_l-p-a e
1-p 1—ps

b) We have
/ . q pgs
Zl(s>_71—p8+7(1—p5)27
hence
1—p)+pq q
EZl=G, (1)1, P _al _ .
A P T Ay (P Rl (G

c) The critical value of q is ¢ = (1 — p)2.
d) When ¢ = (1 — p)? we have

17
Gn=p+ G700 i<

The relation is clearly satisfied at the rank & = 1. Next, assuming
that the relation

kp —(kp+p—1)s

Gals) = 1—p+kp—kps

s -1<s<1,

holds at the rank k£ > 1, we have

Gz.i(5) = Gz, (G, ()
_kp—(kp+p—1)Gz(s)
 1—p+kp—kpGz(s)’

kp— (kp+p—1) <p+(11:71;§3>

(1—p)*s

1-p+kp— kp<p+7ps>
_ kp(1—ps) — (kp+p71)( (1—ps) + (1 —p)3s)
~ (L—p+kp)(1 —ps) —kp(p(1 — ps) + (1 — p)2s)
~ kp(l —ps) — (kp+p—1)(p+ (1 —2p)s)
" (1—p+kp)(1—ps)—kp(p+ (1 —2p)s)
_(-p+p-Q0-p((k+2p—1)s
 (A-p)kp+1)— (1 —-p)(k+1)ps

(k+1p—((k+1)p+p—1)s

= s —1<s<1.
1—p+(k+1)p— (k+1)ps s

Exercise 8.11
a) We have
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G(s) = E[s*]
= B [t Xt X

=sE {ﬁsxl}

Z

=sy E|[[s" | N=k|P(N=k)
k>0  Li=1
[k
=sYy EB|[[s"|N=k|P(N=k)
k>0  Li=1
[k
=sy E|[[s*|P(N=k)
k>0  Li=1
k
_SZ<H1E[SXl]> P(N = k)
k>0 \i=
:se_“Z(E[sxl])ku—'
>0 n!
= 5Gu(B[*])
= s5G,(G(s)), -1<s<1,

where (X)r>1 denotes a sequence of independent copies of X, see
also the recursion in Proposition 8.1 and Relation (13) in Haight
and Breuer (1960). This relation can be solved using Lagrange se-
ries, see page 145 of Pélya and Szego (1998), as

1

oo
G(s) = Z s"P(X =n) Z s"eTHT 7Am ,

n=1 n=1

where
)n— 1

P(X = n) = e~ W)

n>1
n!

)

is the Borel distribution, see also Finner et al. (2015).
We have
G'(s) = Gu(G(s)) + sG' ()G, (G(s))

at s = 1, which gives
G'(1)=G.(1)+ GG (1) =1+ pG'(1),

and
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which is finite if p < 1.
Similarly, knowing that G;(1) = 12, the relation

o
~

G"(s) = 2G'(s)G},(G(s)) + sG"(5)G,(G(5)) + 5(G"(5))*G(G(s))
at s =1 gives

G"(1) =2G"(1)G),(1) + G" ()G, (1) + (G'(1)*Gli(1)

24 — p?
= (1 — U)2 +NG//(1)7
hence )
20— p
G"(1) =
M (1T —p)p?
and

VarlX] = G"(1) + G'(1) - (G'(1))”

_2u—u2+ 1 1
I-pp3 1-p (1—p)?
K

(1=p)?*

see § 7.2.2 of Johnson et al. (2005).

Problem 8.12

a) We have
n n n—1 1 [,Ln
- _ k_ R
Bz = Y BN =Y it —n Yt ==, ner
k=1 k=1 k=0
b) We have
_ _ _ E_ _H
EZ]=FE > Xi| =) EX)]=p> n e n €N,
E>1 k>1 k>0
provided that g < 1.
¢) We have
H(s) =E [s7 | Xo = 1]
=Py =0)+ Y E[s7 | Xy = k|P(Y1 = k)
k>1
=P(Yi=0+Y (E[s*| X, =1))"P(vi = k)
k>1
172 Ry
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k
Mi=0+ S (B |2 | x,=1]) BV = k)
> (¢] )
k
=P(Y; =0)+ E s 2% | xy=1]) BV = k)
> (¢] )
P(Yi=0)+ Y (E[s"7 | Xo=1]) P(Y1 = k)
k>1
Y (sE[s? | Xo=1]) P(Y1 = k)
k>0
(sH(s))
d) We have .
= S S)) = ;}7
H(s) = Gi(sH(s)) Tl (5)
hence
psH(s) — H(s) + ¢ =0,
and

He) - LEVI B 1= VT g
2ps 2ps ’
where we have chosen the minus sign since the plus sign leads to
H(0) = 400 whereas we should have H(0) = P(Z = 0) < 1. In
addition we have yu = p/q < 1 hence p < 1/2 < ¢ and the minus
sign gives

1-yT—4 1—lg—
H(1) = pg _ 1-lg—pl _

2p 2p
e) We have

1—(1—2pgs)
lim H(s) = lim —————>=¢=P(Z=0)=P(Y; =0) =
i, H(s) = lim —— ¢=P(Z=0)=P1=0)

Alternatively, L’'Hospital’s rule can be used to compute the limit of
H(s) expressed as a ratio.

f) We have
H(s) = Pq 1—/1—4pgs
psyvI—Adpgs 2ps? ’

my =P 1=V g _1-(g-p
pvV1—4pg 2p p(a—p) 2p

O] 173
October 22, 2026



with u = p/q for p < 1/2, which shows that

E[z]= £
1-—p
and recovers the result of Question (b).
g) We have
z z
E|Yu|=YE Z Us ( Z=n =n)
k=1 n>0
=>E Z Ur| P(Z =n)
n>0
=Y nE[U,|P(Z = n)
n>0
= E[U1] E[Z) = B[]
h) We have

PUy <z, k=1,2,....,2)=> PUx<z, k=1,2,....Z| Z=n)P(Z =

n>0
=) PUx <, k=1,2,...,n)P(Z =n)
n>0
=Y Py <z)x - x P(U, < 2)P(Z =n)
n>0
=Y (P <2))"P(Z =n) =y (F(2))"P(Z =n) = H(F(x)),
n>0 n>0

under the convention that the condition is satisfied by default when
Z =0.

Remark. We could also compute the same probability given that
Z > 1, and this would give

PU, <z, k=1,2,...,.Z|Z>1)

1
=—— SN P, =1,2,....Z2| Z=n)P(Z =
P(Z>1)Z (Ur <z, k=1,2, | Z = n)P(Z = n)

- n>1

1
= WZP(% <z k=1,2,...,n)P(Z =n)

1 _ P(Z=n
=W;P(U1<x)"IP(Z=n ;F( )nu»((z>1;
174 O
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1 1
= W(H(F(ﬁ)) -P(Z=0)= ;(H(F(x)) —q).
i) We have
E iUk S 0] [N
Pt l—p 1-=p q-p
We find

P(Us <z, k=1,2,...,2) = H(F(z))

=H(1l-e")
1= /1 —4pq(l —e®)
B 2p(1 —e~) '

Chapter 9 - Continuous-Time Markov Chains

Exercise 9.1 We model the number of operating machines as a birth
and death process (X;)scr, on the state space {0,1,2,3,4,5}.

A new machine can only be added at the rate A since the repairman
can fix only one machine at a time.

In order to determine the failure rate starting from state k& €
{0,1,2,3,4,5}, let us assume that the number of working machines
at time ¢t is X; = k. It is known that the lifetime 7; of machine
i €{1,2,...,k} is an exponentially distributed random variable with
parameter g > 0. On the other hand, we know that the first machine
to fail will do so at time min(7y, 72, ...,7;), and we have

P(min(r,72,...,7%) > t) =P(r1 > t, 72 > t, ..., 7% > t)
= ]P(ﬁ > t)]P(TQ > t) s P(Tk > t) = (eiw')k = eikw’,
t > 0, hence the time until the first machine failure is exponentially

distributed with parameter kpu, i.e. the birth rate py of (X;)er, is
e =ku, k=1,2,3,4,5.

Consequently, the infinitesimal generator @ of (X¢)er, is given by

- A 0 0 0 0
noo—p—A A 0 0 0
10 2 2p—A A 0 0
@= 0 0 3 —3u—A A 0 |’
0 0 0 4p —4dp—-X A
0 0 0 0 S5u —5u
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with A = 0.5 and p = 0.2. We look for a stationary distribution of the

form
m = (my, M1, T2, T3, T4, T5)

by solving 7@ = 0, i.e.
0= —Amo + pm
0=Amp — (A + p)m1 + 2ums
0=Am — (A +2pu)m2 + 3ums
which gives
0= My — (A4 3p)ms + dumy
0= Amg — (A +4p)my + Sums

0= Amy — Hums,

0= —Amo+ pm

0= —Amy + 2ums

0= —Amo + 3ums

0= —Amg +4pumy

0= —Amy + Sums,

hence
A A A A
T = —TWg, Wy = —T1, T —my, T —3,
1 0, 2 2% 1 3 30 2 4 I 3
i.e.
A A2 A3 A
T = —Tp, Ty = ——=Tg, N3= ——=T Ty = ——
1 " 0 2 e 05 3 30 05 4 e 05
which is a truncated Poisson distribution with
by /\2 /\3 )\4 5
7To+u71'0+ 22 0+3|H3 0+4'N4 o+ o7& 5‘/1«
hence
1
”0:1+A+,\2 N AW
wo 2u? 0 33 Alpt o Blud

o

s =

)

u® 4+ At AZu3 /2 4 N2 30+ A/l + A5 /5!

Finally, since 7y is the probability that all 5 machines are operating,
the fraction of time the repairman is idle in the long run is

)\5

s =

Note that of at most two machines can be under repair, the infinitesi-

mal generator @ of (X;):er, will become
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-2\ 2\ 0 0 0 0
no o= =2 2A\ 0 0 0
10 2/ —2p—2X 2 0 0
Q= 0 0 3u —3p —2X 2\ 0
0 0 0 4p —4dp—-X A

0 0 0 0 5u —5u

Exercise 9.2

a) Since the time 7/ spent between two Poisson arrivals n° k and k+1
is an exponentially distributed random variable with parameter g,
the probability we are looking for is given by

P(rf > t) = P(NF = 0) = e ¢,

where N/ denotes a Poisson process with intensity Ag.
b) This probability is given by

P(NY <3) =P(NY =0) + P(NY =1) + P(NY =2) + P(NV}V = 3)
A3 t2 N e,Awt,\gvtS

o —Awt —Awt —Awt
=e Awte e
+ Aw + 2 6

where N}V denotes a Poisson process with intensity Ay

¢) This probability is given by the ratio P(7%® < 7)) = Ap/(Aw +Ar)
of arrival rates, as follows from the probability computation (1.5.9),
where 7% and 7% are independent exponential random variables
with parameters A\p and Aw, representing the time until the next
“read”, resp. “write” consultation.

Note that the difference Nf* — N}V between the number N of
“read” consultations and the number N}V of “write” consultations
is a birth and death process with state-independent birth and death
rates Ag and Ay.

d) This distribution is given by P(NJt = k | NE+N = n) where N[,
NP are independent Poisson random variables with parameters
Agrt and Ayt respectively. We have

P(NE =k and N + NV =n)
P(NFE+ NV =n)
P(NE=kand N)Y =n—k) P(NE=kPNY =n—k)

P(Nf =k | Nf+ N =n) =

P(NtR+NtVV:n) P(NtR+NtI/V:n)
= et AR g Qi) (e Qw4 )7
k! (n—k)! n!
:<7l>< AR >k( Aw )Tb—ky ot
k) \Ar+Aw Ar + Aw
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cf. (S.10) in the solution of Exercise 1.7.

Exercise 9.3

a)

The number X; of machines operating at time ¢ is a birth and death
process on {0,1,2} with infinitesimal generator

-A A 0
Q=1 p —(A+p) A
0 2 =24

The stationary distribution m = (mg, 71, 72) is solution of 7Q = 0,
i.e.

0= —Amo + pm

0= )\TI'U — ()\ + u)m + 2;1,71’2

0= )\Tl'] — 2”71’2

under the condition mg + 71 + w3 = 1, which yields

242 2\ A2
202 4 20+ A7 202 + 20+ A2 2u2 + 22 + A2

(7,1, m2) = <

i.e. the probability that no machine is operating is 7o = 2/5 when
A=p=1.

The number X; of machines operating at time ¢ is now a birth and
death process on {0, 1}. The time spent in state @ is exponentially
distributed with average 1/A. When the chain is in state @, one
machine is working while the other one may still be under repair,
and the mean time [Ty | X = 1] spent in state (1) before switch-
ing to state @ has to be computed using first step analysis on the
discrete-time embedded chain. We have

E[T, | Xo = 1]

1 1
=P(1\ < 7) X <p +E[Ty | Xo = 1]> +P(1, < 7a) X m

1
=;+P(T)\<T#) X]E[T(]‘X():l]

1 A
—/L+/\+HE[T0|X0—1]7
where, by (9.6.2) and (9.6.3) or (1.5.9), P(1x < 7,) = A/(A+p) is the
probability that an exponential random variable 7y with parameter
A > 0 is smaller than another independent exponential random
variable 7, with parameter 1 > 0. In other words, P(7\ < 7,) is the
probability that the repair of the idle machine finishes before the
working machine fails. This first step analysis argument is similar
to the one used in the solution of Exercise 9.18. This yields
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A+
u?

E[Ty | Xo=1] =

hence the corresponding rate is p2/(A+ ) and the infinitesimal
generator of the chain becomes

—A A -\ A
Q= 1 1 =| @

The stationary distribution = = (7, m) is solution of 7Q) = 0, i.e.

2

1
0=—-Amp+m7
oMy
2
1
— A —
0 o 7r1/\+/t

under the condition my + 7m; = 1, which yields

(70, m1) = 12 A+ A2
O A A R+ A2 )

i.e. the probability that no machine is operating when A = p =1
is mp = 1/3.

Alternatively, this question can be solved by considering a birth and
death process (X;);er, on {0,1,2} with infinitesimal generator

A 0
Q=|pn —(A+p X |,
0 weo =

for which

X =0 <= no machine is working,
X; =1 <= one machine is working and the other is under repair,

Xy =2 <= one machine is working and the other one is waiting.

In this case, 7@ = 0 yields

u? AL A2
(m0, T1,m2) = )

P2+ A A A2 2 4+ A+ A2 p2 4 Ap+ A2

hence

1 1 1
T = —, ™ = =, Ty = —,
0= 3 1= 3 2= 3

when A = p.
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Exercise 9.4

a) The process (X;)icr, is a continuous-time Markov chain due to the
Poisson arrival of customers in the queue. The state space of the
chain (X;)ser, is S = {0, 1,2, 3} since there cannot be more than 3
people in the queue as the cable car departs immediately as soon as
there are more 4 people in the queue. The infinitesimal generator
of the chain is given by

A A 0 0
0 -A XA 0
Q=19 0 —-x A
A0 0 =)\

b) As the chain is irreducible, the limiting distribution = = [mg, 71, 72, 73]
is obtained from the stationary distribution, by solving the equation
7@ = 0, which yields 7 = [mg, 71,72, 73] = [1/4,1/4,1/4,1/4,]

¢) This mean time is the sum

E[r] + E[r1] + E[r2] + E[r3] = %

of the means of four exponential random variables with parameter
A > 0, hence it equals 4/\.

Exercise 9.5 Muni Toke (2015)

a) The process (L)¢cr, is Markov from its construction using Pois-
son processes and the memoryless property of exponential random
times. The matrix of the infinitesimal generator is

—5\ 5\ 0 0 00 -
L4060 —p—0—5) 5\ 0 00 -
0 240 —2u— 60— 5\ 5\ 00 -

0 --

0 0 3u+0 —3u—0—5\ BA

b) Given that the mean number of issued order until time ¢ is A\t and
the mean number of cancelled order until time ¢ is ut, we deduce
the relation put = 0.95X¢, i.e. p1 = 0.95)\.

Exercise 9.6 The size of the crack is viewed as a continuous-time
birth process taking values in {1,2,3,...} with state-dependent rate
Ak = (14k)?, k > 1. Let us denote by 7, the time spent at state k € N
between two increases, which is an exponentially distributed random
variable with parameter A;. The time it takes for the crack length to
grow to infinity is Zm. It is known that Zm < oo almost surely
E>1 E>1
180 O
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if the expectation I& Z 7k | is finite, and in this situation the crack
k>1
grows to infinity within a finite time. We have

Sol=XEnl= L5 - T

E>1 k>1 E>1

By comparison with the integral of the function z — 1/(1 + z)” we
get

ZTk Z (1+k)p

k>1 E>1

*ZL 1 1+z du

k>1

o0 1
< -
<J, T

Sy

! <
= < oo,
p—1 '
provided that p > 1. We conclude that the time for the crack to grow
to infinite length is (almost surely) finite when p > 1. Similarly, we
have

ZTk Z(l_t,_k)p

k>1 E>1
k1

*Zf (1+1)"

k>1

o0 1
> -
2 [

hence the mean time for the crack to grow to infinite length is infinite
when p < 1.

Remark. This problem could also be treated in discrete time, assum-
ing that 75 is the (random) crack length increase at each step. In this
case, the relation
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E ZTk < o0

k>1

for p > 1 shows that growth of the crack length to infinity cannot
occur in this case.

Exercise 9.7

a) This time is the expected value of the third jump time T3, 7.e.
3 .
E[T3] = E[r] + E[r] + E[r] = 3= 30 minutes.

b) This probability is

P(Neo < 3) = P(Neo = 0) + P(Ngo = 1) + P(Ngo = 2)
= e 0N(1 4 60X + (601)%/2)
=256 ~0.062.

Exercise 9.8

a) The number of users checking the website at time ¢ consists in the
number Ny — Ny _min(g,¢) of users who have connected between time
t — min(6,t) and time ¢, hence its average is given by

E[N, — Nt—mm(e,t)] = At — (t —min(0,t))) = Amin(6,t).

b) The event that no user is checking the website at time ¢ can be
written as { Ny — Niax(o,t) = 0}, and its probability is given by

P(Nf _ Nmax(@.t) _ 0) _ ef/\(t—(t—min(g,t))) _ e—/\min(G,t).

Exercise 9.9

a) By the independence of increments of the Poisson process (V¢)ier,
we find

P(Ny, =5 and Ny, = 1)

P(Ny, =5 | Ny, =1) =

P(Ntl = 1)
_ P(N;, — Nyy =4 and Ny, =1) _ P(Ny, — Ny, = 4)P(N;, = 1)
P(N;, = 1) P(N;, =1)
Alts — 1)) zta
=P(Ny, — Ny, =4) = %e A(ts—t1)

b) We expand IV, into the telescoping sum
Nt4 = (Nt4 - Nt:«x) + (Ntz - Ntz) + (Nt'z - Ntl) + (Ntl - NU)
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of independent increments on disjoint time intervals, to obtain

E[Ng, N, (Ng, — Ny, )]

= E[N;, (Ney, — Nig)(Neg — Niy)] + B[Ny, (Nig — Nip ) (Ve — Ny, )]
+ E[N¢, (Nt, — Ny, )(Ney, — Niy)| + E[Ng, Ni, (Ney — Niy))

= E[N, ] E[N;, — Ny, E[Ny, — Ni, ] + E[N,, ] E[(Ny, — Ni,)?]
+ B[Ny, ] E[Ny, — Ny, | E[Ny, — Ny, ] + E[NZ B[Ny, — Ny,

= N3ty (ty — t3)(t3 — ta) + N2ty (t3 — t2) (1 + A(t3 — t2))
A3t (ty — 1) (t3 — to) + A2t (1 4+ Mty ) (ts — o).

¢) We have {T» >t} = {N; <1}, ¢t > 0, hence

1

BN | T2 > ] = B[N, | N 1] = 5=y

E[N:, 1N, <13]s

by (1.6.6). Now, using the independence of increments between
Ny, — N, and Ny, we have

B[N, Lin,, <13] = B[(Ne, — Ney) 1w, <iy] + E[Ny, Ly, <13]
= E[Ny, — N, | E[1n, <1y] + E[Ng, Ly, <1y
= E[Ny, — Ny, JP(Ny, < 1) + E[Ny, 1w, <1y],

hence

E[N, [ T2 > 4] = E[NV, | Ny, < 1] = mEWtJ{N“g]}]

— mm[(m - Niy + N, <1y

= m E[(Ny, = Ney) 1w, <iy] + m E[N;, LN, <1y]
= E[N, — Ny, ] + WE[MI Lin, <iyl

— BN, - N,,| + m (0% P(Nyy = 0) + 1 x P(N,, = 1))
=E[N, — Ny, |+ % = Ata —t1) + %-

Exercise 9.10 The generator of the process is given by

7)\() )\0 0 —2a 2a 0
Q=|m ~-\—m M |=| B8 —-a-8 «
0 H2 —2 0 28 28

Writing the equation 7@) = 0 shows that
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2a «
T = Fﬂ'o and mo = —my,

2f

and the condition
o + T + 7o = 1

o 2
Tl'():(l*‘rB)

B 2 2a3 «@ 2
””:<a+6> D M e MM ”2:<a+ ) ’

which is a binomial distribution with parameter (2, p) = (2, a/(a+8)),
i.e.

shows that

and

2
wo=p%, W= <1>p(1 —p) and m=(1-p)>

Exercise 9.11 This is an extension of Exercise 9.10. The generator of
the process is given by

—Xo Ao 0 - 0 0 0
p1 —Ar—p1r Ao 0 0 0
Q=] : : Lo : :
0 0 0 -+ pN—1 —AN—1—HUN—1 AN-1
0 0 0 --- 0 UN —UN
—aN aN 0 0 0 0
B —a(N-1)-8 a(N—-1)--- 0 0 0
0 0 0 - BN-1) —a-B(N-1) a
0 0 0 0 BN —BN

Writing the equation 7@Q) = 0 shows that we have —aNmy + 71 = 0,
Bk+1)mp41—(a(N—k)+Bk)mp+a(N—(k=1))m,—1 =0, k=1,2,...,N-1,

and ary_1—BNmy = 0, from which we deduce the recurrence relation

aN -k

= ——, k=0,1,...,.N—1
Thtl 3 e 0,1,..., )
and by induction on k =1,2,..., N we find m; = Nmoa/ and

Ca(N-1) [(a\’N(N-1) ~ (a\* N(N - 1)(N - 2)
N D) ’”*<> 1x2 "o ’“‘*<E> Ix2x3

B

0,
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hence

o <u>k N(N - 1)‘-k~,!(N—k+1)7TO

(o) N (o' (N
“\5) W™ \5) \k)™
k=20,1,...,N. The condition

To+m ety =1

NNk NI o\
= —-) —  —(14=
”%%(ﬂ) (N~ R)IH (*5) o
o\ N
m=(1+5)
and we have

—(1+¢ N a\" N!
W< +B> (B) Nl
a k 8 N-k N
:<a+ﬂ> <(1+[3> (N*k)'k" k:()717,,,7]\]'7

hence the stationary distribution 7 is a binomial distribution with
parameter (N,p) = (N, a/(a+ 6)).

shows that

hence

Exercise 9.12 The generator @ of this pure birth process is given by

-11 0 0 0 ---
0-33 00 -

A =] 00 =22 0]
Q=1 Jijen 00 055

hence the forward Kolmogorov equation P’(t) = P(t)Q reads

Py o(t) Poa(t) Pyo(t) Pos(t) -
P10()P11(t) Plz()P1,3(t)'
Py o(t) P51 (t) P3o(t) P s(t)
Py o(t) Py, 1(t) Pé,z(t) P35(t)
o) 185
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Poo(t) Poa(t) Poa(t) Pos(t) --- -11 0 0 0 -
Pro(t) Pra(t) Pra(t) Prs(t) -+ 0-33 0 0 -

= | Poo(t) Poa(t) Poo(t) Pog(t) -+ 5 | 0 0 =22 0 - |
®) ®) 5 -

Pgot Pgl(t)szt Pys(t) - 00 0 -5

which yields

Poo(t) = —Poo(t),

Pi1(t) = Poo(t) — 3P (1),
P o(t) =3P (t) — 2Po2 (1),
Pés(t):m)o (t) = 5Po,3(t).

Poo(t) = Poo(0)e ' =e?, t>0,
and this solution can be easily recovered from
Poot) =P(X; =0|Xo=0)=P(ro > t) =e t>0.

The second equation becomes

Piy(t)=e"—=3Ppa(t), (S.50)
its associated homogeneous equation is P ; (t) = =3Py 1(t), which has
t — Cre3t for homogeneous solution. By substituting the particular
solution ¢ — Cye™t in (S.50), we get

—Che P =e"t —3Che?,
i.e. Cy = 1/2, hence the general solution

Pya(t) = %c" + Cre™,
and from the initial condition Py 1(0) = 0 we get C; = —1/2, i.e.

1 .
Poq(t) = 5(€_t —e™), >0

The remaining equations can be solved similarly by searching for a
suitable particular solution. For

3 _ _
Péa(t) = 5(6 t_ e St) — 2P072(t),
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we find, searching for a particular solution of the form t —s ae™* +
be—St7
3
Pya(t) = 56’3’5(1 —eh)? t>0, (S.51)
see here, and for
Pja(t) =3e73 (1 —¢")? — 5Py 3(t),

we find 1
Pos(t) = Ze*"’t(et —1)3(1 + 3et), t>0, (8.52)

see here. Note that using the backward Kolmogorov equation P'(t) =
QP(t) can lead to more complicated calculations.

Probabilistic approach

The above results may be recovered by a probabilistic approach, with
the change of variable z = x + y, as

Pos(t) =P(X, = 1| Xo = 0)
(to <tand 7o+ 71 >t)

P
P(T() <t<’7’0+7’1)
A

A s M0 e = MY d
071 f{(L,y) : 0<wz<t, z+y>t} ¢ ¢ ey
t oo
= Ao\t jo ft e MTe M) gr s
t oo
= A1 Jo J; e~ o= A)ze=zgp g,

t
=e M) L e~ (Go=M)e gy

— /\O/B)/\l (e—/\lt _ e—)\gt)
1
= i(e*f —e?),  t>0. (S.53)

As for Py o(t) it also reads
Poot) =P(X:=2|Xo=0)=P(ro+7n <tand 7o+ 71 + 72 > 1),
and (S.51) can be recovered via a triple integral. Similarly, (S.52) can
be approached by a quadruple integral, etc.
Exercise 9.13 Noting that the two events
{Th>t, To>t+s}={X; =0, 0< X3y, <1}
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https://www.wolframalpha.com/input/?i=y'(t)=3*exp(-3*t)*(1-exp(t))^2-5*y(t),y(0)=0

coincides for all s,t > 0, we find that

P(Ty >tand Tp > t+s) =P(X; = 0 and X;4, € {0,1} | Xo =0)
=P(Xi4s € {0,1} | X4 =0)P(X;, =0 | Xo =0)
=P(X;€{0,1} | Xo=0)P(X; =0| X0 =0)
=PXs;=0|Xo=0)+P(X; =1|Xo=0))P(X; =0] Xp =0)
= P(],O(t)(P[]’(](S) + P(]ﬁl(S)).

Next, we note that we have

PO,O(t) = 67A0t7 t> 07
and, from Relation (S.53) above,

Ao —Xot —Ait
- o >
Poa(t) SV (e e M), t>0,

hence

P(Ty >t and Ty > t 4 s) = e Mo+ 4 N (07)‘0““) - o’)‘o")‘ls>
A1 — Ao

_ A ef/\g(t‘FS) _ Ao ef/\gtfx\ls.
)\1 — /\0 )\1 - )\O

Then, since
P(Ty >z and Ty > y) = j:o Loo fory ) (u,v)dudo,

by (1.5.4) we get
02
fery ) (@,y) = mp(ﬂ >z and Ty > y)

— 62 /\1 h*)\u?} _ /\O v*)\um*/\l(y*ﬂ“)
Oydz \ M\ — Ao A1 — Ao

_ 7)\0267)‘”7}”(3/7“ _ /\O)\lef)\uzf)\l (yfan)y
dy

provided that y > x > 0. When x > y > 0 we have

Ju ) (z,y) = 0.

The density of (79,71) is given under the change of variable 71 = 7y,
Ty =79+ 71, by

Firor) (8:8) = fery 1) (8,8 +1) = Mo 207Nl 5 ¢ >0,
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which shows that 79, 7 are two independent exponentially distributed
random variables with parameters Ao and A;, respectively.

Exercise 9.14 Let (N¢)¢cr, denote a Poisson process with intensity
A>0.

a)

b)

o
~

This probability is equal to
P(Np =0) =P(ro > T) = 7T,

Let t denote the expected time we are looking for. When the woman
attempts to cross the street, she can do so immediately with prob-
ability P(Np = 0) = P(79 > T'), in which case the waiting time is
0. Otherwise, with probability 1 — P(Ny = 0), she has to wait on
average (using Lemma 1.10 and (1.6.12))

]E[Tg ‘ T0 < T] = ]E[To]].{70<7~}]

1
P(Tg < T)
A T -z
=17 jo ze  “dx
1= (1+ MT)e T
A1 — e T)

for the first car to pass, after which the process is reinitialized and
the average waiting time is again t. Hence by first step analysis in
continuous time we find the equation

tZOXP(NTZO)Jr(E[TO|T0<T]+t)XP(T@ST)
1= (1+AT)e M

=— +t(1—e ) (S.54)

with unknown ¢, and solution

M —1-\T

b= by

Alternatively, we could also rewrite the above equation (S.54) as

L= (1+AT)e T

3 +t(1—e A7),

t = E[0x1 {57 +H(0+t) Liry<r}] =

Denoting by t the mean time until she finishes crossing the street
we have, by first step analysis in continuous time,

t=E [TL{r<r) + (70 + 1) 1137
oo . T s
= ATL e—AbdstO (s + t)e *5ds
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T
=TP(ro > T) + Ajo se™ds + tP(ry < T)

1—e (1 +AT)

— Te AT
e + by

+t(1—e?T),

which yields

Alternatively, we can write

t= TP(’T() > T) + (]E[’T(] ‘ To > T] -‘rt)P(T() > T)
=TP(ro > T) + E [rol{ry>7}] + tP(10 > T)

T
=TP(ro >T)+ A J;) se ds +tP(m < T),

which yields the same result. The same conclusion follows by adding
the extra crossing time 7' to the answer of Question (b).

d) In this case, T' becomes an independent exponentially distributed
random variable with parameter p > 0, hence we can write
e |
e[
o M _ ]
=n), ¢ 3 e Mdu
_H 0 gy, (0 g
=3 Io e du 3 jo e Mdu
_ K 1
RV
1
=
if p> A, witht =+ooif p <A
e) Crossing two lanes at once will require
2ax2T/2 _ |
e
ti(\) = ————
=
units of time on average, whereas making a stop in between will
take on average
e)\T/Z -1
tQ()\) =2X f
with t5(A\) < #1(\) for all A > 0, hence it is better to make a stop
in between two lanes.
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35
No stop
| One stop

05 1 1 1 1 ]
0 0.2 0.4 0.6 0.8 1

Fig. S.19: Comparison between average waiting times with 7' = 1.

Exercise 9.15

a) This is the probability that an exponential random variable with
parameter y is less than T, i.e. P(1g > T') = e #T.

b) Denoting by ¢ = E[W] the mean time until the machine breaks
down we have, by first step analysis in continuous time,

t=E [T]l{T<Tu} + (10 + t)]l{TZTU}]
0o T
=uT fT e Mds+p fo (s +t)e™Hds
T
=TP(ro >T) + Mfo se Mds +tP(1o < T)

1—e#T(1 T
N #

=Te HT +t(1 —e rT),

which yields

Alternatively, we can write
t=TP(ro>T)+ (]E[Tg | 70 >T] th)IP’(TO >T)
=TP(ro > T) + E [rol{ry>71] + tP(19 > T)

T
=TP(ro>T) + 1 fo se~5ds + tP(ry < T),

which yields the same result.
¢) This proportion is
E[W] et
E[W]+1/A " etT — 14 pu/X\
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The state of the machine can be modeled using a two-state Markov
chain with infinitesimal generator

—A A -2 A
Q= 1 _ 1 = |: H H :| )
EW] B[] T R p——ris

and the above proportion can be rewritten using the stationary
distribution

[ﬂ_ ﬂ,]:|: 1/)‘ (eHTfl)/M :|
O A @T =)/ A+ (T = 1)/
_ [ W AerT —1) }

wAerT — 1) p+ AerT —1)
B 1/ E[W]
a []E[W] +1/X E[W] +1//\] ‘

Exercise 9.16

a) The generator @ of (X;):er, is given by

-05 05 0
Q=102 —0.450.25
0 04 —-04

b) Solving for 7@ = 0 we have

—-0.5 0.5 0
7Q = [mo, ™1, m2] x | 0.2 —0.45 0.25
0 04 —04

0.5 x 7o + 0.2 x m T

= 10.5xm—0.45 x m + 0.4 X 73 =[0,0,0],
0.25 x T — 0.4 X ™o

i.e. mg = 0.4 x w1 = 0.64 X w5 under the condition g+ m + 7 = 1,
which gives mo = 16/81, m; = 40/81, mp = 25/81.
¢) In the long run the average is

0 x +1><7r+2><7r—4—0+@—%
o ! 2T TR s
d) We find
90 1000
1 ===
00X =9
e) We have
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—05 05 0
Q=] 02 -07 05 |,
0 04 —04

and solving 7@ = 0 shows that

032 08 1

312212’ ﬁ] = [0.15094, 0.37736, 0.47170] .

[WOJFMD]Z{

Exercise 9.17 Both chains (X (¢))ier and (X2(t))ter have the same
infinitesimal generator
A A
=[]

b=
The infinitesimal generator of Z(t) := X1 (t) + X2(t) is given by
—2X  2) 0
Boo=A—p A,
0 2 —2p
as the birth rate X is doubled when both chains are in state (0), and

the death rate y is also doubled when both chains are in state (1).

Note that the generator of the sum (Z(t))er, of (X1(t))ier, and
(X2(t))ter, is not the sum of the matrix generators of (X1 (t))icr, and
(X2(t))ter, - Recall that by Proposition 9.6, the semi-groups of X1 (t)
and X5 (t) are given by

P(X1(t) = 0] X1(0) =0) P(X1(t) =1]X,1(0) =0)]
|:P(X1(t) =0]X1(0) =1) P(Xy(t) =1| X1(0) = 1) |
| P(X2(t) = 0] X2(0) = 0) P(X5(t) = 1] X2(0) =0)

P(X2(t) = 0] X2(0) = 1) P(X2() =1]X2(0)=1)
H + A e tO+w) A _ A bft(AJru)_
_ Ap A+p A A+p
[ e—tO+n) A + ® e—tO+n)
Adp A+p Adp A+p |

As for the transition semi-group of Z(t), we have

Poo(t) =P(Z(t) =01 Z(0) =0)
=P(X1(t) =0 and X2(t) =0 | X1(0) = 0 and X5(0) = 0)
=P(X1(t) = 0] X1(0) = 0)P(X>(t) = 0 | X2(0) = 0)
= (P(X1(1) =0 X1(0) = 0))*
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A 2
Y R s SO
A A+p

For Py 1(t) we have

Poa(t) =P(Z(t) =1|Z(0) =0)
=P(X:(t) =0 and X5(¢t) =1 | X1(0) = 0 and X2(0) =0)
+P(X1(t) =1 and X5(t) = 0] X1(0) = 0 and X»(0) =0)
=P(Xy(t) =1 X1(0) = 0)P(X>(t) = 0| X2(0) = 0)
FP(X1(t) = 0] X1(0) = 0)P(X2(t) = 1] X»(0) = 0)
=2P(X1(t) = 1] X1(0) = 0)P(X5(t) = 0| X2(0) = 0).
Starting from Z(0) = 1 and ending at Z(t) = 1 we have two pos-
sibilities (0,1) or (1,0) for the terminal condition. As for the initial

condition Z(0) = 1 the two possibilities (0,1) and (1,0) count for one
only since they both give Z(0) = 1. We have

B(Z(t) = 1] Z(0) = 1)
=P(Z(t)=1|{X1(0) =0 and X»(0) =1} U{X;1(0) =1 and X5(0) = 0})

B ({Z(t) =1} N ({X1(0) =0 and X5(0) =1} U{X1(0) =1 and X»(0) =0}))

P({X1(0) =0 and X5(0) = 1} U{X;(0) = 1 and X»(0) = 0})
_ P{Z(t) =1} N {X1(0) = 0 and X,(0) = 1})

P(Z(0) = 1)
L BZ() =1} 0{X0(0) = 1 and X,(0) = 0})
P(Z(0) =1)

P(X;1(0) = 0 and X(0) = 1)
P(Z(0) = 1)
+P(Z(t) = 1] X1(0) = 1 and X,(0) = O)P(Xl(o);( Zl (g?d:)l(;(o) =0
P(X] (0) =0 and Xz(o) = 1)
P(Z(0) = 1)
P(X1(0) =1 and X5(0) = 0)
P(Z(0) = 1)

= B(Z() = 1] X,(0) = 0 and X3(0) = 1)

=P(Z(t) =1 | X1(0) = 0 and X»(0) = 1)

+P(Z(t) = 1| X1(0) = 0 and X5(0) = 1)
= P(Z(t) = 1| X1(0) = 0 and X5(0) = 1).

The above equality

P(Z(t) = 1| X1(0) = 1 and X5(0) = 0) = P(Z(t) = 1| X1(0) = 0 and X,(0) =

is justified by the fact that the transition probabilities of (Z(t)):er,
depend only on Z(0) = X;(0) + X5(0) =0+1=1+0=1.
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Thus, in order to compute P, 1(t) we can choose to assign the value
0 to X1(0) and the value 1 to X»(0) without influencing the final result,
as the other choice would lead to the same probability value. Hence
for Py 1(t) we have

Pra(t) =P(Z(t) =1]|2(0) =1)
=P(X1(t) =0 and X5(t) =1 | X1(0) =0 and X(0) = 1)
+]P)(X1(t) =1and Xg(t) =0 | Xl(O) =0 and XQ(O) = 1)
=P(X1(t) =0 X1(0) = 0)P(Xz(t) = 1| X2(0) =1)
+P(X1(t) = 1] X1(0) = 0)P(X2(t) = 0 | X(0) = 1).
Note that in the above calculation we chose to represent the event
{Z(0) = 1} by {X1(0) = 0 and X2(0) = 1}, however, making the
other choice {X;(0) =1 and X2(0) = 0} would lead to the same result

because X () and X5(t) have same infinitesimal generators.

Concerning Pj o(t) we have

Pro(t) =P(Z(t) =0 Z(0) =1)
=P(X;(t) =0 and X3(t) =0 X1(0) =0 and X»(0) = 1).

On the other hand, we have

Pro(t) = P(Z(t) =21 Z(0) = 1)
=P(X1(t) =1and Xa(t) =1 X1(0) =0 and X5(0) =1)
=P(X1(t) = 1] X:1(0) = 0)P(X5(t) = 1| X5(0) = 1).

We check that

Pio(t) + Pra(t) + Pia(t) = P(X1(t) = 0] X1(0) = 0)P(X2(t) = 0 | X»(0) =1)
+P(X1(t) = 0| X1(0) = 0)P(Xa(t) = 1] X2(0) = 1)
+P(X1(t) = 1] X1(0) = 0)P(X2(t) =0 | X2(0) = 1)
+P(X1(t) = 1| X1(0) = 0)P(Xa(t) = 1] X2(0) = 1)
= (P(X1(t) =1] X1(0) = 0) + P(X1(¢) = 0| X1(0) = 0))
x(P(X2(t) =11 X2(0) =1) + P(X2(t) = 0| X2(0) = 1))
=1.

Note that for Z(t) to be Markov, the processes X (t) and X»(t) should
have same infinitesimal generators. For example, if X;(¢) and X»(¢)
have different transition rates, then starting from Z(¢t) = 1 we need
the information whether X;(t) = 1 or X»(¢) = 1 in order to determine
what will be the next transition rate. However, the knowledge of Z(¢) =
1 is not sufficient for this.
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Altogether, there are 3 x 3 = 9 transition probabilities to compute
since the chain Z(t) has 3 states {0,1,2}, and the remaining compu-
tations are left to the reader.

Exercise 9.18 Starting from state @, the process X; = £, stays at
state @ during an exponentially distributed Poisson interjump time
with parameter A, after which N; increases by one unit. In this case,
&N, = 0 becomes &n,+1 = 1 with probability 1, from the transition
matrix (9.7.4), hence the birth rate of X, from state (0) to state (1) is
A

Then, starting from state @, the process X, stays at @ during
an exponentially distributed time with parameter A. The difference is
that when IV, increases by one unit, {x, = 1 may move to {n,41 =0
with probability 1 — c, or remain at {y,+1 = 1 with probability a.

In fact, due to the Markov property, X; will remain at 1 during an
exponentially distributed time whose expectation may be higher than
1/X when a > 0. We will compute the expectation of this random
time.

a) We have

]E[T6'|X0=1}=a<§+]E[T5'|X0=1})+(1—a)>< <§+0)

1
=5 +aRB[T | Xo=1],
hence

1

]E[TJ|XO:1}:m

(S.55)

and

2—«

1
IE[T(HXO:O]:X+1><]E[T5\XO:1]:m‘

Note that (S.55) can also be recovered from (5.3.3) by letting b =
1 — o and multiplying by the average Poisson interjump time 1/\.
b) We have

2—a«
A b

]E[THXO:I}:%Jr(lfa)]E[T“XO:O}:

since E [T] | Xo = 0] = 1/A.
¢) This continuous-time first step analysis argument is similar to the
one used in the solution of Exercise 9.3. Since
1
A1 —a)’
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it takes an exponential random time with parameter A(1 — «) for
the process (X;)ier, to switch from state (D to state (0). Hence
the death rate is

1

EL %=1 U7

and the infinitesimal generator @ of X, is

-A A _
| . ) _ by by
E[I} [ Xo=1] E[I}|Xo=1] (I-a)d —(1-a)A

Problem 9.19
a) We need to show the following properties.

(i) The process (N} + N2).cr, is a counting process.

Clearly, the jump heights are positive integers and they can
only be equal to one since the probability that N} and N7
jumps simultaneously is 0.

(ii) The process (N} + N?);er, has independent increments.

Letting 0 < t; <ty < -+ < t,, the family

(N + N2 = (N, + N

tn—1 tn—1

Jooos N, + N2 = (N, + N2))

2 2
tn—1 + Nf/n - Nf/n—] ’:

= (v =N LN = NL+NE - N2)

is a family of independent random variables. In order to see

this we note that N} — N} is independent of

1 1 1 1
Ntu—l - Nt,»—z’ te 7Nt2 - Ntl"
and of
2 2 2 2
Nt,LiNt,,,,17"‘7Nt27Nt17

hence it is also independent of

1
wa,q

-N) +N._ -N}

1 tn_27""

L NL =N+ N2 - N2

Similarly it follows that N2, — N2 _is independent of

1

1 1
Ntn—l - Ntn—z

+N2 - N?

n—1 tn_27""

1 1 2 2
- Ny, = Ny, + N, — N,

hence N} + N2 — (N}

tn—1

+ N2 _) is independent of
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_ N}

tn—2

Nl

tn—1

+N2_ —N?

n—1 tn—27"" "

1 1 2 2

Ny, — Ny, + N, — N,
This shows the required mutual independence by induction
onn>1.

(iii) The process (N} + N})icr, has stationary increments.

We note that the distributions of the random variables N} Lh
N_C}Jrh and N,Jrh Ns2+h do not depend on h € R4, hence by
the law of total probability we check that

P(V; +h + Nf2+h (N-;Jrh + N.?Jrh) =n)

= ZP(Nt+h N9+h = k)P(N? t+h N92+h =n—k)
k=0

is independent of h € R

The intensity of N} + N2 is A1 + Ao.
b) (i) The proof of independence of increments is similar to that of
Question (a).
(if) Concerning the stationarity of increments we have
P(Myyn — My =n) = P(Nt1+h - Nt2+h (N2 wn— N, +h) =n)

s B

= [P(N11+h - Nl - (Nf+h - N9+h) =n)

—Z]P( Nip =n+k)P(NZy, — N2y = k)
k>0

which is independent of h € R, since the distributions of

NY, — N}, and N}, — N2, are independent of h € Ry.

¢) For n € N we have

P(M, =n) = P(N} — N} =n)

= Y P(N!=n+kPN?=k)
k>max(0,—n)

n+k y\kin+2k
I VESWY Z Alkl /\2tk+""
k>max(0,—n) (’I’L+ /).
n/2 n+2k
_ <ﬁ> / W Z (VA1 Ag)" 2k
Ag K> ma(0r—n) (n+ k)!k!
)\1 n/2
= </\72> Ci()\1+/\2)tl\n\(2t \% >‘1)\2)7
where (2 2y 2
x/2)"TER
In(.r):Zi. x>0,
! 1’ 7
= El(n + k)!
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2

is the modified Bessel function with parameter n > 0. When n < 0,
by exchanging A\; and Ao we get

P(My =n) = P(—M; = —n)

/\2 —n/2
:(7) e AL (2t /A o)

A n/2
:<7> e~ (90 / X1 Ag),

A2

hence in the general case we have

2

A n/2
P(M, = n) = (/\—1> et 9t/ A ), nez,

which is known as the Skellam distribution.

This also shows that the semigroup P(¢) of the birth and death
process with state-independent birth and death rates A\; and Mg
satisfies

P it)y=P(M, =3 | My=1)
=P(My =7 —1)

A (3—0)/2 Catan)t
= <)\—z> e \MTA2 I‘j,i‘(2t\//\1)\2),

i,jEeZ, t>0.
When A\; = Ay = X\ we find

P(M; = n) = e 21}, (2Xt).
From the bound*

Iiny(y) < Coy™e?,  y>1,

we get
)\1 n/2 [n|
P(M; = n) < Cpe~ M1t (E) (2t Arhg) PV
= Cne*t(\/ N—VA2)? (7;) (2t )\1/\2)‘ ‘7

which tends to 0 as t goes to infinity when A # As.

* See e.g. Theorem 2.1 of Laforgia (1991) for a proof of this inequality.

O
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Hence we have*

Jim P(|M,| < ) = > Jim P(M| = k) =0,  ¢>0.
—c<k<c
(S.56)
Remark. There exists a shorter proof by a probabilistic argument
(not required here), which is displayed below, cf. Bosq and Nguyen
(1996).

Noting that since IE[M;] = t(A; — A2), for ¢ large enough we have,
depending on the sign of A\; — Ag,

¢~ E[M,] < —% E[M,] or —c—E[M]> %IE[Mt],
we get
—e<My<c — M~E[M]< f% E[M,] or M,—E[M,] > %]E[MLL
hence by Chebyshev’s inequality, we have

P(M,| < c) <P (\AL CEM) > %]E[MJ)

Var[M,] 4 AL+ Ao
— (E[M))? t (A —A2)?’

which tends to 0 as ¢ tends to infinity, provided that A1 # As.
A probabilistic proof is also available in case \; = Ag, using the
central limit theorem.

e) When M; > 0, M, represents the number of waiting customers.
When M; < 0, —M; represents the number of waiting drivers.

Relation (S.56) shows that for any fixed ¢ > 0, the probability of
having either more than ¢ waiting customers or more than ¢ waiting
drivers is high in the long run.

Problem 9.20

a) We have
_NA NA 0 e 0 0 0
g o= (N=DA (N=1)A e oo 0 0 0
Q=
0 0 0 e (N=1p —(N=1)p—X X
0 0 [ 0 Np —Np

* Treating the case A1 = A2 is more complicated and not required.
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b) The system of equations follows by writing the matrix multiplica-
tion P’'(t) = P(t)Q term by term.
¢) We apply the result of Question (b) to

BG
k s,t) = Z 5" Py
and use the expression
oG
T ls.t) = Z ns" " P (1)

d) We have

AN (s — 1)Gr(s,t) + (n+ (A — p)s — As? ) t)f

=—(s=DA+mW —k)((s - 1),m*<“">’ + As + u) (—(s — Dae” AFMT 45 +u)N’

(<l t)

k'*lcf(wr,‘,)t

s = DO k(s — Due” O xs )T (s = DaeT AFE 4 x4 ) VT e Ot
+(s —1) ((5 — 1)uei()\+“)r’ + As + u)kN)\(—(s - 1))\97()\+“)r' + As + M)Nik
F(A8% = = s — ) (N = k) (e O 3) (s = e OF0 4 xs 4 u) (=(s=Dre” T 4 xs 4 u)
_(ue—(xﬂm 4 /\)k((s e~ Ot L ag 4 u)kfl (_(5 Z e~ OFmt 4y +u) - ()\S'z (A —p)s — #)
=o.

e) This expression follows from the relation

BGk

IE[Xt ‘ XO = k‘] (8 t)|4 1
and the result of Question (d).
f) We have
. I O Dl N—k
Jim X | Xo = k] = km(lﬁL A)
PYLO ANV -k=1 N
+(N_k)(u+ ) (u+N) _ .
(A+w) A

Problem 9.21 First, we note that in case
flz) = 1y (x), 0<a<b<it,

we have, by direct counting,

Nt Nf,
Zf(Tk) = Z Lja,5)(Tk) = Np —
k=1 k=1
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Hence
Nt

E {Z F(T)
k=1

hence (9.7.6) is proved for f(z) = 144)(z).

Next, we check by linearity that the (9.7.6) extends to a linear
combination of indicator functions of the form

“Na = Ab-0) = A [} Ty(s)ds =\ [ f(s)ds

f(ac):Zak]l[akihak](ac), 0<ag<a; <--<a,<t.

The difficult part is to do the extension from the linear combinations
of indicator functions to “any” integrable function f : [0,¢] — R. This
requires the knowledge of measure theory. For a different proof using
the exponentially distributed jump times of the Poisson process, see
Proposition 2.3.4 in Privault (2009).

Let gn, n > 1, be defined as

Gnltsta,otn) = D Lo craty (F(0) + - + f(ti1))
k=1
+]1{L,L<t}(f(t1) + o+ f(tn))v

with to := 0, so that

min(n,N¢)

ST AT = gu(T1 T, T).

k=1
Then

min(n,N)

E Z f(T) | =Elg(Ty, Ta, ..., T))]

7’\HZI _M"f f]lm ccteny (F(0) 4 -+ fltp—r))dty -~ dty,
“"f _““f f“(f(n S ()t - b
ffm L (t1) + - + F(tao1))dts -~ dbxs

e e e s+t
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n o0 n—k
—e M Z AP JO e’“%dt
j jtk 1 jo F(t1) + -+ fltp1))dty - - dip_y
“"f ”t"f f (ft) + -+ f(ta))dty - dt
”tzkkf ffk fU’ (1) + o+ F(tooy))dty - dty_y

*MZMJ‘ - _"ZL o7 [0 4 St
’”ZVf jtk e [h (1) + -+ fte—1))dty - - dby
A [
k>n " "
) [T ) e ()t
’”ZVf L o F(bmingen))dt -+~ db
=e M Z ﬁ jol e fo(f(tl) +oet f(tmin(k,n)))dtl e dty
k>0
Hence as n goes to infinity,
N¢ min(n,N;)
E > f(Th) _nlggoE[ > f(Tk):|
k=1 k=1
. e Nt t
= Jim e YT [ [ (0) o fminen))dbr -
k>0
k
=e-”§%f:-~f;<ml>+--~+f<tk)>dt1~~dtk
A k—1
)\c’*‘fotf(s)dszgktz i = [ F(s)ds.
k>1
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Chapter 10 - Discrete-Time Martingales

Exercise 10.1 For all k =0,1,...,B and n > 1 we have

P(T()’B =0 | S() = k) < ]P(TO‘B >nB ‘ S() = k)

n—1
<P (ﬂ {Xipp1=1,..., Xppyp = 1}“)

k=0
=(1-p"

from which we obtain P(r9 g = 0o | So = k) = 0 after letting n tend
to infinity when p € [0,1), hence P(795 < 00 | Sp = k) = 1. In case
p =1, we clearly have P(19p < 00 | So = k) =1.

Exercise 10.2
a) We have

n+1

I

]E[]\/InJrl |]:n] =E [

E [
D 2FXG 4 27 B[ X 4]
k=1

M,, n > 0.

2h=1x,, ‘ }‘n}

k=1

2k 1Xk +E [Qan+l | ]:n]

M:

-
Il

1

b) This random time is a hitting time, so it is a stopping time.

¢) The strategy of the gambler is to double the stakes each time he
loses (double down strategy), and to quit the game as soon as his
gains reach $1.

d) The two possible values of M4, are 1 and

kl -2 n
—ZQ —yoy=1l-2 a2l

We have
P(Mypr =1-2")=2"" and P(Musr=1)=1-27", n>1.
e) We have

E[Mpr] = (1= 20)P(Moypr =1 —2") + P(Mppy = 1)
=(1-2m2" 4 (1-27")
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f) The Stopping Time Theorem 10.9 directly states that
E[M,x-] = E[M] =0.

g) We have

1 1 1
P(r < o0) = ZIP’ 22—”:5171/2:1.

n>1 n>1
h) We have E[M;] =1 and lim,_, o E[M5,] = 0.

Exercise 10.3

a) The random time 7 is a stopping time because for every n > 0, the
validity of the event {7 > n} can be decided by studying the path
of the process (Sk)r>0 until time n.

b) The range of possible values of S; is {-1,0,1,2,3,4,...}.

So=0
0 1 2 3 4 5 6 7
T

Fig. S.21: Sample path of the random walk (Sn)n>0-

¢) According to the stopping time theorem, the stopped process
(Snar)n>0 is a martingale, and therefore we have

E[S/] = ]E[ lim Snm.] = lim E[Sya-] = lim E[Sy] = 0.
n—ro0 n—oo n—oo

The exchange between limit and expected value can be justified

from the dominated convergence theorem, see the next question.
d) We have P(S, = —1) = 1/2 and P(S, = k) = 1/2¥+*2 k > 0. In

particular, we have Sn/\T < 14 5,, and the non-negative random

variable 1 4+ S is integrable according to the next question.
e) We have

E[l+8,]=1+> kP(S, =k)
keZ
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hence E[S;] =0
Exercise 10.4 We note that for all n > 1 we have
{r=n}={r>n}\{r>n}={r>n-1}n{r>n}°ecF,,

since {7 >n} € F, and {r >n—1} € F,,_; C F,. In case n = 0, we
have
{r =0} ={r > 0}°e F.

Conversely, assuming that (10.5.1) holds, we have

k=0

{r>n}={r<n}= <U{Tk}> = ﬂ{T:k}Ce]:",
k=0

since

{T:k}e‘FkC]:na k:O,l,..‘,TL.

Exercise 10.5 We consider three examples.

i) Consider the stopped martingale (X,)n>0 := (Mran)n>0 of Ex-
ercise 10.2, for which by Question (e) therein we have IE[X,,] =
E[Mpn] =0, n > 0, hence

lim E[X,] = lim E[Ma,] =0,
n—r0o0 n—oo

while
lim X, = hm Mopy =1,

n—00

s.. Indeed, by (1.2.5), the non-decreasing sequence of events
({X, = 1})n>1 satisfies

P( lim X, =1) = Pl X, =1}

n>1
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= nler;o P(X,=1)
1
= lim <l — —)
n—r0o0 2"
=1.
Note that here the sequence (M), >0 is unbounded, as

1nf M, =—occ and sup|M,|= +occ.
n>0

n>

o
=
Nabd

Consider the random sequence X,, := nl{y<1/n}, 7 > 1, where
U ~ U(0,1] is a uniformly distributed random variable on (0, 1].
More formally, (X,)n>1 can be constructed by e.g. taking 2 =
(0,1) with the probability measure P defined by P([a,b]) = b —
a, 0 < a < b < 1, and defining the random variable X,,(w) =
nl{ocw<i/n}, @ € (0,1), in which case we have sup,,>; |Xn| =
+oo, E[X,] =nx (1/n—0)=1,n>1, and lim,_c Xp(w) =0
for all w € (0,1).

iii) Consider the random sequence X, := nz]l{Un<1/nz}, n > 1, where
(Un)n>1 >~ U(0,1] is a sequence of uniformly distributed random
variables on (0,1]. On the one hand, we have

]E[XTJ = 77,2 IE[]I{UH<1/”2}] = ’I’LQIP(]I{UWV<1/"2}) = 1, n Z 1.

On the other hand, we have

oo

Z]P’(X,L >0) :Z

hence by the Borel-Cantelli Lemma, the probability that X,, > 0
infinitely many times is zero, which yields lim,, _,~, X,, = 0 almost
surely, i.e. with probability one.

Exercise 10.6

a) From the tower property of conditional expectations (1.6.8), we
have:

E[M,11] = E[E[M, 1 | F)] > E[M,], n>0.

b) If (Z,,)n>0 is a stochastic process with independent increments hav-
ing nonnegative expectations, we have
]E[Zn+1 I ]:n] = E[Zn ‘ ]:n] +1E [Zn+1 - Zn ‘ ]:n]
=E[Z, | Fu] + E[Zy+1 — Zy]
> E[Z, | Ful = Zy, n > 0.
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c) We let Ap :=0 and
An+1 = An + IE[ALH—I - M, ‘ ]:n]7 n > 07

which defines a predictable process by induction, as A, 41 is Fp-
measurable, n > 0, and

N, =M, — A,, n > 0. (S.57)
(i) For all n > 0, we have

E[Nnt1 | Fu] = E[Mpi1 — Ans1 | F

=E[M,41 — A, — E[M,41 — M, | F.] | Fn]

= ]E[]Wn-f—l - An | ]:n] - ]E[IE[AJH-H - M, ‘ ]:n] ‘ ]:n]
=E[M,1 — A, | Fn] — E[My41 — M, | F]

= 7]E[An | ]:n] +]E[]\/In | ]:n]

=M, - A,

= N,,

hence (Ny,)n>0 is a martingale with respect to (F,)n>0-
(i) For all n > 0, we have

An+1 - An, = IE[AIW+1 - ]\/In ‘ ]:n]
= E[Mny1 | Fo) — E[M, | F]
= ]E[A[THrl ‘ ]:n] - ]\Jn > 0-,
since (Mp),>0 is a submartingale.
(iii) By induction we have A, +1 = A, +E[My11—M, | Fo],n >0,

which is F,-measurable if A,, is F,,_;-measurable, n > 1.
(iv) This property is obtained by construction in (S.57).

d) For all bounded stopping times o and 7 such that o < 7 a.s., we
have [E[4,] < E[A,], and E[N,] = [E[N,] by (10.3.3), hence

by (10.3.3), since (N,),>0 is a martingale and (A,),>0 is non-
decreasing.

Exercise 10.7
a) We will show more generally that
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=

O(p1x1 4+ pazo + - + puyn) < pro(a1) + p2od(22) + - - + Prd(2s),

(S.58)
r1,...,T, € R, for any sequence of coefficients p1,pa,...,pn > 0
such that p; +pa +- - -+ p, = 1. The inequality (S.58) clearly holds
for n = 1, and for n = 2 it coincides with the convexity property of

P, i.e.

d(p121 + paza) < pré(w1) + pagp(2), z1,%2 € R.
Assuming that (S.58) holds for some n > 1 and taking p1,p2, ..., pnt1 >
0 such that p; +p2+---+pp+1 =1 and 0 < pp41 < 1 and applying
(10.5.2) at the second order, we have

O(pra1 + paza+ -+ + Ppt1@nt1)

P11+ p2x2+ -+ Py

=¢ <(1 = Pn+1) 1 +Pn+1ﬂ7n+1>

— Pn+1
<1 —Pn+1)¢< = f 2 ) + Pnr10(Tni1)

— Pn+1

p1o(x1) + ped(x2) + - - - + prd(z,
< (17Pn+1)< 1$(21) 21( 2; 1$(2n) + Pnr10(Tnt1)
- Pn+1

= p16(21) + p2o(2) + - + Ppt19(Tnt1),

and we conclude by induction.
Taking p; = p1 = - = py = 1/N, we have

E [s (wﬂ <E [M]

since ¢ is convex,

_ ETp(S)] + -+ ET[G(SN)]
N

_ ET[p(E"[Sy [ D] + -+ B [G(E"[Sn | Fn])]
N
< ET[E[(Sn) | Al +-- - + BT [E"[$(Sn) | F]]
= N
_ ET[¢(Sn)] + - + BT [¢(Sn)]
N

because (Sn)n>0 is a martingale,

by Jensen’s inequality,

by the tower property,

=E"[¢(Sn)]-

This is an application of the above bound to the convex payoff
function x — (x — K)*, see Figure S.22 and the ‘R code below for
an illustration.
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nSim=99999;p=0.4;q=1-p;n=7;a=q/p;r=1;european=~0;asian=0;K=1.5
dev.new(width=16,height=7)

for (j in 1:nSim){S<-a”cumsum(2#*rbinom(n,1,p)-1);color="blue"
A<-sum(c(1,8))/(n+1);if (S[n]>=K) {european=european+S[n]-K}

if (A>=K) {asian=asian+A-K};if (S[n]>A) {color="darkred"} else {color="darkgreen"}
plot(seq(0,n),c(1,8), xlab = "Time", xlim=c(0,n), type='o",ylim = c(0,a~(n-2)), lwd = 3,

ylab = "*, col = color,main=paste("Asian Pric format(round(asian,2)),"/",
j,"=",format(round(asian/j,2)),"European Price=",format(round(european,2)),
"/",j,"=",format(round(european/j,2))), xaxs='i',xaxt='n',yaxt='n', yaxs='i', yaxp
= ¢(0,10,10))

text(3,6,paste("A-Payoff=",format(round(max(A-K,0),2))," E-Payoff=",
format(round(max(S[n]-K,0),2))), col=color,cex=2)

axis(1, at=seq(0,n), labels=seq(0,n), las=1)

axis(2, at=c(0,K,A,1,2,3,4,5,6,7,8,9,10), labels=c(0,"K","Average",1,2,3,4,5,6,7,8,9,10),
las=2)

lines(seq(0,n),rep(K,n+1),col = "red"lty = 1, lwd = 4);

lines(seq(0,n),rep(A,n+1),col = "darkgreen",lty = 2, lwd = 4); Sys.sleep(0.1)

if (S]>K || A>K) {readline(prompt = "Pause. Press <Enter> to continue...")}}

Asian
Price= 6.12 / 36 = 0.17 European
Price= 17.46 / 36 = 0.49

A—Payoff= 1.27 ,
E—Payoff= 1.87

3
Average

A

Time

Fig. S.22: Asian option price vs. European option price.

Exercise 10.8

a) We have
E[M,] < E[E[M,. | F]] = E[M,1], n>0.

b) We write

Sp—an =Y (Xx—p)+n(p—a)
k=1
(X1 +Xo+-+ X, —np)+n(p — a)

martingale

* The animation works in Acrobat Reader.
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=S,—np+(p—a)n

as the sum of a martingale (a stochastic process with centered in-
dependent increments) and (p — a)n. As in the Doob-Meyer de-
composition of Exercise 10.6-(c), we conclude that (S,),>o is a
submartingale if and only if p > «. Indeed, we have

E[S, —an | F] =B[X1 + Xo+ -+ X, —np | Fil + (p — a)n
=X1+Xo+ F+Xp—kp+(p—a)n
=X+ Xo4 -+ Xp—ka+n—Fk)(p—a)
> S — ka, k=0,1,...,n,

if and only if p > a.

Exercise 10.9

a) We have
¢(]wk) = ¢ (]E[]Mn | ]:k]) < E[¢(Aln) | ]:k]a k=0,1,....,n
b) We have

O(My) < ¢ (E[M, | Fi]) < E[¢(M,) | Fi, k=0,1,...,n.

Problem 10.10
a) We have

{7 >n}= ﬁ{]uk <z}

k=0

On the other hand, for all k = 0,1,...,n we have {M < 2} € Fj, C
Fn, hence {7, > n} € F, by the stability property of o-algebras
under intersection, cf. (1.1.1).

b) We have
zP( _max My, > gc) = aP(r, < n)
= z]E[]l{rmgn}]
<EB[M:, 1. <n]
= [Mr,anlir, <n}] (S.59)
< E[Mr, an] S.60)
= E[M;,, o]
= E[M]
= E[M,], (s.61)
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where we used the condition M., > 0 from (S.59) to (S.60), hence

< E[M,)] 7

IP’( kimax My, > x) -

=0,1,...,n

x> 0. (S.62)

Remark. The nonnegativity of (My),>¢ is used to reach (S.60), and
the Doob Stopping Time Theorem 10.9 is used to derive (S.61).
When (My),>0 is a submartingale, by the Doob Stopping Time
Theorem 10.9 for submartingales we have

o
~

E[M; rn] < E[M,],

see Exercise 10.6-(d), showing that (S.61) and (S.62) above still
hold in this case.

d) Since x — 22 is a convex function, ((M,,)?),>0 is a submartingale
by Question (a), hence by Question (c) we have

E[(M,)?
IP’( ax M > x) = IP’( max (]\/[k)2 > xz) < M, x> 0.
k=0,1,...,n k=0,1,...,n x
e) Similarly to Question (d), z — z? is a convex function for all p >
1 hence ((M,)P),>0 is a submartingale by Question (a), and by
Question (c) we find
E[(M,)P
IP’( max M > ac) = ]P( max (My)? > 1"') < M, x> 0.
k=0,1,...,n k=0,1,....,n. xP
f) We note that (S,),>0 is a martingale because it has centered and
independent increments, with
E[(S,)% = Var[S,] = n Var[Y;] = no?,
hence by Question (d) we have
E N 2 2
[P’( ma; SkZLL‘)SM:ﬂ, x> 0.
k=0,1,....n 2 2
g) When (M,,),>0 is a (not necessarily nonnegative) submartingale we
can modify the answer to Question (b) using the Doob Stopping
Time Theorem 10.9 for submartingales, see Exercise 10.6-(d), as
follows:
P, g Mo 2 ) = 7Bl o]
<E [Moanlir, <ny]
< E[(Mran)t]
< E[(Mn)"],
212 O
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since ((My)")ken is a submartingale because  — z1 is a non-
decreasing convex function, c¢f. Exercise 10.9-(b), hence

+
IP’( max M > ,L) < M, x > 0.
k=0,1,....,n x

h) We have
xIP’( k:g}la:).{,,,n M, > z) = zP(1, < n)
=z E[l{7, <ny]
<E []\Jﬂ'z/\n]l{ngn}]
S IE[]\JTI/\TJ
< B[My).

i) We have
([ max (M) 2 @) = 2B [Ljmaxyoon, .0 s(0v)20)]

=zE {]l{r:?gn}}

o) {Qﬁ (]\/[r;’,’An) ]l{r,'fén}]
=E[¢(M,.,,)]
< B¢ (M,)),

where the last inequality follows from Exercise 10.6-(d), since both
7¢ An and n are stopping times.

j) Consider for example any nonnegative martingale such as M, =
(p/q)° where S, = X; + -+ + X,, and (Xk)r>1 is a sequence
of independent identically distributed Bernoulli random variables
with p =P(Xy =1)and ¢ =1—p =P(X, = —1), k > 1. Then
Zy = e "M, will be a supermartingale, since

E[Z, | Fi] = ¢ " E[M, | Fi
=e "My
<e FMy
:Zk, k:O,l,A.”n.

Exercise 10.11 We have
7Snh
E(M,)] - E {(Z) }
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We note that by Jensen’s inequality we have
E[(M)"] > (E[M])" =

and IE[(M,,)"] is non-decreasing in n > 0 as ((M,)")n>0 is a submartingale.
By Problem 10.10-(e), for all n > 0 and 7 > 1 we have

E[(M,)"]

_ (pla/p)" +alp/0))"

xr

IP’( {)n?x ]\szx)g

z>0. (S.63)

By (3.3.3), we also check that

E[(My,)'] = E [<g>s]

n 2kr
_ Z 2n q prthgn—k
n+k) \p
k=—n
B 2n m q 2(k—n)r & omok
= k - pq
k=0 p
N 2 o O\ k
2n
= = q =
q 4 p TN 2n
(G) )
p q
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Fig. S.23: Supremum deviation probability with n = 7 and p = 0.4.

Note also that when r = 1 we find

E[M: 1
[P’( ma. ]V[kzz>§g:7, x> 0.
k=0,1,...,n z T

The following ‘R code together with Figures S.23-S.24 provide a nu-
merical confirmation of the upper bound (S.63) when r = 1.

nSim=99999;p=0.4;q=1-p;n=7;a=q/p;r=1;prob=rep(0,2*n+2)

par(mar=c(2,3,2,2));par(mgp=c(1,1,0)); for (i in (-n):(n+1)){for (j in
1:nSim){

M<-a"~cumsum(2*rbinom(n,1,p)-1);color="blue"

if (max(c(1,M))>=a"i) {probln+1+il=probln+1+i]+1;color="darkred"}

if ((1%%10000)==0){

plot(seq(0,n),c(1,M), xlab = "Time", xlim=c(0,n), type='o',ylim =
c(0,a”(n-1)), lwd = 3, ylab = "", col = color,
main="",xaxs='i',yaxs='"i',yaxp = c(0, 11, 11), las =1)

text(3,8,paste("x=",for: (round(a~i,2)),",

", prob[n+1+i," =",format(prob[n+1+il/j,digits=4)),col=color,cex=2
axis(2, at=c(a"1), labels:
lines(seq(0,n),rep(a™i,n+1),col = "black",lty = 2, lwd = 2); text(-0.1,a7i,

paste("x"));Sys.sleep(0.9)}}
prob[n+1+il=prob[n+1+il/nSim};x=a"seq(-n,n+1);

par(mar=c(2,3,2,2));par(mgp=c(1,1,0))
plot(x,prob,type="0",pch=19,lwd=3,col="red",xlab="x",ylim=c(0,1),
ylab="Probability",main="",axes=FALSE,cex.axis=1.5, cex.lab=1.5)
lines(x,(p*a"r4+q*(p/q) 1) "n/x"1,type="0",pch=19,lwd=3,col="blue",main="")
axis(1, pos=0,las =1);axis(2, pos=0,las =1);
legend(4, 1, legend=c("Upper bound", "Monte Carlo estimate"),
col=c("blue","red"), lty=1, lwd=6,cex=2)
for (i in 0:(n+1)){segments(x0=a"i, yO=prob[n+1+il,x1=a"i,
(p*a“r+qg*a~(-r))"n/a"(i*r),col="black")}

D
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8 x=1.5, 45530 /80000 = 0.5691

o kxn w & 0 o ~

T
3 Time

T T T
2 4 5
Q6

Fig. S.24: Martingale supremum as a function of time.”

Chapter 11 - Spatial Poisson Processes

Exercise 11.1 We note that N can be constructed as Ny(w) = w([0,¢]),
and by (11.1.1) we find that given {Ny = k}, the distribution of
(T, Ty, ..., T) is uniform on

{(t1,ta, ..y tg) + 0<ty <o <t < T}

This yields

2 (T v 1 (T, T
]E[Tl\NTZQ]:ﬁIO jowdxdy:ﬁfoydyzg,

and

2 T oy 2 T 2T
B[l | Np =2 = = [y | dedy = = [ vPdy =5

and we check that
E[Ty +1: | N 2| =T 2 (7 d
[+ T, | Np=2] = _Tjo zdz,
which is consistent with the fact that the (unordered) locations of the

two jump times are uniformly distributed on [0, T given that Np = 2,
see also (11.1.1) page 334.

* The animation works in Acrobat Reader.
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On the other hand, by the memoryless property of the standard
Poisson process we have

1
E[T5 | Nr =2 =T + E[T} |NT:0]:T+X.

Exercise 11.2 The probability that there are 10 events within a circle
of radius 3 meters is

6791r)\ (971—)‘)10 _ 67971'/2 (971'/2)10
10!

~ 0.0637.
10!

Exercise 11.3 The probability that more than two living organisms are
in this measured volume is

2
P(N>3)=1-P(N<2)=1—c 0 <1+109+@>

2
=1—¢6 <1+6+%> =1-25¢"9~0.938.

Exercise 11.4 Let X4, resp. Xp, the number of defects found by
the first, resp. second, inspection. We know that X4 and Xp are in-
dependent Poisson random variables with intensities 0.5, hence the
probability that both inspections yield defects is
IP(XA Z 1 and XB Z 1) = ]P(XA Z I)P(XB Z 1)
— (1 - P(X4 = 0))(1 — P(Xg = 0))
=(1-¢%%)2~0.2212.

Exercise 11.5 The number Xy of points in the interval [0, A] has a
binomial distribution with parameter (N, A\/N), i.e.

roen- (V) (2) (02 reen

and we find

. L. ANV N A
J}S;HWXN’C)MLH;((lN) 5 ) ="

i=0

which is the Poisson distribution with parameter A > 0.

Exercise 11.6

a) Based on the area 7r? = 97, this probability is given by
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6797\'/2 (971'/2)10
0

b) This probability is

5 3
—97/2 (97/2) —97/2 (97/2)
e o X e o

¢) This probability is

(9m)®

R

d) Since the location of points are uniformly distributed by (11.1.1),
the probability that a point in the disk D((0,0),1) is located in the
subdisk D((1/2,0),1/2) is given by the ratio m/4/m = 1/4 of their
surfaces. Hence, given that 5 items are found in D((0,0),1), the
number of points located within D((1/2,0),1/2) has a binomial
distribution with parameter (5,1/4), cf. (S.10) in the solution of
Exercise 1.7 and Exercise 9.2-(d), and we find the probability

5\ /1\*/3\? 45
() Q) (2) - 2 =oasrm

Exercise 11.7 (Wang et al. (2012)) By the moment identity Rela-
tion (11.4.1) we have

e—91r

Sn _an P /2 P . /2 p/2 .
E|———| |=n"" (nA)*S2(p, k) =n"P Z(n)\) Sa(p, k)
v k=0 k=0
/2 1+p/2
E— kb _ o —p/2 (NPA) -1
n ’;)(n/\) P =n A1
1+p/2
< L < Cp-,
pA—1/n

where C), > 0 is a finite constant.

Exercise 11.8

a) We have

M'(s) = [ F@)(e )~ Do(da) Bey [exp (s [ Fy)(aN, - dy))]
esf@) _ 1

= SJX \f(ﬁ)\QT(x)U(dﬁ) Epx [eXP (5 JOOO F(y)(dN, — dy))]
< eﬁKK_ L[ 1 @)Po(dn) Bey [exo (s [ Fw)(aN, —dy))]
218 &
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2eSK —1

=«

which shows that
M'(s) < et —1

s) 1= >
M(s) < Nh(s):=a Pa s>0
b) We have
t
log M(t) = log M(0) + | dlog M(s)
t M'(s)
— Jo M(s)
t
< £ s
< [ h(s)ds.
hence

sK71

M(t) < exp <f0’ h(s)ds) = exp <a2 IO' ¢ = ds> . t>o0.

¢) By Markov’s inequality, we have

B (f, FW)@N, —dy) > 2) = Bex (L ) an,—ay)20)]

< e " Epyx [l{f? F(W)(dNy—dy) >z} CXP (t fuoo f (y)dNy)]

< e By [exp (¢ [T fy)aN, )]
< exp <7tm + jt h(s)ds)

Sexp( tz + a? ft e’ - )
=exp( r+ e tK-tK—m),

which also yields

P (J;” 1N, — i) > 2) <ex (-

d) Minimizing the above term in ¢ with ¢t = K ~!log(1+ K=z /a?) shows

K
1+ 25))

that

2

e ([ e, a0 =) <o (£ (22

October 22, 2026
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<exp(—Liog (147K
< exp (g0 log 2
2K —z/2K
- (1+% ‘
«

Exercise 11.9

a) We have
Ga(f) = 7@ Z ik H Fao(der) - o(dry)

=3 ([ ftanyotan)’

exp (fx f(z)o(dx) — U(X))
=exp ([ (/@) = Doldn)) . e LMK p).

b) We have

P(@NA=0)=

1igna=oy)

¢) Letting
C:={(z,r) eRIx Ry : |z|| <7},

we have

P(0eB)=1-P(0 ¢ B)
—1-P(@NC=0)

=1-Ga(1ce)
=1-—exp <— fRanh 1c(x)a(d$)>
=1—exp <7>\ RixR, 1{yeB(o,7-)}dyP(7’)dT>

=1-—exp (*A - p(r) fo 1{yEB(U,r'))dydT)
220
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=1-—exp (7)\vd j]Rd p(r)rddr> .
d) By translation invariance, this probability is given by

P(0 € B) =1—exp (7)\17,1 de p(r)rddr) .

Exercise 11.10
a) This probability is given by

. /2 B a1/
exp <7J[o.1]d o(dy) Jo e dr) = oDV

b) The mean is given by

j[o,ud J)I e "dr = o([0,1])(1 — e~ /?).

Chapter 12 - Reliability Theory

Exercise 12.1
a) We have
Fa(t) =P(r <t) jfﬁ(TdT— I 2Pl dy = — [ T =1-e
t>0.
b) We have
R(t)=P(r>t)=1—Fg(t) =e”
¢) We have
At) = 7% log R(t) = gtP~1, t>0.
d) By (12.3.1), we have
00
Elr] = J R(t)dt

o)

,tﬁdt

H

0
I o/ B g
r

-5°(3)
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1
=I {1+ 7) .
( B
In particular, this yields IE[7] = \/7/2 when = 2.

Exercise 12.2
a) We have

@@:P@<n:ﬂ%uwwaﬂ;%¢ﬁﬁﬂzF”%T:e

t>0.
b) We have
Rt)=P(r>t)=1—Fs(t)=1—e"" ", t>0.
¢) We have
d d -8 ﬁt7ﬁ71
t)=——1logR(t) = ——log(1—e " ") = "5— t>0.
Alt) = =2 log R(t) = = log ( )= g 120

d) By (12.3.1), we have

Hﬂ:ijMﬁ

_j e ) dt
— —Be—t™"
7ﬁf0 1Bt gt
= J:O o Ve

1
=I(1-=).
(-3)
In particular, this yields IE[7] = /7 when = 2.
Exercise 12.3 We have

t
IP’(T>t\]-'t):P<LXudu<L‘]-}>

-t
= exp <7u JO Xudu>
t
= exp <7 fo )\udu> s t>0.
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