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Stochastic Analysis in Discrete and Continuous Settings

Preface

This monograph is an introduction to some aspects of stochastic analysis in
the framework of normal martingales, in both discrete and continuous time.
The text is mostly self-contained, except for Section 5.7 that requires some
background in geometry, and should be accessible to graduate students and
researchers having already received a basic training in probability. Prerequi-
sites are mostly limited to a knowledge of measure theory and probability,
namely o-algebras, expectations, and conditional expectations. A short intro-
duction to stochastic calculus for continuous and jump processes is given in
Chapter 2 using normal martingales, whose predictable quadratic variation is
the Lebesgue measure.

There already exists several books devoted to stochastic analysis for con-
tinuous diffusion processes on Gaussian and Wiener spaces, cf. e.g. [56], [68],
[70], [76], [87], [88], [96], [132], [138], [147], [150], [151]. The particular fea-
ture of this text is to simultaneously consider continuous processes and jump
processes in the unified framework of normal martingales.

These notes have grown from several versions of graduate courses given in
the Master in Imaging and Computation at the University of La Rochelle and
in the Master of Mathematics and Applications at the University of Poitiers,
as well as from lectures presented at the universities of Ankara, Greifswald,
Marne la Vallée, Tunis, and Wuhan, at the invitations of G. Wallet, M. Ar-
naudon, H. Korezlioglu, U. Franz, A. Sulem, H. Ouerdiane, and L.M. Wu,
respectively. The text has also benefited from constructive remarks from sev-
eral colleagues and former students, including D. David, A. Joulin, Y.T. Ma,
C. Pintoux, and A. Réveillac. I thank in particular J.C. Breton for numerous
suggestions and corrections.

Hong Kong, Nicolas Privault
May 2009
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Stochastic Analysis in Discrete and Continuous Settings

Introduction

Stochastic analysis can be viewed as a branch of infinite-dimensional analysis
that stems from a combined use of analytic and probabilistic tools, and is
developed in interaction with stochastic processes. In recent decades it has
turned into a powerful approach to the treatment of numerous theoretical and
applied problems ranging from existence and regularity criteria for probabil-
ity densities and solutions of partial differential equations by the Malliavin
calculus, to functional and deviation inequalities, mathematical finance, and
anticipative extensions of stochastic calculus.

The basic tools of stochastic analysis consist in a gradient and a divergence
operator which are linked by an integration by parts formula. Such gradient
operators can be defined by finite differences or by infinitesimal shifts of the
paths of a given stochastic process. Whenever possible, the divergence opera-
tor is connected to the stochastic integral with respect to that same underlying
process. In this way, deep connections can be established between the alge-
braic and geometric aspects of differentiation and integration by parts on the
one hand, and their probabilistic counterpart on the other hand. Note that the
term “stochastic analysis” is also used with somewhat different significations
especially in engineering or applied probability; here we refer to stochastic
analysis from a functional analytic point of view.

Let us turn to the contents of this monograph. Chapter 1 starts with an
elementary exposition in a discrete setting in which most of the basic tools
of stochastic analysis can be introduced. The simple setting of the discrete
case still captures many important properties of the continuous-time case
and provides a simple model for its understanding. It also yields non triv-
ial results such as concentration and deviation inequalities, and logarithmic
Sobolev inequalities for Bernoulli measures, as well as hedging formulas for
contingent claims in discrete time financial models. In addition, the results
obtained in the discrete case are directly suitable for computer implemen-
tation. We start by introducing discrete time versions of the gradient and
divergence operators, of chaos expansions, and of the predictable represen-
tation property. We write the discrete time structure equation satisfied by
a sequence (X,)nen of independent Bernoulli random variables defined on
the probability space 2 = {—1,1}] we construct the associated discrete
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multiple stochastic integrals and prove the chaos representation property for
discrete time random walks with independent increments. A gradient operator
D acting by finite differences is introduced in connection with the multiple
stochastic integrals, and used to state a Clark predictable representation for-
mula. The divergence operator §, defined as the adjoint of D, turns out to
be an extension of the discrete-time stochastic integral, and is used to ex-
press the generator of the Ornstein-Uhlenbeck process. The properties of the
associated Ornstein-Uhlenbeck process and semi-group are investigated, with
applications to covariance identities and deviation inequalities under Bernoulli
measures. Covariance identities are stated both from the Clark representation
formula and using Ornstein-Uhlenbeck semigroups. Logarithmic Sobolev in-
equalities are also derived in this framework, with additional applications to
deviation inequalities. Finally we prove an It6 type change of variable formula
in discrete time and apply it, along with the Clark formula, to option pricing
and hedging in the Cox-Ross-Rubinstein discrete-time financial model.

In Chapter 2 we turn to the continuous time case and present an ele-
mentary account of continuous time normal martingales. This includes the
construction of associated multiple stochastic integrals I,(f,) of symmetric
deterministic functions f,, of n variables with respect to a normal martin-
gale, and the derivation of structure equations determined by a predictable
process (¢¢)ier, - In case (¢;)ier, is a deterministic function, this family of
martingales includes Brownian motion (when ¢ vanishes identically) and the
compensated Poisson process (when ¢ is a deterministic constant), which will
be considered separately. A basic construction of stochastic integrals and cal-
culus is presented in the framework of normal martingales, with a proof of
the It6 formula. In this chapter, the construction of Brownian motion is done
via a series of Gaussian random variables and its pathwise properties will not
be particularly discussed, as our focus is more on connections with functional
analysis. Similarly, the notions of local martingales and semimartingales are
not within the scope of this introduction.

Chapter 3 contains a presentation of the continuous time gradient and di-
vergence in an abstract setting. We identify some minimal assumptions to
be satisfied by these operators in order to connect them later on to stochas-
tic integration with respect to a given normal martingale. The links between
the Clark formula, the predictable representation property and the relation
between Skorohod and It6 integrals, as well as covariance identities, are dis-
cussed at this level of generality. This general setting gives rise to applications
such as the determination of the predictable representation of random vari-
ables, and a proof of logarithmic Sobolev inequalities for normal martingales.
Generic examples of operators satisfying the hypotheses of Chapter 2 can be
constructed by addition of a process with vanishing adapted projection to the
gradient operator. Concrete examples of such gradient and divergence opera-
tors will be described in the sequel (Chapters 4, 5, 6, and 7), in particular in
the Wiener and Poisson cases.
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Chapter 4 introduces a first example of a pair of gradient and divergence
operators satisfying the hypotheses of Chapter 3, based on the notion of mul-
tiple stochastic integral I,,(fy) of a symmetric function f,, on R’} with respect
to a normal martingale. Here the gradient operator D is defined by lowering
the degree of multiple stochastic integrals (i.e. as an annihilation operator),
while its adjoint ¢ is defined by raising that degree (i.e. as a creation operator).
We give particular attention to the class of normal martingales which can be
used to expand any square-integrable random variable into a series of multiple
stochastic integrals. This property, called the chaos representation property,
is stronger than the predictable representation property and plays a key role
in the representation of functionals as stochastic integrals. Note that here the
words “chaos” and “chaotic” are not taken in the sense of dynamical systems
theory and rather refer to the notion of chaos introduced by N. Wiener [152].
We also present an application to deviation and concentration inequalities in
the case of deterministic structure equations. The family of normal martin-
gales having the chaos representation property, includes Brownian motion and
the compensated Poisson process, which will be dealt with separately cases
in the following sections.

The general results developed in Chapter 3 are detailed in Chapter 5 in
the particular case of Brownian motion on the Wiener space. Here the gradi-
ent operator has the derivation property and the multiple stochastic integrals
can be expressed using Hermite polynomials, cf. Section 5.1. We state the ex-
pression of the Ornstein-Uhlenbeck semi-group and the associated covariance
identities and Gaussian deviation inequalities obtained. A differential calcu-
lus is presented for time changes on Brownian motion, and more generally for
random transformations on the Wiener space, with application to Brownian
motion on Riemannian path space in Section 5.7.

In Chapter 6 we introduce the main tools of stochastic analysis under Pois-
son measures on the space of configurations of a metric space X. We review
the connection between Poisson multiple stochastic integrals and Charlier
polynomials, gradient and divergence operators, and the Ornstein-Uhlenbeck
semi-group. In this setting the annihilation operator defined on multiple Pois-
son stochastic integrals is a difference operator that can be used to formulate
the Clark predictable representation formula. It also turns out that the in-
tegration by parts formula can be used to characterize Poisson measure. We
also derive some deviation and concentration results for random vectors and
infinitely divisible random variables.

In Chapter 7 we study a class of local gradient operators on the Poisson
space that can also be used to characterize the Poisson measure. Unlike the
finite difference gradients considered in Chapter 6, these operators do satisfy
the chain rule of derivation. In the case of the standard Poisson process on the
real line, they provide another instance of an integration by parts setting that
fits into the general framework of Chapter 3. In particular this operator can be
used in a Clark predictable representation formula and it is closely connected
to the stochastic integral with respect to the compensated Poisson process

O (With corrections, May 23, 2025) 3



N. Privault

via its associated divergence operator. The chain rule of derivation, which is
not satisfied by the difference operators considered in Chapter 6, turns out to
be necessary in a number of application such as deviation inequalities, chaos
expansions, or sensitivity analysis.

Chapter 8 is devoted to applications in mathematical finance. We use nor-
mal martingales to extend the classical Black-Scholes theory and to construct
complete market models with jumps. The results of previous chapters are
applied to the pricing and hedging of contingent claims in complete markets
driven by normal martingales. Normal martingales play only a modest role in
the modeling of financial markets. Nevertheless, in addition to Brownian and
Poisson models, they provide examples of complete markets with jumps.

To close this introduction we turn to some informal remarks on the Clark
formula and predictable representation in connection with classical tools of fi-
nite dimensional analysis. This simple example shows how analytic arguments
and stochastic calculus can be used in stochastic analysis. The classical “fun-
damental theorem of calculus” can be written using entire series as

flx) = Z apx”
n=0

=g+ Z noy, fo y"tdy
n=1
= 1)+ [, 'y,
and commonly relies on the identity
n __ |
x —nfo Yy dy, r e Ry. (0.1)

Replacing the monomial ™ with the Hermite polynomial H,(z,t) with pa-
rameter ¢t > 0, we do obtain an analog of (0.1) as

0

%Hn(aj, t) =nH, 1(z,1),

however the argument contained in (0.1) is no longer valid since Ha,(0,t) # 0,
n > 1. The question of whether there exists a simple analog of (0.1) for the
Hermite polynomials can be positively answered using stochastic calculus with
respect to Brownian motion (B;)er, which provides a way to write Hy, (B, t)
as a stochastic integral of nH,,_1 (B, t), i.e.

t
H,(By,t) =n fo H,_1(B,, s)dB,. (0.2)

Consequently H,,(By,t) can be written as an n-fold iterated stochastic integral
with respect to Brownian motion (B;)¢cr, , which is denoted by I,,(1j,¢n)-

4 (With corrections, May 23, 2025) ®)



Stochastic Analysis in Discrete and Continuous Settings

This allows us to write down the following expansion of a function f depending
on the parameter t into a series of Hermite polynomials, as follows:

Bt7 Zﬁn Btv

= 60 + Z n/Bn J: Hn—1(337 S)dB.97
n=1

Bn € Ry, n € N. Using the relation H/ (x,t) = nH,_1(z,t), this series can be
written as

F(But) = Bl (B 0] + [ B {af Byt ’]—"} (0.3)

since, by the martingale property of (0.2), H,_ (Bs,s) coincides with the
conditional expectation E[H, (B, t) | Fs], s < t, where (Fy)icr, is the
filtration generated by (B;)ier, -

It turns out that the above argument can be extended to general functionals
of the Brownian path (B;);cr, to prove that the square integrable function-
als of (By)ier, have the following expansion in series of multiple stochastic
integrals I,,(f,) of symmetric functions f,, € L?(R%):

[FI+ > Tn(fn)
n=1
Fl+Y n fo L1 (fu (4, )1 uzry )dBy.
n=1
Using again stochastic calculus in a way similar to the above argument will
show that this relation can be written under the form
F =E[F] + fo E[D,F | Fi|dB,, (0.4)

where D is a gradient acting on Brownian functionals and (F;)ier, is the
filtration generated by (B;)icr, . Relation (0.4) is a generalization of (0.3)
to arbitrary dimensions which does not require the use of Hermite polynomi-
als, and can be adapted to other processes such as the compensated Poisson
process, and more generally to the larger class of normal martingales.
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Classical Taylor expansions for functions of one or several variables can
also be interpreted in a stochastic analysis framework, in relation to the ex-
plicit determination of chaos expansions of random functionals. Consider for
instance the classical formula

_ 9

n = oxm

(x)\x:O

for the coefficients in the entire series
0 n
T
n=0

In the general setting of normal martingales having the chaos representation
property, one can similarly compute the function f, in the development of

as
fn(tl,...,tn):E[Dtl"'DtnF], a.ce. tl,...,tn€R+, (05)

cf. [73], [142]. This identity holds in particular for Brownian motion and
the compensated Poisson process. However, the probabilistic interpretation
of Dy F' can be difficult to find except in the Wiener and Poisson cases, i.e. in
the case of deterministic structure equations.

Our aim in the next chapters will be in particular to investigate to which
extent these techniques remain valid in the general framework of normal mar-
tingales and other processes with jumps.
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Chapter 1
The Discrete Time Case

In this chapter we introduce the tools of stochastic analysis in the simple
framework of discrete time random walks. Our presentation relies on the use
of finite difference gradient and divergence operators which are defined along
with single and multiple stochastic integrals. The main applications of stochas-
tic analysis to be considered in the following chapters, including functional
inequalities and mathematical finance, are discussed in this elementary set-
ting. Some technical difficulties involving measurability and integrability con-
ditions, that are typical of the continuous-time case, are absent in the discrete
time case.

1.1 Normal Martingales

Consider a sequence (Yj)ren of (not necessarily independent) random vari-
ables on a probability space ({2, F,P), where N = {0,1,2,...} denotes the
set of nonnegative integers. Let (F,),>_1 denote the filtration generated by

(Y%)neN7Le~
f—l = {®7 'Q}v

and
Fn=0p,...,Y,), n > 0.

Recall that a random variable F' is said to be JF,-measurable if it can be
written as a function

F = f,(Yo,...,Yn)

of Yy, ...,Y,, where f, : R"*1 — R is Borel measurable.

Assumption 1.1.1. We make the following assumptions on the sequence
(y%)neNf

a) it is conditionally centered:
E[Y, | Foa] =0, n2>0, (1.1.1)
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b) its conditional quadratic variation satisfies:
E[Y7 | Faci] =1, n>0.

Condition (1.1.1) implies that the process (Yp + -+ + Y, )n>0 is an F,-
martingale, cf. Section 9.4 in the Appendix. More precisely, the sequence
(Y )nen and the process (Yy + - + Y,,),>0 can be viewed respectively as a
(correlated) noise and as a normal martingale in discrete time.

1.2 Stochastic Integrals

In this section we construct the discrete stochastic integral of predictable
square-summable processes with respect to a discrete-time normal martingale.

Definition 1.2.1. Let (ug)ren be a uniformly bounded sequence of random
variables with finite support in N, i.e. there exists N > 0 such that ui = 0 for
all k > N. The stochastic integral J(u) of (un)nen s defined as

J(u) = Z ukYk.
k=0

The next proposition states a version of the It6 isometry in discrete time. A
sequence (uy,)nen of random variables is said to be F,-predictable if w, is
Fn_1-measurable for all n € N, in particular ug is constant in this case.

Proposition 1.2.2. The stochastic integral operator J(u) extends to square-
integrable predictable processes (up)nen € L2(£2 x N) wvia the (conditional)
isometry formula

E [|J(1[n’oo)u>|2| | Fn—l] =E |:H1[n,oo)uH§2(N) | .Fn_1:| , n € N. (1.2.1)

Proof. Let (un)nen and (v, )nen be bounded predictable processes with finite
support in N. The product u,Yiv;, 0 < k < [, is F;_1-measurable, and uY;v;
is Fr_1-measurable, 0 <[ < k. Hence

o0
E —E | > wYuYi|Fuos

k,l=n

o0 oo
Z U Yy Z vy ‘]:n—l

k=n l=n

=E ZukkakQ-F Z upYpv1 Y, + Z UkkalYl‘}—n—l
k=n n<k<l n<l<k

= Z E [E [ukka,f ‘ ]:k—l] | ]:n—l] + Z E [E [ukkaﬂfl | ./_"l_l] | ]:n—l]
k=n

n<k<l
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+ > E[E [uYiVi | Feoa] | Fooi]

n<i<k

E [ukvkE [Yk2 | ]:k—l] | fn—l] + 2 Z E [ukYk’UlE [Y'l | ]:1_1] | fn—l}
n<k<l

M TV

E [ukvk ‘ ]:nfl]

E
Il

n
oo
E Uk VE ]:n—l .
k=n

This proves the isometry property (1.2.1) for J. The extension to L?(£2 x N) is
proved using the following Cauchy sequence argument. Consider a sequence of
bounded predictable processes with finite support converging to u in L?(§2 x
N), for example the sequence (u"),en defined as

=E

u" = (u)ren = (ukl{ogkgn}l{\Uklﬁn})keN7 n € N.

Then the sequence (J(u™)),en is Cauchy and converges in L?({2), hence we
may define
J(u) := lim J(u).

k—oo

From the isometry property (1.2.1) applied with n = 0, the limit is clearly
independent of the choice of the approximating sequence (uk)keN as using
Fatou’s lemma we have

E {( lim J(u") — lim J(v")ﬂ —F [ lim (J(u™) —J(v”))ﬂ

n—oo n—oo n—oo

< liminfE [(J(u”) - J(v"))ﬂ

— 15 S n_ ,n|2
= lminf E [|ju” — 0" |

=0.

Note that by polarization, (1.2.1) can also be written as
E [J(1n,00)%) I (1,000 0) [ Fr1] = E [(1jnc0), Linco)0)e2y | Fao1], m€EN,
and that for n = 0 we get

E[J(w)J(v)] =E [(u,v)e2a)] (1.2.2)
and

E[[7@)?] = E [lulifq) (1.23)
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for all square-integrable predictable processes u = (uy)ren and v = (Vg )ken-

Proposition 1.2.3. Let (up)ren € L*(2 x N) be a predictable square-
integrable process. We have

E[J(u) | fk] = J(u1[07k]), k e N.
Proof. In case (ux)ren has finite support in N it suffices to note that

B3 un

E[J(u) | Fi] = +Z [w;Y; | Fl

i=k+1

I
= TC\)Mw HM»

w;Y; + Z E[E [u;Y; | Fi1] | Fil
i=k-+1

Y+Z E[Y; | Fic1] | Fil
i=k+1

u; Y5

s
Il
=

<

= J(uljo k).

The formula extends to the general case by linearity and density, using the
continuity of the conditional expectation on L? and the sequence (u™),ecy
defined as u" = (u})ken = (ukl{oﬁkﬁn})keN’ n €N, ie.

E | (J(ulpum) ~E[(w) | F)’] = lim E[(J(u" 1) ~E[(w) | F)’]

n—oo

= lim E :(E [T (™) = J(u) | fk])ﬂ

n—oo

< tim B [E [/~ )? |7]]

n—oo

= lim E :(J(U") - J(U))Q}

n—oo
pr— ()7
by (1.2.3). O

Corollary 1.2.4. The indefinite stochastic integral (J(U]'[O7k]))keN s a dis-
crete time martingale with respect to (Fp)pn>—1.

Proof. We have

E [J(uljopr1)) | Fi] = E[E [J(uloss)) | Frrr | Fi]]
=E[E[J(u) | Frt+1 | Fl]
=E[J(u) | Fi

10 (With corrections, May 23, 2025) ®)
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= J(Ul[o,k]).

1.3 Multiple Stochastic Integrals

The role of multiple stochastic integrals in the orthogonal expansion of a
random variable is similar to that of polynomials in the series expansion of a
function of a real variable. In some situations, multiple stochastic integrals can
be expressed using polynomials, such as in the symmetric case p,, = g, = 1/2,
n € N, in which the Krawtchouk polynomials are used, see Relation (1.5.2)
below.

Definition 1.3.1. Let /2(N)°" denote the subspace of (*(N)®" = (?(N")
made of functions f, that are symmetric in n variables, i.e. such that for
every permutation o of {1,...,n},

fn(k‘a(l),...,ka(n)) = fn(/ﬁ,.. .,kn), ki,...,k, € N.

Given f; € (?(N) we let
Ji(fr) = J(fr) = Zfl(k)yk-
k=0

As a convention we identify ¢2(NY) to R and let Jo(fy) = fo, fo € R. Let

The following proposition gives the definition of multiple stochastic integrals
by iterated stochastic integration of predictable processes in the sense of
Proposition 1.2.2.

Proposition 1.3.2. The multiple stochastic integral J,,(f,) of f. € £2(N)°",
n > 1, is defined as

Tn(fa) = D falin,.yin)Yi Y,

(ila--~ain)eAn

It satisfies the recurrence relation

Tn(fn) =13 Vedn 1 (fa(e, k)L pojn—1 (%)) (1.3.1)

k=1

and the isometry formula
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n!<1Anfnagm>£2(N)®" if n=m,
E [Jn(fn)Jm(gm)] = (1.3.2)
0 if n #m.

Proof. Note that we have

0<i1 <<y

=nl Y > Y falin i)Y oY, (1.3.3)

in=0 0<ip_1<in 0<iy <u2
Note that since 0 < i1 <o < -+ <ip and 0 < j1 < jo < -+ < j, We have
E [)/Zl e )/ianl T )/jn] = 1{1'1:]'1’“-’1'11:]471}'
Hence

E [Jn(fn)Jn(gn)]

= (n!)’E S falin, i)Y Yi, o Y galine e dn)Y oY
0<iy <+ <in 0<j1<+<jn

= (n!)? > Falits s in)gn (it ) B[V, - Y3, Y5, Y
OSi1<"'<i'rL7 OSj1<“‘<j1L

= (n')Q Z fn(zlv »in)gn(ila“ . 7Zn)
0<i1 <<t

=nl Y falin, o in)gnlin, .- i)
(915000500 ) EAR

= nl(1a,, frs gm)ezvyon.

When n < m and (i1,...,i,) € A, and (j1,...,5m) € 4,, are two sets of
indices, there necessarily exists k € {1,...,m} such that ji ¢ {i1,...,in},
hence

E[YhYl le'"ij] =0,

n

and this implies the orthogonality of J,,(f,) and Jp,(gm). The recurrence re-
lation (1.3.1) is a direct consequence of (1.3.3). The isometry property (1.3.2)
of J,, also follows by induction from (1.2.1) and the recurrence relation. [

If f,, € (3(N") is not symmetric we let J,,(fn) = Jn(fn), where f, is the
symmetrization of f,, defined as

. . 1 , . . ,
falin, ... in) = o Z oy, s ion), i1,...,0, € N,

’ 0'6271

12 (With corrections, May 23, 2025) ®)
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Stochastic Analysis in Discrete and Continuous Settings

and X, is the set of all permutations of {1,...,n}.

In particular, if (k1,...,k,) € Ay, the symmetrization of 1y, . k) in n
variables is given by

~ . ) 1 ) .
Ly oken)} (0150 B0) = i ind =k} eI €N,

and )
Jn(Lierky) = Yi - Ya, .

Lemma 1.3.3. For all n > 1 we have
E[Jn(fn> | ]'—k:] = Jn(fnl[o,k]”)a

k€N, f, € 2(N)°".

Proof. This lemma can be proved in two ways, either as a consequence of
Proposition 1.2.3 and Proposition 1.3.2 or via the following direct argument,
noting that for all m = 0,...,n and g,, € £2(N)°™ we have:

E [(Jn(fn> - Jn(fnl[o,k]”))Jm(gml[o,k]"")]
= iy (1 = 10,197 ) Gm L [0,k ) o2 (nim)

hence Jp,(falpoxn) € L*(92, Fi), and Jp(fn) — Jn(faljokn) is orthogonal to
L2(2, Fp). O

In other terms we have
EUn(f)] =0, fo€ )™, 1,

the process (Jn(fnljokn))ken is a discrete-time martingale, and J,(fy) is
Fr-measurable if and only if

Jnlpokn = fns 0<k<n.

1.4 Structure Equations

Assume now that the sequence (Y;,)nen satisfies the discrete structure equa-
tion:
Y2=1+¢,Y,,  neN, (1.4.1)

where (¢, )nen is an F,-predictable process. Condition (1.1.1) implies that

E[Y?|Fuo1] =1, neN,

O (With corrections, May 23, 2025) 13



N. Privault

hence the hypotheses of the preceding sections are satisfied. Since (1.4.1)
is a second order equation, there exists an Fy,-adapted process (X, )nen of
Bernoulli {—1, 1}-valued random variables such that

2
Yn:%—FXm/l—i—(%) . neN (1.4.2)

Consider the conditional probabilities

pn=P(X,=1|F,—1) and ¢, =P(X,=-1|Fn_1), n € N.
(1.4.3)
From the relation E[Y,, | F,—1] = 0, rewritten as

Pn ©n\?2 Pn ©n\2
P (2—1— + 5 >+q (2 + 5 0 néeN

1 ©n 1 ©n
=—|1-—1, =— |14 —= |, 1.4.4
Dn 2( 4_'_90%) dn 2( 4+90721> ( )

and
Or, = qi pn_‘]rb_pn7 TLEN,
Pn qn vV Pnln
hence
[ Pn
Y, = l{anl} — = 1{Xn:—1} —, neN (1.4.5)

n Qn

Letting
nt1
Dy = 2+ € {0,1}, n €N,

we also have the relations

Qn_pn+Xn _ Zn_pn

Y, = ,
" 2\/Pnln Prln

neN, (1.4.6)

which yield
]:n:O'(Xo,...,Xn)IO’(Z(],...,Zn), n € N.

Remark 1.4.1. In particular, one can take 2 = {—1,1} and construct
the Bernoulli process (X, )nen as the sequence of canonical projections on
2 ={=1,1} under a countable product P of Bernoulli measures on {—1,1}.
In this case the sequence (X, )nen can be viewed as the dyadic expansion of
X (w) €[0,1] defined as:

14 (With corrections, May 23, 2025) o)
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o0

Xw) =Y W%Xn(w).

n=0

In the symmetric case pp = qx = 1/2, k € N, the pushforward measure of P
by the mapping w — X (w) is the Lebesgue measure on [0,1], see [143] for
the non-symmetric case.

1.5 Chaos Representation

From now on we assume that the sequence (pi)ren defined in (1.4.3) is
deterministic, which implies that the random variables (X, )nen are in-
dependent. Precisely, X, will be constructed as the canonical projection
X, 0 2 = {-1,1} on 2 = {—1,1} under the measure P given on cylin-
der sets by

[P({eo, o En} % {_1’ 1}N) _ Hp](€1+5k)/2ql(€17€k)/27
k=0

{€0,---,€en} € {—1,1}"T1. The sequence (Yi)ren can be constructed as a
family of independent random variables given by

2
Ynz%wcn 1+(%) . neN,

where the sequence (¢, )nen is deterministic. In this case, all spaces L™ (§2, F,,),
r > 1, have finite dimension 2"+!, with basis

- dk Pk
Liyme v = (€0rernren) € e
{ {Yo=eo,...,Yn=¢n} (60 € ) kl:[(){ h " }}
- {1{X0_50,...,Xn—en} : (607"'7671) € H {_171}} .
k=0

An orthogonal basis of L"({2,F,) is given by
{Ykl"'Ykl = Jl(i{(kl,.“,kl)}) P 0< k< - <k <n, l:0,...,n+1}.

Let

(1.5.1)

O (With corrections, May 23, 2025) 15
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= 2y, n €N,
k=0

denote the random walk associated to (X )ren.

Remark. In the special case p,, = p for all k € N, we have
Jn(1jgin)) = Kn(Sn; N +1,p) (1.5.2)

coincides with the Krawtchouk polynomial K, (-; N + 1,p) of order n and pa-
rameter (N + 1,p), evaluated at Sy, cf. Proposition 4 of [119].

Let now Ho = R and let H,, denote the subspace of L?({2) made of integrals
of order n > 1, and called chaos of order n:

Hn - {Jn(fn) : fn S EZ(N)On}'

The space of F,,-measurable random variables is denoted by L°(£2, F,,).

Lemma 1.5.1. For all n € N we have

w

L2, Fp) = (Ho ® -+ ® Hpsr) (| L0(92, Fr). (1.5.

Proof. Tt suffices to note that H; N L°(£2, F,,) has dimension ("'IH), 1
n + 1. More precisely it is generated by the orthonormal basis

)

1<

IN

{Yk1 . "Ykl = Jl(i{(kl,...,kl)}) :0< ]{:1 < < k’l < n},

since any element F of #; N L°(£2, F,) can be written as F = Ji(filjg 1)
Hence L°(£2,F,) and (Ho @ -+ ® Hpy1) () LO($2, F,,) have same dimension

(eE gy
2ntl = Z ( k: ), and this implies (1.5.3) since
k=0

LO(R,Fn) D (Mo ® -+ & Hngr) [ | LO(2, Fr).

As a consequence of Lemma 1.5.1 we have
LY, F) CHo @@ Hig1
Alternatively, Lemma 1.5.1 can be proved by noting that
Jn(falon) =0,  n>N+1, f, € P(N)°",

and as a consequence, any F € L°(§2, Fn) can be expressed as

N+1
F=E[F]+ Z Tn(faljo,nyn)-
n=1

16 (With corrections, May 23, 2025) o)
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Definition 1.5.2. Let S denote the linear space spanned by multiple stochas-
tic integrals, i.e.

S = Vect { [j Hn} (1.5.4)
n=0
— {ij(fk) S fe € P(N)* E=0,...,n, ne N}.
k=0

The completion of S in L?({2) is denoted by the direct sum

.
n=0

The next result is the chaos representation property for Bernoulli processes,
which is analogous to the Walsh decomposition, cf. [82]. Here this property is
obtained under the assumption that the sequence (X,,)nen is made of inde-
pendent random variables since (pg)ren is deterministic, which corresponds
to the setting of Proposition 4 in [43]. See [43] and Proposition 5 therein for
other instances of the chaos representation property without this indepen-
dence assumption.

Proposition 1.5.3. We have the identity

L*(2) = é%n
n=0

Proof. Tt suffices to show that S is dense in L?(£2). Let F' be a bounded
random variable. Relation (1.5.3) of Lemma 1.5.1 shows that E[F' | F,,] € S.
The martingale convergence theorem, cf. e.g. Theorem 27.1 in [74], implies
that (E [F | F])nen converges to F a.s., hence every bounded F' is the L?({2)-
limit of a sequence in S. If F € L?(2) is not bounded, F is the limit in L?({2)
of the sequence (1{r|<n}F)nen of bounded random variables. O

As a consequence of Proposition 1.5.3, any F' € L?(§2,P) has a unique de-
composition

F=R[F]+Y Ju(fa),  fo€lP(N)", neN,
n=1

as a series of multiple stochastic integrals. Note also that the statement of
Lemma 1.5.1 is sufficient for the chaos representation property to hold.

O (With corrections, May 23, 2025) 17
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1.6 Gradient Operator

We start by defining the operator D on the space S of finite sums of multiple
stochastic integrals, which is dense in in L?(£2) by Proposition 1.5.3.

Definition 1.6.1. We densely define the linear gradient operator
D:S— L*(2 xN)

by
Dy Jn(fn) = ndn_1(fu(x, k)14, (*,k)),

keN, f, € 2(N)°", neN.
Note that for all kq,...,k,_1,k € N, we have
1A7,,(k17 L) kn—17 k) = 1{k¢(k1,...,kn_l)}lﬂ,,,,l(kla ) kn—l);

hence we can write

DkJn(fn) - an—l(fn(*v k)]-{kgé*})v ke N,

where in the above relation, “+” denotes the first k—1 variables (k1,...,kn—_1)
of fn(k1,...,kn-1,k). We also have DyF = 0 whenever F € S is Fy_1-
measurable.

On the other hand, Dy, is a continuous operator on the chaos H,, since

1D n () 3y = 2212 (o D) (16.1)
=l fuCe Wl gon )y Fu € N, REN.

The following result gives the probabilistic interpretation of Dy as a finite
difference operator. Given

w = (wo,wr,...) € {~1,1}

let
b= 1
Wi = (wo, w1, .- We—1, +1,Wry1,...)

and
k
w_ = (wo,wl, e, WE—1, —1,wk+1, . )

Proposition 1.6.2. We have for any FF € S:

Dy F(w) = /prae(F(wh) — F(w*)), keN. (1.6.2)

Proof. We start by proving the above statement for an F,,-measurable F' € S.
Since L°(§2, F,,) is finite dimensional it suffices to consider

18 (With corrections, May 23, 2025) ®)
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F=Y Y, =f(Xo...,X1),
with from (1.4.6):
1
1 Qk; — Pk; T Tk,
flzo,...,zp) = = | | =—2——.
First we note that from (1.5.3) we have for (ki,...,k,) € Ay:

Dy (Ye, -+ Yi,) = Didu(Li(y o k)})
= ndp—1(L{(ky,... k)} (%, K))

(1.6.3)

1 - -
_ 4(71, 1)| Zl{k‘l}(k) Z 1{{i1,.4.,1’71,1}:{]@1,_,A,kiihk“rl’“_’kn}}
i=1 (ily-“yin—l)eAn—l
- Zl{k} {(kla akL 1»k1+17 7kn)})
= 1{k17~~'7kn}(k) H Ykz
’o2h

If k ¢ {ki,..., Kk} we clearly have F(w*) = F(w"®) = F(w), hence

VPR (F(WS) = F(WE)) = 0= Dy F(w).
On the other hand if k € {kq,...,k;} we have

K qk Qk; — Dk; + Wi,
F(wi)=,/— N
Pk \/pk k;

k;ék

F(wf) _ | Dk Qk; — Dk; + Wi, ’
dk \/pk qk;

k;ék

hence from (1.6.3) we get

- + W,
F(*) — F(F)) = dk; — Dk;
VBRH(Fh) - Fb) = o N

k;ék

l

ki Ak

= Dy (Yi, -+ Yi,) ()

O (With corrections, May 23, 2025)
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= DkF(w).

In the general case, J;(f;) is the L2-limit of the sequence E[J;(f;) | Fn] =
Ji(filp,npt) as n goes to infinity, and since from (1.6.1) the operator Dy is
continuous on all chaoses H,, n > 1, we have

n—00

= VPrar lim (E[F | 7] WE) —E[F | Fu) (wF))
= Vora(F(Wh) = F(Wh)), kel

The next property follows immediately from Proposition 1.6.2 .

Corollary 1.6.3. A random wvariable F' : {2 — R is F,-measurable if and

only if
D F =0

for all k > n.
If F has the form F = f(Xy,...,X,), we may also write
DiF = \/prai(E;F — F), k €N,

with
F]:_ = f(X07- -~7Xk—17+17Xk+17" . 7X7L)7

and
F]; = f(XQ, ey X1, — 1, X1, - - ,Xn).

The gradient D can also be expressed as

DyF(S.) = v/Praw (F(S- +1lx=lpsy) — F(S - 1{Xk:1}1{ks~}))a

where F'(S.) is an informal notation for the random variable F' estimated on
a given path of (Sy)nen defined in (1.5.1) and S. 4 1{x,—51}1x<.} denotes
the path of (Sp)nen perturbed by forcing X to be equal to +1.

We will also use the gradient V, defined as

ViF = X (f(Xoy -, Xi—1, =1, Xpy1, .., Xi)
- f(XOa‘ .o 7Xk—1a ]-7Xk+17" . 7Xn))7

k € N, with the relation

Dy = —Xi\/Drqi Vi, k€N,

20 (With corrections, May 23, 2025) ®)
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hence Vi F' coincides with Dy F' after squaring and multiplication by pqx.
From now on, Dy, denotes the finite difference operator which is extended to

any F' : {2 — R using Relation (1.6.2).

The L? domain of D, denoted Dom (D), is naturally defined as the space of
functionals F' € L?(§2) such that

E[IDFl% )] < oo

or equivalently by (1.6.1),

o0
Z nn!||fn||?2(Nn) < 00,
n=1

ifF =2 Julfa).
n=0

The following is the product rule for the operator D.
Proposition 1.6.4. Let F,G : {2 — R. We have

X
Dy(FG) = FDyG + GDyF — p:qk DyFD.G,  keN.

Proof. Let F¥(w) = F(wk), F¥(w) = F(w"), k > 0. We have

Di(FG) = /prai(FEGE — FEGF)
= Lixo=—13Vork (F(GY = G) + G(FY = F) + (F} = F)(GY - @)
+1{x,=1)vPrak (F(G — G¥) + G(F — F*) — (F — F*)(G - G"))

=1ix,=—1) <FDkG+ GDyF + DkFDkG>
Pr4k
1
+1rx, = FDiG+ GDLF — DFDG).
““% ¢ T e

1.7 Clark Formula and Predictable Representation
In this section we prove a predictable representation formula for the function-

als of (Sp,)n>0 defined in (1.5.1).
Proposition 1.7.1. For all F € § we have

O (With corrections, May 23, 2025) 21
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F=E [F] + iE [DkF | .7:;@_1} Yy (1.7.1)
k=0

ZE[F]+§:Y1€D1€E[F|.F;€].

Proof. The formula is obviously true for F = Jy(fy). Given n > 1, as a
consequence of Proposition 1.3.2 above and Lemma 1.3.3 we have:

NE

Jn(fn) =1 ) Jna(fu(x,E)Ljg g—1n—1(%)) Y

k

Il
=)

|
e

Jn—1(fn(x k)1, (%, k)1[07k—1]"*1 (%)) Yk

E
Il
o

E[Jn1(fn(¥, k)1a, (%, k) | Fra] Vi

|
e

>
Il
o

M

E[ijn(fn) | ]:k—l] Yk;

e
I

0

which yields (1.7.1) for F' = J,(fy), since E[J,(f,)] = 0. By linearity the
formula is established for F' € S.

For the second identity we use the relation
E[DiF | Fp—1] = DyE[F | Fk]

which clearly holds since Dy F' is independent of Xy, k € N. O

Although the operator D is unbounded we have the following result, which
states the boundedness of the operator that maps a random variable to the
unique process involved in its predictable representation.

Lemma 1.7.2. The operator
L*(2) — L*(2 x N)
Fr+— (E [DkF ‘ fk—l])keN

1s bounded with norm equal to one.

Proof. Let F € S. From Relation (1.7.1) and the isometry formula (1.2.2) for
the stochastic integral operator J we get

IE[D.F | Foillli2(oxm) = IF = E[F] 720 (1.7.2)
< |F = E[F]|72(q) + (E[F])?

= Pl (a),

22 (With corrections, May 23, 2025) ®)
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with equality in case F' = J1(f1). O
As a consequence of Lemma 1.7.2 we have the following corollary.

Corollary 1.7.3. The Clark formula of Proposition 1.7.1 extends to any
F e L*(0).

Proof. Since F' — E[D.F | F._4] is bounded from Lemma 1.7.2, the Clark
formula extends to F' € L?(§2) by a standard Cauchy sequence argument.
O

Let us give a first elementary application of the above construction to the
proof of a Poincaré inequality on Bernoulli space. Using (1.2.3) we have

Var (F) = E [|F — E [F] ]

- ,

=E (Z]E[DkF}'kl]Yk>
L k=0

=E | (E[DiF | Fra])’
Lk=0

<E ZEUDkFﬁlf“]}
LE=0

=E |> |DeF*|,
LE=0

hence
Var (F) < | DF||72(qxm)-

More generally the Clark formula implies the following.
Corollary 1.7.4. Let a € N and F € L*(£2). We have

F=EIF| 7]+ 3 EIDF| FinlYi (1.73)
k=a+1
and
E[F?] =E[(E[F | Fo)?] +E i (E[DWF | Feoa))?| . (1.7.4)
k=a+1

Proof. From Proposition 1.2.3 and the Clark formula (1.7.1) of Proposi-
tion 1.7.1 we have

E[F | Fol =E[F]+ Y E[DyF | Fi-1] Y,
k=0

O (With corrections, May 23, 2025) 23
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which implies (1.7.3). Relation (1.7.4) is an immediate consequence of (1.7.3)
and the isometry property of J. (]

As an application of the Clark formula of Corollary 1.7.4 we obtain the fol-
lowing predictable representation property for discrete-time martingales.

Proposition 1.7.5. Let (M,)nen be a martingale in L?(§2) with respect to
(Fr)nen- There exists a predictable process (ug)ren locally in L?(2 x N), (i.e.
u(-)Lpo,ni(-) € L*(2 x N) for all N > 0) such that

M, =M+ wYs, neN (1.7.5)
k=0

Proof. Let k > 1. From Corollaries 1.6.3 and 1.7.4 we have:

M;. = E[Mk | .Fk_ﬂ +E[DkMk | -Fk—l] Y
= M1 +E[Dp My, | Fi—1] Yi,

hence it suffices to let
up = E[Dp My, | Fr-1], k>0,

to obtain

My=M_y+Y My~ Me1=M1+)
k=0 k=0

1.8 Divergence Operator

The divergence operator d is introduced as the adjoint of D. Let U C L?(£2xN)
be the space of processes defined as

U= {ij(fk-i-l(*? ))7 fk+1 € 62(N)Ok ®£2(N)7 k= 0,...,n, n€ N} :
k=0

We refer to Section 9.7 in the appendix for the definition of the tensor product
2(N)°k @ (2(N), k > 0.

Definition 1.8.1. Let 6 : U — L?(12) be the linear mapping defined on U as
0(u) = 6(Jn(fas1(%,)) = Jng1(fas1),  fug1 € P(N)" @ £3(N),

for (ug)ken of the form

24 (With corrections, May 23, 2025) ®)
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Uk :Jn(fn+1(*vk))7 kEN)
where fn+1 denotes the symmetrization of fn+1 in n+ 1 variables, i.e.

n+1
fn-i—l(klv"' n+1 an-‘rl klv"'7kk—17kk+17"'7kn+1aki)'

From Proposition 1.5.3, S is dense in L?({2), hence U is dense in L?(§2 x N).
Proposition 1.8.2. The operator ¢ is adjoint to D:

E[DFU@(N)] u , FesS uel.

Proof. We consider F' = J,(f,) and ur = Jpn(gm+1(xk)), & € N, where
fn € (N)°" and g,n41 € £2(N)°™ ® (?(N). We have

E [(D.Jn(fn)s Jm(gm+1(%, ) 2]
= nE [(Jo1(fa (%)) T (g (%, ))) 2 )]
= 1E [(Juc1 (fa (%, )1, (%,2)), Ton (g (%, )iy

=nl{n_1= m}ZE n=1(fa (%, k)1, (%K) T (g1 (%, F))]
k=0

= n!]-{nflzm} Z<]—An(*7 k)fn(*a k)v gm+1(*7 k)>€2(N”*1)
k=0

=1} (1A, frs Gma1) 2 (vm)

= n']-{n m+1}<1A fnagm+1>€2(N")

E [Jn(fn)Jm(Gm+1)]
:E[F(S( ).
O

The next proposition shows that § coincides with the stochastic integral op-
erator J on the square-summable predictable processes.

Proposition 1.8.3. The operator § can be extended to u € L*(£2 x N) with
u) = ZukYk - Z Dyuy, — §(pDu), (1.8.1)
k= k=0

provided that all series converges in L2(£2), where (pr)ren appears in the
structure equation (1.4.1). We also have for all uw € U:

[ee]

E[|6(u)]®] = El|ulfzq] + E | Y DewDyug — Y (Dpur)®| . (1.8.2)

k,1=0 k=0
k£l
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Proof. Using the expression (1.3.3) of uy, = J,,(fn+1(*,k)) we have

() = Jnt1(fas1)
= Z Fovr(in, . yin)Ye, Vi,

(i1, yint1)EARF1

:Z Z fn+1(i17°"7in7k)n1"'Y:L'T,,Yk

k=0 (i1,....in) €A,

_nz Z fn+1(ila”'vinfl>k>k)y;1" Gp— 1‘Yk|2

k=0 (41,...,in—1)EAp_1

= ZukYk — ZDkuk|Yk|2
k=0 k=0

= ZukYk — Z Dyuy, — Z ok Dyug Y.
k=0 k=0 k=0

Next, we note the commutation relation®

Dyé(u (Z wY; — Z Y]] Dl“l)

- Xk
Y, Dyw; +w DY, — %DkUle:Yl>
3 <!Yz|2DleUz + Diw Dy |Yi[* — X 2DleUl>
=0 VPrAk
X 9
= 0(Dgu) + upDp Yy — ———Dyup DY — Dyup Dy| Y
(Dru) N Y|
Xk
= 0(Dru) + up — ( + 2V, D.Y; > Dy
( ) VPrdk

= 0(Dru) + up — 2Yy Dyug.

On the other hand, we have

6(1{k}Dkuk) = Z}/l]-{k} (Z)Dkzuk — Z |}/l|2Dl(1{k} (l)Dkuk)

1=0 1=0
= Y}, Dyuy, — |Yi|* D Drug
= Y, Dyuy,

1 See A. Mantei, Masterarbeit “Stochastisches Kalkiil in diskreter Zeit”, Satz 6.7,
2015.
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hence

16(u)l1 720y = El{u, Dé(w)) 2w

=K Zuk(uk + 5(Dku) — 2Ykauk)]
k=0

= E[[[ullZqn)] +E Z DruDyuy | —2E
k,1=0

Z ukYkauk]

k=0

= E[l|ull2)) + E | Y DrwDyug — 2 (Dyur)?|
k=0 k=0

where we used the equality

E [ug Yy D]

=E [prl{xo=1yun(wh) Yi(wh ) Druk + gelpx,— -1y ur(wF ) Yi(w® ) Dyuy]
= VPRGRE [(Lpx, —1yur(@h) — Tx, ——1yun(w? ) Drug]

=E [(Dyuy)?], ke N.

In the symmetric case pr, = g = 1/2 we have ¢, = 0, k € N, and

(S(U) = ZukYk — ZDk’u,k.
k=0 k=0

The last two terms in the right hand side of (1.8.1) vanish when (ux)gen is
predictable, and in this case the Skorohod isometry (1.8.2) becomes the Itd
isometry as in the next proposition.

Corollary 1.8.5. If (ux)ken satisfies Dyur, = 0, i.e. ug does not depend on
Xk, k € N, then 6(u) coincides with the (discrete time) stochastic integral

(S(U) = iquk, (183)
k=0

provided that the series converges in L*(§2). If moreover (uy)ren is predictable
and square-summable we have the isometry

E[6(u)’] =E [”U”%(N)} ) (1.8.4)

and 6(u) coincides with J(u) on the space of predictable square-summable
processes.
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1.9 Ornstein-Uhlenbeck Semi-Group and Process

The Ornstein-Uhlenbeck operator L is defined as L = §D, i.e. L satisfies

LJy(fn) = ndn(fn), fn € €2<N)On

Proposition 1.9.1. For any F € S we have

LF =6DF =Y Yi(DiF) =Y /pearYu(Fy = F))),
k=0

k=0
Proof. Note that DDy F = 0, k € N, and use Relation (1.8.1) of Proposi-
tion 1.8.3. (|

Note that L can be expressed in other forms, for example
LF =) AF,
k=0
where
ALF = (Lix=1yai(F(w) = F(WY)) = 1ix=ype(F(W]) = F(w)))

=F — (x, =1y e F (") + Lix,——1ypeF(wh))
= F-E[F|F, keN,

and Fy is the o-algebra generated by
{X; : l#k, | eN}.

Let now (P;)ier, = (etL)t€R+ denote the semi-group associated to L and
defined as -
BF=Y e "I,(f.), teRy,
n=0

on F = Z Jn(fn) € L?(£2). The next result shows that (P;);cr, admits an

integral representation by a probability kernel. Let ¢~ : 2 x 2 — R, be
defined by

N
(@ w) = [0 +eVi(w)Yi(@), w@en, teRy.
=0

Lemma 1.9.2. Let the probability kernel Q(&, dw) be defined by

d
|: Qt “FN] ):(Jiv(ajva N>1, teRy.
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For F € L*(2, Fy) we have
PF(&) = fn Fw)Qu(@,dw), @€, n>N. (1.9.1)
Proof. Since L?(£2,Fx) has finite dimension 2V*1 it suffices to consider
functionals of the form F = Yy, ---Y, with 0 < k) < --- < k, < N. By
Relation (1.4.5) we have for w € 2, k € N:
E [Vi()(14 e V() Ye(w))]
= Py KA <1 +e 7, /quk(w)> — Qe JBE (1 —e! kak(w))
Pk Pk qk dk
=e Y (w),

which implies, by independence of the sequence (X)ken,

E[Y: - Y34 (@,)] =E

N
Yi, - Y, H(l +e Yy, (W)Yki('))]

I
¢)

|

g
=
e
=
B

O
Consider the (2-valued stationary process
(X(8))eer, = (Xk(t))hen)rer,
with independent components and distribution given by
P(Xk(t) = 1| Xg(0) =1) = pi + e 'qu, (1.9.2)
P(X;(t) = —1] Xx(0) =1) = g — e ‘qu, (1.9.3)
P(Xk(t) = 1| Xx(0) = —1) = pr — e 'y, (1.9.4)
P(Xy(t) = —1| X5(0) = ~1) = g + ¢ "px, (1.9.5)

keN teR;.
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Proposition 1.9.3. The process (X(t))ier, = ((Xg(t))ren)ier, s the
Ornstein-Uhlenbeck process associated to (Py)ier, , i.e. we have

PF=E[F(X(t)|X(0)], tecR,, (1.9.6)

for F bounded and F,-measurable on 2, n € N.
Proof. By construction of (X (t))scr, in Relations (1.9.2)-(1.9.5) we have

P(Xk(t) = 1| X4(0)) = i (1 +etYk<0>¢§7’;) |

BXk(t) = —1| Xx(0)) = o (1 YL (0) §> ,

where Y (0) is defined by (1.4.6), i.e.

_ =Pt X% (0)
2/Prak

Yk(O) keN,

thus
dP(Xk(t)(@) = €| X(0))(w) = (1 + e "Vi(w)Yi(@)) dP(Xk(@) = e),

€ = +1. Since the components of (X (t))ren are independent, this shows that
the distribution of (Xo(¢),..., X, (¢)) conditionally to X (0) has the density
qi (@, -) with respect to P

P (@, w)dP(Xo (@) = €0, ..., Xn(@) = €).
Consequently we have
E[F(X()) [ X(0) =] = LZ F(w)q; (@, w)P(dw), (1.9.7)

hence from (1.9.1), Relation (1.9.6) holds for F' € L?(2, Fn), N > 0. O

The independent components X (t), k € N, can be constructed from the data
of X;(0) = € and an independent exponential random variable 75 via the
following procedure. If 7, > t, let Xy (t) = X;(0) = €, otherwise if 7, < t,
take Xy (¢) to be an independent copy of X (0). This procedure is illustrated
in the following equalities:

P(Xk(t) =1 Xx(0) =1) = E [1(,50] + E [1ir ey 1ix,=1}]
=e ' +p(l—e), (1.9.8)
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P(Xk(t) = =1 Xp(0) = 1) = E [1r <y Lix=—1}]
=q(l—e), (1.9.9)

P(Xk(t) =-1 | Xk(O) = —1) =E [1{7'k>t}] + E [1{Tk<t}1{Xk:—1}]
=e '+ qp(l —e™), (1.9.10)

P(Xk(t) = 1] Xp(0) = =1) = E [1{r, <y Lx,=1)]
=pr(l—e™). (1.9.11)
The operator L*(2 x N) — L?(£2 x N) which maps (uz)ren to (Prug)ren

is also denoted by P;. As a consequence of the representation of P; given in
Lemma 1.9.2 we obtain the following bound.

Lemma 1.9.4. For F € Dom (D) we have

[Pl Lo (2,2 )y < Nlulloeouzaeys  tE€Ry, we L*(2xN).

Proof. As a consequence of the representation formula (1.9.7) we have P(dw)-
a.s.:

1Pralfe ) (@) = D |Prun(@)?
k=0

=3 ([ i)
k=0

<3 J, lun (@) PQi(@, de)
k=0

= [l (@) Qu(@, dw)

< Nullf o 2,02y

1.10 Covariance Identities

In this section we state the covariance identities which will be used for the
proof of deviation inequalities in the next section. The covariance Cov (F, G)
of F,G € L*(£2) is defined as

Cov (F,G) = E[(F — E[F])(G — E[G])]
— E[FG] - E[F]E[G].
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Proposition 1.10.1. For all F,G € L?*($2) such that E [||DF||§2(N)} < 00
we have

Cov (F,G) = ZE [DrG | Fu_1] DpF| .
k=0

Proof. This identity is a consequence of the Clark formula (1.7.1):

(1.10.1)

Cov (F,G) =E[(F -E[F])(G —E[G])]

—E <Z]E [DiF | Fr- Yk> (ZE (DG | Fia]Y) )]
k=0 =0
=E

> E[DiF | Fa]E[DiG | fH]}
k=0

E[E[E [DyG | Frx—1] DiF | Fr-1]]

M

e
Il

0

> E[DiG | Froa] DiF|,
k=0

=E

and of its extension to G € L?({2) in Corollary 1.7.3. a
A covariance identity can also be obtained using the semi-group (P;)cr, -

Proposition 1.10.2. For any F,G € L?(02) such that

E |:HDF||§2(N):| < 00 and E |:HDGH?2(N):| < 00,

we have

Cov (F,G)

Zj YDy F)P,DyGdt (1.10.2)

Proof. Consider F = J,(f,) and G = J;,(gm ). We have

Cov (Jn(fn), Jm(gm)) = E[Jn(fr) Im(gm)]
= 1=my ! (fr, gnla, ) 2 im)
= l{n:m}n!n IO eintdt<fn,gn1An>52(Nn)

= l{n—lzm—l}n!n IO et Z<fn(*a k)v ei(nil)tgn(*ﬂ k)]-An (*7 k)>€2(N"—1)dt
k=0

J:O e Z In—1 (fn(*v k)lAn (*7 k))ei(mil)tjmfl(gm(*a k)lAm (*7 k))dt]
k=0

= nmE

= nmE

IOOO e ! kZ:O In—1(fn( k)L, (%, k) Prdm—1(gm(*, k)1 A, (*, k‘))dt]
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=E jo e_tszJn(fn)PtDkJm(gm)dt .

k=0

O
By the relations (1.9.8)-(1.9.11) the covariance identity (1.10.2) shows that

Zj —tDkFPtDkGdtl

1
—E fo ;DkFP(_loga)DkGda

Cov (F,G)

1 o
= jo jﬂx() Z Dy F(w) DG (Wil{r,<—1oga} T Wil{r,<—loga})ien)daP(dw)P(dw’)
k=0

1 oo
= fo szn > DiF () DiG((wil(g <a} + wilie,>a})ien) P(dw)P(dw')der,
k=0

(1.10.3)

where (&;)ien is a family of independent identically distributed (i.i.d.) ran-
dom variables, uniformly distributed on [0,1]. Note that the marginals of

X, Xidge, cor + X, 1 w0 ) are identical when X is an independent copy
{€x<a} k+{&i>a} k
of X},. Letting

ba(s,t) =E eisteit(Xk+1{gk<a})+it(X;+1{£k>a})} 7
we have the relation

Cov (eistveith) = ¢1 (S t) - ¢0(S7t)
d(f)a
j (s,t)da.

Next, we prove an iterated version of the covariance identity in discrete time,

which is an analog of a result proved in [61] for the Wiener and Poisson
processes.

Theorem 1.10.3. Letn € N and F,G € L*(£2). We have

Cov (F,G) (1.10.4)
= (_1)d+1E Z (Dyy - Diy F) (D, - -+ Diy G)

d=1 {1<k1 < - <ka}

+(_1)n]E Z (D/Cn+1 : Dle)]E [Dkn+1 o Dle | ]:]Cn+1*1j|

{1<ki1<-<kn+1}
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Proof. Take F' = G. For n =0, (1.10.4) is a consequence of the Clark formula.
Let n > 1. Applying Lemma 1.7.4 to Dy, --- Dy, F with a = k, and b = k41,
and summing on (kq,...,k,) € A,, we obtain

E Z (E[Dkn ”.Dle | ’Fkn_l})2
{1<ki<-<kn}

—E Z | Dy, - Dy, F|?
{1<k1<--<kn}

—E Z (E [Dkn+1 w D, F | ]:kn,+171j|)2 )
{1<k1 < <kpny1}

which concludes the proof by induction and polarization. O

As a consequence of Theorem 1.10.3, letting F' = G we get the variance
inequality

2n 2n—1
(-1t (-1
> E[ID Pl a,)] < Var(F) < Y S [ID PR,
k=1 k=1
since
E Z (Dkn+1"'Dk1F)E [Dkn+1"'Dk?1F|]:kn+1*1]

{1<k1 < <kn41}

) Z

{1<ki1 < <kny1}

E [(Dkn+1 Dle)E [Dkn+1 Dle | fkn+1_1:| | ‘Fkn+1_1}i|

=K Z (E [Dkn+1'”Dk1F|fkn+1—1])2
{1<k1<-<kny1}
>0

)

see Relation (2.15) in [61] in continuous time. In a similar way, another iterated
covariance identity can be obtained from Proposition 1.10.2.

Corollary 1.10.4. Let n € N and F,G € L*(2, Fn). We have

n

Cov (F,G) =) (-)*'E > (Dry «++ Dy F) (D -+ - Dy, G)
d—1 {1<ki<-<kg<N}
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+=0 3 Dposr -+ Dy F(@) Dy, -+~ Di, G(&)
{1<ki1<-<kny1<N}

q (w,w)P(dw)P(dw'). (1.10.5)
Using the tensorization property

Var (FG) = E [F?] Var (G) + (E[G])*Var (F)
< E[F*Var (G)] + E [G*Var (F)]
of the variance for independent random variable F, G, most of the identities in

this section can be obtained by tensorization of elementary one dimensional
covariance identities.

The following lemma is an elementary consequence of the covariance identity
proved in Proposition 1.10.1.
Lemma 1.10.5. Let F,G € L*(02) such that

E [DyF|Fi-1] - E[DkG|Fr-1] > 0, ke N.
Then F and G are non-negatively correlated:
Cov (F,G) > 0.
According to the next definition, a non-decreasing functional F' satisfies

D F >0 for all K € N.

Definition 1.10.6. A random wvariable F' : 2 — R is said to be non-
decreasing if for all wi,wq € £2 we have

wl(k) <UJ2(]€), kEN, = F(wl) SF(WQ)

The following result is then immediate from Proposition 1.6.2 and Lemma
1.10.5, and shows that the FKG inequality holds on (2. It can also be obtained
from Proposition 1.10.2.

Proposition 1.10.7. If F,G € L*(2) are non-decreasing then F and G are
non-negatively correlated:

Cov (F,G) > 0.

Note however that the assumptions of Lemma 1.10.5 are actually weaker as
they do not require F' and G to be non-decreasing.
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1.11 Deviation Inequalities

In this section, which is based on [64], we recover a deviation inequality of
[20] in the case of Bernoulli measures, using covariance representations instead
of the logarithmic Sobolev inequalities to be presented in Section 1.12. The
method relies on a bound on the Laplace transform L(t) = E [etF ] obtained
via a differential inequality and Chebychev’s inequality.

Proposition 1.11.1. Let F € L'(2) be such that |F," — F,_| < K, k € N,
for some K >0, and || DF || L (0,e2(n)) < 00. Then

DF|? . K
P(F ~ E[F] > z) < exp <_ 1Dl 20y ( v ))

K* IDENE < (0,620

< exp ;c log | 1+ el
S eX Y )
2K IDE(F 0 (2,620

with g(u) = (1 4+ u)log(1 4+ u) — u, u > 0.

Proof. Although Dy does not satisfy a derivation rule for products, from
Proposition 1.6.4 we have

- +
Dre” = 1px, —13v/Prae(e” — e ) + 1ix, — 1y v/rar(e™ —e”)
1 D, F -1 D, F
= 1(x,—1pv/Praee’ (1 —e” Voeme F0) 4 1o -y /Dregre’ (evirae FT — 1)

F —ﬂDkF
= —Xkv/prare” (e VPR TE — 1),

hence
F F -Zk_p,F
Dye" = Xp\/prare’ (1 —e VP )s (1.11.1)

and since the function z — (e” — 1)/z is positive and increasing on R we
have:

—sF sF
e Dpet™  Xiy/Prdi <es\/;(qukaF B 1>

DyF Dpr
esK 1
< b
- K
or in other terms:
e F Dpest 1 es(Fe —F0) — 1 ‘1 es(F-F) 1
DyF TSN TR pE H=—t"pr _p-
esK 1
<
- K
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We first assume that F is a bounded random variable with E[F] = 0. From
Proposition 1.10.2 applied to F and e*F, noting that since F is bounded,

E [”DeSF”%?(N)} < CkE [GQSF] ||DF||2L<>O(Q,Z2(N))

< 00,
for some Cx > 0, we have
E [FeSF} = Cov (F, e

=E
0

jw . i Dye*F P, D, Fdv
k=0

est DesF
DF

E [eSF fow e V| DFP,DF |y dv]

<1y e*F | DF| joo =Y P,DF || p2 () d
< — [ em ), e | Py DE |2 (w) U}
< -1 [e*F] |DF|)? f°° e Vdv
S % Le=(2.2(W) J,

GSK -1 sF 2
S % E [e] [DF (7o (0,2 (v))»

where we also applied Lemma 1.9.4 to u = DF.

In the general case, letting L(s) =E [es(F_E[F])], we have

log(E [et(F—E[F])}) _ fot LL/((S)) s

t B [(F — E[F])es(F—EFD]
=y E [es(F—E[F])]

ds

IN

1 to
EHDFH%OO(Q,W(N)) fo (e —1)ds
1
T K2

t € Ry. We have for all x > 0 and t € Ry:

(e —tK — 1)||DFH%O<>(0,£2(N))’

P(F—E[F] > 2) < e E [et(F*IE[FD]
1
< exp (2(e =t ~ DIDFI 000, - 1)

The minimum in ¢t € Ry in the above expression is attained with

O (With corrections, May 23, 2025) 37



N. Privault

b= Liog 1+ oK
= > 108 )
K ||DFH%OO(_Q,£2(N))

hence

P(F —E[F] > z)

1 IDF (12 e (2,02 0y Kz T
<exp|——=|z+ : log [ 1+ - =
( K( K IDFI 200y ) K

T _
S exXp (_ﬁ log <1 + LUKHDFHLEO(Q’KQ(N)))) ’

where we used the inequality
%log(l—i-u) < (1+wu)log(l+u)—u, uweRy.

If K = 0, the above proof is still valid by replacing all terms by their
limits as K — 0. Finally if F is not bounded the conclusion holds for
F, = max(—n,min(F,n)), n > 1, and (F,,)nen, (DFy)nen, converge respec-
tively almost surely and in L?(2xN) to F and DF, with | DF,, ||%oo(Q L2y <
IDFI e 2,2 _
In case pr = p for all k € N, the conditions

IDLF| < B, k€N, and |DF|} (g emy <o,

give

P(F ~E[F] > 2) < exp <_a;§qg <ax5f ))

ol on(or )

which is Relation (13) in [20]. In particular if F' is Fy-measurable, then

P(F —E[F] 2 z) < exp (‘Ng <J2/J:?)>

con( S 38) )

Finally we show a Gaussian concentration inequality for functionals of (S, )nen,
using the covariance identity (1.10.1). We refer to [18], [19], [66], [79], for other
versions of this inequality.

Proposition 1.11.2. Let F € L*(£2) be such that
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- 1
7DF DiFllsll < K2
Then )
x
_ > < —_— > 0. 1.
P(F ]E[F]_x)_exp( 2K2>’ x>0 (1.11.2)

Proof. Again, we assume that F' is a bounded random variable with E [F] = 0.
Using the inequality

t
lef* — Y| < §|1: —y|(e" + ), z,y € R, (1.11.3)

we have, replacing the lack of chain rule of derivation for Dy by an upper
bound,

+ _
‘DketF| _ \/MkftF’“ _ etF,c |

1 _ + —

< 5\/pqut|F,:r — Fy7[(et T 4 etfi)

1 _
= §t|DkF|(etFk+ +etFi)

< —— |DLFE [ | X;, i £k 1.11.4
< 2(pkAQk)| KFIE [ | # k| ( )
1
= E[ef|DLF| | X5, i # k],
2(pr A qr) [ 1DRE | 7 k]

where in (1.11.4) the inequality is due to the absence of chain rule of derivation
for the operator Dy. Now, Proposition 1.10.1 yields

E [FetF] = Cov (F,e*)

— i]E [E[DiF | Fy—1] Die'"]

§Z||DkF||oo [ DyetT|]
t — _
Sgl;)p o IDFIE [B [e!FIDLF] | X, i # K]
o0
:%E e’
0
o0
g
k oo

This shows that
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ft E [(F — E[F])es(F~EIFD]

t(FfIE[F})] _
log(E [e ) o 5 [es(F—E[F})] ds
t

< K2

<K jo sds

= ﬁKQ,

2
hence
“P(F—E[F]>z) <E [eﬂF*E[FD}
Setsz/Q, t€R+,

and

t2
P(F-E[F]>z) <eTK "t tecR,.

The best inequality is obtained for t = z/K?.

Finally if F' is not bounded the conclusion holds for F,, = max(—n, min(F,n)),
n >0, and (Fy,)nen, (DF,)nen, converge respectively to F' and DF in L?(§2),
resp. L2(2 x N), with ||DFTL||%OO(97£2(N)) < ||DF||2L°°(Q,E2(N))' O

In case pr = p, k € N, we obtain
2

pT
P(F—E[F] > z) <exp (— DF2 ) .
£2(N,L>(£2))

Proposition 1.11.3. We have E [e”‘m] < oo foralla>0, and E [eO‘FQ} <
oo for all aw < 1/(2K?).

Proof. Let X\ < ¢/e. The bound (1.11.2) implies
auﬂ — [T prealFl >
E [e I, et = tyar
= [ PlalF| = yevdy
< - > v
< 1—|—f0 P(a|F| > y)e¥dy

<14 fooo exp <_ (I [|F2I]K+2y/a)2) eVdy

< o0,

for all @ > 0. On the other hand we have
aF? _ o0 aF? >

E [e } [Pt =

= foo P(aF? > y)eVdy
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<1+ [TP(F| > (y/a) /)evdy

<1+ [Texp (—( - ;ii/“)m)Q) eldy

< 00,

provided that 2K?%a < 1. O

1.12 Logarithmic Sobolev Inequalities

The logarithmic Sobolev inequalities on Gaussian space provide an infinite
dimensional analog of Sobolev inequalities, cf. e.g. [81]. On Riemannian path
space [24] and on Poisson space [7], [155], martingale methods have been
successfully applied to the proof of logarithmic Sobolev inequalities. Here,
discrete time martingale methods are used along with the Clark predictable
representation formula (1.7.1) as in [51], to provide a proof of logarithmic
Sobolev inequalities for Bernoulli measures. Here we are only concerned with
modified logarithmic Sobolev inequalities, and we refer to [131], Theorem 2.2.8
and references therein, for the standard version of the logarithmic Sobolev
inequality on the hypercube under Bernoulli measures.

The entropy of a random variable F' > 0 is defined by
Ent [F] =E[FlogF] —E[F]logE[F],

for sufficiently integrable F'.
Lemma 1.12.1. The entropy has the tensorization property, i.e. if F,G are
sufficiently integrable independent random variables we have

Ent [FG] =E [FEnt [G]] + E [GEnt [F]]. (1.12.1)
Proof. We have

Ent [FG] = E[FGlog(FG)] — E[FG|logE [FG]
=E[FG(log F +log G)] — E[F|E [G] (logE [F] + log E[G])
=E[G]E[Flog F| +E[F|E[GlogG)] — E[F]E[G] (logE [F] + log E [G])
= E [FEnt [G]] + E [GEnt [F]].

O

In the next proposition we recover the modified logarithmic Sobolev inequality
of [20] using the Clark representation formula in discrete time.
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Theorem 1.12.2. Let F' € Dom (D) with F > n a.s. for some n > 0. We
have

1
Ent [F]<E |:F||DF||§2(N):| . (1.12.2)
Proof. Assume that F'is Fy-measurable and let M,, = E[F | F,,],0 <n < N.
Using Corollary 1.6.3 and the Clark formula (1.7.1) we have
My=M_1+) wYe, 0<n<N,
k=0

with uy = E[DpF | Fr—1], 0 < k < n < N, and M_; = E[F]. Letting
f(z) = xlog z and using the bound

fl@+y) — f(x) = ylogz + (z + y)log (1+ %)
<y(l+logz) + y;,

we have:

Ent [F] = E[f(My)] —E[f(M_1)]

I N
—E | f(My) - f(M“)]
Lk=0

r' N
=E | f (M1 + Yieur) — f(My_1)
Lk=0
T N
Y2u?2
< k Yk
<E -kz_% YkUk(l + log Mkfl) + Mo,
. X
) —— (E[DyF | Fr_1])?

Y
1
<E E | =|D,F? _
< ];) {F' RE7 | Fi 1H

B 1 N
_ 2
=E —kE_O:\DkF|

where we used the Jensen inequality (9.3.1) and the convexity of (u,v) —
v?/u on (0,00) X R, or the Schwarz inequality applied to

1)VF  and  (DyF/VF)gen,
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as in the Wiener and Poisson cases [24] and [7]. This inequality is extended
by density to F' € Dom (D). O

By a one-variable argument, letting df = f(1) — f(—1), we have

Ent [f] = pf(1)log f(1) + qf(—1)log f(~1) — E[f]log E [f]
= p(E [f] + qdf) log(E [f] + ¢df)
+q(E[f] — pdf)log(E [f] — pdf) — (pf(1) + q¢f(—1)) log E ]
= pE[f]log (1 + q%) + pgdflog f(1)
+qE [f]log <1 - p%) —gpdflog f(—1)
< pgdflog f(1) — pgdflog f(—1)
= pqE[dfdlog f],

which, by tensorization, recovers the following L' inequality of [52], [31], and
proved in [155] in the Poisson case. In the next proposition we state and prove
this inequality in the multidimensional case, using the Clark representation
formula, similarly to Theorem 1.12.2.

Theorem 1.12.3. Let F' > 0 be Fny-measurable. We have

N

> DyFDilogF
k=0

Ent [F] <E : (1.12.3)

Proof. Let f(z) = xzlogx and
U(x,y) = (r+y)log(x +y) —xlogzr — (1 +logz)y, =z, x+y>0.
From the relation

Yiu, = YiE [DpF | Fi1)
= axlx=nE [(F — F) | Feor] +pelix= 0 E [(Fy — FS) | Fiea]
=1ix,-nE [(Fl:_ - Fk_)l{Xk:—u | ]:k—l]

Hlix=nE[(Fy — FEN)Lx=1y | Fiei]

we have, using the convexity of ¥:

Ent [F] =E

N
Z f(Mg—1+ Yyug) — f(Mkl)‘|

k=0

=E

N
ZW(Mk—h Yiug) + Yiur (1 + log Mk—l)]
k=0
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N
=E ZW(MkA,YkUk)
Lk—=0

' N

=E |3 pu¥ (E[F | Fioa] JE (B = F)1ix—1y | Fici])
Lk=0

+qr? (E[F | Feoa] ,E[(Fy — F)1ix, =1y | Froa])]

[ N
<E ZE[PW (B, (Fy = FO)lx=—1}) + @ (F.(Fy, = F))1ix,=13) ‘EHH
Lk=0

N
=E > mlix——ny? (B B = F) + alixn ¥ (B, Fy — F)
LE=0

N
=E Y man?(Fy = F) + poan® (B Fy = FY)
Lk=0

N
=E Zkak(longJr —log F, )(Fy — Fy)
Lk=0
[ N
=E | DyFDilogF
Lk=0

O

The application of Theorem 1.12.3 to ef’ gives the following inequality for
F > 0, Fy-measurable:

N
Ent [¢"] <E ZDkFDkeF]
Lk=0

rN
. B R N
=E > pra(efr e — e ) + prgl(efi eft — e )]
Lk=0

' N
=E |3 prarel (B — Fp)el e — o= 4 1)
Lk=0

+kakeF’j((Fk_ - F,j)eFk_—F; —eFr TR 4 1)]
< - + — + _
=E |3 pilx—yel (B — Fy)eli = —efi=Fi 4 1)
Lk=0
+arlx, e’ (B — FD)e™ ~I — el =T 4 1)}

(1.12.4)

N
=B | VBVl (ViFeTH — ¥ 4 1)
k=0
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This implies

N
Ent [¢f] <E | ) (VeFeVHl — Vel 4 1)) . (1.12.5)
k=0

As noted in [31], Relation (1.12.3) and the Poisson limit theorem yield the L*
inequality of [155]. More precisely, letting M, = (n+ X; +---+ X,,)/2, F =
o(My) and pp, = A\/n, k € N, ,n > 1, A > 0, we have, from Proposition 1.6.2,

> DiFDilogF

k=0
= % (1 - 2) (n — M) (p(M,, + 1) — (M) log(p(M,, + 1) — p(M,))
+ (1 - 2) My(p(My) = (M, — 1)) log(o(My) = o(M, — 1),

in the limit as n goes to infinity we obtain

Ent [p(U)] < AE[(¢(U +1) — o(U))(logp(U + 1) —log o(U))],

where U is a Poisson random variable with parameter A. In one variable we
have, still letting df = f(1) — f(-1),

Ent [ef} < pqE [defd log ef]

= pg(e/ — S V) (F(1) - f(-1))

= pge’ TV((F(1) = f(=1))e/D=FED _ofD=F=1) )
+pgef D ((f(=1) — f(1))e/ VD) _f(=D=F) 4 q)

< qe’TV(f(1) = f(=1)efD=IED _ofM=F=1) 4 )
+pef(1)((f(—1) _ f(l))ef(fl)ff(l) — SN 4y

=E [ef(ervf —eV/ 4 1],

where Vy, is the gradient operator defined in (1.6.4). This last inequality is

not comparable to the optimal constant inequality

N
Ent [e] <E e prar(|ViFlel Ve — el Ve Fl 4 1) ] (1.12.6)
k=0

of [20] since when F;" — F, > 0 the right-hand side of (1.12.6) grows as

F,:“eQFlj, instead of F,:reFI:r in (1.12.5). In fact we can prove the following
inequality which improves (1.12.2), (1.12.3) and (1.12.6).

Theorem 1.12.4. Let F' be Fy-measurable. We have

O (With corrections, May 23, 2025) 45



N. Privault

N
Ent [e”] <E |e" ) prgp(ViFeVsF —eVrF 4 1)) (1.12.7)
k=0

Clearly, (1.12.7) is better than (1.12.6), (1.12.4) and (1.12.3). It also improves
(1.12.2) from the bound

re” —e” +1< (e —1)%, zeR,
which implies
eF(VFeVF _ eVF + 1) S eF(eVF _ 1)2 — e_F|VeF|2.
By the tensorization property (1.12.1), the proof of (1.12.7) reduces to the
following one dimensional lemma.
Lemma 1.12.5. Forany0<p<1,teR,aeR, ¢g=1—p,
pte! + qae® — (pet + qe“) log (pet + qe“)
< pq (qe“ ((t —a)e!™ —elme 4 1) + pet ((a —t)e® "t — et ¢ 1)) .
Proof. Set
g(t) = pq (qea (t—a)e'*—e"""+ 1) + pet ((a —t)e? Tt — et 4 1))
—pte’ — qae® + (pe’ + qe®) log (pe’ + ge®) .
Then
g'(t) = pq (qe*(t — a)e’™" + pe (=" +1)) — pte’ + pe log(pe’ + ge*)

and g”(t) = peh(t), where
pe’

h(t) = —a—2pt —p+2 2t — p2a + log(pe’ + ge®) + ————.
(t) =—a—2pt —p+2pa+p pa+0g(pe+qe)+pet+qea

2pet pZeZt
R (t) = -2 2 —
(*) pEp pet + ge®  (pet + ge®)?
~ pgP(e’ —e*)(pe’ 4 (¢ +1)e”)

- (pe’ + ge®)?

)

which implies that h'(a) = 0, h/(t) < 0 for any ¢ < a and h/(t) > 0 for any
t > a. Hence, for any t # a, h(t) > h(a) = 0, and so ¢”(t) > 0 for any t € R
and ¢”(t) = 0 if and only if ¢ = a. Therefore, ¢ is strictly increasing. Finally,
since t = a is the unique root of ¢’ = 0, we have that g(t) > g(a) = 0 for all
tcR. O
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164 optimal
141 modified

L1

6 sharp
4 entropy

0 02 04 p 06 0.8 1
Fig. 1.1: Graph of bounds on the entropy as a function of p € [0, 1].

This inequality improves (1.12.2), (1.12.3), and (1.12.6), as illustrated in one
dimension in Figure 1.12, where the entropy is represented as a function of
p € [0,1] with f(1) =1 and f(—1) = 3.5:

The inequality (1.12.7) is a discrete analog of the sharp inequality on Poisson
space of [155]. In the symmetric case pr = qx = 1/2, k € N, we have

N
Ent [eF] <E eFZpqu(VkFeka—VkF+l)
k=0
_1]E > Fy Ft -~ B —=F, B —Fy 1
=3 ek ((F) —Fy e € +1)
Lk=0

[ N
1 — _
:gE E (efr — e )(Ff - Fy)
Lk=0
1 [ N
— E F
= §E k_ODkFDke ] s

which improves on (1.12.3).

Similarly the sharp inequality of [155] can be recovered by taking F' = p(M,,)
in

N
Ent [e"] <E|e ) prap(VeFeVs! — V,F + 1)
k=0
_A 122k [Mne“"(M”)
n n

O (With corrections, May 23, 2025) 47



N. Privault
> (((P(Mn) _ (P(Mn _ 1))e<p(Mn)—¢(Mn—1) — eP(Mn)—p(Mn—1) 4 1)}

42 (1 - A) E [(n — M,,)e?(Mn)

n n

X ((o(M, +1) — @(Mn))e“’(M"H)_“”(M”) — eP(Mn+1)=p(Myn) 4 1)} ,
which, in the limit as n goes to infinity, yields
Ent [esow)] <AE [ew)((@(U 1) — p(U))e?UHD=0U) _ qpU+D—e(U) | 1)} 7

where U is a Poisson random variable with parameter .

1.13 Change of Variable Formula

In this section we state a discrete-time analog of It6’s change of variable
formula which will be useful for the predictable representation of random
variables and for option hedging.

Proposition 1.13.1. Let (M, )nen be a square-integrable martingale and f :
R x N — R. We have
f(My,n)

= f(M_1, 1)+ > Dpf(My, k)Y + > E[f(My, k) = f(My_1,k — 1) | Fra].
k=0 k=0
(1.13.1)

Proof. By Proposition 1.7.5 there exists square-integrable process (ug)ren
such that

Mn:M—1+ZukYka n € N.
k=0

We write

n

F(My,n) = f(M_y,=1) = > (f(My, k) = f(My_1,k — 1))

k=0

—Z (M, k) — f(My—1,k) + f(Mg—1,k) — f(My—1,k — 1))

= Di (f <Mk 1+ ug Bk k) - f(Mkhk)) Ys
=V \V P
+&1{X,€:—1} (f (Mk 1 Uy [ an k) - f(Mklak)>
qk Pk
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+1lix,=—1} (f (Mk 1 'Ufk\/Z»: k‘) - f(Mk—lyk))

+Z J(My—1,k) — f(Mg—1,k — 1))

Pk Mo+ uiy | B k) = f(My—1,k) ) Vi
G i’

+Z q;l{Xk ,1}E [f(Mk7 k) - f(Mk—17 k) | Fk—l]
k=0

+Z J(My_1,k) = f(My—1,k—1)).

Similarly we have

f(My,n)

= f(M_q,—1) — n \/(T’“( <Mk 1—uk\/p7 k:) —f(Mk_l,k)> Yi
Pk gk

+Z ITkl{Xk 1}E [f(Mka k) - f(Mk_l’ k) | ]:k_l]
k=0

+Z (M1, k) — f(Mi_1,k — 1)).

Multiplying each increment in the above formulas respectively by ¢, and pg
and summing on k we get

F(My,n) = f(M_1,-1) +Z (M, k) — fF(My_1,k —1))
:f(M—lvfl)ﬂLI;JQk(f(Mkak)*f(Mk—lkal))
+Zpk f(Mi, k) = f(My—1,k — 1))
= f(M_q,-1) +Zm< <Mk 1+uk\/§7];,k> —f(Mk,_l,k)> Y
—Z\/M<f (Mk ) —uk\/]j: k> —f(Mkl,k)> Y,

+ZE (M, k) | Fr—1] = f(Mg—1,k)
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+Z (My—1,k) = f(Myg—1,k — 1))

:f(M—h_l)
+Z\/kak (f (Mk 1+Uk\/z>z k) f<Mk 1_Uk\/§>:ak>>yk

+ZIE (M, k) | Fra] — f(My_1,k —1).

Note that in (1.13.1) we have

Dy f(My, k) = \/Prar (f <Mk 1+uk\/]‘?’; k> f(Mk 1—uk\/27: k))

k e N.
On the other hand, the term

E[f(Mg, k) = f(My—1,k —1) | Fr_1]

is analog to the generator part in the continuous time It6 formula, and can
be written as

prf <Mk 1+Uk\/q> >+Qkf (Mk 1 ’uk\/pTC k‘) — f(My—1,k—1).
Pk dk

When p, = ¢, = 1/2, n € N, we have

f(My,n) = f(M_q,-1) +Z f(My—1 + ug, k) ; f (Mg —uk,k)ylC
k=0

+z": F(My—y + up, k) + f (Mk_12— g, k) = 2f (My_1, k —1)

k=0

The above proposition also provides an explicit version of the Doob decom-
position for supermartingales. Naturally if (f(M,,n))ren is a martingale we
have

f(ann) = f(Mfla _1)
+Z Pk Ak (f (Mk—l +Uk\/q>ka k) - f (Mk—l — ug pk,k‘)) Yy
k=0 Dk qk

= f(M_1,=1)+ > Dyf(My, k)Ys.
k=0
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In this case the Clark formula, the martingale representation formula Propo-
sition 1.7.5 and the change of variable formula all coincide, and we have in
particular

Dy f(My, k) = E [Dy f(My,n) | Fr—1]
:E[Dkf(Mk,k‘) ‘ fk‘—l]7 k eN.

If F'is an Fy-measurable random variable and f is a function such that
E[F | F.] = f(M,,n), —1<n<N,
we have F' = f(My,N), E[F]] = f(M_;,—1) and

F=EI[F]| +zn:E[Dkf(MN7N) | Fro—1] Yi
k=0

=E[F]+ Y _ Dypf(My, k)Y
k=0

CB[F]+ 3 DE[f(My, N) | i Vi
k=0

Such a function f exists if (M, )nen is Markov and F = h(My ). In this case,
consider the semi-group (P ,)o<k<n<n associated to (M,),en and defined
by

(Pynh)(x) =E[h(M,) | M = x].

Letting f(z,n) = (P, nh)(z) we can write
F=E[F]+ ) E[Dih(My) | Fx1]Yi
k=0

=E [F] + Zn: Dk(Pk,Nh(Mk))Yk.
k=0

1.14 Option Hedging

In this section we give a presentation of the Black-Scholes formula in discrete
time, or in the Cox-Ross-Rubinstein model, see e.g. [50], [78], [129], or §15-1
of [153], as an application of the Clark formula.

In order to be consistent with the notation of the previous sections we choose

to use the time scale N, hence the index 0 is that of the first random value
of any stochastic process, while the index —1 corresponds to its deterministic
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initial value.

Let (Ag)ren be a riskless asset with initial value A_1, and defined by

n

A=A J[+m), neN,

k=0

where (rg)ken, is a sequence of deterministic numbers such that rp > —1,
k € N. Consider a stock price with initial value S_1, given in discrete time as

(1+4b,)Sp_1 if X, =1,
Sp =
(14 an)Sn_1if X, = -1, neN,

where (ag)ren and (bg)ren are sequences of deterministic numbers such that

-1 <ap <rg <bg, k e N.
We have
n 1+bk X;C/Q
S, =5_ 14+ bx)(1+ , eN.
1}61;[0\/( k) ( ak)<1+ak> n

Consider now the discounted stock price given as

gn =5, H(l -|-7’k)_1
k=0

n Xk /2
231H< ! \/(1+bk)(1+ak)<1+bk> ) neN.
k=0

1+ 1+ag

If -1 <ar <ri <bg, k€N, then (S’n)neN is a martingale with respect to
(Fn)n>—1 under the probability P* given by

TE — Qg b=y keN

pk‘:bk_akv Qk_bk_aka

In other terms, under P* we have
E* [Snt1 | Ful = (1 + 7041)Sn, n > —1,

where E* denotes the expectation under P*. Recall that under this probability
measure there is absence of arbitrage and the market is complete. From the
change of variable formula Proposition 1.13.1 or from the Clark formula (1.7.1)
we have the martingale representation
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b _
Sp=51+ ZYkaSk =5_1+ Zsk 1V PGk h Yk-

k=0 k=0 Lt

Definition 1.14.1. A portfolio strategy is represented by a pair of predictable
processes (N )ken and (Cx)ren where Mg, resp. Cx represents the numbers of
units invested over the time period (k,k + 1] in the asset Sy, resp. Ay, with
k>0.

The value at time k£ > —1 of the portfolio (7, (k)o<r<n is defined as
Vi = Co+1A4k + NMk+1Sk, k> -1, (1.14.1)

and its discounted value is defined as

n

Vo=Vo [Ja+m)™  n>-1. (1.14.2)
k=0

Definition 1.14.2. A portfolio (nk,Ck)ken s said to be self-financing if

Ak (Cot1 — Ce) + Sk (k1 — M) = 0, k> 0.

Note that the self-financing condition implies
Vi = G Ak + Sk, k> 0.

Our goal is to hedge an arbitrary claim on (2, i.e. given an Fy-measurable
random variable F' we search for a portfolio (nx, (x)o<k<n such that the equal-

ity
F=VN=(vAN +NSN (1.14.3)

holds at time N € N.

Proposition 1.14.3. Assume that the portfolio (n, Ck)o<k<n is self-financing.
Then we have the decomposition

anvlﬂ (1+74) +Z’7151 \/Digi (bi — a;)Y; H (1+7g). (1.14.4)

k=i+1

Proof. Under the self-financing assumption we have

Vi—=Vior = G(Ai — A1) +mi(Si — Si1)
=7riGAi1 + (ailyx,——1) +bilix,—1})m:iSi—1
=niSi—1(ailix,——1} +bilyx,—1y — i) +1:iVioy
=niSi—1((a; —ri)lx,=—1y + (bi — i) 1ix,=13) +1iViea
= (bi —ai)niSi—1(—pilyx,=——1} + @lix,=1y) + Vi1

O (With corrections, May 23, 2025) 53



N. Privault

= 0iSi—1v/Pii(bi — a;)Y; + 1 Vi, i €N,

by Relation (1.4.5), hence for the discounted portfolio we get:

i i—1
Vi—Viii = H(l + )"V - H(l + ) Wiy
k=1 k=1

—Hl—H“k (Vi =Vier —miVisq)

—77151 1\/]?1%( ) H<1+rk) 17 iGN,
k=1

which successively yields (1.14.4). O
As a consequence of (1.14.4) and (1.14.2) we immediately obtain

Vo=V_1+ ansz 1\/szZ Y H 1 + 7'k , (1145)

n > —1. The next proposition provides a solution to the hedging problem
under the constraint (1.14.3).

Proposition 1.14.4. Given F € L?(§2, Fn), let

N
1
N = E* [D,F | Fy_ 14+7)7%, 1.14.6
Sn—l\/ann(bn - an) [ | 1] k;l;J—%—l( k) ( )
0<n<N, and
N
(o= A7t < [T Q+r)'E[F | F) - nn5n> : (1.14.7)
k=n+1
0 <n < N. Then the portfolio (nx, Cx)o<k<n is self financing and satisfies
N
CnAn +mSn =[] (14r) "B [F| Ful,
k=n+1

0 <n <N, in particular we have Vy = F, hence (N, Ck)o<k<n S a hedging
strategy leading to F'.

Proof. Let (n;)—1<k<n be defined by (1.14.6) and 17—, = 0, and consider the
process ((p)o<n<n defined by
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(77k+1 - Uk)sk
Ay ’

™
[
=
o
=

(I+r,)™" and (o1 =G —

k=—-1,...,N —1. Then (1, (k) —1<k<n satisfies the self-financing condition

Ak (Cet1 — Ck) + Sk(Mk41 — mi) = 0, “1<k<N-1.
Let now
N
Vo =B [F] [ +m)"", and Vi =(udn+naS,,  0<n<N,
k=0
and .
Vo=Vo [Ja+m)™,  -1<n<N.
k=0

Since (1, Ck)—1<k<n is self-financing, Relation (1.14.5) shows that

Vo=V + > YiniSioay/piti (b — ai) [T (1 +m) 7", (1.14.8)
i=0 k=1

—1 < n < N. On the other hand, from the Clark formula (1.7.1) and the
definition of (n;)_1<k<n we have

N
E*[F | Fu) [T +70)"
k=0
N N N
=B |E*[F] [T +m) " + ) YViE [D:F | Fio) [J+ rk)ll}"n]
k=0 =0 k=0
N n N
=E [FI [ +r)™" + D ViE [DiF | Fia] [JA+7e) ™
k=0 =0 k=0
N n 4
=E [FI ] +r) ™ D YimiSioav/pidi (b — ai) [J(1+74) 7
k=0 =0 k=1
= Vn
from (1.14.8). Hence
~ N
Vo=E[F|F][J0+m)~" -1<n<N,

k=0

and
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N
Vo=E[F|F] [[ @+m)™". —-1<n<N.
k=n-+1
In particular we have Viy = F. To conclude the proof we note that from the
relation V,, = ¢, Ap +1,Sn, 0 < n < N, the process ((,)o<n<n coincides with

(Cn)o<n<n defined by (1.14.7). 0
Note that we also have
N
Cop1An + 1Sy =E°[F|F] [ A+m)™',  -1<n<N.
k=n+1

The above proposition shows that there always exists a hedging strategy start-

ing from
N

Vo =E P[] +m)~"
k=0

Conversely, if there exists a hedging strategy leading to
N
Vy=F [+,
k=0
then (V,,)_1<n<n is necessarily a martingale with initial value

N
f/_1 =[E* {‘7]\[} =E* [F] H(l + 7']@)_1.
k=0
When F = h(Sy), we have E* [h(SN) | ]—'k] = (S, k) with

H VAT o)A +ar) (140, \ 2
1+ 1+ ax .

i=k+1

fa, k) =

The hedging strategy is given by

N
1 ~
- Dif(Skk) JT @+r)!
Tk Sk—1/Prk (b — ax) e (S )Z':k;+1( ")

N -1
o 1+mr - 1+ = 1
:Hz_k+1( ) <f<Sk:—1 + k,k>—f<5k—1 -l-CLIC’k))7
Si—1(br — ar) 1+ 1+rg
k > —1. Note that n; is non-negative (i.e. there is no short-selling) when
f is an increasing function, e.g. in the case of European options we have

f(2) = (- K)*.
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1.15 Notes and References

This chapter is a revision of [117] with some additions, and is mainly based
on [64] and [119]. Tt is included for the sake of consistency and for the role it
plays as an introduction to the next chapters. Other approaches to discrete-
time stochastic analysis include [58], [59], [53], [82] and [92]; see [9] for an
approach based on quantum probability. Deviation inequalities and logarith-
mic Sobolev inequalities are treated in [20], [51], [64]. We also refer to [6],
[18], [19], [66], [79], for other versions of logarithmic Sobolev inequalities in
discrete settings. See [78], §15-1 of [153], and [129], for other derivations of
the Black-Scholes formula in the discrete time Cox-Ross-Rubinstein model.
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Chapter 2
Continuous-Time Normal Martingales

This chapter is concerned with the basics of stochastic calculus in continuous
time. In continuation of Chapter 1 we keep considering the point of view of
normal martingales and structure equations, which provides a unified treat-
ment of stochastic integration and calculus that applies to both continuous
and discontinuous processes. In particular we cover the construction of single
and multiple stochastic integrals with respect to normal martingales and we
discuss other classical topics such as quadratic variations and the It6 formula.

2.1 Normal Martingales

Let (2, F,P) be a probability space equipped with a right-continuous filtra-
tion (F;)er, , i.e. an increasing family of sub o-algebras of F such that

Fe=()F teRy

s>t

We refer to Section 9.5 in the Appendix for recalls on martingales in conti-
nuous time.

Definition 2.1.1. A square-integrable martingale (M;)ier, such that
E[(M; — M,)*|F]=t—s, 0<s<t, (2.1.1)

1s called a normal martingale.

Every square-integrable process (M;);er, with centered independent incre-
ments and generating the filtration (F;);cr, satisfies

E [(Mt - Ms)Ql-}—s} =K [(Mt - MS)2] ) 0<s<t,
hence the following remark.
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Remark 2.1.2. A square-integrable process (My)ier, with centered indepen-
dent increments is a normal martingale if and only if

E[(My—M)?]=t—s, 0<s<t.

In our presentation of stochastic integration we will restrict ourselves to nor-
mal martingales. As will be seen in the next sections, this family contains
Brownian motion and the standard Poisson process as particular cases.

Remark 2.1.3. A martingale (M).cr, is normal if and only if (M7 —t)cr,
s a martingale, i.e.
E [M? —t|F,] = M? — s, 0<s<t.

Proof. This follows from the equalities

E [(M; — M,)*|Fs] — (t —s)

=K [ME — JMS2 - 2(Mt - MS)MSU:S] - (t - 5)
=E [Mtz — M?‘]:s] — 2ME [Mt - Ms|]:s] - (t - 8)
=E [M}|F] —t— (E[M2|F] —s).

O

Throughout the remainder of this chapter, (M;)ier, will be a normal mar-
tingale and (F;);er, will be the right-continuous filtration generated by
(Mi)ter, , e

Fi=oc(Ms : 0<s<t), teR,.

2.2 Brownian Motion

In this section and the next one we present Brownian motion and the com-
pensated Poisson process as the fundamental examples of normal martingales.
Stochastic processes, as sequences of random variables can be naturally con-
structed in an infinite dimensional setting. Similarly to Remark 1.4.1 where
an infinite product of discrete Bernoulli measures is mapped to the Lebesgue
measure, one can map the uniform measure on “infinite dimensional spheres”
to a Gaussian measure, cf. e.g. [89], [54], and references therein. More pre-
cisely, the surface of the n-dimensional sphere with radius r is

mr"/2
r(z+1)

—n/2

,r_n—l ~ 7r71/2\/%67#2 (g) T,n—l’

Sn(r) =

with s1(r) = 2, where the equivalence is given by Stirling’s formula as n goes
to infinity. The set of points on the sphere S, (1/n) whose first coordinate z;
lies between a and a + da has the measure
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on({(z1,...,2n) € Sp(v/n) : a <z <a+da})
_ Sn—1(vVn —a?) da
sn(v/n) V1—a?/n

1 5 n—2
—(V1-%)  da
V2T n
1 2
— ——e % /?dq, n — oo].
or [ ]
When a point is chosen uniformly on the sphere, its components have an
approximately Gaussian distribution as n becomes large. Namely, the uniform

measure o, (dz) on S,(y/n) converges weakly as n goes to infinity to the
infinite dimensional Gaussian measure

12

S L e
w(dr) = ® e "/ 2dgy, (2.2.1)
P 2T

on (RN, B%N), cf. e.g. Ex. 5, page 66 of [57], which gives a numerical model of
Gaussian space in the sense of [87], §I-3. Since the n-dimensional sphere with
radius r has curvature (n —1)/r%, S,(y/n) has curvature 1 —1/n, and can be
viewed as an infinite dimensional space with unit curvature when n is large.
We refer to [30] and to Chapter 5 of [55] for approaches to this phenomenon
using non standard analysis and white noise analysis respectively.

Thus our starting point is now a family (£,)nen of independent standard
Gaussian random variables under 7y, constructed as the canonical projections
from (RN, Bgy,vy) into R. The measure vy is characterized by its Fourier

transform
- ( zmn)]
n=0
o 2
= H e_an/Z
n=0

_1 2
—e 2”05||22(N)7 = EQ(N),

ar—E [exp (i(ﬁ,a)gz(N))] =E

Le. (€, a)pqy) is a centered Gaussian random variable with variance [|c[|7 -
Let (en)nen denote an orthonormal basis (e,,)nen of L?(R4).

Definition 2.2.1. Given u € L*(Ry) with decomposition

o

U= Z(u, €n)en,

n=0
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we let Jy : L>(Ry) — L2(RY, YY) be defined as

= &nlu,en). (2.2.2)

We have the isometry property
)2 = Z [(u, €,)|°E [€2] (2.2.3)
k=0

=3 en)P
k=0

= llulliz g, ).

and the characteristic function of J; (u) is given by

[ le(u)] H E { i&y uen>:|
_ H —3(uen) L2(R+)

— exp (~3llulece,) )

hence J; (u) is a centered Gaussian random variable with variance ||u||?. (By)"
cf. Section 9.2. Next is a constructive definition of Brownian motion, using
the mapping J; and the decomposition

1oy = Z en J;)t en(s)ds
n=0

Definition 2.2.2. For allt € Ry, let

110.4) anf en(s)ds. (2.2.4)

Clearly, B; — Bs = Ji(1[s,4) is a Gaussian centered random variable with
variance:

E(B, - B.)] = E[ (L)) = Mpgla@,) =t -5 (22.5)

Moreover, the isometry formula (2.2.3) shows that if us, . .., u, are orthogonal
in L?(R,) then Jy(u1),...,J1(u,) are also mutually orthogonal in L?({2),
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hence from Corollary 16.1 of [74], see Proposition 9.2.1 in the Appendix, we
get the following.

Proposition 2.2.3. Let ui,...,u, be an orthogonal family in L*(Ry), i.e.
<ui,uj>Lz(R+):O, 1§Z75]§n

Then (Ji(u1),...,J1(uy)) is a vector of independent Gaussian centered ran-
dom wvariables with respective variances ||“1||2L2(R+)v ce ||u1H2L2(R+).

As a consequence of Proposition 2.2.3, (By)icr, has centered independent
increments hence it is a martingale from Proposition 9.5.2 in the Appendix.

Moreover, from (2.2.5) and Remark 2.1.2 we deduce the following proposition.

Proposition 2.2.4. The Brownian motion (B;)cr, is a normal martingale.

2.3 Compensated Poisson Martingale

The compensated Poisson process will provide a second example of a nor-
mal martingale. As mentioned at the beginning of Section 2, Gaussian dis-
tributions arise from uniform measures on infinite-dimensional spheres. They
also can be constructed from the central limit theorem which states that if
(Y7*,...,Y") is a sequence of independent, identically distributed centered
random variables with variance o2 /n,

W'+ Y n =1,

converges in distribution to a centered Gaussian random variable with vari-

ance o2.

In a discrete setting we let
Sp =247+ -+ 72, n>1,

where Z7',...,Z € {0,1} is a family of independent Bernoulli random vari-
ables with same parameter \/n, i.e.

P(ZE=1)=". 1<k<n

Then S,, has a binomial distribution with parameter (n, A/n):

emon=() () (-3)
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)\k
which converges to ﬁe_

A as n goes to infinity, i.e.

24+ 20

converges in distribution to a Poisson random variable with intensity A > 0.
This defines a probability measure 7y on Z as

AE
m({k}) = pa(k) = Lzopye ™ KEN, (2.3.1)

with the convolution property
TAKX Ty = Tdp

Let now (7,,)n>1 denote a sequence of independent and identically exponen-
tially distributed random variables, with parameter A > 0, i.e.

Bl ()] = X [ [T s sy d,

(2.3.2)
for all sufficiently integrable f : R} — R. Let also
To=m+-+7,, n>1L
Next, we consider the canonical point process associated to (Tj)g>1.
Definition 2.3.1. The point process (N;)ier, defined by
oo
Ny=> 1p.00), teRy (2.3.3)
k=1

1s called the standard Poisson point process with intensity A > 0.

Relation (2.3.2) can be rewritten as

E[f(T1,...,T,)] = A" fo fo e f by, b)) Ly <o cp, gty - d,
(2.3.4)
hence the distribution of (77, ...,T,) has density

(t1, .. ty) — )\”e_’\t”1{0§t1<---<tn}
on R%.

From this we may directly show that Ny has a Poisson distribution with
parameter At:

P(Nt = k) = P(Tk <t< Tk+1)
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_ tk+1 ta
— )\k+1 fo Atpy1 f f 1{tk<t<tk+l}dtl “dtg41

_ /\k-i-lj —)\tk+1f I f dt1 - dtyin

t* BV
= E)\ J; (§] kt+ dtk_;,_l
L
= e t> 0.
Proposition 2.3.2. The distribution of T, has the density t — \"e™* (::11)!
onRy, n>1.
Proof. We have
P(T) >t) =P(N; =0)=e ™,  tecRy,
and by induction, assuming that
/\S n—2
7)\5
P(Tp_1 > t) = Aj ] S ds,  n>2,
we obtain
P(T,>t)=P(T,>t>Ty_1) +P(Th_1 >1)
=P(Ne=n—1)+P(T,—1 > t)
n—1
_ei)\t )\t )\J‘ 7)\8 >\S ds
(n—1)! (n—2)!
rs (A8)"0
= /\ S, t e R+.
e
O

For any bounded measurable functions g : Ry — R and f : R} — R we also
have

Elg(Tns DE[f(Ths - To)[Toa]] = Elg(Tng) f (T, -+, T

_ )\n+1 J‘Oog t )e*Atn+1 f n+1 f f t1,... dtl dtn+1

oo nl
— j f tn+1 tl? ceey tn)l{t1<~~<tn+1}dt1 dt”g( n+1)dP( nl tn+1>
_ J‘() ]E[f(Th o n)‘Tn+1 = tn-l—l] ( n+1)dP( n+l — tn+1>

where dP(T},+1 = ty+1) denotes P(T,,41 € dt,+1). As a consequence, we have
the next proposition.
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Proposition 2.3.3. The conditional density of (11, ...,T,) given that T,,11 =
T is
n!
(tl, ey tn) — ﬁ1{05t1<”'<tn§T}'

Moreover we have

E [f( 11 T”) g(Tn_H)]

Tn+1

oo Tttt to th t
:)\n+1j e>\tTL+1J‘ j n t dt - - - dt
0 0 0 f tn+1’ 5 tn+1 9( n+1) 1 n+1

=\l jooo(tnﬂ) g(tni1)e M"HJ f j Fls1,- oo sn)dsy - dsndtniy
= n'j j j f(s1,...,8,)dsy---dsy fo 9(tns1)dP(Thgr = tny1)
=5 |7 () | Bl

Tn+1 Tn+1
hence (TEA e Tfi 1) is independent of T;,+1 and has density
(8155 80) > o<y, <oocs, <1}

on [0, 1], cf. e.g. [28]. As will be seen in Proposition 2.5.10 below, the random

sum
N,
> A(Tw)
k=1

used in the next proposition can be interpreted as the Stieltjes integral

J, ®an,

of f with respect to (N¢)ier, -
Proposition 2.3.4. Let a > 0 and let f : [0,a] — R be measurable. We have

[exp(Zf Tk> :eXp<AfO(’f) )dt)

Proof. Let g,, n > 1, be defined as

n
gn(th o >tn) — Z 1{tk71<a<tk}ezf(t1)+~-.+1f(tk71) + 1{t }ezf(tl +- +zf(tn)
k=1

with tg = 0, so that
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nAN,
exp (z > f(Tk)> = g,(T1,...,T},).
k=1

Then we have

nANg
exp( Z F(Tx) )

Elgn(T1,...,T)]

o0 _ tn t2 ; L
- ; fo e fo '“Jo 1{tk71<a<tk}e’tf(tl)+ —Hf(tk*l)dtl e dty

_ /\nzj —Atp "k a)_nl)k dty,
J~ J‘tk 1 J‘ i f (t1)+-4if (th— 1)dt1 ~dtp_1
+A"f mf e gy,
f ftk 1j if ()i (1) gey oo dty

‘|'>‘nf oA jtn “'J” )+ Hif ) gy gt

—)\az j It" ! f etf )t Fif el gp, gty

_)\aZAkja a_t j ItQ if(t1)4--+if( ")dtl"'

*MZ j jtk b f e W)y o dty 4
a pra et tnt2
+efxaz)\kfoft L L dtpiy -~ dty
k=n o "

« f"“ o j” G+l () gy g
0 0

=e N i AF joa jotk o fotz et Fiftunn) g, .. dty,
k=0

=e N i )]j foa o joa et/ () tifltinn) gy, - . dy,.
k=0
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Hence as n goes to infinity,
Ng nANg

o (132 0 o (13 )
k=1 k=1

o Nk
= lim e Z % joa o joa et () FFifbean) gey .. dty,
k=0

E

= lim E
n—oo

n—oo

> )\k a a . .
— o a 2 . if(t1)++if(tx) o
- ¢ kz_o o dty - di

= exp ()\ joa(eif(t) — l)dt) .

The next corollary states the standard definition of the Poisson process.

Corollary 2.3.5. The counting process (Ny)icr, defined by (2.3.3) has in-
dependent increments which are distributed according to the Poisson distribu-
tion, i.e. for all 0 <tg <ty <--- <tp,

(Ntl - Ntoa'-'thn _Ntn—l)

18 a vector of independent Poisson random variables with respective parame-
ters

(Mt1 —t0), .oy Atn — tn—1))-
Proof. Letting
F=> arl_,u,
k=1

from Proposition 2.3.4 we get

E exp (iZak(Ntk — Ntk1)>1 = H eA(tk*tk—l)(eiak—l)
k=1 k=1
= exp (A Dtk — teo1) (e’ — 1))
k=1
= H E {emk(Ntk_ka 1)}

for all 0 =ty < t; < --- < t,, hence the components of the vector
(Nt; — Negsoo oy Neyy — Ny )

are independent Poisson random variables with parameters
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(Mtn — ta1),- .., At — to)).

In particular, for all n € Z and ¢t € R, we have

P(N, = 1) = py(t) = o=t D"

nl ’

ie. pp—1: Ry — Ry, n>1, is the density function of T},, and

Relation (2.3.4) above can be extended as a statement in conditional expec-
tation using the independent increment property of the Poisson process. Let

Ay ={(t1,...,tn) €RY : 0<t <--- <y}, n > 1.
Proposition 2.3.6. For any f € L'(A,,e *"dsy ---ds,) we have

E[f(Th,..., )| 7] (2:35)
.\ (Sn SNt+2
- f e t)j j Tl?"'uTN1,>SNt+1>"'7Sn)d8Nt+1"'d8n‘

Proof. Apply Relation (2.3.4) using the fact that for fixed ¢t > 0, (Ng— N¢) s>+
is a standard Poisson process independent of F;. O

In particular we have

E[f(To)|F] = 1in,5ny f (T +f Pro1-n, (x — ) f(2)dz, (2.3.6)

and taking ¢ = 0 in (2.3.5) recovers Relation (2.3.4).

Proposition 2.3.7. Given that {Ny > n}, the (unordered) jump times
{Th,..., T} of the Poisson process (Ni)ier, are independent uniformly dis-
tributed random variables on [0,T]™.

Proof. For alln > 1 and f,, € C.([0,T]") a symmetric function in n variables,
we have

tn
E[fu(Te o T L] = A"f e [ [ et

— AT )n f: AR—n jo T —tn)" " f ftz Falts, ... to)dty - dt,
o AT Z j jtk j n+2 dty

jnH j fu(ti, ... ty)dty -+ - dt,
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—ATZ jjt’“ fn (t1,... tp)dty -~ dty

k=n

e*)\Ti )];::J‘OT”.IOT Fultey .o to)dty - - dty, (2.37)
k=n
— Z %P(NT =k) fOT . --IOT Fulty, ... tn)dty - dty,
k=n
_inJ‘OT'”J‘OTfn(tlv“- n dtl dt ZP

1 T T
:WP(NTEH)J‘O ...IO Fu(tr, ... ty)dty - - - dty,

= E[fu(T4, ..., T,)|Nr > n] P(Nyp > n),

where we used the symmetry of f,, in (2.3.7), hence we have

BTy, TINe 2 ) = o [T [l )t di

O

As a consequence of Corollary 2.3.5, (M)ier, = A\"Y2(N; — At)ier, has
centered independent increments, hence it is a martingale. Moreover a direct
variance computation under the Poisson distribution shows that we have

E[(Mt - M8>2|]:8] = E[<Mt - MS)Q]

=t—s,

hence from Remark 2.1.2 we get the next proposition.

Proposition 2.3.8. The normalized compensated Poisson process
ATVR(Ny = )i,

s a normal martingale.

2.4 Compound Poisson Martingale
In this section, (Y3)r>1 denotes an i.i.d. sequence of random variables with

probability distribution v(dy) on R.
Definition 2.4.1. The process

Ny
=> Y, te Ry,
=1
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1s called a compound Poisson process.

For simplicity we only consider real-valued compound processes, however this
notion is easily extended to the R%valued case, see Relation (6.3.2) in Sec-
tion 6.3 below.

The compound Poisson processes provide other examples of normal martin-
gales.

Proposition 2.4.2. For any t € [0,T] we have

E [exp (ia(Xr — X)) = exp (AT =) [~ (e = 1)w(dy)) ,

— 00
a € R.

Proof. Since N; has a Poisson distribution with parameter ¢ > 0 and is
independent of (Y3)x>1, for all @ € R we have by conditioning:

Nt
E [exp (ia(XT — X;))] =E |E |exp <za Z Yk> ’NT —NtH
k=N,
e MT—1) ZA— —t)"E |exp (zaZYk> ‘NTNt_n]
n!
n=0 k=1
—)\(T t) i A" n
—(T —t)"E |exp zaZYk
n!
n=0 k=1

(E [exp (iaY1)])"

o~ MT—1) Z % ()\(T —t) f_oooo eiayy(dy))

|

/):

H
210 1
3‘>/

n

n=0
= exp ()\(T —t) foo (e'v — 1)u(dy)) ’
since v(dy) is the probability distribution of Y;. O

In particular we have

E[X

Ny
E ZYk’Nt
AT
PRSY
nZ; i

ATt
_ oAt
¢ ZO T

|

i Yk‘Nt = n]
e
k=1
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o0

7>\t]E Yl Z

n:l

ntn

= )\ﬂE[Yl],

and

Var [X,] = [(zyk Xt>

Ny
(Zyk—E[XtQ v,
k=1

|

n 2
(Zyk — \E| Y1> ’Nt —n

|

:ef*tZ—A P > Yle+ZIYkI2—2AﬂE[YﬂZY’€”%mmw}

n=0 1<k<I<n k=1 k=1

n=0 L k=1

oo n 2
—At A"t

n=0 k=1

= oS A 1) B2 + nEIYI] - 20MH(EIYI])? + AR (E[Y])?)

[ee)

=e MEM])?) AT + e ME[Y1]? Z

n=2 : n=1

S aEm)? Y A o NEEY]))

’I’Ltn

= ME[|Y1]2).

Both relations can be recovered from the characteristic function of X, as

. d (2e
E[X;] = —Z%E[e Xt a0

=\ f_oo yp(dy
= /\t]E[Yl],
and

Var [X;] = E[|X;[?] — (E[X])?
2
e - VR EY]?
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o0
=Xt [ JylPu(dy)
= ME[|Y1]%).

We can show as in Corollary 2.3.5 that (X;);cr, has independent increments,
in particular for all 0 < tg <t;---<t, and ay,...,a, € R we have

11 emk“tk—xﬁf«—ﬂ] — exp (A S~ ti) 7 (e 1>v<dy>>

k=1 k=1

E

[T e (At~ ) [~ e = v(ay)
k=1
k=1

Consider the compensated and rescaled process (M;):cr, defined by

X — ME[Y;
Mt = 7t [21], t€R+.
AE[Y?]

We note that
E[(M; — M,)?|F,] = E[(M; — M,)*] =t — s, 0<s<t.

hence the following proposition.

Proposition 2.4.3. The compensated and rescaled process (M;)icr, is a
normal martingale.

Compound Poisson processes belong to the more general family of Lévy pro-
cesses, see Section 6.1 of Chapter 6.

2.5 Stochastic Integrals

In this section we construct the Itd stochastic integral of square-integrable
adapted processes with respect to normal martingales. Recall that the filtra-
tion (Fi)er, is generated by (M;)ier, , i.e.

Fi=0(Ms : 0<s<t), teR;.

A process (X¢)ier, is said to be Fi-adapted if X; is F;-measurable for all
teR,.

Definition 2.5.1. Let L (2 x Ry), p € [1,00], denote the space of Fi-
adapted processes in LP(2 x Ry).
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Stochastic integrals will be first constructed as integrals of simple predictable
processes.

Definition 2.5.2. Let S be a space of random variables dense in L*(£2, F,P).
Consider the following spaces of simple processes:

i) let U denote the space of simple processes of the form

}:Fynpn te Ry,

Fir,... ,FLeS =05t < <tl, n>1.

it) let P denote the subspace of U made of simple predictable processes
(ut)ter, of the form

}:F1mlzlt te Ry, (2.5.1)

where F; is Fir  -measurable, i =1,...,n.

One easily checks that the set P of simple predictable processes forms a linear
space. Part (ii) of the next proposition also follows from Lemma 1.1 of [69],
pages 22 and 46.

Proposition 2.5.3. Let p > 1.

i) The space U of simple processes is dense in LP(2 x Ry).

i) The space P of simple predictable processes is dense in LY (2 x R,).

Proof. 'We will prove both (i) and (ii) by the same argument, starting with
the case p = 2. Let (u¢)epo,r) € L*(£2 x [0,T]) and consider the sequence
(u™)nen of simple processes defined as

1 £ 1
uy —Zl tntn ]t" - f usds, teRy, n>1, (2.5.2)

n

where 0 = 7, <t <t} < --- <tl'_; <t =T is a subdivision of [0, 7.
Clearly, u™ belongs to U and in addition it is predictable and belongs to P
when (u¢)¢cjo,7) is adapted. We have

HU—UnHzm(Qng
1 2
(2
=E E 1 _— -d d
f ( (tl 15t —t:b 5 fn u T) §
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2
_EJ1<Zﬁlpm <%_w;inﬁ;uM0>ds

2
1 7y
=K f (Zl tid it Smﬁn (us—ur)dr> ds
n _ 2
[ S ol ) g
sE f Zl(t7 (s ulfinl(us—uT)erds]
i2

- i i—1 (us - uT)z
=) (' —ty) E[n N — | drds,
; ' f;;l J7f2 (=t ) (8 — )

which tends to 0 provided that (u¢)eo, 7] is (uniformly) continuous in L?(£2)
on [0,T]. If (us)epo,r) € L*(2 x [0,T]) is uniformly bounded but not conti-
nuous in L2(£2), then it can be approximated in L?(£2 x [0,77]) by continuous
processes in L?(§2) using convolution by a smooth approximation of unity:

i) = 2 7 e () as

I
m | =
| &
8
<
V)
£
S
N\
o~
o ||
[V
N———
oW
o

as ¢ > 0 tends to 0, where ¢ € C°(R) is supported on [0,1] and such that
ffooo ¢(z)dr = 1. Moreover, the process u® is adapted when (ut):epo, 1) is
adapted.

The conclusion follows by approximation of (u)icjo,r) in LP(£2 x [0,T]) by
uniformly bounded (adapted) processes, p > 1. O

Note that an argument similar to the above shows that the simple processes

n
D e Lan e
=1

also converges to (u¢)iejo,r) in L?(£2 x [0,T]) when (u;)¢epo,7] is continuous
on [0,77], a.e. uniformly on [0,7] x 2, since

n 2
jooo (Us — Z (7 1(t;‘_1,t;‘} (S)) ds
=1
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n 2
| [ (St e (o))
1=1

o )
=E fo ;1“?—1)"‘?](5) (us —ut?71> ds

- 7 (us —uep ,)?
=N - E|— =" |gs.
;( [ z—l)jtn l (tn—t?_l) ] S

i—1 4

The stochastic integral of a simple predictable processes (u;):er, of the form
(2.5.1) with respect to the normal martingale (M;);cr, is defined as

jo urdMy =Y Fy(My, — My, ). (2.5.3)

=1

Proposition 2.5.4. The definition (2.5.3) of the stochastic integral with re-
spect to the normal martingale (M;)icr, on simple predictable processes ex-
tends to u € L2,(£2 x Ry.) via the (conditional) isometry formula

E[ [ LsoouadMy [~ 1 syuidMi| B =E[ [T wwat| 7], sery.
(2.5.4)

Proof. We start by showing that the isometry (2.5.4) holds for the simple
predictable process u = Z?:l Gil(y,_ 4, with s =19 <t1 <1y

E [(fo‘x’ utht>2 ‘.7—"} —F (i Gy (M, —Mt“)) ‘]—"s

=E Z |G2|2(Mtz - Mtil)Q‘fS]

1=

Fs

1<i<j<n

1
+2E [ Z G’I,Gj(MtZ — Mtifl)(Mtj — Mtjfl)
[

E [|G2|2(Mt7 - Mti—l)Ql’Fti—l] |f5]

+2 Z E [E [GlG](MtL - Mti—l)(Mtj - Mtj—l)lftj—l] |‘FS]

= ZE [|Gi|2E [(Mtz - Mti—l)zl‘Fti—l] |]'-5]

=1
+2 Z E[GlG](Mtz - Mti—l)]E[(Mtj - Mtj—1)|]:tj—1]|]:5]

1<i<j<n
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=E | |G (t: - ti_l)‘}"s]

Li=1

5[] a7

= E [[lul32(x,| 7] -

As in the discrete case, cf. Proposition 1.2.2, the stochastic integral operator
extends to L2 ,;(2xR ) by density and a Cauchy sequence argument, applying
the isometry (2.5.4) with s =0, i.e.

E [JOOO urd M JOOO vtht} =K U;OO utvtdt} ) (2.5.5)

Similarly, the limit is clearly independent of the choice of the approximating
sequence (u*)en as we have

0o oo 2
E {( lim [~ upd, — im | U;Lth) }

n—oo J0 n— o0

=& |t (f)" 0 epran)’
'] 2
s ([ )]
. n nj 2
= 1im E |[u" — 0" |32, )]
= 0.
O

In particular, fooo f(t)dM; is defined for all deterministic functions f €
L?(R,), with the isometry formula

B |(f;7 rwan)| = [7 1@k

The It6 integral with respect to the normal martingale (M;);cr, has the
following locality property.

Proposition 2.5.5. Let A € F and u € L?,(2 x R}) such that
us(w) =0, 14(w)ds x P(dw) — a.e.

Then we have -
fo usdM, = 0,

P(dw)-a.e. on A.
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Proof. Consider the sequence (u})scr, ,n € N, of simple predictable processes
defined as

n
tia

n
1
Un e Z 1(t?fl7t?]t"17 fn Usds, n e N,
i=1

n
i1 — b M,

in the proof Proposition 2.5.3, which converges to u in L*(£2 x R). Clearly,

T
u? vanishes on A, dsdP-a.e., hence jo uydMg = 0, P(dw)-a.e. on A for all
n > 0. We get the desired result by taking the limit as n goes to infinity.

[l
The It6 integral of u € L2 (2 x R.) on the interval (a,b) is defined by
b o0
L usdMg = jo 1ja,5)(8)usdMs,
with the Chasles relation
Lc usdMg = Lb usdMg + ch usdM,, 0<a<b<ec (2.5.6)

Proposition 2.5.6. For all T > 0, the indefinite integral process

t
(),

has a measurable version in L2,(£2 x [0,T]).

(0,77

Proof. Let (u™),en be a sequence of simple predictable processes converging
to u in L?(§2 x [0,T]). We have

jOT (jot wedM, — jot ungS) "

E

=E {JOT J(: lus — u?|2dsdt}

T
<TxE {jo lus — u7;|2ds}

< 0.

Hence . .
lim | w"dM, = jo usdM,,  te[0,T],

n—oo J0

in L2(£2 x [0,T]), and the convergence holds dt x P(dw)-a.e. for a certain
subsequence of (u™),eN- O

As a consequence, if a process (u;)ier, is locally in L2,(2 x Ry):

T
E {f |us|2ds} < 00, T >0,
0
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then the indefinite integral process <f0t udes> has a version which also
teR

belongs locally to L2,(£2 x R, ). Note also that the sequence

n ti—1
Z l[tifl,ti] fO Udes, n > ]-a
=1

converges to (Jg udes> o in L2 (2% [0,T]) as the mesh of the partition
telo,
0=ty <t <---<t, =T goes to zero.

As a consequence of Proposition 2.5.7 below with Fo = {0, 2} we find in
particular that the It6 integral is a centered random variable:

E Uow udeS} =0, welL%(RxR,). (2.5.7)
Proposition 2.5.7. For any u € L?,(£2 x R}) we have

E UOOO usdM, ]—“t} - jot usdM,,  teR,.

In particular, fg usdM; is Fy-measurable, t € R,

Proof. Let u € U of the form u = G1(,y), where G is bounded and F,-
measurable.

i) If 0 < a <t we have

E || usdM,|F| = E[G(M, — M,)| ]
= GE [(My — Mq)|F]
= GE [(My — My)|Fi] + GE [(M; — M,)|F]
— G(M, — M,)

= [, Loa()usdM..
ii) If 0 < ¢t < a we have for all bounded F;-measurable random variable F':
E [F f0°° uSdMS} = E[FG(M, — M,)] =0,

hence

E [IOOO ugd My

ft} E[G(M, — M,)|Fi]
0

= jo 10,4 (s)usdMs.
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This statement is extended by linearity and density, since by Fatou’s lemma
and continuity of the conditional expectation on L? we have:

(jot wodM, — B[ [~ ugdh,| 7| ) 2]

lim (f wdM, — E Uow usdM,

E

=E

n— oo 0

fm
;m
| Ay

< liminfE |E {(IOOO udM, — j0°° udes>2 ‘J-"t”

n—oo

n— 00 0

< liminfE Uot wdM, — E UOO usd M,

= liminfE (]E [j;o uldMg — fooo ugd My

n—oo

= liminf E (jooo(ug - us)dMs)Q]

n—oo

= linrgi@ng _fo luy — us|2ds}
as in the proof of Proposition 1.2.3. O

The following is an immediate corollary of Proposition 2.5.7.

Corollary 2.5.8. The indefinite stochastic integral <f0t udes> i of u €
teRy
L2 ,(2 x Ry) is a martingale, i.e.:

E [f; urdM.,

]-"s} - jo wdM,,  0<s<L

Recall that since the Poisson martingale (M;);er, = (N; —1)¢cr, is a normal
martingale, the stochastic integral

IOT updM,

is defined in It6 sense as an L2(§2)-limit of stochastic integrals of simple
adapted processes.

In the particular case of Brownian motion, i.e. when

(Mt)t€R+ = (Bt)t€R+7

we find from (2.2.2), (2.2.4) and (2.5.3) that for all deterministic f € L?(R.),
the random variable J;(f) coincides with the single stochastic integral with

80 (With corrections, May 23, 2025) ®)



Stochastic Analysis in Discrete and Continuous Settings

respect to (By)ier, , i.e. we have

I = [ F(t)dB.

In particular, it follows from page 62 and the Itd isometry (2.5.4) that

o0
fo f(t)dB; is a centered Gaussian random variable with variance

I, rAwa

The next result is an integration by parts for Brownian motion.

Remark 2.5.9. In case (M;)ier, = (Bi)ier, is a standard Brownian mo-
tion, we have

0o _ o
|, F®dBi=— | " f'(t)But,
provided that f € L?(Ry) is C* on Ry and such that lim;_, . t|f(t)]? = 0.

Proof. First, we note that we have

f(t) fot f(s)ds < Vtf(t) fot 1F(5)[2ds < || fll o2y VEF(E), tERy,

hence

lim f(t jf

t—o0

since limy_, o t|f(t)]?> = 0. Next, we have

HJ It dBtJrj r(t ‘L2(Q)

- HJO f(t)dBt‘ L2(92) + Hjo f/(t)Btdt‘ 2Lz(Q)
+2([" B, |~ f’(t)Btdt>L2(m

_f £ (t |dt+EU j F'(£)f(s)B: B, dsdt]

+2<f0 f(s)dBS,fo f’(t)fo dBSdt>

L2(0)

j |dt+j f F(t)f (s)E[B,B ]dsdt+2j F(t fotf(s)dsdt
f |dt+f f F(t t/\s)dsdt+2j F(t jotf(s)dsdt
:f |ft|dt+2j 7 tjsf( dsdt—2f (t)|2dt

_f £ (t |dt—2j dt—zf (t)[2dt
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= — lim tf%(t)

t—o00

O

Since the It6 integral is defined in the L?({2) sense on adapted processes in
L?(2 x Ry, dP ® dt) the integrals of the adapted and predictable version of a
given square-integrable process coincide, as follows from Proposition 2.5.3-i),
see also [33], page 199.

In particular, for the compensated Poisson martingale (M;)icr, = (N; —
At)ier, , the integrals

fooo wdM,  and fooo u,- dM,

coincide in L?(§2) whenever t — u; has left and right limits, P-a.s., since the
set of discontinuities of a function having left and right limits in every point
is always countable, cf. e.g. [57], page 5.

In the Poisson case, in addition to its definition in L? sense, the Ito integral
also admits a pathwise interpretation as the Stieltjes integral of (u;- )¢~ under
uniform continuity conditions, as shown in the next proposition, in which

(My)ter, = ATHR(N — Ab)ter,

is the compensated Poisson martingale with intensity A > 0.

Proposition 2.5.10. Let (u¢)ieo.r) € L*(2 x [0,T]) be an adapted process
with a cadlag version (i.e. continuous on the right with left limits), (u¢)icjo,m)
such that
lim sup |G- —@_.|* =0, (2.5.8)
€20 4cle,1)

in L4(£2). Then we have
T T
172 (7 - _
fo wdM, = \ jo Ty (w(dt) — Adt),
P(dw)-almost surely, where w(dt) denotes the random measure

w(dt) = i 57, (dt).
k=1

Proof. Let
AY = sup | — wy_.|?, 0<e<T,
tele,T]

and u, = us-,t € Ry. Given a subdivision
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T={0=t)<ti <---<t, =T}

of [0,T], with |7| = max;—1,._, |t; — t;—1|, we have

2
Zutl 1 1 17t] )
L2(£02x][0,77)
n 2
= Z(ﬂ_ - uz,l)l(ti,l,ti] S THATLﬂH%z(Q)v
=1 L2(£2x[0,T7)

hence from (2.5.8), Zugl(ti—lyti] defined by (2.5.2) converges to @~ in
i=1
L2(2 x [0,T]), and

n
Z UZ (Mtq - Mti—l)

=1

converges to fooo Us—dM, as |7| goes to zero. On the other hand we have

\~1/2 JOT ﬂtf( )\dt Zut Mt — My, )

L2(£2)

Nt T N

ZQT; — fo usds + Zuﬁfl(ti Zzut ti1,ta) (Tk)

h—1 i=1 k=11i=1

Nr 00

> g Zzut tti 1.t (1)

k=1 k=11i=1 L2(£2)

LA12 IOT wuds — Zn:ug_l (t; —ti—1)
i=1 L2(0)

Nt n
ZZ ti 1,t] Tk (uT* _’u’t7 1)
k=1 i=1
j Zl[tL 1,t] utl 1>d
L*(92)

< /\71/2||Ag||L4(Q) ||NTHL4(Q) +ATVPTYRAY | 2 ),

L2(2)

_’_)\71/2

hence as || goes to zero,

f wdM; = lim Zu“ (M, = My, )

7|0
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. 1/2f0 ~(w(dt) — Adt),

where the limit is taken in L?(£2). O
Proposition 2.5.10 admits the following simplified corollary.

Corollary 2.5.11. Let T > 0 and let (Ut)te[o 7 € L*(2 % [0,T]) be an
adapted process with a uniformly cadlag version (tig)sejo,r) € L*(£2 % [0,T1)
and such that u € L*(£2, L>=([0,T))), i.

sup |u| € LH(0). (2.5.9)
te[0,T]

Then we have, P(dw)-almost surely,

T
jo wgd My = \~1/2 jo (w(dt) — Adt), T >0.

Proof. Tt suffices to check that Condition (2.5.8) holds under the hypothesis
(2.5.9). O

Concerning the compound Poisson process

Xt:ZYk, te Ry,

of Section 2.4, under similar conditions we get
T T
jo udM, = (AVar [Y;])~1/2 jo up- (Yn,w(dt) — NE[Y3]dt),

where MEIY:
M, T ZAEM] e
AVar [Y1]

2.6 Predictable Representation Property

Definition 2.6.1. We say that the martingale (My)icr, has the predictable
representation property if

{c—i—foooutht : c€eR, uEP}

is dense in L?(2).

By the Ité isometry (2.5.4), the predictable representation property of Defi-
nition 2.6.1 is equivalent to stating that any F' € L?(2) can be written as
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oo
F = E[F] + fo udM,
where u € L2,(£2 x R;) is a certain adapted square-integrable process.

The next proposition is the continuous-time analog of Proposition 1.7.5.

Proposition 2.6.2. The martingale (M;);cr, has the predictable represen-
tation property if and only if any square-integrable martingale (X;)ier, with
respect to (Fy)ier, can be represented as

t
X, = X + fo usdM,,  tERy, (2.6.1)

where (ug)ier, € L2,(£2 x Ry) is an adapted process such that
ulpr) € L*(2 x Ry)

for all T > 0.

Proof. Assume that for any square-integrable martingale (X;);cr, a repre-
sentation of the form (2.6.1) exists. Given F' € L?(2), letting

X, =E[F|F], teRy,

defines a square-integrable martingale (X;)icr,. If F is in L*(£2), Proposi-
tion 9.4.1 in the Appendix shows that (X,,),en converges to F in L?(£2). On
the other hand, X,, can be represented from (2.6.1) as

X, = E[F] + fon uydMs, n>1,

where for all n > 1 the process u" can be approximated by a sequence of
elements of P by Proposition 2.5.3. Hence

{c—i—foooutht : ce R, UEP}
is dense in L?(2).

Conversely, assume that the predictable representation property of Defini-
tion 2.6.1 holds and let (X;);cr, be an L? martingale. Then for all n > 1
there exists a sequence (u?k)te[o,n] in P such that the limit

X, = Xo+ lim ! u?’det
k—o0 JO
exists in L2(£2). By the Ito isometry (2.5.4), the sequence (U?’k)te[o,n} is
Cauchy in L2({2 x [0,n]) and by completeness of LP spaces it converges to a

process (uf)ie(o,n € L*(£2 x [0,n]) such that
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n
X, = Xo + fo udM,, > 1.

Then from Proposition 2.5.7 we have, for all n € N and ¢t € [n,n + 1):
X: = E[ X, 41| F)

[ n+1
—E|Xo+ | ultdn,

| ‘

n n+1
=B |Xo+ [ urttang, + [ wrtlan,

;

—E|[X,+ fO” w1 dM,

CARS U:“ ur M, ‘}}]

[ n+1 n+1
=E | X, +j u T d M, ]—"n} +E U u Tt d M, ff}
L 0 n
r n+1
_E Xn+1(fn} +E U u M, ]:t]
n+1
= X, +E U ul M, ft}
t
= X, +j u" M.
Letting the process (us)ser, be defined by
us:uZH, n<s<n—+1, neN,
we obtain
t
Xt:X()-f-j Udes, t€R+,
0
which is (2.6.1). O

In the sequel we will show that Brownian motion and the compensated Poisson
process have the predictable representation property. This is however not true
of compound Poisson processes in general, see (2.10.6) below.

2.7 Multiple Stochastic Integrals

Multiple stochastic integrals have originally been defined with respect to
Brownian motion, cf. [71], and with respect to Lévy processes, cf. [72].
In this section we construct the multiple stochastic integral with respect
to a normal martingale (My)ier, . Let L?(R;)°" denote the subspace of
L*(Ry)®" = L*(R%), made of symmetric functions f, in n variables (see
Section 9.7 in the Appendix for a review of tensor products). The multiple
stochastic integral of a symmetric function f,, € L*(R;)°" is defined as an
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iterated integral. First we let
L(f) = f®ddM,  feL’(Ry).
As a convention we identify L?(R)°° to R and let

Io(fo) = fo, fo€ AR ~R.

Proposition 2.7.1. The multiple stochastic integral I,,(f,) of fn € L*(Ry)°",
defined by induction as

In(fn) = nfO Infl(fn(*vt)l[O,t]"*l(*))thv n = 17 (271)
satisfies the isometry formula
E[Ln(fn)Im(gm)] = n!]'{n:m}<f7n,gm>L2(]Ri)7

fn S L2(R+)On, fm S LZ(R+)Om, n,me N.
Proof. Note that the process

t—> In—l(fn(*a t)]'[O,t]"_l (*))

is Fy-adapted, cf. Proposition 2.5.7, hence the iterated stochastic integral in
(2.7.1) is well-defined by Proposition 2.5.4. If n = m > 1 we have from (2.7.1)
and the Itd isometry (2.5.5):

Bl (o)) = 1 [ B s (e, L0 0 (4)) P

with the convention Iy(fy) = fo € R. By induction on n > 1 this yields:

oo ot to

2] = p12 " 20t -
E[Ly(F)%) = nl? [ [ [ Ittt Pty -t
=nl 2
”-an”m(m)-

On the other hand, from (2.5.7) we have

E[11(f1)Io(90)] = Lo(90)E[L1(f1)] = 0.
By induction on the rank n > 1 of I,,(f,,), assuming that

Bl (fa)e(fr)] =0,  0<k<n,
fr € L2(Ry)°%, 0 < k < n, we have for all 0 < k < n:

E[In+1(fn)fk(fk)]
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—knJrlf E[L (frr1 (6, ) Lo,49m () ) D1 (i (%, £) Lo 4951 (%)) ]dt

hence for all n > 1 we have

E[L,(fu)e(g1)] =0, O0<k<n-—L1

In particular we have E[L,(f,)] =0 for all n > 1.
We also have

af)=nl [ jt" fn (t1y.. . tn)dMy, ---dM,..
On the other hand, the symmetric tensor product u o f,, satisfies

1 n+1

u o fn(tla N ,tn+1) = — U(ti)fn(tl, e 7ti—17ti+17 e ,tn+1),

n+1 P
u € L*(Ry), fn € L*(R4)°™, hence
Lisi(uo fu) =n | 7 La(fa(x,8) 0 u(-) 10,0 (x,))dM,
+I fn]-[O s]m )dM
Lemma 2.7.2. For all f, € L*(Ry)°", n > 1, we have

E[In(fn) | ‘Ft] = In(fn]-[o,t]n), t e R+.

(2.7.2)

(2.7.3)

(2.7.4)

Proof. Since the indefinite It6 integral is a martingale from (2.7.2) and Propo-

sition 2.5.7 we have

[e'¢) tn to
Ell(fa) | Fi] = nlE U Jim fn(tl,...,tn)thl~--thn‘}"t]

tn
_nlf f fn (t1,. .., tn)dMy, -+ dM;,
- In(fn1[07t]n)

As a consequence of Lemma 2.7.2, I,,(f,) is Fy-measurable if and only if

fn= fnl[O,t]"a

ie. f, =0 over R™\ [0,¢]".
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2.8 Chaos Representation Property

Let now

S:{f0+ZIk(fk) D fo€R, fre P(RY)FNLARY), k=1,2,...,n, nEN}.

k=1

Let also Ho = R and

={L.(fn) : fn € LQ(R+)OH}, n > 1.
We have

S C Vect {GH"}’
n=0

where Vect {U} denotes the smallest linear space generated by U.

The following is the definition of the Fock space over L?(R).
Definition 2.8.1. The closure of S in L?(2) is denoted by the direct sum

.
n=0

The chaos representation property states that every F € L?(£2, F,P) admits
a decomposition

F= fO + Z—rn(fn)a

n=1
where fo = E[F] and f,, € L*(R})°", n > 1.
It is equivalent to stating that S is dense in L?({2), and can also be formulated
as in the next definition.

Definition 2.8.2. The martingale (M;)icr, has the chaos representation
property if

2(2,F,P) = @H

In case (M;)icr, has the chaos representation property, the multiple stochas-
tic integrals I,, provide an isometric isomorphism between L?(2) and the Fock
space ®(L?(R,)) defined as the direct sum

S(L’R)) =Ro @ LAR,)™

n=1
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Definition 2.8.3. The number operator L is defined on S by L = §D.
The operator L satisfies

LI,(fn) = nl,(fn), fn€ L2(R4)™, n €N,

We will note later, cf. Proposition 5.1.5 and Proposition 6.3.2, that Brownian
motion and the compensated Poisson martingale have the chaos representa-
tion property.

Moreover, the chaos representation property of Definition 2.6.1 implies the
predictable representation property, as will be shown in Proposition 4.2.4
below.

2.9 Quadratic Variation

Next, we introduce the quadratic variation of a normal martingale.

Definition 2.9.1. The quadratic variation of the martingale (My)¢cr, is the
process ([M,M];)er, defined as

t
(M, M], = M2 — 2[0 M,dM,, — teR,. (2.9.1)
Note that we have
t
[Mv M]t - [M7 M]s = (Mt - Ms)2 -2 f (M‘r _MS)dM7'7 0<s< t? (292)

since .
My(M, — M) = f MM, 0<s<t,

as an immediate consequence of the definition 2.5.3 of the stochastic integral.
Let now
T ={0=ty <ty <---<tp_, <ty =t}

denote a family of subdivision of [0, ¢], such that |7"| := max;—1 ., [t? —tI" 4]
converges to 0 as n goes to infinity.

Proposition 2.9.2. Let (M;);er, be a normal martingale. We have
n
_ 1 2
[M, M]; = lim_ Z;(Mt? — My )?, t>0,
i

where the limit exists in L?(§2) and is independent of the sequence (T™)nen
of subdivisions chosen.

Proof. We have
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2 2 t
[M, M)y — [M, M)y | = M — M}~ QL M,dM,
— (Myp — My ) +2f (Mg | — M,)dM,

hence

n

E ([M, My =Y (M — Mt?lf)

=1

n 2
— (Z[M, M — [M, Mg — (Myr — Mt?1)2>

=1

2
—4E (j 21 i (s Ms—Mtin_l)dMs>
= 4F jn ZM My ) st]

=1 =1

:4ZI: (s =t 1)ds
i=1 !

< dt|m"|,

which tends to 0 as n tends to infinity. [l

Proposition 2.9.3. The quadratic variation of Brownian motion (By)ier,
18
B,B], =t, tecR..

Proof. (cf. e.g. [125], Theorem 1-28). For every subdivision {0 = t{j < --- <
t" =t} we have

E <t = i(Bt? - Btin_l)2>

=1

= (Z(Bt? — B ) — () — t?-l))
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n

< |[7"[E[(Z27 - 1)%)> (7 — )
i=0
= t|7"[E[(Z2* - 1)?],

where Z is a standard Gaussian random variable. O

Concerning the Poisson process, a simple analysis of the paths of (N;)ier,
shows that the quadratic variation of the compensated Poisson process
(Mp)ter, = (Nt — t)ier, is

[M, M]; = Ny, teRy.

Similarly for the compensated compound Poisson martingale (M;);cr, de-
fined as

X — ME[Y;
oo X MEM] g
AE[Y?]
where
Ny
X, = ZYk, te Ry,
k=1
we have
1 X
[M7M]t: |Yk|2, teR,.
SV 2

Definition 2.9.4. The angle bracket (M, M); is defined as the unique in-
creasing process such that

Mt27<M7M>t7 teR-i—a

s a martingale.

As a consequence of Remark 2.1.3 we have
(M, M), =t, teRy,

for all normal martingales.

2.10 Structure Equations

We refer to [42] for the following definition.
Definition 2.10.1. An equation of the form

t
(M, M], =t + jo ¢sdM,, tER,, (2.10.1)
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where (¢1)ier, € L2,(2xRy) is a square-integrable adapted process, is called
a structure equation.

In the sequel we will always consider a right-continuous version of (¢;):er. -

From (2.9.2) we get that for any normal martingale satisfying the structure
equation (2.10.1) we have

t t
(My=M,)? =2 [ (Mr=M)dM,+ [ ¢rdM,+t—s,  0<s<t (210.2)

Moreover,
[M, My — (M, M)y, te Ry,

is also a martingale as a consequence of Remark 2.1.3 and Corollary 2.5.8,
since by Definition 2.9.1 we have

(M, M]; — (M, M), = [M,M]; —t (2.10.3)
t
:Mf—t—2f0 M,dM,,  teR,.

As a consequence we have the following proposition.

Proposition 2.10.2. Assume that (M;);cr, is a normal martingale in L*
having the predictable representation property. Then (My)icr, satisfies the
structure equation (2.10.1), i.e. there exists a square-integrable adapted process
(¢¢)ter, such that

t
M, M)y =t + | ¢dM,,  teR;.

Proof. Since ([M, M]; —t);er, is a martingale by (2.10.3) and (M;);cr, has
the chaos representation property, Proposition 2.6.2 shows the existence of a
square-integrable adapted process (¢;);er, such that

t
(M, M), —t = jo psdM,,  teR,.

In general, letting

i = 1{@:0} and Jp=1—1; = 1{¢t¢0}, te R+, (2104)
the continuous part of (M;)icr, is given by dM{ = i;dM; and the eventual
jump of (M;)ier, at time ¢t € Ry is given as AM; = ¢, on {AM; # 0},
t € Ry, see [42], page 70.

In particular,
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a) Brownian motion (B;);cr, satisfies the structure equation (2.10.1) with
¢ = 0, since the quadratic variation of (By)er, is [B,B]; =t,t € Ry . In
(2.10.7) we have AB; = ++/ At with equal probabilities 1/2.

b) The compensated Poisson martingale (M;)ier, = AN} — t/A%)ier, ,
where (N}));er, is a standard Poisson process with intensity 1/A?, satisfies
the structure equation (2.10.1) with ¢ = A € R, t € R, since

[M, M]; = 2N} =t 4+ AM,, teR,.

In this case, AM; € {0,A\} in (2.10.7), with respective probabilities
— A72At and A2 AL

c) If (¢¢)ier, is deterministic, then (M;);cr, can be represented as
th == itdBt + ¢t<dNt - /\tdt), t € R+, MO = 0, (2105)

with A, = ji/¢7, t € Ry, where (By;);cr, is a standard Brownian motion,
and (N;);er, a Poisson process independent of (B;)icr, , with intensity

ve = Jy Aeds, t € Ry, cf. [42].

d) The Azéma martingales correspond to ¢, = SMy, 5 € [—2,0), and pro-
vide other examples of processes having the chaos representation property,
and dependent increments, cf. [42].

e) Not all normal martingales satisfy a structure equation and have the pre-
dictable representation property. For instance, for the compound Poisson
process

N
=Y Vi, teRy,

and the compensated compound Poisson martingale

— ME[Yi]

=t e Ry, 2.10.6
ED D + ( )

of Section 2.4, we have
[M, M], = (AE[Y?)) ZlY 2

= (\E[Y?)™ jo [Yien, PdN,

= (AE[Y2])! jot Wd(Xs — AE[Y;]ds)
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21y —1 t|Y1+Ns—|2
FEMEEE) T [ ds
Y]
f | 1+N,| dM,

\/)\IEY2
NP

_12 (Y14
FE[YI(E[Y?) 2 jo B

t € Ry, hence (M;);cr, does not satisfy a structure equation and as a
consequence of Proposition 2.6.2 it does not have the predictable represen-
tation property, and it does not satisfy (2.10.1), unless Y} is a constant.

Another way to verify this fact is to consider for example the sum
M; = N} —t 4+ o(N? —t)

where |a| # 1 and (N}), (N?) are independent standard Poisson processes.
In this case,

T
(Mr)® =2 [ * M,-dM, = N} +|al> N7,

can clearly not be represented as a stochastic integral with respect to
(My)ier, when |a| # 1.

The structure equation (2.10.1) can be informally written as
(AMy)* = At + ¢ AM;,

with solution

AM, = % - <¢t> + At, (2.10.7)

which is a continuous-time analog of Relation (1.4.2). By the martingale prop-
erty of (M;);er, we have the equation E[AM;] = 0 which yields the respective
probabilities

1 Pt

SF
2 2\/¢? +4At

compare with (1.4.2) and (1.4.4). This provides a procedure to simulate sam-
ple paths of a normal martingale.

Figure 2.1 presents a simulation of the paths of an Azéma martingale, in
which case we have

2
AM, = 5"\24“ i\/<m\§t_> + At,

with probabilities
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1 BM,-

27 90 /(BM, ) + 4AL

for some 3 € R.

_2 ANV RERVATRER VW)
_3 AR

Fig. 2.1: Sample path of an Azéma martingale with 8 = —0.5.

Informally, the above calculations of quadratic variations can be obtained by
applying the rules

|dB,|? = dt,
|dNt|2 == th

|dX:|? = |Yn,|?d Ny,

|dt|? = 0.

2.11 Product Formula for Stochastic Integrals

In this section we present a multiplication formula in L2(£2) for stochastic
integrals with respect to normal martingales. For this we need to be able to
control their L* norms as in the next proposition.

Assumption 2.11.1. Assume that for some constant K > 0,
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b 2

E U ¢Sds‘f4 <K*b—a), P—as, 0<a<b. (2.11.1)
a

Note that Condition (2.11.1) holds whenever (¢):cjo,7) € Lgg(£2 x [0,T]).
This condition is satisfied in all cases of interest here, since for Azéma mar-
tingales we have (¢t)tE[O7T] = (ﬁMt)te[O,T]v B € (—2,0), and SUP¢eio,T] | M| <
(—2/B)'? < oo (see [42], page 83). In addition, Brownian motion and the
compensated Poisson martingales satisfy this hypothesis. Assumption 2.11.1
leads to the next proposition.

Proposition 2.11.2. Under the Assumption 2.11.1 we have

Hfooo usdM;

2.11.2
i) ( )

1/2 1/2
< C(||“||L4(Q><R+) + Hu||L4(Q,L2(R+)) + ||uHL{1(_Q,L2(]R+))||u||L/4(Q><R+))7

for allu € L2,(2 x Ry) N LA, L2(Ry)), where C > 0 is a constant.
Proof. Let u € P a simple predictable process of the form

uw=> Gilg_, (2.11.3)
i=1

for a given a subdivision 7 = {0 =ty <t; < --- < t,} with
|7| := max |t; —t;—1| < 1.
1=1,....n
We have, using Relation (2.1.1),

n

E [(fow uSdMS)4] —E (Z Gi(M,, — Mti_1)>4

=1

=E

Z G?(qu - Mti—l )4‘|

=1

+2E | >0 GEGR(My, — My, )A(My, — My, _,)?
1<i<j<n
=E Z GH(M,, — Mtu)‘i]
=1

n
+2E Z G?GJQ(Mh - Mti—l)z(tj - tj—l)
1<i<j<n
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<E ZG?(MM - Mt¢1)4]

=1

n

> GHMy, — M) LOO |u8|2ds]

+2E
i=1

E ZG;L(MI‘/I - Mti1)4‘|

=1

+2 (E{(fom |us|2ds)2]>1/2 E (ng(Mti th)2>2

We will deal successively with the three terms in the above expression. From
Relation (2.10.2) we have

n 2
(Z G2(M,, — Mti1)2> (2.11.4)

=1

1/2

=1

2
3 ti
ZQGQJ (M, — M,,_ )er‘i-sz GrdM, + G2 (ti—1 —t;)
tz 1 ‘ tim1 '

[ . . 2
< 3E Z4G4 (f (M, — M,, 1)dM> +Gf (j: ¢Td7> +G§(ti1—ti)2]

t;
< 3E Z4G4f (M, — My, )?dr + G (t; —t;— 1)L |¢72dT+G?(ti_1—ti)2]

i—1

< 3E Z4G4L (r —ti)dr + Gt — 1) |

i—1 i—1

< 3E ZG‘* ( L 3 (1 —tic)dr + (K + 1) (t; —ti_1)2>]

<3(5+ K2 )rlllullzaoxr, -

b 2dT + G (i1 — ti)ﬂ

Next from Relation (2.10.2) we have
t t
(M, — MJ)* = (t — 5) <2f (M = M)dM; + [ ¢rdM, +t - s>
t t t
+2 [ (M, = M,)dM, <2j (M = My)dM, + | ¢rdM. +1t — s)

+ [ g, (2 [fot = dyart, + [ gan, +1 - ) ,
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hence from Proposition 2.5.7, Relations (2.1.1) and (2.5.4), and the condi-
tional Ito isometry (2.5.4) we have

E[(M, — M,)*F,] = (t — s)? + 4R U:(MT - Ms)%r)};}
- 2 _
HE | [ 6,(M; — My)ar|F,| +E | [ g2ar|F,

= (t— P +4 [ (r—s)dr

| [ 0,01, — Myar || +E | [ 62ar| 7]
<(-sp 44 [ (- ofar+B| [ dkar|

+4 (E Ut qﬁdf\fs} > . (E U:(MT - Ms)%‘fsb
<(t-s)?+4[ (r—s)dr +E [ [ ¢>3d¢‘fs]

t 2, oy 1/2

+4 (IE {L ¢3d7‘f3:|> <L (r— S)QdT)
< (t-s)+ %(t —s) + jﬁ't — s|*/? <E [Lt qﬁdT’FS] > .

+E Ut qb?.dT‘}"S]

< (t—s) <K2+t—s+%/§(t—s)+§(t—s)2>,

1/2

which yields

E

ZH:G?(ME - Mti—l)4‘| = ZH:E[GfE[(Mtz - Mti—1)4“Fti—1H

i=1 i=1
4K 4 -
< <K2 + |7l + —=|7| + |7r|2> E [Z GH(t; — til)l (2.11.5)
\/g 3 1=1
< K?|lullzaoxr, ),

for some constant K > 0. Finally, (2.11.4) and (2.11.5) lead to (2.11.2). O

Next, we state a multiplication formula for stochastic integrals with respect
to a normal martingale.

Proposition 2.11.3. Under the Assumption 2.11.1, for all u € L2,(£2 x
Ry)N LA (02, L2(Ry)) we have Jo usdM, € L*(2) and
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X ndd) = 2 [ [Cueddoa, + [ s PowdM, + [ Jus|2ds.
0 0 0 0 0
(2.11.6)

Proof. For simple predictable processes (us)ser, of the form (2.11.3), for-
mula (2.11.6) follows from (2.10.2). It is extended to u € L2,(2 x Ry) N
LA, L*(R4)) using (2.11.2) and the Itd isometry (2.5.4) which shows that

([ moaan)'| <& [T [ o
i=1
z": |Gal*(t: — ti—l)]

=1

< KE

= Klullzsoxr, )

and
_ 12
[(f us [ updM dM) ] —E UO | (f quMT> ds}
1/2
1/2 s 4
< [V E [jusl] [(jo urdM, ) ]
< C||“||L4(Q><R+)(Hu||%4(9><R+) + Hu||%4(Q,L2(R+))||u||2L4(_Q><R+))a

for some constant C' > 0. ]

The proof of Proposition 2.11.3 can easily be modified to show that we have

' usdMg + ' asds ' vedMg + ' byds
0 0 0 0
_ f: U, fos bydrdM, + fot by fos urdM, ds

+ jot Vg fos ardrdMg + JZ Qg fos vrdM-ds

+ jot a fos bydrds + fot bs fos ardrds

+ fot Us JOS vrdM,dM, + fot Us JOS urdMrdM;
ot s [t o

where all terms belong to L*(£2), t € Ry, for all u,v,a,b € L1,(2 x Ry) N
L0, L2 (R+)).

As a corollary we have the following multiplication formula for multiple
stochastic integrals.
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Corollary 2.11.4. Let u € L*(R,) and v € L*(Ry). Then under Assump-
tion 2.11.1 we have for alln >1 andt € Ry

I (ulo, ) In (1,0 v®")
t @n t ®(n71) s
_ jo s I (1o o v&™)dM, + njo VT 1 (1 gpn1v )fo wrd M, dM,
t t
+n jo ¢susvsIn_1(1[0’5}n—1v®(n_1))dMs + njo usvsIn_l(1[0,s]n710®(”_1))ds.

Proof. Applying Proposition 2.11.3 to us; and USIn_l(1[075}%10@("_1)), we
have

t t
L (ulpo ) In(Ljo,n0®™) = ”fo usdMs fo VsTn—1(Ljg spn-10® V) dM,
t s
= nfo Usg fo /U-,—In_l(].[oﬂ-]n—lv®(n_1))dM-,—dMs
t n—1 s
+n IO UsInfl(l[O,s]n’71v®( )) IO urdM-dM,
t
+n fo sttsvs L1 (Lpg g 10= 1) dM,
t
+n jo usvsIn_l(1[Oys]nf1v®(”_1))d5
¢ n ¢ n—1 s
- IO uSI’I’L(l[O,S]nU® )dMS + njO UsInfl(l[O,S}"flv(X)( )) IO quM‘rdMs
t
1 [ susv, et (Lo, ge10® D),

t
+n jo usvsln_l(1[0731n71v®(”_1))ds.

2.12 Ito Formula

Consider a normal martingale (M;);cr, satisfying the structure equation
d[M, M]; = dt + ¢¢dM,.

Such an equation is satisfied in particular if (M;),cr, has the predictable
representation property, cf. Proposition 2.10.2.

The following is a statement of It6’s formula for normal martingales, cf. [42],
page 70, for a proof using formal semimartingales. The proof presented here is
in the L? sense, and when ¢, = 0 the fractions in (2.12.2) should be replaced
with their limits as ¢s = 0 tends to 0 (i.e. with their corresponding first and
second derivatives).
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Proposition 2.12.1. Assume that ¢ € Lo5([0,T] x §2). Let (Xt)ep0,m) e a
process given by

t t
X, = Xo + jo usdM; + jo veds,  te0,T], (2.12.1)

where (us)sepo, 1] and (vs)sepo,) are adapted processes in L2 ,(2x[0,T]). Then
for all f € CH?(Ry x R) we have

f(t, X)) — £(0,X0) = f 5 Xs +qbs(;‘S)_f(S’Xs)dMS (2.12.2)
T, X Gut) = [(5,X) — dutts o (5, X.)
+J ¢2 ds
+f0vsa st+f (s, X,)ds,  te[0,T].

Proof. We prove the formula in the case where f does not depend on time
and vs = 0, s € R4, since this generalization can be done using standard
calculus arguments. Assume now that u € U is a simple predictable process
of the form v = G1, ), with G € L*>(£2, F,). Clearly the formula (2.12.2)
holds when f = c¢ is a constant function. By induction on n > 1, we assume
that it holds when applied to f(z) = 2™, i.e.

t t
X = Xp + [ Lids+ | UrdM,,
with

gy = et o = )

and

Ln o (Xs + ¢9us)n - (Xs)n - n(bsus(Xs)nil
s ¢2 ’

From Proposition 2.11.3 we have

SERJ’_

Xp = X = (Xy = Xo)(XP = X§) + Xo(X{' — X§) + X5 (X; — Xo)
= [T [ Lrdradt,+ [, [T UM dM,
+ fot L2 [ updM,ds + fot U [ urdid,
[ UM, + [ U7 ds
+Xo fot L7ds + Xo jot UrdM,, + X7 fot usdM,

t t t
= [ XU, + [ X,Llds + | X{udM,
0 0 0
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t t
+ fo usps UMM, + fo usUds
_ jot L™*+ds + jot Untlan,,
since
UM = 4 (X )" + X Ul + usp U = ug X + XUl + ugpUT,

and
L' = UM+ X,-L",  seR,, neN

This proves the formula for f polynomial and u € P. For all n > 1, let
T, = inf{s e Ry : |X| > n}.

Let f € CZ(R) and let (fm)men be a sequence of polynomials converging
uniformly to f on [-n,n]. Since 1{3<, 3 = 1, a5, 0 < s <t, on {t < 7,},
from the locality property of the stochastic integral (Proposition 2.5.5) we
have for all m € N:

Xo- + QSSUS) - fm(Xs*)
bs

Lusr) (Fn(X0) = fn(X0) = Ly [, Lt dM,

tlie<ray fot (X + datis) — fn;(ng) — dsusfn(Xe)
= lg<r,y fot lie<ry Im(Xs- + ¢S§:) - fm(Xs—)dMS
e, f; 1 gagyy I T 00tts) = f";(ng) — bsus frn(Xs)
Letting m go to infinity we get
Li<ry (F(Xh) = f(X0))
=1gery jot 1{s§m}f(XSf + qbs;f) —FXe) ap
ey fot ey F(X - + dsus) — fgs) —dwu (X0

and it remains to let n go to infinity, which proves the formula for f € CZ(R)
by locality of the Ito integral, see e.g. Proposition 2.5.5. The formula is then
extended to u € L2 ([0, 7] x £2), by density of U in L?,([0,T] x £2), and finally
to all f € C?(R), again by locality of the Itd integral. O

Note that if ¢5 = 0, the terms

f(X- + ¢psus) — f(Xs-)
bs
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and

f(Xs + dsus) — f(X) — dsus f/(Xs)
b2
have to be replaced by their respective limits usf'(Xs-) and Fu2f”(X,-) as
¢s — 0. This gives

2
F(t,X0) — £(0,X0) = jot isus%(s,Xs)dMs + %jot isui%(s, X,)ds
+J‘Otjsf(57Xs* + ¢s;:s) - f(SaXs*)dMs
of
t f(87Xs+¢sus)_f(S’Xs)_Qbsusai(SaXs)
+J;) js ¢2 Z dS

t  Of t Of
+IO Usaix(saXs)dS—i_jO %(SaXs)dsa le [OaT]a
where the processes (i;)icr, and (j)ier, have been defined in (2.10.4).

Examples

i) In the case of Brownian motion (By)icr, we have ¢4 =0, s € R, hence
the It6 formula reads

F(B) = FO)+ [, F'(B)dB. + [\ "(B)ds.

ii) For the compensated Poisson process (N; — t)icr, we have ¢, = 1,
s € Ry, hence

FN =)= FO) + [} (F(+ Ny = 5) = (N, — ))d(N, — 5)
+ [N =) = F(N = 5) = J'(N, = 5))ds.

In the Poisson case this formula can actually be recovered by elementary
calculus, as follows:

f(Ne —t) = f(0) + f(Ne —t) — fF(Ne — T,)
Ny
+> f(k=Ti) = f(k—1— T )
k=1
C O£ f T — (k-1 Ty)

k=1

Ny
B t , _ _ T , L
I, f'(Ny — s)ds ;kal fflk—=1-s9)ds
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= £O)+ [[(F1+ No- =) = f(No- = s))dN, = [ f'(N, - s)ds
= JO)+ [ (J(1+ Now =) = (N, = 8))(aN, — ds)

ili) More generally, in case (¢;)ier, is deterministic we have

' t ds
M, = fO 1{¢S:0}st + J;) 1{¢S¢0}¢5 (dNS — ¢)2> R te R+,

and

t 1 ¢
SO8) = O+ ], Lo S (Mo)aBs + 3 [ Lm0y /" ()5,
d
+f0t L. 201 (f(Ms- + ¢s) — f(M-)) <st - (;)
ds

[ gy (M + 64) = F(M,-) = Osf' (M) 55

iv) For the compound Poisson martingale

X, — ME[V1]

VAVar[Yy]

Mt = t€R+,

of Section 2.4 we have
f(My) = f(0) + fot(f(szs + M) = f(M,-))d(Ns — Xs) (2.12.3)

) <f<YNS M) - M) - %ﬁm)) ds.

However, as noted above the compound Poisson martingale (2.10.6) does
not have the predictable representation property. Thus it does not sat-
isfy the hypotheses of this section and the above formula is actually
distinct from (2.12.1) since here the stochastic integral is not with re-
spect to (M;);er, itself. Note also that the pathwise stochastic inte-
gral (2.12.3) is not in the sense of Proposition 2.5.10 since the integrand
(f(Yn, + My-) — f(M;-)) is not a left limit due to the presence of Yy,.

The change of variable formula can be extended to the multidimensional case
as in Proposition 2 of [42]. Here we use the convention 0/0 = 0.

Proposition 2.12.2. Let X = (X;)ier, be a R"-valued process given by
dX; = Ridt + KydM,, Xy >0,
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where (Ry)ier, and (Ky)icr, are predictable square-integrable R™-valued pro-
cesses. For any f € C2(Ry x R™;R) we have

F(t, X,) = £(0, Xo) +f Lof(s, Xs)dM, +f U, f(s, X5) ds+j (s, X,)ds,
(2.12.4)
where

Lsf(saXs) :is<Ks>vf(3)Xs)> (f(s Xs- +¢S ) _f(s’Xs—))v

(2.12.5)

¢s

and
1
U5, Xe) = RV (5, X0) + gin(Hess (5, X, K @ Ko)

¢2 (f(S X +¢s )_f(saXs*) —¢S<K5,Vf(8,Xs)>)-

2.13 Exponential Vectors

The exponential vectors are a stochastic analog of the generating function
for polynomials. In this section they are presented as the solutions of linear
stochastic differential equations with respect to a normal martingale (M; )k,
having the predictable representation property, and satisfying a structure
equation of the form (2.10.1).

In the next proposition, the solution (2.13.2) of Equation 2.13.1 can be derived
using the It6 formula, and the uniqueness can be proved using the It6 isometry
and classical arguments.

Proposition 2.13.1. For any u € L?,(22 x R}, the equation
t
Zy =1+ fo Zy-ugdM,, tel0,T] (2.13.1)

has a unique solution (§(u))icr, given by
K Lt o —Uss
& (u) = exp (jo usdM, — B fo U51{¢S_0}d8> 1:[ (I+usps)e , (2.13.2)
sE th

where Jy, denotes the set of jump times of (My)sejo,, t € [0,T].

In the pure jump case, from Proposition 2.5.10, (Zs)scr, satisfies the pathwise
stochastic differential equation with jumps

dGy = u(t)G,— (AN, — dt), Go =1, (2.13.3)
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which can be directly solved on each interval (T—1,T%], k > 1, to get

Nt
Gy =l @B T (1 +u(Ty), teR,.
k=1

Proposition 2.13.2. Given u € L*([0,T]), &r(u) can be represented as

= L,

Z — L, (u®" 1o 7yn). (2.13.4)

o n!
Proof. Letting

n 1
Zt =1+ Elk( ®k1[0t} )

k

we have
n+1 1
l—i—j ur ZdM, —l—i-zk'lk [Ot]k)
— ZZL-‘,—l

which yields
t
Zi=1+ fo w, ZodM,,  tER,,
as n goes to infinity, where integrals and sums have been interchanged in the

L? sense. Hence & (u) and Z; coincide since they solve the same equation
(2.13.1). O

In particular, letting T' go to infinity in (2.13.2) and (2.13.4) yields the identity

) 1 poo —u
&(u) = exp <fo wusdM — 3 jo u§1{¢s_0}ds> H (14 ugs)e %P,
ANL#0
(2.13.5)

Definition 2.13.3. Let £ denote the linear space generated by exponential
vectors of the form &(u), where u € L*([0,T1]).

Under the chaos representation property of Definition 2.8.2 the space £ is
dense in L?(£2), and from the following lemma, € is an algebra for the point-
wise multiplication of random variables when (¢¢)¢cjo,7] is a deterministic
function.

Lemma 2.13.4. For any u,v € L™ (R ), we have the relation

E(w)€(v) = exp((u,v) L2k, ))E(u + v + Puv). (2.13.6)
Proof. From Proposition 2.11.3 we have for u,v € L= (R ):

d(&e(u)éi(v))
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= wp&p— (u)&s— (V)AMy + ve&e- (V)& (W)d My + vewss- (V)& (u)d[M, M];

= up&s— (u)&e— (V)dMy + ve&e- (V)& (W) d My + veue (V)€ (u)dt
Forurve§y— (v)&;- (u)dM;

= vpur&e (V)& (u)dt + & (V)€ () (ur + ve + drugvy)d M.

hence
d(e™Jo mavedg, (u)g (v)) = ™ o veredng (v)€- (u) (ug + v + Gruevr)dMy,
which shows that
exp(— (1, v) 20,77 )E(W)E(V) = &(u + v + puv).

Relation (2.13.6) then follows by comparison with (2.13.1). O

2.14 Vector-Valued Case

In this section we consider multiple stochastic integrals of vector-valued func-
tions with respect to a d-dimensional normal martingale (M;)o<¢<7 with in-

dependent components M; = (Mt(l), ceey Mt(d))'

Let g, € L2([0,T]") and let (ey,...,eq) denote the canonical basis of R%. We
define the n-th iterated integral of gpe;, ® ... ®e;, , with 1 <iq,...,4, < d,
as

T rtn to . .
. Y =l (i1) (in)
I, (gnei, ®...®e;, ) =n! fo fo ...JO Gn(tr, . tn)dMy Y .. dM, ™.
(2.14.1)
For g, € L*([0,T]"), h,, € L*([0,T]™), with 1 < 4y,...,4, < d and 1 <
J1s- -5 Jdm < d, we have

E [In(gneil ®...Q ein)Im(hmejl ®R...Q ejm)]
nl(gn?hm>L2([0’T]n) if n=m and 4 =7, 1<1<n,

0 otherwise.

Given f, = (ﬂ(f1 """ i”))lgil 77777 in<d € L2([0,T],R4)®" we define the n-th iter-

d
T ptn to . . i in
L(fa) =nb > [ [ e )AL d )
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= Z I, f(Z1 611 . ® 61‘”).

i1,y =1

Let X, denote the set of all permutations of {1,...,n}. We have

In(fn) = In(fn)a

where £, is the symmetrization of f,, in L2([0,T],R%)°", i.efor 1 <iy,..., i,
d, we have

IN

= (i1,0enyin) (ig(1)seeio(n))
fn (t17~~-7n Zf ) ()(0(1),...,t0(n)).

' oceX,
Given 4 ,
fo= (fy(fl""’Z"))1§z‘17...,ingd e L([0,T],R)e"
and
gm = (957" 1<hy o jm<a € L2([0,T],RY)®™
we have
E [In(fn)lm(gm)} =
) (i1 seemsin) (G1seeesim) e

. Z n(fn g™ >L2([0,T]") ifiy=j5 l<i<mn,

Jrn =y

0 otherwise.

Finally we consider the multidimensional Poisson and mixed Brownian-
Poisson cases.

Let (£2,F,(F¢)ter,,P) be a probability space with the filtration (F)ier,
generated by a d-dimensional Poisson process Ny = (Nt(l), cee N( )) 0<t<
T, and independent components, with deterministic intensity

(jot AWgs, ... jot Agdus) .

The iterated stochastic integral of a symmetric function
fo = (F5 " N1<iyin<a € LP([0,T],RY)°"

where £ ") e L2([0,T]"), is defined by

SUSTETED SR A

11,0t =1
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Flesin) () (ANED = A )L (dN S = A dt).

In the mixed Brownian-Poisson case let (B;)o<i<r with B, = (Bt(l), . ,Bt(d))
be a d-dimensional Brownian motion with independent components, let
(Nt)o<t<r with Ny = (Nt(l), . ,Nt(p)) be a p-dimensional Poisson process
with independent components and intensity

(jot AWds, ... jot A ds) .

We work on a filtered probability space (£2,F, (F¢)tcjo, 1), P), where F; is
the filtration generated by (B;)icr, and (IN¢)ier, , which are assumed to be
independent. We denote by M = (M®) ... M®)) the compensated Poisson
process given by

dM® =dN® —\Pat,  teo,T]), 1=1,...,p
Let
(XD, XD x @ x @y (g0 By ),
The iterated stochastic integral of a symmetric function
o= (0" igiyinzarp € D20, T], RIP) ™

where f{71in) ¢ L2(]0,T)"), is given by

d+p

L(fa) :=nl > jOT jotfot Flvm () dX Y L dx .
1

115000 tn=

The chaos representation property holds in the multidimensional case, i.e.
for any F € L?(§2) there exists a unique sequence (fy,)nen of symmetric
deterministic functions

fo= (f501) ety € L2([0,T),RY)"
such that

F =Y T.(fn).
n=0
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2.15 Notes and References

Our presentation of stochastic calculus is restricted to normal martingales,
which are well fitted to the construction of multiple stochastic integrals and
chaos expansions in the L? sense. We refer to e.g. [125] for the the standard
approach to stochastic calculus using local martingales and semimartingales.
The systematic study of normal martingales started in [42], and d-dimensional
normal martingales have been considered in [10], [11]. Several books and sur-
veys exist on multiple stochastic integrals, see [44], [63], [77], [86]. A number
of properties of Brownian motion, such as almost sure path continuity, have
been omitted here and can be found in [126]. See [28], page 317, and [26], [157]
for the absence of predictable representation property of compound Poisson
processes. The [t6 change of variable formula Proposition 2.12.1 can be found
in Proposition 2 in [42] with a different formulation and proof. We refer to
[125], Theorem 36, page 77, for results on exponential vectors. Lemma 2.13.4
is a version of Yor’s formula [156], cf. also Theorem 37 of [123], page 79,
for martingales with deterministic bracket (M, M);. Proposition 2.3.6 can
be proved using the independence of increments of the Poisson process and
arguments of [91]. The presentation of multidimensional Poisson and mixed
Brownian-Poisson integrals is based on [38].
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Chapter 3
Gradient and Divergence Operators

In this chapter we construct an abstract framework for stochastic analysis
in continuous time with respect to a normal martingale (M;);cr, , using the
construction of stochastic calculus presented in Section 2. In particular we
identify some minimal properties that should be satisfied in order to connect
a gradient and a divergence operator to stochastic integration, and to apply
them to the predictable representation of random variables. Some applica-
tions, such as logarithmic Sobolev and deviation inequalities, are formulated
in this general setting. In the next chapters we will examine concrete exam-
ples of operators that can be included in this framework, in particular when
(My)¢er, is a Brownian motion or a compensated Poisson process.

3.1 Definition and Closability

In this chapter, (M;);ecr, denotes a normal martingale as considered in Chap-
ter 2. We let S, U, and P denote the spaces of random variables, simple pro-
cesses and simple predictable processes introduced in Definition 2.5.2, and
we note that S is dense in L?(£2) by Definition 2.5.2 and U, P are dense in
L2(2 x Ry) and L? (2 x R,) respectively from Proposition 2.5.3.

Let now
D : L*(2,dP) — L*(2 x R, dP x dt)

and
§: L2(02 xRy, dP x dt) — L*(£2,dP)

be linear operators defined respectively on S and Y. In particular, (D¢ F');er,,
is a stochastic process for F' € §, and we assume that the following duality
relation holds.

O (With corrections, May 23, 2025) 113



N. Privault

Assumption 3.1.1. (Duality relation) The operators D and § satisfy the
relation
IE[<DF,IL>L2(R+)] :IE[F(S(’U,)], FeS uel. (3.1.1)

Note that D1 = 0 is equivalent to E[§(u)] = 0, for all w € U. In the next
proposition we use the notion of closability for operators in normed linear
spaces, whose definition is recalled in Section 9.8 of the Appendix. The next
proposition is actually a general result on the closability of the adjoint of a
densely defined operator.

Proposition 3.1.2. The duality assumption 3.1.1 implies that D and & are
closable.

Proof. If (Fy,)nen converges to 0 in L(2) and (DF,),en converges to U €
L?(02 x R,), the relation

E[<DFn,u>L2(R+)} = ]E[Fné(u)], ueEU,
implies
KU, u) L2 oxry)| = [ELU, u) L2 )]|
< |E[DF,,u)r2r,)] — E[U, w) 2wl + [E[(DFn, w) 2 ®,)|
= |E[DF, = U,u) 2wl + [E[Fnd(u)]]
< ||DFn - UHLQ(Q><R+)||UHL2(Q><R+) + HFnHL2(Q)||5(u)||L2(Q)a
hence as n goes to infinity we get IE[(U, u)r2®,)] =0, u € U, i.e. U = 0 since
U is dense in L?(§2 x R,). The proof of closability of § is similar: if (u,)nen
converges to 0 in L2(£2 x Ry) and (6(un))nen converges to F € L2(£2), we
have for all G € S:
| E[FG]| < [E[(DG, un) r2r,)] = E[FG] + [E[(DG, un) L2 (®,) ]|
= |E[G(0(un) = F)]| + |E{DG, un) 12(2xx )]
< 16(un) = Fllz2@)|Glli2 @) + llunllr2exr ) IDGl L2 (2xr, ),

hence E[FG] =0, G € S, i.e. F =0 since S is dense in L?(£2). O

From the above proposition these operators are respectively extended to their
closed domains Dom (D) and Dom (§), and for simplicity their extensions will
remain denoted by D and 4.

3.2 Clark Formula and Predictable Representation

In this section we study the connection between D, d, and the predictable
representation of random variables using stochastic integrals.
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Assumption 3.2.1. (Clark formula). Every F € S can be represented as
F = E[F] + jooo E[D,F|F,|dM,. (3.2.1)

This assumption is connected to the predictable representation property for
the martingale (M;)cr, , cf. Proposition 3.2.8 and Proposition 3.2.6 below.

Definition 3.2.2. Given k > 1, let D3 ;([a,0)), a > 0, denote the comple-
tion of S under the norm

||F||]D2 % ([a,00)) = [|Fllr2(0) +Z\/IE |D1F\2dt]

where D% = Dy --- Dy denotes the i-th iterated power of Dy, i > 1.

In other words, for any F' € ID 1 ([a,00)), the process (D F)ic(q,00) €Xists in
L?(£2 X [a,00)). Clearly we have Dom (D) = ID31([0,00)). Under the Clark
formula Assumption 3.2.1, a representation result for F' € D5 1([a,c0)) can
be stated as a consequence of the Clark formula:

Proposition 3.2.3. For allt € Ry and F € Dy 1([t,0)) we have

E[F|F] = +j [D,F|F,d (3.2.2)

and -
F=E[F|F]+ [ EDFIFJdM,,  teR;. (3.2.3)
Proof. This is a direct consequence of (3.2.1) and Proposition 2.5.7. O

By uniqueness of the predictable representation of F' € L?(§2), an expression

of the form -
F=c + IO ’U,tht

where ¢ € R and (u;)cr, is adapted and square-integrable, implies
= E[DtF|Ft], dt x dP — a.e.

The covariance identity proved in the next lemma is a consequence of Propo-
sition 3.2.3 and the Ito isometry (2.5.5).

Lemma 3.2.4. For allt € Ry and F € IDy1([t,0)) we have

E[(E[F|F])? = (E[F)? +E U;(]E[Dsﬂfs])?ds} (3.2.4)
— E[F? - E U:o (]E[DSF\]-'S])st] . (3.2.5)

Proof. From the It6 isometry (2.5.4) and Relation (3.2.2) we have
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< +j (D, F|F.)dM, >2]
(jOtIE[DSFm]dMs)Q]

= (E[F))*+ E UJ(JE[DSFVS])%ZS] ,  teRy,

E[(E[F|F])*] =

= (E[F))’+E

which shows (3.2.4). Next, concerning (3.2.5) we have
E[F? = E [(IE[F|]—}} + [ IE[DSF|fs]dMS)1
~E [(]E[F|}'t])2} +E []E[Fm] f:o ]E[DSF\]-"S]dMS}
+E [(f:o IE[DSF|fS]dMS>1
= [(B[F|F))]| + B | [~ BFIF]ED,FIF]dM,]

+E U:" (E[D,F|F,])? ds}
=B |[(BFIFR])’| +E[ [ (BDFIF) ds|, teRy,
since from (2.5.7) the It stochastic integral has expectation 0, which shows
(3.2.5). O

The next remark applies in general to any mapping sending a random variable
to the process involved in its predictable representation with respect to a
normal martingale.

Lemma 3.2.5. The operator
Fr— (]E[DtF‘ft])tER+
defined on S extends to a continuous operator from L%(£2) into L?(£2 x R,).
Proof. This follows from the bound
I E[D.FIF]|Z20xz, ) = IFl72(0) — (E[F])?
< IFNZ (),

which is consequence of Relation (3.2.5) with ¢t = 0, or of (3.2.4) with ¢ = +o0.
O

As a consequence of Lemma 3.2.5, the Clark formula can be extended in
Proposition 3.2.6 below as in the discrete case, cf. Proposition 1.7.2.

Proposition 3.2.6. The Clark formula
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F =E[F] + fo E[D,F|F,)dM,

can be extended to all F in L?(2).

Similarly, the results of Proposition 3.2.3 and Lemma 3.2.4 also extend to
F e L*().

The Clark representation formula naturally implies a Poincaré type inequality.

Proposition 3.2.7. Under Assumption 3.2.1, for all F € Dom (D) we have
Var (F) < |DF|32(oxr, )
Proof. From Lemma 3.2.4 we have
Var (F) = E[|F — E[F]’]
- [(I:O ]E[DtF|ft}th)1

—E || (BID.FIF) d]
<E U E[|D:F | F]dt]
—j E[| D, F|* |J—"t]] dt
< f [|D.F|?]
<E|[7IDF] dt},

hence the conclusion. O

Since the space S is dense in L?(§2) by Definition 2.5.2, the Clark formula
Assumption 3.2.1 implies the predictable representation property of Defini-
tion 2.6.1 for (M;);cr. as a consequence of the next corollary.

Corollary 3.2.8. Under the Clark formula Assumption 3.2.1 the martingale
(My)ier, has the predictable representation property.

Proof. Definition 2.6.1 is satisfied because S is dense in L?(§2) and the process
(IE[D,F | Fi])ter, in (3.2.1) can be approximated by a sequence in P from
Proposition 2.5.3.

Alternatively, one may use Proposition 2.6.2 and proceed as follows. Consider
a square-integrable martingale (X;);cr, with respect to (F;)icr, and let

us := IE[Ds X 41| Fn], s€[n,n+1).

Then (u¢)ier, is an adapted process such that uljy ) € L?(2 x Ry) for all
T > 0, and the Clark formula Assumption 3.2.1 and Proposition 3.2.6 imply
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X, = E[Xp1 | Fi
n+1
—E {Xo + fo E[DsX,11 | Fs]dM,

ff}
t
= Xo + jo E DX, 41 | Fo]dM,
n t
= Xo+ [ E[D,Xne1 | FJdM, + | BD X1 | F]dM,
t
= X+ [ BID X1 | FlAM,
t
:Xn+fudes, n<t<n+1l, neN,
where we used the Chasles relation (2.5.6), hence
t
X, = Xo+ fo udM,,  teR,, (3.2.6)
hence from Proposition 2.6.2, (M;)icr, has the predictable representation

property. ([l

In particular, the Clark formula Assumption 3.2.1 and Relation (3.2.3) of
Proposition 3.2.3 imply the following proposition.

Proposition 3.2.9. For any Fr-measurable F' € L*(£2) we have

E[D.F|Fr] =0, 0<T<t. (3.2.7)
Proof. From from Relation (3.2.3) we have F' = IE[F|Fr] if and only if

f;o E[D, F| F,JdM, = 0,

which implies IE[D,F|F;] = 0, t > T, by the It6 isometry (2.5.4), hence (3.2.7)
holds as
E[D.F|Fr] = E[E[D,F|F)|Fr] =0, t>T,

by the tower property of conditional expectations stated in Section 9.3. [
The next assumption is a stability property for the gradient operator D.

Assumption 3.2.10. (Stability property) For all Fp-measurable F' € S, Dy F
is Fr-measurable for allt > T.

Proposition 3.2.11. Let T' > 0. Under the stability Assumption 3.2.10, for
any Fr-measurable random variable F' € LQ(Q) we have F' € ID(p ) and

D,F=0, t>T.

Proof. Since F' is Fp-measurable, D;F' is Fp-measurable, t > T, by the
stability Assumption 3.2.10, and from Proposition 3.2.9 we have

D,F =E[DF|Fr] =0, 0<T<t.
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3.3 Divergence and Stochastic Integrals

In this section we are interested in the connection between the operator § and
the stochastic integral with respect to (M;)icr, -

Proposition 3.3.1. Under the duality Assumption 3.1.1 and the Clark
formula Assumption 3.2.1, the operator & applied to any square-integrable
adapted process (u)ier, € L2,(2 xRy) coincides with the stochastic integral

Sw) = [TwdMy,  we L2,(2 X Ry), (3.3.1)

of (u¢)rer, with respect to (My)ier, , and the domain Dom (6) of § contains
L74(2 x Ry).

Proof. Let u € P be a simple F;-predictable process as in Definition 2.5.2.
From the duality Assumption 3.1.1 and the fact (2.5.7) that

E Uom utht} —0,
we have:
B[F [~ wdM| = BIFIE | [~ wd] + B[ (F ~BIF) [~ wdM]
— E[(F - E[F]) fooo utht}
—E|[ E[DF|F]dM, f utht}

=E

I
_jooo us [DtF\ft]dt]
~E :jom E[utDtF|ft]dt}
- jooo E [E[u, D, F|F;)) dt

= j E [uy D F

utDtht}

= ]EKDF wr2(ry))
= E[Fo(u)],

for all F' € S, hence the denseness of S in L?(§2) we have
6(’&) = J;] Utht
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for all F;-predictable u € P. In the general case, from Proposition 2.5.3 we
approximate u € L2,(2 x Ry) by a sequence (u")nen C P of simple Fi-
predictable processes converging to u in L?(2 x R, ) and use the Itd isometry
(2.5.4). O

As a consequence of the proof of Proposition 3.3.1 we have the isometry

18|20y = lullL2oxryy, — u€ Lag(2 x Ry). (3.3.2)
We also have the following partial converse to Proposition 3.3.1.
Proposition 3.3.2. Assume that
i) (My)ier, has the predictable representation property, and

i1) the operator ¢ coincides with the stochastic integral with respect to
(My)ier, on the space L2,(2 xRy) of square-integrable adapted processes.

Then the Clark formula Assumption 3.2.1 holds for the adjoint D of §.

Proof. For all F' € Dom (D) and square-integrable adapted process u we have:

E[(F — E[F))5(u)] = E[Fé(u)

(

M)WHQHEW}

=B ([ war, [ E[D,FIF)M,]
(o) [T BIDFIFNAM)

hence
oo

F-E[F] = |

o E[D.F|F;|dM,

since by (i7) we have
{6(u) : we L2, (2 xRy} = {jooo wpdMy; : u € L2,(92 x R+)} ,

which is dense in {F € L?(£2) : E[F] =0} by (i) and Definition 2.6.1. [

3.4 Covariance Identities

Covariance identities will be useful in the proof of concentration and devia-
tion inequalities. The Clark formula and the It6 isometry imply the following
covariance identity, which uses the L? extension of the Clark formula, cf.
Proposition 3.2.6.
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Proposition 3.4.1. For any F,G € L*(£2) we have

Cov (F,G) =E UOOO E[D, F|F] ]E[DtG\]-'t]dt] . (3.4.1)
Proof. We have

Cov (F,G) = E[(F — E[F))(G — E|G])]

[
[

The identity (3.4.1) can be rewritten as

jooo E[D,F|F,|dM, jooo ]E[DtG|ft]th}

E
E jooo E[D, F|F] IE[DtG|]-"t]dt} .

Cov (F,G) = E UOOO E[D,F|F] ]E[DtG|]-“t]dt}
=B [ BIE[DFIF]DG|Fd]
- E UO IE[DtF|]-"t]DtGdt},
provided that G' € Dom (D).

As is well known, if X is a real random variable and f, g are monotone func-
tions then f(X) and g(X) are non-negatively correlated. Lemma 3.4.2, which
is an immediate consequence of (3.4.1), provides an analog of this result for
normal martingales, replacing the ordinary derivative with the adapted pro-
cess (E[DiF'|F])eefo,1)-

Lemma 3.4.2. Let F,G € L*(£2) such that
E[D:F|F:] - E[D:G|F] > 0, dt x dP — a.e.
Then F and G are non-negatively correlated:
Cov (F,G) > 0.

If G € Dom (D), resp. F,G € Dom (D), the above condition can be replaced
by
E[D:F|F] >0 and D:G >0, dt x dP — a.e.,

resp.
D,F >0 and DG >0, dt x dP — a.e..

Iterated versions of Lemma 3.2.4 can also be proved. Let

Ay ={(t1, .., ty) ERT 1 0<t <o <1y},
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and assume further that

Assumption 3.4.3. (Domain condition) For all F € S we have
Dy, - Dy F € Daa([tn;0)),  a.e. (t1,...,tn) € Ap.

We denote by Dy 1. (Ax) the L? domain of D¥, i.e. the completion of S under
the norm

2 2 2
Note the inclusion Dj ;(Ay) C Dy 1(Ag), k> 1.

Next, we prove an extension of the covariance identity of [61], with a shortened
proof.

n+1
Theorem 3.4.4. Letn € N and F,G € ﬂ D5 . (Ar). We have
k=1

n

Cov (F.G) =Y (1) E UA (Dtk---DtlF)(Dtk~--Dt1G)dt1~~~dt4 (3.4.2)
k=1 *

H-1)"E UA D DuFE Dy DuGIF, ] dh dtnﬂ} .

Proof. By polarization we may take F' = G. For n = 0, (3.4.2) is a consequence
of the Clark formula. Let n > 1. Applying Lemma 3.2.4 to D, --- Dy, F' with
t =t, and ds = dt,+1, and integrating on (¢1,...,t,) € A, we obtain

B[, (BID, Dy FIF,) dtr - dt,]

n

=E UAn Dy, -~ Dy, F|2dt; - "dtn:|
o UA (E [Dr, ”'DtlF‘]:tnﬂ])zdtl coedtnga |,
n+1

which concludes the proof by induction. O

The variance inequality

2n 2n—1
Y (CDMHIDEF|a 4, < Var (F) < ) (=) DRF| 4,
k=1 k=1
2n
for F' € ﬂ Dy 1, (Ayg), is a consequence of Theorem 3.4.4, and extends (2.15)
k=1

in [61]. Tt also recovers the Poincaré inequality Proposition 3.2.7 when n = 1.
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3.5 Logarithmic Sobolev Inequalities

The logarithmic Sobolev inequalities on Gaussian space provide an infinite
dimensional analog of Sobolev inequalities, cf. e.g. [81]. In this section loga-
rithmic Sobolev inequalities for normal martingales are proved as an applica-
tion of the It6 and Clark formulas. Recall that the entropy of a sufficiently
integrable random variable F' > 0 is defined by

Ent [F] = E[F log F] — E[F] log E[F].

Proposition 3.5.1. Let F' € Dom (D) be lower bounded with F' > n a.s. for
some 1 > 0. We have

1 1 (oo

Proof. Let us assume that F' is bounded and Fp-measurable, and let
¢
Xi = E[F | F] = Xo+ [ udM,,  teRy,

with us = E[DsF | Fg], s € Ry. The change of variable formula Proposi-
tion 2.12.1 applied to f(z) = xlogx shows that, since Xp = F,

Flog F' — E[F|log E[F] = f(X7) — f(X0)
_ fT F(Xo— + dpur) — f(Xy-)
on

+f WX, dpuy dt+2j it tdt

T ,
th+f dvue f' (X, )dM,

with the convention 0/0 = 0, and
U(u,v) = (u+v)log(u+v) —ulogu — v(1l + logu), u,u+v > 0.
Using the inequality
¥ (u,v) < v?/u, u>0, u+v>0,

we obtain

Ent[F]—]E[ <Z>t W( Xy, drur) dt+2f i, tdt]

< %]E UO (2 - it);t(ttdt] (3.5.2)
< %E UOTIE {(2 — i) |D}F|2 )ft] dt] (3.5.3)
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S e eI
_ % IOTIE [(2 - it)ltlf'?] dt
_ % E [; fOT(z - it)|DtF|2dt] .

where from (3.5.2) to (3.5.3) we applied Jensen’s inequality (9.3.1) to the
convex function (u,v) — v?/u on R x (0, 00). Finally we apply the above to
the approximating sequence F,, = F'An, n € N, and let n go to infinity. [

If ¢ =0, ie iy =1, t € Ry, then (M;)ier, is a Brownian motion and we
obtain the classical modified Sobolev inequality

el
Ent [F] < 5 [F|DF||2L2([O’T])] (3.5.4)

If ¢ =1,t € Ry then i, =0, t € Ry, (M;);er, is a standard compensated
Poisson process and we obtain the modified Sobolev inequality

1

More generally, the logarithmic Sobolev inequality (3.5.4) can be proved to
hold as
Ent [F?] <2TE [HDF||%2([O,T]):|

for any gradient operator D satisfying both the derivation rule Assump-
tion 3.5.2 below and the Clark formula Assumption 3.2.1, see Proposition 5.7.5
in Chapter 5.7 for Riemannian Brownian motion, and also (7.2.5) in Chapter 7
for another example on the Poisson space.

Assumption 3.5.2. (Derivation rule) For all F,G € S we have
Dy(FG) = FD,G + GD,F,  teR,. (3.5.6)
Note that by polynomial approximation, Relation (3.5.6) extends as
D f(F) = f'(F)D,F, teR., (3.5.7)

for f € C}(R).
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3.6 Deviation Inequalities

In this section we assume that D is a gradient operator satisfying both the
Clark formula Assumption 3.2.1 and the derivation rule Assumption 3.5.2.
Examples of such operators will be provided in the Wiener and Poisson cases
in Chapters 5 and 7.

Under the derivation rule Assumption 3.5.2 we get the following deviation
bound.

Proposition 3.6.1. Let F' € Dom (D). If [|[DF||p2r, 1=2)) < C for some
C >0, then

1.2

2C||DF ||~ (0,12(r, )

P(F —E[F] > x) <exp ( ) , x>0. (3.6.1)

In particular we have

1
< .
2C||DF||L=(a,L2®,))

Proof. We first consider a bounded random variable ' € Dom (D). The
general case follows by approximating F' € Dom (D) by the sequence

E[e] <00, A (3.6.2)

(max(—n, min(F,n)))p>1.

Let
77F(t) :]E[DtF |]:t]7 te [O,T]

Since F' is bounded, the derivation rule (3.5.7) shows that
Dye*t’ = se*f D, F, s,t € Ry,
hence assuming first that IE[F] = 0 and letting
L(s) = E[exp(sF)], s e Ry,
by Proposition 3.4.1 we get
L'(s) = E[Fe'r]

- E UOT DyesF . np(u)du]

T
=sE {eSF Io D,F - np(u)du}

IN

sE [e*F|DF| 2=,y Inpllr2e,)]

IN

slE [eSF] ||77F||L°°(.Q,L2(R+)) ||DF||L°°(Q,L2(R+))
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< SCE [e*] | DF|L~(0,L2®))
< sCL(s)| DF || (2,22® ),

where

InFll o 2,22y )y = | E[D.F | Flllz~(0,02®:))

= Hfooo |E[D:F | F”thHLO"(Q)

> 2
<| [ miore | Fe

< [TlIDFP | F dt

]HL°°(Q)

< ||DF||L2®, L~ ()

<C.
In the general case, letting
L(s) = Efexp(s(F — E[F]))], s € Ry,
we obtain:
g (Efexp (17 ~ BIF))) = ) 7
tE[(F - E[F]) exp (s(F — E[F]))]
< B -wEy - ©

1
= §t20||DF||L2(R+,Loo(Q)), t e Ry.
By Chebyshev’s inequality we conclude that, for all z € Ry and ¢ € [0,T],
P(F — B[F] > 2) < ¢ B [exp (t(F — E[F]))]

1
< exp <2t20||DF|L2(R+’Loo(Q)) — tl‘) ,

which yields (3.6.1) after minimization in ¢ € [0,7]. The proof of (3.6.2) is
completed as in Proposition 1.11.3. O

3.7 Markovian Representation

This subsection presents a predictable representation method that can be used
to compute IE[D;F|F:], based on the It6 formula and the Markov property, cf.
Section 9.6 in the appendix. It can applied to Delta hedging in mathematical
finance, cf. Proposition 8.2.2 in Chapter 8, and [124]. Let (X{)¢cjo,7] be a
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R™-valued Markov (not necessarily time homogeneous) process defined on (2,
generating a filtration (F;);er, and satisfying a change of variable formula of
the form

f(Xt) = f(Xo) + fot Lof(Xs)dM, + fot Usf(Xo)ds, te[0,T], (3.7.1)

where Lg, U, are operators defined on f € C2(R"™). Let the (non homogeneous)
semi-group (P t)o<s<¢<7 associated to (Xy)eo,r) be defined on C7 (R™) func-
tions by

PLof(X.) = EIf(X) | X,
=E[f(Xy) | Fs], 0<ss<t<T,
with
-PS,tOPt,u:Ps,u; 0<s<t<u<T.

Proposition 3.7.1. For any f € C;(R™), the process (Pir f(Xt))iejo,r) is an
Fi-martingale.

Proof. By the tower property of conditional expectations, cf. Section 9.3, we
have

E[P, 1 f(Xt) | Fs] = E[E[f(X7) | Fi] | Fl
=E[f(Xr) | Fs]
= s,Tf(XS)7

0<s<t<T. O

Next, we use above the framework with application to the Clark formula.
When (¢¢)¢cjo,7] is random the probabilistic interpretation, of D is unknown
in general, nevertheless it is possible to explicitly compute the predictable
representation of f(Xr) using (3.7.1) and the Markov property.

Lemma 3.7.2. Let f € CZ(R™). We have

E[D.f(Xr) | Fi] = (L(Porf))(Xy), te[0,T). (3.7.2)

Proof. We apply the change of variable formula (3.7.1) to t — P, f(X:) =
E[f(Xr) | Fi], since P, f is C?. Using the fact that the finite variation term
vanishes since (P, rf(X¢)):e[o,r) is a martingale, (see e.g. Corollary 1, p. 64
of [123]), we obtain:

Prf(X) = Porf(Xo) + || (La(Por ) (X.)dM,, € [0,7T],

with Py 7 f(Xo) = IE[f(X7)]. Letting ¢t = T', we obtain (3.7.2) by uniqueness
of the representation (4.2.2) applied to F' = f(Xr). O
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In practice we can use Proposition 3.2.6 to extend (IE[D:f(X7) | Fi])ico,1]
to a less regular function f: R™ — R.

As an example, if ¢, is written as ¢, = ¢(t, My), and
dSt = O'(t7 St)th + /J,(t, St)dt,
we can apply Proposition 2.12.2, with (X¢):ejo,7) = ((St, Mt))iejo,7) and

Ly f(St, My) = igo(t, S¢)01 f(Se, My) + 402 f (St, My)

Jt
+m(f<5t + @(t, My)o(t, Sy), My + (t, My)) — f(Ss, My)),

where j; = 114,20y, t € Ry, since the eventual jump of (My)icjo,7) at time ¢
is (t, My). Here, 01, resp. Jo2, denotes the partial derivative with respect to
the first, resp. second, variable. Hence
E[D. f(St, Mr) | Fi] = i;0(t, S)(01 P, v f)(Se, My) + i (02 Py 7 f ) (St, M)
+m(]3t,Tf)(St + @(t, My)o(t, S¢), My + ¢(t, My))

Jt
—W(Pt,Tf)(St, M,).

When (¢¢)icr, and o(t,z) = oy, are deterministic functions of time and
p(t,z) = 0, t € Ry, the semi-group P, can be explicitly computed as fol-
lows.

In this case, from (2.10.5), the martingale (M;);cr, can be represented as
th = itdBt + ¢t(dNt - /\tdt), te R+, MO = 0,

with A, = j,/¢7, t € Ry, where (N;)icr, is an independent Poisson process
with intensity A, ¢ € Ry. Let

F(T):jTl o2ds, 0<t<T
t ‘ {ps=0}0 s, ~bt >4,
. T . T
denote the variance of [, is05dBs = [ 1{4,=0}0sdBs, 0 <t < T, and let

T
I(T) = L Aeds, 0<t<T,

denote the intensity parameter of the Poisson random variable Ny — N;.

Proposition 3.7.3. We have for f € C,(R)
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Pyrf(z W Z f’; o= t5/2 j{mk Ay A
k=0

k
f (me P4 Te(T)to— [ §adeoeds [T+ Uti%)) dty - - - dtgdto.
i=1

Proof. We have P, rf(x) = E[f(S7)|S: = ] = E[f(S{7)], and

Py f(z) = exp(— f: Ft [ (sng)‘NT _N, = k}
k=0

k € N. It can be shown (see e.g. Proposition 6.1.8 below) that the time changed

process (N ris) T Nt> is a standard Poisson process with jump times
seRy

(Tk)kZI = ([(Tk+n,))k>1- Hence from Proposition 2.3.7, conditionally to
{Ng — N; = k}, the jump times (71, ..., T;) have the distribution

k!
m1{0<t1<~~<tk<T—t}dt1 - dity,.

over [0,T — t]¥. Consequently, conditionally to {N7 — N; = k}, the k first

jump times (71, ...,Ty) of (Ns)sepr, ) have the distribution

k!
(L(T))* g Hit<t <<t <AL Agdty - dig

We then use the identity in distribution between Sy, and

Nt

J/‘Xt,T exXp <_ LT d)s)\s(l + ¢sws)asd3> H (1 + o, ¢Tk)’

k=14N,

where X; 7 has same distribution as

exp (Wy/T(T) - [(T)/2)

and W a standard Gaussian random variable, independent of (Nt)te[O,T]a
which holds because (Bi):co,r] is a standard Brownian motion, independent
of (Nt)te[o,T}- U

3.8 Notes and References

Several examples of gradient operators satisfying the hypotheses of this chap-
ter will be provided in Chapters 4, 5, 6, and 7, on the Wiener and Poisson
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space and also on Riemannian path space. The It6 formula has been used for
the proof of logarithmic Sobolev inequalities in [5], [7], [155] for the Poisson
process, and in [24] on Riemannian path space, and Proposition 3.5.1 can be
found in [115]. The probabilistic interpretations of D as a derivation opera-
tor and as a finite difference operator has been studied in [120] and will be
presented in more detail in the sequel. The extension of the Clark formula
presented in Proposition 3.2.6 is related to the approach of [93] of [146]. The
covariance identity (3.4.1) can be found in Proposition 2.1 of [64]. See also [§]
for a unified presentation of the Malliavin calculus based on the Fock space.
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Chapter 4
Annihilation and creation operators

In this chapter we present a first example of a pair of gradient and divergence
operators satisfying the duality Assumption 3.1.1, the Clark formula Assump-
tion 3.2.1 and the stability Assumption 3.2.10 of Section 3.1. This construction
is based on annihilation and creation operators acting on multiple stochastic
integrals with respect to a normal martingale. In the following chapters we
will implement several constructions of such operators, respectively when the
normal martingale (My):er . is a Brownian motion or a compensated Poisson
process. Other examples of operators satisfying the above assumptions will be
built in the sequel by addition of a process with vanishing adapted projection
to the gradient D, such as in Section 7.7 on the Poisson space.

4.1 Duality Relation

The annihilation and creation operators on multiple stochastic integrals pro-
vide a first concrete example of operators D, § satisfying the hypotheses of
Chapter 2. Let the spaces S and U of Section 3.1 be taken equal to

S = {Z Lo(fr) : fre LARL)*, k=0,...,n, n€ N} , (4.1.1)
k=0
and
U= {Zl[tuti—l)Fi cFeS, 0=tg<t1 < <tp, n> 1},
i=1
which is contained in
u:= {Z I(gr(%,) : gr € LP(RY)* @ L*(Ry), k=0,...,n, n€ N} ,
k=0
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where the symmetric tensor product o is defined in (9.7.1), cf. Section 9.7 of
the Appendix.

In the following statements, the definition of the operators D and § are stated
on multiple stochastic integrals (random variables and processes), whose linear
combinations span S and U.

Definition 4.1.1. Let
D:S — L*(2 xRy)
be the linear operator defined by
DI, (fn) = nlpy_1(fn(x,1)), dP x dt —a.e., f, € L*(R,)°".

Due to its role as a lowering operator on the degree of multiple stochastic
integrals, the operator D is called an annihilation operator in the sequel, in
reference to the use of Fock space expansions (see Definition 2.8.1) in quantum
field theory.

Definition 4.1.2. Let 3
§:U — L*(N)

be the linear operator defined by

S(In(fn-&-l(*, ))) = n+1(fn+1)a fn+1 S LQ(R+)On ® LQ(R+), (412)

where fn+1 is the symmetrization of fn41 in n + 1 variables defined as:

B 1 n+1
o1ty o tngr) = nil Z o1ty ottty - ottt th)-
k=1

In particular we have

n+1

Zf(tk)gn(tlv'”7tk717tk+17~"atn+1)7 (4.1.3)
k=1

t1,...,t = —
fogn( 1, , n+1) nt1

i.e. fo gy, is the symmetrization of f ® g, in n + 1 variables, cf. Section 9.7.
Similarly to the above, the operator § is usually referred to as a creation oper-
ator, due to the fact that it raises the degree of multiple stochastic integrals.

The operator § is also called the Skorohod integral.

Note that o
() =)= [ fwar,  feL’R.),

and, in particular, from (2.7.4) we have
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S(uln(fa)) =1 [ La(fals,5) 0w djo e (5, )AM, + [ oTu(fulp ) A,

Wy ”

u € L*(Ry), g, € L?(R,)°", where as a convention “#” denotes the n — 1
first variables and “-” denotes the last integration variable in I,,. In the next
proposition we show that D and 0 satisfy the duality Assumption 3.1.1.

Proposition 4.1.3. The operators D and § satisfy the duality relation

E[Fo(u)] = E[(DF,u)2®,)], FeS uel. (4.1.4)
Proof. As in Proposition 1.8.2, we consider F' = I,(f,,) and u¢ = Iy, (gm+1 (%, 1)),
t Ry, fr € L2(RL)™, gyt € L2(R4)°™ @ L2(R,). We have
E[F(w)] = Elln+1(Gm+1)In(fn)]
= nll{n:erl} <fna5~]n>L2(]Ri)
= nll{n=m+1} <fnagn>L2(R”

n)

(o) oo
:nll{n_lzm}fo .“Jo fu(s1yeeySn_1,8)gn (81, .-y Sn—1,t)dsy -+ - dsp_1dt

=l iy [ B a(f( D) L1 (g0 (5, 1))l
= E[(D.1,(fn); Im(gm+1(*, '))>L2(R+)]
= ]E[<DF, u>L2(R+)].
O

In Proposition 4.2.3 below we will show that the Clark formula Assump-
tion 3.2.1 is also satisfied by D.

Proposition 4.1.4. For any u € U we have

Dt5(u) = us + (S(Dtu), te R+.

Proof. Letting uy = f(t)In(gn), t € Ry, f € Lz(R-‘r)v gn € L2(R+)Onv we
have, by (4.1.3),

Dy6(u) = Di6(f1n(gn))
= Dt[n%—l(.ﬂg’g/n)
= DiIns1(f © gn)
= (n+ DLnt1((f 0 gn)(*,1))
= J(0)In(gn) + nln(f 0 gn(*,1))
= f()1(gn) + 1 (Ln—1(f © gn(*,1)))
= f(#)1n(gn) + 6(Deln(f 0 gn(,t)))
= u; + 0(Dyu).

A~ o~ o~

O (With corrections, May 23, 2025) 133



N. Privault

Remark 4.1.5. By construction, the operator D satisfies the stability As-
sumption 3.2.10 of Chapter 2, thus the conclusion of Proposition 3.2.11 is
valid for D, i.e. we have DgF = 0, s > t, for any F;-measurable F € S,
teRy.

4.2 Annihilation Operator

From now on we will assume that S is dense in L?(£2), which is equivalent
to saying that (M;);cr, has the chaos representation property according to
Definition 2.8.2. As a consequence of Proposition 3.1.2 and Proposition 4.1.3
we have the following.

Proposition 4.2.1. The operators D and § are closable in the sense of Sec-
tion 9.8 on L*(£2) and L?(£2 x R) respectively.

It also follows from the density of S in L?({2) that U is dense in L?(2 x R,).

Proposition 4.2.2. The domain Dom (D) = ID([0,00)) of D consists in the
space of square-integrable random variables with chaos expansion

P =B+ S L), (12.1)
k=1

such that the series

D kI (fil*,-)
k=1

converges in L?(£2 x Ry) as n goes to infinity.

Given F' € Dom (D) with the expansion (4.2.1) we have

E (IDFI3a,| = D kRS2 ) < oo,
k=1

and

DiF = fi(t) + Y kIw1(fu(x,t),  dtdP—a.e.,
k=1
by Definition 4.1.1. In particular, we have
Dtlk(fk) = klk—l(fk(*y t)), dtdP — a.e.

and the exponential vector {(u), of (2.13.4) belongs to Dom (D) for all u €
L2(R+)7 with

D&t (u) = 1j0,4(s)u(s)ée(u), s,t € [0,T7].
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The following Proposition 4.2.3 shows that the Clark formula Assump-
tion 3.2.1 is satisfied by D. Its proof parallels the classical argument

o0
x) = Z "
n=0
=ap+ Z Ny, foz y"tdy
n=1

= FO) + [ F)dy.

described in the introduction for functions of one variable, using the identity

"=n joz Yy dy.

It shows in particular that the operator D defined in this chapter satisfies the
Clark formula Assumption 3.2.1 on predictable representation.

Proposition 4.2.3. Every F € S can be represented as

F = E[F] + j0°° E[D,F | Fi|dM,. (4.2.2)

Proof. By linearity, in order to prove the statement for F' € S, it suffices to
consider F' = I,(f,). By the definitions of I,,(f,) and D.I,(f,) and using
Lemma 2.7.2 we have, since IE[I,,(f,)] =0,

L(fa) =1 [ Lot (Fa5, ) 10,02 (5))
- nj“’ ElLn_1(fn(%,1)) | FdM,
= [ TEIDLL () | FlaM;,

O

As in the abstract framework of Chapter 3, the Clark formula (4.2.2) extends
to Dom (D) from the closability of D as in Proposition 3.2.3, and to L?({2)
by continuity of F' — IE[D.F | F.], cf. Proposition 3.2.6.

Since S defined by (4.1.1) is assumed to be dense in L?({2), Corollary 3.2.8
and Proposition 4.2.3 show that (M;);cr, has the chaos representation prop-
erty as in Definition 2.8.2.

More generally, the following proposition follows from the fact that the dense-
ness of S is equivalent to the chaos representation property.

Proposition 4.2.4. If (M;);cr, has the chaos representation property then
it has the predictable representation property.
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By iterations, the Clark formula (4.2.2) yields the following proposition.
Proposition 4.2.5. For all F' € N,>1Dom (D") we have

F=E[F+ Y L),

where )
fo(ty, .. tn) = E]E[Dtl -+ Dy, FY,

dty - - - dtp,dP-a.e., n > 1.

Proof. 1t suffices to note that

o0

k!
Dt1 . DtnF = ’)’l'fn(tl, . ,tn) + Z m[k,n(fk(*ﬂfl, . ,tn)),
k=n+1 )

and to use the fact that
E[li_n(fr(x,t1,...,tn))] =0, dty---dt, —ae., k>n>1,

that follows from Proposition 2.7.1 or Lemma 2.7.2. O

The above result is analogous to the following expression of Taylor’s formula:

= " O f
= f(0 — 0
fla) = £( >+n§ T ()
with the following correspondence:
calculus on R stochastic analysis
f(z) F
£(0) E[F]
8’!1,
- D"
ozm
o"f
0 E[D"F
“o) D"

The gradient operator D can be extended to the multidimensional case using
the vector-valued multiple stochastic integral (2.14.1).

Definition 4.2.6. Letl € {1,...,d}. We define the operator

DY : Dom (DY) ¢ L*(2) — L*(2 x [0,T))
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which maps any F € Dom (DW) with decomposition

F=Y 1),

n=0

to the process (D,@F)te[&ﬂ given by

co n d
Dgl)FZZZ > iy

n=1h=14y1,...,in=1

In_l(f:;"”’i" (tl, R TR A 7 T ,tn)eil X...0€H,_, D€, ... & ein)

=Y Ll 1(fi(x1),  dPxdt—a.e. (4.2.3)
n=1

with o
fo= (fa ey @@ eiy )1 inoa<de

The domain of D® is given by

oo d
Dom (DY) = F:Z Z Li(fyire, ©@...@e,) :

n=0141,...,in=1

d

[es)
Sownt 3 g < o0
n=1

il,...,in:1

The Clark formula extends to the multidimensional setting of Section 2.14 as
the next proposition.

d
Proposition 4.2.7. Let F € ﬂ Dom (D). We have
1=1
d .1
F=E[F]+) fo E[D\"F | F)dMD. (4.2.4)
=1

In the multidimensional Poisson case we define the operator DN asin (4.2.3)
and we have the following Clark formula:

d
RN . O] l l
F=EF]+Y_ [ "INV EDNF | AN -2\ ),
=1

for F' € ﬂflzl Dom(DNU)). In the mixed Poisson-Brownian setting of Sec-
tion 2.14, the operators DX are also defined as in (4.2.3) and we have the
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Clark formula

d P
T T
F=E[F]+) fo E[D{F | FlaB + jo EDN" F| Fldm ",
=1 =1

d+p W
for F € n Dom (D).
1=1

4.3 Creation Operator

The domain Dom (6) of § is the space of processes (u;)icr, € L*(2 X Ry)
with

U = Z Li(frat1(x,1)),
n=0

and such that

o

E5()] = 320+ DLl g, < oo

n=1

We will sometimes use the notation
b
| ugd M, = 6(1 40 ), (4.3.1)
a

to denote the Skorohod integral of v € Dom (4) on the interval [a,b], 0 <
a < b < co. The creation operator § satisfies the following Ito-Skorohod type
isometry, also called an energy identity for the Skorohod integral.

Proposition 4.3.1. Let v € Dom (§) such that uy € Dom (D), dt-a.e., and
(Dsug)s,ier, € L*(02 x RY). We have
E[|6(u)[?] = E [||u||§2(R+)} +E UO I, DsutDtusdsdt}, (4.3.2)
Proof. By polarization, orthogonality and density it suffices to choose u =
gl (f"), f,g € L?*(R,), and to note that by the Definition 4.1.2 of § we
have
E[|6(u)|*] = E[|6(gL (™)) []
= E[|L+1(f%" 0 g)|*]
2
1 = . :
— E In 1 ®(n—1)
CEE (Z (P ege )

=0
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1 2
= e (0 D1+ DI ol e
Fn(n+ D+ DI (.03, )
= nlllf 1B @ lollZo@,) + (n = DR2IFITEE, 9w,
= [[ull32(x, | + o D) e (9. DI(FE™) 12ce) 1o
=1 [||U||%2(R+):| +E |:f0 IO DsutDtusdsdt} .

O

By polarization, if u and v satisfy the conditions of Proposition 4.3.1 we also
have

(8(u), 3(0)) 200 = (wvhra(on,) + | [ (Dot Divg)paoydsdt.

The proof of (4.3.2) does not depend on the particular type of normal mar-
tingale we are considering, and it can be rewritten as a Weitzenbock type
identity, cf. [137] and Section 7.6 for details, i.e.:

1 poo poo
1832y + 5 f, [, 1Dsw = Dol odsdt (4.3.3)
= Hu||%2((l><R+) + ||D“||i2((szi)'

For Riemannian Brownian motion the study of identities such as (4.3.3) can
be developed via intrinsic differential operators on Riemannian path space,

cf. [29].

Definition 4.3.2. Let IL,; denote the space of random processes (u;)ier,
such that u; € Dom (D), dt-a.e., and

lallp s =T [Jullfae,) | + B[ [ [ 1Douldsdt] < oc.
The next result is a direct consequence of Proposition 4.3.1 and Defini-
tion 4.3.2 for p = 2.
Proposition 4.3.3. We have ILy; C Dom ().

As a consequence of Proposition 3.3.1, Proposition 4.1.3 and Proposition 4.2.3,
the operator ¢ coincides with the It6 integral with respect to (My)¢cr, on the
square-integrable adapted processes, as stated in the next proposition.

Proposition 4.3.4. Let (u)ier, € L2,(2 x Ry) be a square-integrable
adapted process. We have

o(u) = jo urd M.
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Proof. This result can also be recovered from the definition (4.1.2) of
0 via multiple stochastic integrals. Since the adaptedness of (u;)ier, =

(In—1(fn(*,t)))tcr, implies
fn(*,t) = fn(*7t)1[0,t]7171(*)7 te ]R+,
by Lemma 2.7.2, we have

6(In—1(fn(*v ))) = In(fﬂ)
:njo L1 (fu (6, ) 1pg g1 (%)) dM,
= [T Laea (a5, 10001 (4))dM
_ jo‘” Loy (fu(x,0))dM,, n> 1.

O

Note that when (u)ier, € L2,(2 x R}) is a square-integrable adapted pro-
cess, then Relation (4.3.2) becomes the It6 isometry as a consequence of
Proposition 4.3.4, i.e. we have

S|z = | [ weda| 134

6@l eaey = | f, weddi]| , (4.3.4)
= [[ull2(2xry): u € Lid(() x Ry),

as follows from Remark 4.1.5 since D;us = 0, 0 < s < ¢, cf. also Rela-

tion (3.3.2) of Proposition 3.3.1.

The following proposition is a Fubini type property for the exchange of Sko-
rohod and It6 stochastic integrals with respect to normal martingales.

Lemma 4.3.5. Let u,v € L2 (2 x R,). For all t > 0 we have
t t t 7
jo Ug L v dM,. M, = fo fo w0 MgdM,., (4.3.5)

where the indefinite Skorohod integral is defined in (4.3.1).
Proof. First, note that
T
.fo UV 0 My =6 (u.l{.<r}vr)
is Fr-measurable, » € R, hence the stochastic integral in the right hand side
of (4.3.5) exists in the It6 sense by Proposition 2.5.4. On the other hand,

by the duality relation (4.1.4) between D and ¢ and using the It6-Skorohod
isometry (4.3.4), we have
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E [In( £Em6 (1[07t](-)u. [ vrdM,«ﬂ

—E Uot s Lt vrerDsIn(f@’(”‘l))ds]

=0 [ VB [ () s (£ )5 11, gus0.)| d
= nfot f()E [In_g( FEm=2)),, Lt f(r)vrdr] ds
=0 {1720 [ (9 [ 0]

=nIE | L,_»(f*"?) fot oy [ f(s)mdsdr}

=nlE jot 5(u41{.<r}vr)f(7")d7"[n1(f®("—1))]

= _In(f®") jot 6(u.1{_<r}vr)6MT}

—E _In(f®") fot 6(u.1{.<r}vr)er] ,

forn > 1 and f € L?(R), since the processes u and v are adapted. Hence by
density of S in L2(£2) we get

t t
(e )= st

which implies (4.3.5) by (4.3.1). O

As a consequence of Proposition 2.11.3 we have the following divergence for-
mula. The hypothesis of the next proposition is satisfied in particular when
¢ e L([0,T] x £2).

Proposition 4.3.6. Suppose that Assumption 2.11.1 holds, i.e.
b o 2
E U ¢Sds‘fa} <K*b—a), P—as, 0<a<b.

Then for all T > 0 and u € L*>([0,T]) we have

I(u)F = §(uF) + (u, DF) [2r,) + 6(u¢DF),  F€S. (4.3.6)

Proof. We prove this result by induction for all F' = I,,(1jg4»v®"), n € N.
The formula clearly holds for n = 0. From Corollary 2.11.4 we have
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Il(ul[oyt})In(]_[oyﬂn’u(gn)
= Itu L,(10.5»v®™)d M, +nftv I,—1(1 n71v®(”_1))j8u dM.dM
g Usin [0,s] s 0 8 n—1{1[0,s] o T T s
t
+n J‘O ¢susvsIn71(1[073]"*1v®(n_1))dM
t
+n JO usvsfn,l(l[o’s]n—w@("*l))ds.
Applying the induction hypothesis and Relation (4.1.2) we get
In—l(l[O,s]"*lv(@(n_l)) fO urdM; = 5(1[0,8]uIn—l(1[0,5]"*1@@(”_1)))
+(n—1)fo UrvrdT L, o (1)g gn—2v ©(n=2))

+(n —1)6(1), t]¢uvf 2 @n=2)y)
= In(1[078]n7_}®( - ) n — )j UrUdT I, 2(1[0 sjn— 2’U®(n_2))
+(n = 1)6(1j,5puvl—a(1)g gu-102" ")),
hence
®Xn t ®n
Il (u1[07t])In(1[07t]nv ) = J;) UsIn(l[O,s]nU )dMS
t s

+n(n—1) j Vs fo ’U,TUTdTIn,Q(l[oys}n,_gf(;@(an))dMs

—l—nf Vsln (10, gmv p®=1) ou)dM;

+n(n —1) Jo 1135(1[Ovs]¢uv[n_2(1[0,s]n71v®("_2)))dMs

t
tn I() QSSUSUSIn*l(I[O,s]”“v@(n_l))dMs

t
+n jo usvsIn_l(1[078}%11;@("71))(13

= Int1 (L gniv®" o)

t
+n(n = 1) | 0:6(Lj0,q0u0ln—s(Lp o100 2))dM,
t
+n IO ¢susUsIn—1(1[()’8]n—1U®(n71))dMs
t s
+n(n—1) [ v, [ Grvedrln-s(Lp 020" "2)dM

t
+n fo ’U/S'Uslnfl(1[0’8}1L717J®(n_1))d8

= In1(1jp,gne1v®" o)
t
+n(n—1) Jo vsé(l[ovs]¢uv[n,2(1[0,s]n71v®(”_2)))dMS

t
+n fo stts 05T 1(1g gn 102 D) M,
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t
+n fo usvsdsln_l(1[07t]n71v®(”_1))ds
= 6(u1[07t]ln(1[07t]nv®")) + 5(u¢1[07t]DIn(l[Ovt]nv@)"))
+<U1[0,t]7 Dfn(l[07t]v»1)®n)>L2(R+),

where in the final equality we used the relations
t t
In—l(l[o,t]”*”}@(n_l)) fO UsVsds = IO ¢susvsIn—l(1[0,8]”’1U®(n_1))dMs
t s
+(n—1) fo Vs Jo u-,—v-,—d'r[n72(1[0’3]71727)@(”_2))dMS,
cf. (2.11.7), and
5((257“}1[0’15]]”71(1[0’1‘/]”71”@(71—1)))

t
= (7’1, — 1)(5 <¢U’U1[07t] IO USIn_Q(]_[O’s]n2’U®(n_2))dMs>

=(n-1)0 <gb.u.v.1[0,t](-) It USIn_2(1[07S]n2v®("_2))dMs>
+(n—1)8 (¢.u.v.1[07t](-) I vsfn,2(1[0731%2@@@—2))(11\45)

=(n—1) fot ¢.u.v.19,4(") f VT2 (1o ryn =20 ) d M, M,
+6 (gﬁ.u.v.l[o’t](-)In_1(1[07.]n—1v®("71)))

=(n-1) fot vs8(10,4 1012 (L1g gn 20"~ 2)))dM,
+ [ Bunsvaln 1 (1 o0 D),

that follows from Lemma 4.3.5. O

4.4 Ornstein-Uhlenbeck Semi-Group

As in the discrete case, a covariance identity can be obtained from the Clark
formula in Section 3.4. In this section we focus on covariance identities ob-
tained from the Ornstein-Uhlenbeck (O.-U.) semi-group (FP;)¢cr, defined as

PF =Y e ™I,(fn), (4.4.1)
n=0

with F =32  I,(fn), i.e. P, =e™*F with L = 4D.
Proposition 4.4.1. Let F,G € Dom (D). We have the covariance identity
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Cov (F,G) = E U"O J e DUFPsDquuds} . (4.4.2)
Proof. 1t suffices to prove this identity for F' = I,,(f,) and G = I,,(g,) as

= nl(meﬂ)L?(Rg‘_)

g UOO DuFDquu}
n 0
- K Uooo fooo DuFe’"SDquuds}
- E UOOO I~ jooo DuFPsDquuds} .

O

Let L=! denote the inverse of the number operator L = D, cf. Defini-
tion 2.8.3, defined on

{FeL*%) : E[F] =0}

L7'F=Y" %In(fn)
n=1

provided that F' is written as

F =Y T.(fn).

Note that using the identity
1 o) _tL _ o)
Ll = fo e tLdt = fo Pdt,

and the commutation relation DP, = e~!P,D, Relation (4.4.2) can also be
obtained from a general semi-group argument:

Cov (F,G) = E[LL™*(F — E[F])G]
(DL~ (F — E[F]), DG) 12(x,0)]

UOOO@Pt(F — E[F]), DG>L2<X,U)dt}
[IOOO eft <PtD(F B E[F])r DG>L2(X7U)dt]
UOOO " (PDF, DG)L?(X,o)dt} .

Relation (4.4.2) implies the covariance inequality
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ICov (F,G)| < ‘]E [||DF||L2(R+) jo“’ e_5||PsDG||Lz(R+)ds”
< |DG| 12,12, )) E [|IDF| L2 (=, )]
< |[DG|lpe(@,2@ ) IDF || Lo (2,22, )
F,G € Dom (D), provided that Ps satisfies the following continuity property.
Assumption 4.4.2. (Continuity property) For all F € Dom (D) we have

|PDF L (0,2r,)) < |[DF|1=(0,r2my)),  t€ Ry (4.4.3)

This property is satisfied in particular when (¢;)ecr, is deterministic, cf.
Section 4.7.

4.5 Deterministic Structure Equations

When the process (¢¢)icr, is a deterministic function, Corollary 2.11.4 or
Proposition 4.3.6 can be rewritten as a multiplication formula for multiple
stochastic integrals, without requiring a smoothness condition on (¢;):cr, -

Proposition 4.5.1. Assume that ¢ € L®°(R,) is a bounded, deterministic,
function. Then we have
L () I, (0®™) = L (02" o u) + nl, ((puv) o v®= 1) (4.5.1)
-l—n(u, ’U>L2(R+)In_1(1)®(n_1)),
for allu € L (Ry) N L3(Ry), v € L*(Ry).

From the above proposition we obtain in particular that for every n > 1 there
exists a polynomial @, (z) such that

L,(v®™) = Qn (I (v)), n>1, (4.5.2)

see [120] for details when (¢5)ser, is a random process. As seen in Chapters 5
and 6, the Hermite and Charlier polynomials are respectively used to repre-
sent multiple stochastic integrals with respect to Brownian motion and the
compensated Poisson process.

On the other hand, if s1 < --- < s, and n =ny + --- 4+ ng, we have

nyl---ng!

d-
(517 RS 87’1) = 1[25(),251]"1 X"'X[t,i,17td]"d (81’ R} STL)?

1®n1 o - _01®nd
[t n!

[to,t1] d—1,td]
hence if 0 < tg < --- < tgq,

®ni Xn
In( [to,t1] oo [td—dlytd])
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:n'f j f (8;::1&1] : l[tdndl td](81,...,sn)dMgl - dMs,

52
:nl.""n/d.fo JO "'IO [to,tl}nl x---X[tdfl,td]”d(Slv-~~>3n)dMS1 "'dMSn

(nk f j fo %:kl 1tk](sl,...,5;7%)61{]\481 "'dMsnk)

::lm I :j&

L, (12" ). (4.5.3)

[th—1,tk]

e
Il

1
The following is a product rule for the operator D.

Proposition 4.5.2. Assume that ¢ € L>®(R,) is a bounded, deterministic
function. We have

teRy, F,GeS.
Proof. We first notice that for F = I;(u) and G = L,(f,), this formula is a
consequence of the multiplication formula Proposition 4.5.1 since

= D (Ins1(f o) +1 [ Lo (Ful)ds + L (fu o (6u)))

= Lu(f) DiLi () + nlu(falt) 0 w) + (0 = 1) [~ o a(ful-, 1, 5))ds

£t = DIa(fa(1) © (60) + 6Dy () Do (f)
= In(fn)Diely(u) + I (w) De Iy (fr) + ¢¢ DLy (w) DL (fr),  t € Ry

Next, we prove by induction on k € N that

Dt(In(fn)(Il(u))k) = (Il(u))thIn(fn) + In(fn)Dt(Il(u))k
+¢: De(11 () De I (f),

for all n € N. Clearly this formula holds for k& = 0. From Proposition 4.5.1 we
have
In(fn)Il(u) € Hn—l 5% Hn @ Hn+17 n 2 19

hence by the induction hypothesis applied at the rank k we have

Dy(In(fn) (11 (w)**h)
= (11(w))* De(Ln(f) 11 () + Ln(fn) 1. (u) De(11 (w))*

+¢¢ Dy (11 (u))* Dy (I (fn) I ()
= (L) Dedy () + In(fu) 1 (w) Do (I (w))* + L (f) (I () DTy (u)
+ ¢ In(fn) Doy () Dy (11 (u))* 4 oy (w) Dy (11 (w)* De I (fr)
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+¢¢ (11 (w)* Doy (W) Dy I (fn) + 67 Didy (w) Dy (11 (w) Dy I (fr)
= (I(w))* " Dy L (fn) + Tn(fn) Die(Ty () ¥ 4 ¢ Dy(Ty () ¥ Dy L (f).-

Consequently, (4.5.4) holds for any polynomial in single stochastic integrals,
hence from Relation (4.5.2) it holds for any F' and G of the form F = I,,(u®"),
G = I,(v®"). The extension of F,G € § is obtained by an approximation
argument in L?(§2) from Proposition (2.11.2). O

In case ¢y = 0, t € Ry, in order for the product relation (4.5.4) of Propo-
sition 4.5.2 to be satisfied it suffices that D; be a derivation operator. On
the other hand, if ¢; # 0, ¢ € R, Relation (4.5.4) is satisfied by any finite
difference operator of the form

1

Fr—s E(Ff’ —F).

By induction on r > 1 we obtain the following generalization of Rela-
tion (4.5.4).

Corollary 4.5.3. For all F,G € S we have

Dy, -+ Dy (FG) = Z Z (4.5.5)

p=0g=r—p
Dy, - .DtkaDtl1 .. 'anG H o(t:),
{k1<<kpU{li < <lg}={1,....r} i€{k,okp y{l1,..,lg }

t1,...0p ERJr,

From Proposition 4.5.2, Proposition 4.3.6 can be extended to random u € U
as in the next result.

Proposition 4.5.4. Let T € Ry and assume that ¢ € L*([0,T]) is a locally
bounded deterministic function. Then for allw € U and F € S we have
S(u)F = 6(uF) + (DF,u) 2w, ) + 0(¢puDF). (4.5.6)
Proof. The proof of this statement follows by duality from Proposition 4.5.2.
Letting © = vG we have for F,G1,G5 € S:
E[FG16(u)] = E[G2(v, D(FG1))12(=,)]
= E[GQF(’U, DGI>L2(R+)] + IE[GQG1 <’U, DF>L2(]R+)]
+ ]E[Gz <1), ¢DFDG1>L2(R+)]
= ]E[G15(uF)} + ]E[Gl <UG2, DF>L2(]R+)] + ]E[Gl(S(GQ’UQSDF)]

O

If (¢¢)ter, is random the probabilistic interpretation of the gradient operator
D is unknown, however we have the following conditional product rule.
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Proposition 4.5.5. For F,G € S we have
E[Dy(FG) | Fi] = BE[FD,G | Fi] + BE[GD.F | Fi] + ¢: E[D:F DG | F],

F,GeS, teR,.

Proof. We write (4.5.6) for u € U adapted and apply the duality between D
and ¢:

E[(u, D(FG))] = E[§(u)FG]
= E[G(6(uF) + (u, DF) 2, ) + 6 (u¢DF)]
= E[{u, FDG)2r, ) + (4, GDF) 12z ) + (v, pDFDG) 2R ,)].
O
With help of (4.5.4) and Proposition 4.2.5, the following multiplication for-

mula can been proved as a generalization of (4.5.1), cf. [111]. For f, €
L3(Ry)°™ and g, € L2(R;)°™, we define f, ®L gm, 0 < 1 < k, to be the
function

(l‘l—‘rla vy Ty Y1y - - - 7y771) —
¢($l+1) o QS(.Z‘]C) j]Rl fn(‘rly s ’xn)gm(‘rlv ooy Ty Yk+1y - - - 7ym>dx1 co dﬁCl
+
of n +m — k — [ variables. We denote by f, ofc gm the symmetrization in
n +m — k — [ variables of f, ®§cgm, 0<I<k.
Proposition 4.5.6. We have the chaos expansion

2(nAm)

Lo (fo)Im(gm) = Z Lnvm—s(hnm.s)s (4.5.7)
s=0

if and only if the functions

hims= Y i!(?) (T) <Sfi>fnofigm

$<2i<2(sAnAm)

belong to L?(R,)°"T™m=5 0 < s <2(nAm).

Proof. From Corollary 4.5.3 we have

Dy, - Dy, (In(fn)lm(gm)) = Z Z Z

p=0g=r—p  {k1<-<kp}U{l1<-<lg}={1,...r}

n! m!
'In—p(fn('vtlﬂv v 7tkp))1m—q(9m(', tlla v 7th))

(n—=p)!(m—q)
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X H qb(tl)

ie{kl,...,kp}ﬁ{ll,...,lq}

Define a function Ay, m pym—r € L*(R4)°T as

1
hn,m,n+m—r(t1> ce )tr) = ﬁ E[Dtl to Dtr (In(fn)jm(gm))]
1§i1 LA ) Fu O gt
= {n—p=m—q} — N\ — G\ = P)nmprJn Oqpp—r Imill, - -
e 5 (n —p)!t(m —q)!
1 nlm! _
= ) Z man,m,p,rfn Oz—pr-q-p gm(t1, .., tr),

n—m+r<2p<2(nAr)

where @y, m p.» is the number of sequences k; < --- < kpand [ <--- <[, such
that {k1,...,kp} U{l1,...,l;} ={1,...,r}, with exactly m —r+p— (n —p)
terms in common. This number is

7! p!
(r—p)p!(m—-—n—r+2p)(n+r—m-—p)

An,m,p,r =
Hence

hn,m,nerfr

Z n'm'fn O:Ln_—lfr‘—l—p 9m
(r—pl(m—-n—r+2p)(n+r—m—p)l(n—p)!

n—m+r<2p<2(nAr)
n! m! 1 1

= 2 @ g% 9

n+m—r<2i<2((n+m—r)AnAm)

. Z al" m ) ol—i
- ACFARNAVEYS ELAACELS
1<2i<2(IAnAM)

with I = n+m —r and ¢ = p + m — r. The chaos expansion follows from
Proposition 4.2.5, first for f,, g, continuous with compact supports. The
general case follows by a density argument. O

In the next remark we give a necessary condition for the independence of
multiple stochastic integrals.

Remark 4.5.7. Let f, € L*(Ry)°™ and g,, € L?>(R.)°™ and assume that
the L,(fn) and L, (gm) are independent. Then

J;

A(Ts—it1) - O(xi)drs—iq1 - drpdys—iz1 - deym —ae., 1 <20 < s < 2(nA
m).

fr(@1y oo Zn)gm (X1, ooy Ty Yit1y - o s Ym)dTy - - dzs—; =0, (4.5.8)

s—i
+
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Proof. If I,(fn) and I,,,(g,) are independent, then I,(fn)Im(gm) € L?(£2)
and

(’I’l + m)' | fn ® gm |%2(R+)®(n+m):| fn S gm |%2(R+)o(7n+m)

> nlm! | fn |2L2(R+ ®n| 9m |%2 (R4)®m

E [10(f)?) B [n(9n)?] = E |[(In(fa)n(gm))’]

2(nAm)
= Z (n +m — ’I“)! | hn,m,r |iz(R+)®(n+m*r>
r=0
= (n+m)! | fo @ gm 32, yonsm)
2(nAm)

2
+ E Tl +m — 7" | hmm,r |L2(R+)®(n+'m,—r)7

hence hypmr =0, r =1,...,2(n Am), which implies (4.5.8). O

4.6 Exponential Vectors

We define a linear transformation Tt¢ on the space £ spanned by the expo-
nential vectors introduced in Definition 2.13.3.

Definition 4.6.1. Given ¢ € L™ (R ), we let
TPE(u) = 1+ we)é(u),  teR,, ue L*(Ry).

The transformation T} is well-defined on & because &(uy), . . ., £(uy), are lin-
early independent if uy,...,u, are distinct elements of L?(R, ).

Lemma 4.6.2. The transformation Ttd) 18 multiplicative, i.e.
TP (FG) = (TP F)(TPG), F,Gek.
Proof. From Lemma 2.13.4 we have
TP (E()é(v)) = exp((u, v) 2@, )T} E(u + v + uv)
= exp((u, v) L2(r ) (1 4 de(us + v + Grusve))E(u + v + Puv)

= (14 ¢rur) (1 + prvr)§(u)é(v)
= Tf{(u)Tf{(v).
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The following proposition provides an interpretation of Tf’ using the construc-
tion of exponential vectors as solutions of stochastic differential equations, cf.
Proposition 2.13.1.

Proposition 4.6.3. For allu € L2(R.), T ¢1(u) coincides dt x dP-a.e. with
the limit as T goes to infinity of the solution Z% to the equation

Zt =1+ fos Zt_wdM!, s eR,, (4.6.1)
where (M!)ser, is defined as

Mi = M; + ¢t1[t,oo)(s)7 s € Ry.

Proof. Clearly by Proposition 2.13.1 we have Z! = £,(u), s < t. Next, at time
t we have

Zy = (1 + ¢ouy) Z;-
= (1+ dpu)§- (u)
= (14 ¢prur)&e(u),

since &;- (u) = & (u) a.s. for fixed ¢ because AM; = 0, dt x dP-a.e. Finally, for
s >t we have

Zt =7t 4 L Zt . dM,

= (1+ dpue)&e(u) + L 7' u.dM,,

hence . 7t
Z s _

— —=&(uw)+ | —Z—u,dM,, s>t

1+ ¢puy Slw)+ ), 1+ ¢ruy
which implies from (2.13.1):

Zt
> = Ss ) t
15 o Es(u), s>
and
Zlh = (1+ ¢puy)é(u) = Tfﬁ(“)a

P-as., t € Ry. (]

In other words, T; t¢F , F' € £, can be interpreted as the evaluation of F' on the
trajectories of (Mj)ser, perturbed by addition of a jump of height ¢, at time
t.

In Chapters 5 and 6 we will express the multiple stochastic integrals in terms

of polynomials in the Brownian and Poisson cases. Note that such expressions
using polynomials are not available in other cases, see e.g. [120] in the case
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(¢¢)ter, is random, in particular for the Azéma martingales.

Finally we turn to the probabilistic interpretation of the gradient D. In case
(¢¢)ter, is a deterministic function, the probabilistic interpretation of D, is
known and D F' can be explicitly computed. Define the operator

DB . & = [2(2 xRy, dP x dt)

on the space £ of exponential vectors as

d

B
<D F,u>L2(R+) = dig

F(M(-)+5f(;isusds)| , Feé& uel?Ry).

e=0
(4.6.2)
We have, for F = £(u) and g € L*(R,),

d S
(DPF, 9 r2ry) = 2z &P (6 fo gsusisds) §(u)|€:0

— jooo gsusisds E(u),

hence DE¢(u) = iyuié(u), t € Ry, where

£(u) = exp (fooo usdM, — % fooo uslzz‘sds> H (14 ugps)e %% (4.6.3)

seJm

and Jps denotes the set of jump times of (M;);ecr,. We have the following
proposition, which recovers and makes more precise the statement of Propo-
sition (452) Let again it = 1{¢t:0} and jt =1- it = 1{¢t750}7 te R+.
Proposition 4.6.4. We have
_ NB Jt 1
D\F =D/ F+ g(TtF—F), teRy, Feé&. (4.6.4)
t

Proof. When ¢; = 0 we have DPF = iyu&(u) = i; Dy F', hence

D& (u) = it D& (u) + je D& (u)
= dpu€(u) + jrue(u)

— DPe(u) + i(Tt%(u) &), teR..

Concerning the product rule we have from Lemma 2.13.4:
Dy(§)E(v)) = exp ([~ wsvods) Digu+ v+ guv)

= exp (jooo usvsd3> (ur + v + drugvr)€(u + v + puv)
= (us + v + Prupvy)§(u)é(v)
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= {(u)Deg(v) 4 £(v) Dig(u) + ¢ De&(u) D (v),
u,v € L>®(R), see also Relation (6) of [111]. O

4.7 Deviation Inequalities

In this section we work under the continuity Assumption 4.4.2, which is satis-
fied when (¢¢)ter , is a deterministic function since in this case an Ornstein-
Uhlenbeck process (X;)ier, can be associated to the semi-group (P;)ser, -
The proof of the next lemma makes forward references to Lemmas 5.3.1 and
6.8.1.

Lemma 4.7.1. The continuity Assumption 4.4.2 is satisfied if (¢¢)ier, is a
deterministic function.

Proof. Let (M;);er, be defined as in (2.10.5) on the product space {2 = £2; x
(25 of independent Brownian motion (B;);cr, and Poisson process (IV¢)iek, -
Using the decomposition (2.10.5), i.e.

dM, = i,dB, + ¢y (AN, — \dt),  teR,,

any element

G=f(I1i(u1),...,I1(uy))

of § can be constructed as a functional G : {21 X {25 — R. From Lemma 5.3.1
and Lemma 6.8.1 we have

PGW) = [ G(T (w1,61), T (w2, G2))pe(wr, wn, di, i),
for some probability kernel p; and mappings
T x 21 — (2, T2 020 x 0 — £.
This implies

|P.DF 1o (2,12, )) < I1PNDF|[L2®y) L ()
< |IDF|po (0,024 )) te€ Ry,

for all ' € Dom (D). O

Proposition 4.7.2. Let F € Dom (D) be such that E[e”Fl] < 0o, and e*F €
Dom (D), 0 < s < T, for some T > 0. Let h be the function defined by

est DesF

M) = —pF

IDF(|7 o (0,127, ) s € [0,T].

oo
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Then

P(F — E[F] > ) <exp( jh ) 0 <z < h(T),

where h™' is the inverse of h.

If A is not strictly increasing we may use the left-continuous inverse of h:

hNz) =inf{t >0 : h(t)>z}, 0<z<h(T).

Proof. Assume first that IE[F] = 0. Since the Ornstein-Uhlenbeck semi-
group (P;)¢cr, satisfies the continuity Assumption 4.4.2, then using Proposi-
tion 4.4.1 we have

E[Fetf] = Cov (F,e’F)
—E Uow e fooo DuesFPvDuqudu}
e—sFDesF

< |5 ]E[est e [~ D.FP,D dedu}

e_SFDeSF sF [ _,
< T OOIE[G fO € HDF||L2(R+)||PUDF||L2(R+)dU}

estDesF oF o
< " DF OO]E "] |DF|| Lo (2,02 (R4 )) Hfo e Pv||DF||L2(R+)deC><>
estDesF oF o
= " DF OO]E [ ] IDF | L (a,L2ry)) Jo e "|IDF| p~(e.r2®,))dv
—sF sF
s |[e7% De 9
<E[e™"] “DF || IDF || 0,2 (R, )

In the general case, letting L(s) = IE[eS(F’]E[F])], we have
log(IE[et(F—EFD]) (s)
og(Ele L )

(¢ El(F - B[F)es T EFD)

E[
- d
j E[es(F- IE[F])] 5

0 <t <T. We have for all z € R,:

e"P(F — E[F] > z) < Ele!(F~EF))
< 0<t<T,
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where

H(t) = jo h(s)ds, 0<t<T.

For any 0 < t < T we have %(H(t) —tx) = h(t) — z, hence

Or<r}fi<nT(H(t) —tz) = —xh (z) + H(h ™ '(2))

= —xh_l(x) + J”Ohil(x) h(s)ds
= —ah ™ (x) + joz sdh™(s)
=— Jj h™1(s)ds.

O

From now on we work with (¢;)¢cr, a deterministic function, i.e. (M;);er, is
written as in (2.10.5) and from Lemma 4.7.1, the continuity Assumption 4.4.2
is satisfied.

This covers the Gaussian case for ¢ = 0, ¢ € R, and also the general Poisson
case when ¢; is a non-zero constant.

Proposition 4.7.3. Let K > 0 and F € Dom (D) be such that ¢p;D:F < K,
dtdP-a.e. for some K >0 and || DF||p (0,12, )) < 00. Then we have

||DF||%°°(_Q L2(Ry)) K
P(F - E[F] > ) <exp | — g
K> IDFN o 02,2 1.))

T K

Loo(2,L2(Ry))

x > 0, with g(u) = (1 +u)log(l +u) —u, u > 0. If K = 0 (decreasing
functionals) we have

372
P(F-E[F]>zx)<exp|— . (4.7.2)
2IDF 0,2 m )

Proof. We first assume that F' € Dom (D) is a bounded random variable. Let
us assume that IE[F] = 0. From Proposition 4.5.2 we have as in the proof of
Proposition 1.11.1:

0 S e—sFDuesF
D,F
_ 1
Gu Dy F
esK 1
— K )
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since the function z — (e” — 1)/ is positive and increasing on R. Hence in
Proposition 4.7.2 we can take

esK

h(s) =

1
\ IDFIBio oy € 0.7],

and

Or<r}51<nT(H —tx) f h~

< *E “log (1 +tK|DF| % o 12 Rm) dt

1 _
K <($ + ?HDFH%OO(Q,L?(RQ)) log (1 + $K||DFHL020(Q,L2(R+))> - $>

< ilog s
- 2K ||DF||2°00L2(R+>> '

If K =0, the above proof is still valid by replacing all terms by their limits
as K — 0. If F € Dom (D) is not bounded the conclusion holds for

F,, = max(—n, min(F,n)) € Dom (D), n>1,
and (F),)nen, (DFy)nen, converge respectively to F and DF in L?(§2), resp.
L?(02 x R,), with HDFn||%OO(QVL2(R+)) < ||DF||%00(Q7L2(R+))- O

By the same argument as in Proposition 1.11.3, the bounds (4.7.1) and (4.7.2)
respectively imply
]E[ealFllog+ IF\] < 00

for some a > 0, and
2
Ele*"] < 0o

for all & < (2| DF||} (2 2, y) "
Applying Proposition 4.7.3 with the condition ¢ DF < ¢K for constant ¢, =
¢ € Ry, t € Ry, we have the following.

Corollary 4.7.4. Assume that ¢y = ¢ € Ry, t € Ry, is constant. Let F' €
Dom (D) be such that DF < K for some K > 0 and |[DF || (0 12®,)) < o0
Then

||DF||%00(Q L2(Ry)) x¢K
P(F—E[F]>z) <exp|— 1y
¢ K IDEI e (0,122,

< log zoK
< exp o ,
2¢K T IDFE < pee
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with g(u) = (1 +wu)log(l +u) —u, w > 0. If p = 0 (Wiener case) or K =0
(decreasing functionals) we have

1'2
P(F—IE[F]>z)<exp|— : (4.7.3)
2IDF I 0 r2m )

In particular if F' is Fp-measurable, then || DF|| 10 12r,)) < KT and

w1 0 <o (- (1))

< exp <—2i{log <1+ ;?:;)) ,

which improves (as in [155]) the inequality

P(F — E[F] > z) < exp <—4x log <1 + Q‘?T» , (4.7.4)

which follows from Proposition 6.1 in [7], and relies on modified (not sharp)
logarithmic Sobolev inequalities on Poisson space.

4.8 Differentiation of Fock space Kernels

In this section we introduce some differential operators which will used to con-
struct other instances of operators satisfying Assumptions 3.1.1-3.4.3, namely
on the Wiener space in Section 5.8 and on the Poisson space in Section 7.7,
by infinitesimal time changes on the paths of the underling process. We let
CL(R,) denote the space of continuously differentiable functions with compact
support in R.

Definition 4.8.1. We define the linear operator
Ve :8 = LN xRy)
on S by
VoL (f9") = =nln((f'1jte0) 0 f207Y),
teR,, fe€CLRL), n €N, and by polarization of this expression.

The operator V€ is unbounded, densely defined, and maps functionals of the
n-th chaos H, into H,, n > 1.

For h € L3(Ry), let I, denote the function defined by

h(t) = jot h(s)ds, teR.,.
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Definition 4.8.2. We define the linear operator V® : U — L?(£2) by

V(AL (f2")) = nL,((fh) o fE"D),

f,h € CLHR,), and extend it by linearity and polarization.
Next, we show that the operators V¥ and V© are mutually adjoint.

Proposition 4.8.3. The operators
VoS = L*(2 xRy)

and
Ve U — L*(02)

satisfy the duality relation
E[(VOF u)2@ )] =E[FV®w)], FeS8, uecl. (4.8.1)

Proof. By polarization, we need to prove the following. Letting F' = I,,(f®"),
u = hl,(g®") and f,g,h € C}(R}), we have

E[(VEF,0)) 12,

=E [(VOL(f"), h)) 2y In(9%"]

= 0B | [ L 1) © 2O (g5 (1)t

= =2 (L1 (F2O0), L (05 g o [0 [T S (s)g(s)dsdt
= —n?(n = DUFEOD, B g e [ S (Dg(D R0

= n2(n = DU, g5 D) g e [ S (1) (hg) (B)dE

=B [L(f") I((gh)' 0 g0~ V)]
= E [L,(f*")V®(hL.(g°"))]
=E[FVPu)],

hence Relation (4.8.1) holds. O

Note that the operators V© and V® are closable from Propositions 3.1.2 and
4.8.3.
4.9 Notes and References

The terminology “Skorohod integral” is adopted in reference to [140]. The
first systematic investigation of the relations between the multiple stochastic
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integrals with respect to normal and the associated annihilation operator
and Skorohod integral appeared in [85]. Proposition 4.2.5 is also known as
the Stroock formula, cf. [142] and Relations (7.4) and (7.5), pages 26-27 of
[73]. We refer to page 216 of [33], and to [75], [144], [145], for other versions
of Proposition 4.5.6 in the Poisson case. In [130] a more general result is
proved, and yields a decomposition the product I,,(fn)ln(gm) as a sum of
n A m integral terms. Those terms are not necessarily linear combinations
of multiple stochastic integrals with respect to (M;);er, , except when the
bracket d[M, M]; is a linear deterministic combination of dt and dM;, cf.
[120]. Remark 4.5.7 is an extension the necessary condition for independence
proved in the Wiener case in [148]. The necessary and sufficient conditions
obtained in [111], [113], [145] are true only when f,, and g,, have constant
signs. Necessary and sufficient condition for the independence of multiple
stochastic integrals with respect to symmetric a-stable random measures with
0 < a < 2 have been obtained in [128] as a disjoint support condition on
fn and g,,. However, finding a necessary and sufficient condition two given
symmetric functions f, and g,, for the independence of I,(f,) and I,,(gm)
in the Poisson case is still an open problem. We refer to [105] for the classical
Gaussian deviation inequality (4.7.2) in the case ¢ = 0, ¢t € R4, i.e. on
Wiener space. The material on multidimensional stochastic integrals is taken
from [38]. White noise versions of the annihilation and creation operators,
as well as connections with quantum field theory can be found in [56]. The
Skorohod isometry Proposition 4.3.1 has also been stated for Brownian motion
on Lie groups and on Riemannian manifolds respectively in [48] and [29].
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Chapter 5
Analysis on the Wiener Space

In this chapter we consider the particular case where the normal martin-
gale (M;)ier, is a standard Brownian motion. The general results stated in
Chapters 3 and 4 are developed in this particular setting of a continuous
martingale. Here, the gradient operator has the derivation property and can
be interpreted as a derivative in the directions of Brownian paths, while the
multiple stochastic integrals are connected to the Hermite polynomials. The
connection is also made between the gradient and divergence operators and
other transformations of Brownian motion, e.g. by time changes. We also de-
scribe in more detail the specific forms of covariance identities and deviation
inequalities that can be obtained on the Wiener space and on Riemannian
path space.

5.1 Multiple Wiener Integrals

In this chapter we consider in detail the particular case where (M;);cr, is
a standard Brownian motion, i.e. (M;);er, solves the structure equation
(2.10.1) with ¢ =0, t € Ry, i.e.

M, M], =t, teR,.

The Hermite polynomials will be used to represent the multiple Wiener inte-
grals.

Definition 5.1.1. The Hermite polynomial H,(x;0?) of degree n € N and
parameter o> > 0 is defined with

Hy(w;0°) =1,  Hi(x;0%) =2,  Ha(x;0°) =a® -0’

and more generally from the recurrence relation
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Hy1(x;0%) = 2Hy(z;0%) — no?H,_1(z;0?), n > 1. (5.1.1)
In particular we have
H,(z;0) = z", n e N.

The generating function of Hermite polynomials is defined as
Ua(z,0%) = ZO EHn(:r;UQ), Ae(—1,1).
n=

Proposition 5.1.2. The following statements hold on the Hermite poly-
nomials:
i) Generating function:

Ya(z,0?) = e)‘zf)‘zaz/Q, z,A € R.

i1) Derivation rule:

0H,
ox

(z;0%) = nH,_1(x;0%), (5.1.2)

ZZZ) 07'eati0n rule:
H, 1(.1"0’)—— Xr— 0 — H(IEO’)
n+ ) 9.’L‘ n ) .

Proof. The recurrence relation (5.1.1) shows that the generating function )
satisfies the differential equation

0

%(m,a) = (z — Ao (z,0?),

Yo(z,0?) =1,
which proves (i). From the expression of the generating function we deduce
(73), and by rewriting (5.1.1) we obtain (4i3). O
Let

1 (824t
dq(s1,. .., 8a) = (27T)d/26 it d)/27 (815-+-,84) € Rd7

denote the standard Gaussian density function with covariance o?Id on R™.

From Relation (5.1.2) we have

0, ., N OH,, x o
SO @wi0%) = 7o) (G ws0%) = 3 Halaio?))
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= *gbi(f)HnH(x; o?),

hence by induction, Proposition 5.1.2-(i4:) implies
ki+4-+ka d
o OkagG (xy, . wa) = [ [ He (213 07).

i=1

(5.1.3)

Let now I,,(f,) denote the multiple stochastic integral of f,, € L?(R)°™ with
respect to (By)ier, , as defined in Section 2.7.

02(k1+~~~+kd) (_1)
¢ (x1,...xq)

Note that here I (f) coincides with J;(f) defined in (2.2.2) for all f € L?(R,).

In particular,
1) = jooo F®)dBy =N (O’ fooo |f(t)|2dt)

has a centered Gaussian distribution with variance
1£13 = 1 Femy) = [ 1F@PAE f € L2(Ry).
In addition, the multiplication formula (4.5.1) of Proposition 4.5.1 reads
L (u) I, (v®") = I, 1 (V%" o u) + n(u, v)LZ(R”IH,l(U@("_l)) (5.1.4)

for n > 1, since with ¢; = 0, t € R,, and we have in particular

Li(u)1(v) = I (vou) + (u,v) L2 (ry)

for n = 1. More generally, Relation (4.5.7) of Proposition 4.5.6 reads

Bt = 3 (1) (1)t el

s=0

where hy, 25 is the symmetrization in n + m — 2s variables of

(xs-Q—la"' y Ty Ys+1y -+ ,ym) —

RS fn(mlv"‘ 7mn>gm($17" <y Liy Ys+15 - - 'aym)d‘rl ' "dl‘s
1

Proposition 5.1.3. For any orthogonal family {uy,...,uq} in L*(Ry) we

have
d

L(uf™ o ouf™) = H e (I (ug); flu3),
k=1

where n =nq + - -+ + ng.
Proof. We have
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Ho(I1(w); [[ull3) = To(u®) =1 and  Hi(Ii(w); [ull3) = T (w),

hence the proof follows by induction on n > 1, by comparison of the recurrence
formula (5.1.1) with the multiplication formula (5.1.4). O

In particular,
t Sn S2
®n ) _ o)
I, (1[(”]) — nl fo jo fo dB,, ---dB,,
= H,(B;t), (5.1.5)

and from (4.5.3) we have

10mk
( [tk—lytk,]>

(Bt

®n n
I <1[t0,11] e 1[td—d1,td])

v — B itk — te—1).

d

d
H e
From this we recover the orthonormality properties of the Hermite polynomi-
als with respect to the Gaussian density:

oo 2 dx
H,(x;t)H,,(x;t)e™ " /(2‘5)7—115 By;t)H,, (By; t
|IACDEMED To7 = BUHA(Bi () H (B3 1)
— Bl (1) I (187)]
= l{n:m}n!t".
In addition, by Lemma 2.7.2 we have
:]E[I o ‘ft} . teR,,

is a martingale which, from It6’s formula, can be written as

H,(Byt) = L,(157%)

[0,2]
t 0H, 1 (¢t 9%°H, t 0H,
— . . _ . 337
H,(0;0) + 5 (Bs; s)dBs + 5 )0 oa2 (Bg; s)ds + s —"(Bg; s)ds
t ®(n—1)
=n [ L1l B,

t
= njo H,_1(By;s)dB,

from Proposition 2.12.1. By identification we recover Proposition 5.1.2-(i),

i.e.
0H,,

ox
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and the partial differential equation

aHn( ' )__182Hn
Os 8= 2 Ox?

(z;5),
i.e the heat equation with initial condition
H,(x;0) = 2", reR, neN.

Given f,, € L*(R,)®" with orthogonal expansion

_ N1,..0Nd QN1 ®ng

fn= E: Oky,ooka €k O 9y
ni+--tng=n
E1yen kg >0

in an orthonormal basis (e, )nen of L2(Ry), we have

L(fa) = > @i Hay(In(er )i 1) - Huy (T (er,) 1),
nit-tng=n
k1,...,kq>0

where the coefficients a;*> ;"¢ are given by
ki,....ka

aZf,’.’.’ijf = ﬁgn(fn)v In(e%nl 0:--0 ufdnd»L?(Q)
= (fn, egnl 0---0 e%d"d>L2(Ri).

Proposition 2.13.1 implies the following relation for exponential vectors, that

can be recovered independently using the Hermite polynomials.

Proposition 5.1.4. We have

§(u) = Z %In(u@m’) = exp (h(u) — ;||u||%2(R+)> . (5.1.7)

k=0

Proof. Relation (5.1.7) follows from Proposition 5.1.2-i) and Proposition 5.1.3
which reads I, (u®™) = H,, (I (u); ||u||2L2(R+)), n =1 O

We refer to Section 2.8 for the notion of chaos representation property.

Proposition 5.1.5. The Brownian motion (B;)ier, has the chaos represen-
tation property.

Proof. Theorem 4.1, p. 134 of [55], shows by a Fourier transform argument
that the linear space spanned by the exponential vectors

{o (00 - Jlulee, ) wer®o)
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is dense in L?(§2). To conclude we note that the exponential vectors belong
to the closure of S in L2(£2). O
From Proposition 5.1.5, any F' € L?(§2) has a chaos decomposition

o0

F= ka(gk),
k=0
where
I (k) (5.1.8)
ST Y EELEE oo s oo

Tl ey
d=1 k14 t+ha=k 1 d

n

k

1

= Z Z W]E[Flk(u?kl °"‘Ougkd)}HHki(Il(Uiﬁ||Ui|\§)’
d=1 k14 tha=k 1 d: i=1

is a finite sum since for all m > 1 and [ > k,
E[L,(e™)g(Ii(er), -, Th(ex))] = 0.

Lemma 5.1.6. Assume that F has the form F = g(Ii(e1),...,Ii(ex)) for
some ,

g € LA(R*, (2m)~F/2e= 1212 qy),
and admits the chaos expansion

o0

n=1

Then for all n > 1 there exists a (multivariate) Hermite polynomial P, of
degree n such that

In(fn) = Pa(Ii(er), .. In(ex)).
Proof. The polynomial P, is given by (5.1.8) above, which is a finite sum.

O
Lemma 5.1.6 can also be recovered from the relation
fLier), ..., I(ea)) (5.1.9)
o0 _1 n
DI SR T R T DYSAE RS L}
n=0 ki +- - +kg=n L d:
k1 >0,...,kg >0

which follows from (5.1.6) and (5.1.3).
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5.2 Gradient and Divergence Operators

In the Brownian case D has the derivation property, as an application of
Proposition 4.5.2 with ¢; =0, t € R, i.e.

D(FG) = FD:G + GD\F, F.GeS. (5.2.1)
More precisely we have the following result.
Proposition 5.2.1. Let u1,...,u, € L*(R}) and
F = f(Il(ul), e ,Il(un)),

where f is a polynomial or f € CL(R™). We have

D,F = Zu 11 (w1),.... L (un)),  teR,. (5.2.2)

Proof. Using the derivation rule (5.1.2), Definition 4.1.1 and Proposition 5.1.3,
this statement is obvious when

F = I,(u®") = Hy(L(u)s lull3),  we L*(Ry).

By the product rule (5.2.1), the above relation extends to multivariate poly-
nomials f (precisely, to linear combinations of products of Hermite poly-
nomials), and then to F € S. In the general case we may assume that
ui,...,u, € L?*(Ry) are orthonormal, and that f € C!(R™). Then from
Lemma 5.1.6, we have the chaotic decomposition

F = f(Il(ul), P ,Il(un))

k=0
where It (gi) is a polynomial in I7(uq),. .., I1(u,). The sequence
k
Fi:=) (), keN, keN,
1=0

is a sequence of polynomial functionals contained in S and converging to F
in L?(£2). By tensorization of the finite-dimensional integration by parts

>~ "z x; efIz/Qd—m
| f@)Halas1) o

- fjooo f(z)(xHp(x;1) — H) (2;1))e

—I2/2 dm

V2r

O (With corrections, May 23, 2025) 167



N. Privault

S x)(x ;1) —n 1(z: eﬂfz/?dix

= |7 S@) @ H 1)~ nH ()
° 279 dx

= j—oo f(l')Hn+1(.’E; 1)6 /QE,

we get

E [Ik(u?kl o---0 u%k”)g—f(ll(ul), oo Ti(uy))

T

E[f(I1(u1), . 11(Un))fk+1( Po i oufhn o)
]E[Ik+1(9k+1)fk+1( P OU@k

= E[(DIr1(gr+1), u1>L2(R+)Ik(U1 Mo ouf

iie} uz)]
Rkn )]

0
/ (I1(u1), ..., I1(uy)) has the chaotic decomposition

This shows that
81‘1-

of
81‘1‘

(I(wr), ., Li(un)) = D (DIig), wi) 12wy )
=1

where the series converges in L?({2), hence

k

DF; :ZuiZ<DIl(gl)an>L2(R+), keN,
i=1 =1

converges in L?(£2 x R,) to

||

o0
uzz (DI1(gk), ui) 2 (r)
1 k=1

n
Zulax, (Ii(u1), ... L (u

K3

p”qg

DIk(gk).
k=1
O
In particular, for f polynomial and for f € C}(R"™) we have
th(Bt ZI[Ot] a7Bt Bt) 0<t1 <~ <ty
19 a 19 nl/? —_ )
(5.2.3)
and (5.2.2) can also be written as
(DE,h)r2(ry) (5.2.4)

- d%f (J.” w®@B@) +eht)dr), ..., [~ un(OdB(t) + eh(ar))

le=0
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d
= %F(w + eh)\EZOy

h € L*(R,), where the limit exists in L2(£2). We refer to the above identity
as the probabilistic interpretation of the gradient operator D on the Wiener
space.

From Proposition 4.2.3, the operator D satisfies the Clark formula Assump-
tion 3.2.1.

Corollary 5.2.2. For all F € L*(£2) we have

F=E[F] + j0°° E[D, F|F,]dB,.

Moreover, since ¢y = 0, t € R, Proposition 4.5.4 becomes a divergence
formula as in the next proposition.

Proposition 5.2.3. For allu e U and F € S we have
S(u)F = 0(uF) 4+ (DF,u) 12w, )-

On the other hand, applying Proposition 4.5.6 yields the following multipli-
cation formula for Wiener multiple stochastic integrals:

nAm
n m
In(fn)lm(gm) = Z k' <I€> < k ) In+m—2k(fn Ok gm)v
k=0
where f,, ok g, is the symmetrization in n+m — 2k variables of the contraction

(tk-‘rlﬂ R 7tn’8k+1?"')8m)

fo fO Faltts e tn)gm (1 o st Sktts - s Sm)dty - .. dbp,
thtls--ybny Sktls---,Sm € Ry.

From Proposition 4.3.4, the Skorohod integral §(u) coincides with the It6
integral of u € L?(W; H) with respect to Brownian motion, i.e.

5(U) = fO UtdBt,

when u is square-integrable and adapted with respect to the Brownian filtra-
tion (ft)teR+ .

We have the following corollary, that completes Proposition 4.2.2 and can be

proved using the density property of smooth functions in finite-dimensional
Sobolev spaces, cf. e.g. Lemma 1.2 of [95] or [100].
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For simplicity we work with a Brownian motion (Bi):c[o,1] on [0,1] and we
assume that (e, )nen is the dyadic basis of L?([0,1]) given by

= /2 Lfegn wepan), 2" <K< 2"l 1, neN. (5.2.5)
Corollary 5.2.4. Given F € L?(§2) define the o-algebra

gn = U(I1(€2”)7 R 11(62"+1—1))7

let F,, = E[F|G,], n € N, and consider f, a square-integrable function with
respect to the standard Gaussian measure on R2", such that

Fn = fn(Il(egn), ‘e ,11(62n+1_1)).

Then F € Dom (D) if and only if f, belongs for all n > 1 to the Sobolev
space W2’1(R2") with respect to the standard Gaussian measure on R?", and
the sequence

3 n
Dt n -— 2627L+Z 1 f (Il(€2n) ...,Il(€2n+1_1))7 te [0,1],

converges in L?(£2 x [0,1]). In this case we have

DF = lim DF,.
n—oo
We close this section by considering the case of a d-dimensional Brownian
motion (By)o<i<r = (Bf", ..., B{")ozi<r, where (B{")ser, ..., (B )sez, ,
are independent copies of Brownian motion. In this case the gradient D can
be defined with values in H = L?(R,, X ® RY), where X is a Hilbert space,
by
DtF:Z1[0,ti](t)vif(Bt17"'7Btn)7 tER-l-av
=1

for F' of the form

F — f(Btla“-vBt )7 (526)

fecgo(Rn7X)v b1, 5 tn €R+, n > 1.

We let ID,, ,(X) denote the completion of the space of smooth X-valued ran-
dom variables under the norm

k

HUHDWC(X) = Z ||Dlu||LP(W,X®H®l)a p>1,
=0

where X ® H denotes the completed symmetric tensor product of X and H.
For all p,q > 1 such that p~! + ¢! = 1 and k& > 1, the Skorohod integral
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operator

0: Dy (X ®@H)— Dgp-1(X)
adjoint of

D:Dpi(X)—= Dgrp(X®H),
satisfies

E[(F,é(u))x] = E[(DF,u)xsH],
F e ]Dp’k(X), (S ]Dq’k(X ®H).

Finally we note that the chaos representation property extends to d-dimensional
Brownian motion.

Theorem 5.2.5. For any F € L*(£2) there exists a unique sequence (fn)nen
of deterministic symmetric functions

f (f(ll’ ’Zn))zl, zn€{17__,7d} € LQ([O,TLRd)On
such that

Fl 4+ In(fa)-

Moreover we have
1720y = Z Z nl| £ ’Z")HL? ([0,T]7)-
n=01%1,...,in=1

Given F = f (By,,...,B:,) € L*(2) where (t1,...,t,) € [0,T]" and

is in Cg°(R9™), for [ = 1,...,d we have:

n

PO F Z

o Bt,) Lo, (1)

Similarly the Clark formula of Corollary 5.2.2 extends to the d-dimensional
case as -
F=E[F] + jo E[D.F|F;] - dB,, (5.2.7)

F e L*(0).

5.3 Ornstein-Uhlenbeck Semi-Group

Recall the Definition 4.4.1 of the Ornstein-Uhlenbeck semi-group (FP;)¢cg, as
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P,F =E[F +Z I(fn),  teRy, (5.3.1)

for any F' € L?(£2) with the chaos representation

F] + ZIn(fn)

In this section we show that on the Wiener space, P, admits the integral
representation, known as the Mehler formula,

PF(w f Fle™'w+ V1 — e 20)dP(@), Pldw)—a.s., (5.3.2)
FeL?(),te Ry, cf eg. [96], [147], [151]. Precisely we have the following.
Lemma 5.3.1. Let F of the form

F = f(Il(ul), cee 711(un))7

where f € Co(R™) and uy,...,u, € L?>(R,) are mutually orthogonal. For all
t € Ry we have:

= fQ f(e_tll(ul w + 41— e_2tll ’LLl
e () (W) + V1 — e 26 (u, ) (@) P(d@).

Proof. Since, by Proposition 5.1.5, the exponential vectors are total in L?({2)
and P; is continuous on L?(£2), it suffices to consider

fute) = exp (= g ul3)

and to note that by Proposition 5.1.4 we have

1
E(f) = exp (h(u) - |u||%2(R+>)
> 1
= Z nf HUHLQ(]R+))
> 1
-3 L

Eod
o

Hence

[ee)

P(fu) = Z

—n
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= exp <e_tf1(u) - ;e_2t||u||%z(R+)> )
and
| Fule™ () (@) + V1 = =21 (u) (@) P(de)
_oox U (u) (w —*t—1u2— y2> dy
= e () VI= e i - i ) S
(wﬂﬁ—eWM@j dy

0o ¢ 1 —t,.112
= f, exp (e I (u)(w) — 5”6 ullz - 2|2 V27 ||uf

= exp (D)) = leul} )
= P () ).

The result is extended by density of the exponential vectors in L2({2)
since Brownian motion has the chaos representation property from Propo-
sition 5.2.5. (|

Lemma 5.3.1 implies the following bound which is used in the proof of devi-
ation inequalities in Section 4.7, cf. Lemma 4.7.1.

Lemma 5.3.2. We have for u € L*(2 x Ry):

[Pivllo(2,c2@y)) < ulloe(o,L2®,y), € Ry

Proof. Using the integral representation of Lemma 5.3.1 together with
Jensen’s inequality (9.3.1) we have

IPa()Fa,y = [, 1Pau(w)dt
< [ Plus(w)Pat

< NJullfoo (2,2, )

5.4 Covariance Identities and Inequalities

In this section we present some covariance identities and inequalities that can
be obtained in the particular setting of the Wiener space, in addition to the
general results of Section 3.4, 3.5 and 4.4, and to the logarithmic Sobolev
inequality (3.5.4).
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We consider the order relation introduced in [12] when 2 = Cy(R;) is the
space of continuous functions on R4 starting at 0.

Definition 5.4.1. Given wy,wy € §2, we say that w1 =X wo if and only if we
have
wi(te) —wi(t1) < wa(te) —waltr), 0<t <t

The class of non-decreasing functionals with respect to =< is larger than that

of non-decreasing functionals with respect to the pointwise order on {2 defined
by
wi(t) < walt), teRy, wi,we € L2
Definition 5.4.2. A random variable F : 2 — R is said to be non-decreasing
if
w1 Jwy = F(w) < F(ws), P(dw;) ® P(dws) — a.s.

The next result is the FKG inequality on the Wiener space. It recovers The-
orem 4 of [12] under weaker (i.e. almost-sure) hypotheses.

Theorem 5.4.3. For any non-decreasing functionals F,G € L*(£2) we have
Cov (F,G) > 0.

The proof of this result is a direct consequence of Lemma 3.4.2 and the next
lemma.

Lemma 5.4.4. For every non-decreasing F' € Dom (D) we have

D:F >0, dt x dP — a.e.

Proof. Without loss of generality we state the proof for a Brownian motion
on the interval [0, 1]. Let

H—{MMH%R:LWMWM<m}

denote the Cameron-Martin space, i.e. the space of absolutely continuous
functions with square-integrable derivative.

For n € N, let 7, denotes the orthogonal projection from L?([0,1]) onto the

linear space generated by the sequence (ej)on<p<an+1 introduced in (5.2.5).
Given h € H, let

;Mw:ﬁMJWM& te[0,1, neN.

Let A,, denote the square-integrable and G,,-measurable random variable

A, = esxp ( [ mhl()an, - L [ Hmth)Pds) ,
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where G,, is defined in Corollary 5.2.4. Letting F,, = E[F | G,], n € N,
a suitable change of variable on R™ with respect to the standard Gaussian
density (or an application of the Cameron-Martin theorem cf. e.g. [150]) shows
that for all n € N and G,,-measurable bounded random variable GG,, shows that

[
= ]E[AnE[FWn}Gn( - hn)]
= E[E[ATLFGn(' - hn)‘gn“
= E[A,FG(- — hy)]
= E[F(- + hp)Gal,

hence
F(w+ hyp) =E[F(- + hy)|Gn](w), P(dw) — a.s.

If h is non-negative, then Toh is non-negative by construction hence w =
w + hy, w € 2, and we have

F(w) < F(w+ hy), P(dw) — a.s.,

since from the Cameron-Martin theorem, P({w + h,, : w € 2}) = 1. Hence
we have

F,(w+h)

= fu(I1(ean) + (ean, W) p2o1))s - - - 1 (€nsr 1) + (€ant1_1,h) L2((0,1]))

= fu(l1(e2n) + <€2">7Tnh>L2([0,1])7 ooy Ii(egniq) + <62"+17137Tnh>L2([0,1]))
= Fp(w+ hy)

=E[F(- + hy)|Gn] ()

> E[F|Gn](w)

= F,(w), P(dw) — a.s.,

where (ey)ren is the dyadic basis defined in (5.2.5). Consequently, for any
€1 < e and h € H such that h is non-negative we have

Fn(w + €1h) S Fn(w + 62}1)7

i.e. the smooth function ¢ — F,(w + ¢h) is non-decreasing in € on [—1, 1],
P(dw)-a.s. As a consequence,

d
—Fy(w +€h)jc—o > 0,

DF,, h)r2 =
< >L ([0,1]) de

for all h € H such that i > 0, hence DF,, > 0. Taking the limit of (DF},)nen
as n goes to infinity shows that DF > 0. O

Next, we extend Lemma 5.4.4 to F € L?(£2).
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Proposition 5.4.5. For any non-decreasing functional F € L?(§2) we have

E[D,F|F] >0,  dtxdP—a.e.

Proof. Assume that F € L?(§2) is non-decreasing. Then P, ', n > 1, is
non-decreasing from (5.3.2), and belongs to Dom (D) from Relation (5.3.1).
From Lemma 5.4.4 we have

DiPy/,F >0,  dtxdP—a.e.,

hence
E[DtPl/nF\]-'t] >0, dt x dP — a.e.

Taking the limit as n goes to infinity yields E[D;F|F;] > 0, dt x dP-a.e. from
Proposition 3.2.6 and the fact that P; ,, F' converges to F in L?(§2) as n goes
to infinity. O

Finally, using the change of variable o = e, the covariance identity (4.4.2)
can be rewritten with help of Lemma 5.3.1 as

Cov (F, Q)
:jlf j (VI (u1),. .., 1 (un))(w), Vg(aly (ur)(w —I—ﬂhul
ol (un) (@) + V1 — 0214 (un) (@) Ype P(dw)P(di) d.
This identity can be recovered using characteristic function: letting
o(t) = Ele1()] = ot lull3/2
and

Pals, 1) = E[elenEIHVIZER @] = (o(s + 1)) (p(5) ' ((t)' 7,

we have
[ isli(u ] _ (,01(8 t) g00<s,t)
— f Oa
“Jo Oa
1 8 -
= [ 2 (o) olt + ) (5)) )

ot (s +1) s Dda
= J, lor (w@)w(t)) pals,£)d
_st||u||%2 R,) fl ©Yals, t)da

= j f j (De*11 () (W), D™ () (aw + /1 — a23))) 12z, ) P(dw)P(di)dar,

hence
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COV( is[l(u) is]l(v))
_ zsIl (u) it (v) 2~ ~
f jn L) w), De (aw + V1 —a2®))) 12w, )P(dw)P(do)da.
Since D is a derivation operator from Proposition 5.2.1, the deviation results

of Proposition 3.6.1 hold, i.e. for any F' € Dom (D) such that || DF| 2w, () <
C for some C > 0 we have

.%‘2
B - - > 0.
(F -] ]3”)“"( 2O||DF|L2<R+,L°C<Q>>>’ '

5.5 Moment identities for Skorohod integrals

In this section we prove a moment identity that extends the Skorohod isom-
etry to arbitrary powers of the Skorohod integral on the Wiener space. As
simple consequences of this identity we obtain sufficient conditions for the
Gaussianity of the probability distribution of the Skorohod integral and a re-
currence relation for the moments of second order Wiener integrals.

Here, (By)er, is a standard R%valued Brownian motion on the Wiener space
(W, ) with W = Co (R, R9).

Each element of X ® H is naturally identified to a linear operator from H to

X via
(a®b)e=ab,c), a®be X®H, ce€H.

For u € IDy(H) we identify Du = (Djus)scr, to the random operator
Du : H — H almost surely defined by

(Du)v(s) = fooo(Dtus)vtdt, seR,, veLl*(W;H),
and define its adjoint D*u on H ® H as
(D*u)v(s) = jooo(Dlut)vtdt, seR,, wveL2(W;H),
where Dlut denotes the transpose matrix of D,u; in R? @ R

The Skorohod isometry of Proposition 4.3.1 reads
E[|6(u)|’] = E[(u,u)g] + E [trace (Du)?] uwe Dy y(H), (5.5.1)
with

trace (Du)? = (Du, D*u) gon
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- IO jo <D ut’DtU9>Rd®Rddet

and the commutation relation
Dé(u) = u+ §(D*u), u € Dy (H). (5.5.2)
Next, we state a moment identity for Skorohod integrals.

Theorem 5.5.1. For anyn > 1 and u € IDy,+12(H) we have

n

E[(6(u))" [(6(u))"* (5.5.3)

el
k
(((Du)k_lu, u) g + trace (Du)* ! + Z %((Du)k_iu, Dtrace (Du)Z>H>] ;

where

trace (Du)*+!

= j j tk 1utk7Dtk72u’tk71 te DtoutlDtkut0>Rd®RddtQ ce dtk

For n = 1 the above identity coincides with the Skorohod isometry (5.5.1).
The proof of Theorem 5.5.1 will be given at the end of this section.

In particular we obtain the following immediate consequence of Theorem 5.5.1.
Recall that trace (Du)* = 0, k > 2, when the process u is adapted with respect
to the Brownian filtration.

Corollary 5.5.2. Letn > 1 and u € D11 2(H) such that (u,u)p is deter-
ministic and

k
1 ) .
trace (Du)*™t + E —((Du)*~"u, Dtrace (Du)") iy =0, a.s., 1<k<n.
i
=2

(5.5.4)
Then 6(u) has the same first n+ 1 moments as the centered Gaussian distri-
bution with variance (u,w) .

Proof. We have

Dy(u,u) = Dy jooo<us, us)ds

= fo (us, Dyug)ds + fo (Diug, ug)ds
_ <t

= 2f0 (D}ug,ug)ds

= 2(D*u)u,
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shows that
(D*Yw)u, u) = (D*u)* u,u) (5.5.5)
= 5 (u, (D) 72D (u, u))

—~

| =

SN

k > 2, when (u,u) is deterministic, v € IDs(H). Hence under Condi-
tion (5.5.4), Theorem 5.5.1 yields

E[(0(w)"*] = n{u,u)n E [(6(u)" '],
and by induction

2m)!
(2m) (u, u)7, 0<2m<n+1,

Bl(6()*"] =

and E[(§(u))?™ 1] =0, 0 < 2m < n, while E[§(u)] = 0 for all u € D2 1 (H).
(|

As a consequence of Corollary 5.5.2 we recover Theorem 2.1-b) of [149],
i.e. §(Rh) has a centered Gaussian distribution with variance (h, h)y when
u = Rh, h € H, and R is a random mapping with values in the isometries
of H, such that Rh € Ny~1ID,2(H) and trace (DRh)kT! = 0, k > 1. Note
that in [149] the condition Rh € Nps1k>2DDp 1 (H) is assumed instead of
Rh € ﬂp>1Dp72(H).

In the sequel, all scalar products will be simply denoted by (-, -). We will need
the following lemma.
Lemma 5.5.3. Let n > 1 and u € Dyp412(H). Then for all 1 < k < n we
have
E [(0(w))" " {((Du)* u, Dé(u))] — (n — k) E [(8(u))" " H{(Du)*u, Di(u))]
=E[(6(u)" "

k
(((Du)k_lu, u) + trace (Du)F ! 4 z %((Du)k_iu, Dtrace (Du)l>>

Proof. We have (Du)*"*u € ID(ny1y/51(H), 6(u) € D(ni1)/(ntt1)1(R),
and using Relation (5.5.2) we obtain
E [(8(w)" " {((Dw)*"tu, D5 (u))]
E [(5(u)" *{((Dw)* 'u,u+ §(D*u))]
E [(6(u))" " (Du)* " u, u)] + B [(8(w)" "M (Du)* ", 6(Du))]
E [(6(u)"” k Du)kilu,uﬂ +E [(D*u,D((5(u))"7k(Du)k71u)>]
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[( ()"~ {(Dw)* " u, w)] + I [(8(w))" (D" u, D((Du)"u))]
E [(D*u, (Du)*~"u) ® D(8(u)"~*)]

[( ()" ((Dw)" ™, u) + (D*u, D((Du)*~ )]

+(n k)lE[(5(U))" "D, (Du)* ™) ® Do (u))]

I [(6(w)" ™" ({(Du)*~ u, u) + (D*u, D((Du)*u)))]

+(n = k) E [(8(w))" """ H{(Du)*u, D3(w)] -

Next,
(D*u, D((Du)’H )
— f f tk ey Doy (D g, -+ - Dygug, gy )Vt - - - dty,
- f f tk Uty Diy_yug, <+ Dyoug, Dy, ugy )Ydio - - - diy,

+J‘ f tk 1utk7Dtk(Dtk—2utk—1 "'Dtoutl)uto>dt0"'dtk

= trace (Du)**1 + ZIOOO ' ”jooo
i=0

<D1“k,1utk ) Dtkutk+1 e Dti+1uti+2 (Dti‘Dtkuti-{—l)Dti—luti e Dtoutlut0>
dtg -+ - dity
e AP .
—t D k+1 j .. j
race (Du)"™" + ZO i Jo 0
<Dt <Dtk L Uty ‘Dtkutk+1 : Dt1+1 7,+2Dtk:utl+1>7 Dti—luti e Dtoutluto>
dtg -+ - dity

k—2
1 , A
= trace (Du)**! + Z f«Du)’u, Dtrace (Du)k=%).
—i
i=0

Proof of Theorem 5.5.1. We decompose

E[(5(u)"*'] = B[(u, D(5(u))")]
= nIB[(8(u))" " (u, Dé(u))]

= > B L) D), i)

(n— k) E [(8(u)" " H{(Du)*u, D5(u))] ,
as a telescoping sum and then apply Lemma 5.5.3, which yields (5.5.3). O
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5.6 Differential Calculus on Random Morphisms

In this section, in addition to the shift of Brownian paths by absolutely con-
tinuous functions as in (5.2.4), we consider a general class of transformations
of Brownian motion and its associated differential calculus. The main result
Corollary 5.6.5 of this section will be applied in Section 5.7 to construct
another example of a gradient operator satisfying the assumptions of Chap-
ter 3. Here we work with a d-dimensional Brownian motion (B;)cr, as in
Section 2.14. Let

U:SRy;RY) — L2 x Ry ;RY)

be a random linear operator such that Uf € L?(2 x R, ;R?) is adapted for
all f in a space S(R;R?) of functions dense in L?(R,;R%).

The operator U is extended by linearity to the algebraic tensor product
S(R,;RY)®S, in this case U f is not necessarily adapted if f € S(R,; R?)®S.

Definition 5.6.1. Let (h(t))icr, € L*(2 x Ry;RY) be a square-integrable
process, and let the transformation

AU R) : S — L*(2 x Ry ;RY)
be defined as
AU, h)F
= £ (nWw) + [ ®), hO)dt, . L (Ou) + [ (), h)dE)
for F €S of the form
F=f(Ii(w),. .., I (wn)),

ui, ..., un € S(Ry;RY), f € CP(RYR).

In the particular case where
U:S(R;;RY) — L3(02 x Ry ;RY)

is given as
[UfIt) =V () f({t), teRy,

by an adapted family of random endomorphisms
V(Et):R* —RY  teR,,

this definition states that A(U, h)F is the evaluation of F' on the perturbed
process of differential V*(¢)dB(t) + h(t)dt instead of dB(t), where
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V*(t): R — R?
denotes the dual of V(¢) : R — R? t € R,

We are going to define A(U,h) on the space S of smooth functionals. For
this we need to show that the definition of A(U,h)F is independent of the
particular representation

F=f(I1(u1),...,I1(un)), Ui, ... Uy € H,

chosen for F' € S.
Lemma 5.6.2. Let F,G € S be written as

F:f(Il(u1)>"'aI1(un>)7 ula"'vunes(RJr;Rd)a fECl(Rn,]R),
and
G=g(Ii(v1),...,I1(vm)), V1. vy Uy ES(R+;Rd), g € CY(R™;R).

If F = G P-a.s. then A(U,h)F = A(U, h)G, P-a.s.

Proof. Let eyq,...,e; € S(R_;R%) be orthonormal vectors that generate
ULy ..., Up, V1,...,0m. Assume that u; and v; are written as

k k
u; = g ale; and v = E Ble;, i=1,...,n,
j=1 j=1
in the basis e1,...,e;. Then F and G are also represented as

F=f(L(e),... , Ii(er)),

and G = §(Ii(e1),..., I (ex)), where the functions f and § are defined by

k k
flx1,...,xp) = f Zajl:cj,...,Zalej , x1,...,2x € R,
j=1 J=1
and
koo k
g(x1,...,z5) = f Zﬁ{xj,,Zﬁflxj ) z1,...,Tr €R.
j=1 j=1
Since F = G and I (e1), ..., I1(ex) are independent, we have f = § a.e., hence

everywhere, and by linearity,
MURF = [ (L) + [ lea(t) et ..., LUe) + [~ (ex(t), ht)dt)
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and

A(U, h)G

= j (Il(Uel) + j0°°<e1(t), h(®)dt, ..., I1(Uer) + j0°°<ek(t), h(t))dt) :
hence A(U, h)F = A(U, h)G. O

Moreover, A(U, h) is linear and multiplicative:
A(Uv h)f(Fla s 7Fn) = f(A(U> h)Fh ceey A(U> h’)Fn)7

Fi,....,F, €8, f € C}(R™;R).
Definition 5.6.3. Let (U.).cjo,1) be a family of linear operators

U. : S(Ry;RY) — L2 x Ry ;RY),

such that
i) Uy is the identity of S(Ry;R?), i.e. we have Uyf = f, P-a.s., f €
S(R+,Rd)
ii) for any f € S(Ry;RY), U.f € L2(2 xRy ;R?) and is adapted, € € [0,1],

i) the family (Uc)zcpo1] admits a derivative at € = 0 in the form of an
operator
L:SR;RY — L2(2 x R;RY),

such that
((Uef = f)/e)ecpo

converges in L*(2 x RysRY) to Lf = (L4f)ier, as € goes to zero,
f e SR;RY).

Let h € L?(02 x Ry ;RY) be a square-integrable adapted process.

The operator £ is extended by linearity to S(Ry;R?) ® S. The family
(UE)EE[O,I] needs not have the semigroup property. The above assumptions
imply that LDF € Dom (§), F € S, with

S(LDF) = Z if(I(ur), ..., I (un))d(Lu;) (5.6.1)

= > (i, Lug) pagr, mey 0i0; f (I (wa), - - T (un,)),

4,j=1

for F = f(I1(u1),...,I1(uy)), where we used Relation (5.2.3). We now com-
pute on S the derivative at € = 0 of one-parameter families
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AU, eh) : § — L*(02), e €R,

of transformations of Brownian functionals. Let the linear operator trace be
defined on the algebraic tensor product H ® H as

traceu @ v = (u,v) g, u,v € H.

Proposition 5.6.4. For F € S, we have in L*(2):

d 00
AU h)Fleeg = jo (ho(t), DyF)dt + §(LDF) + trace (Idy ® £)DDF.
(5.6.2)

Proof. Let A: S — S be defined by
AF = §(LDF) + trace (Idg ® £)DDF + fom<h0(t), D,Fydt, Fe€S.
For F = I (u), u € S(Ry;RY), we have

d )
AU, eh)Fle—g = j (ho(t), u(t))dt + I, (Lu)

= j (ho(t), DyF)dt + §(LDF) + trace (Idyy ® £)DDF

since DDF' = 0. From (5.6.1), for Fy,..., F,, € S and f € C;°(R"; R) we have

Af(Fy, ..., F,) =
(ﬁDf(Fl,...,F )) + trace (Idyg @ L)DDf(Fy, ..., F,)
—l—f ho Fl,...,Fn)>dt

= 25 (8;f(FY, ..., F,)LDF)

+Za F(Fy, ..., Fy)trace (Idyg ® £)DDF;
1=1

+ 3 aiajf(Fl,,...,Fn)fo (L.DF;, D,F;)ds
ij=1

+ 0f(F,... F) f0°°<h0(t), D F;)dt
1=1

=Y 0if(F,...,F,)5(LDF;) ZafFl,..., »trace (Idg @ £)DDF;
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+Y 0 f(Fr,... ) fo (ho(t), Dy F)dt
i=1
— N 0 f(Fi..... ) (5(505) +trace (Idg ® £)DDF; + j0°°<h0(t), DtFZ-)dt)
i=1

=> 0if(Fy,...,F,)AF;.
i=1
Hence for Fy = I1(u1),...,F, = [i(u,) € S and f € C;°(R™;R):

AF(Fry. .o F) = S 0 f (P, .., F) AR,
=1

|le=0

- d
= Yo (P B (AT HE)

d
_ <d5/1(Ue,€h)f(F1’ o B ")> =0

Consequently, Relation (5.6.2) holds on S. O

Corollary 5.6.5. Assume that £ : L*(R;RY) — L2(02 x R ;R?) is anti-
symmetric as an endomorphism of L?>(R,;R%), P-a.s., we have in L*({2):

d oo
T A(Ue,h)Flee = jo (ho(t), D,F)dt + §(CDF),  F €.

Proof. Since L is antisymmetric, we have for any symmetric tensor u ® u €

S(R4;RY) ® S(Ry; RY):
trace (Idg ® L)u ® u = traceu @ Lu = (u, Lu)g = —(Lu,u)g = 0.

Hence the term trace (Idy ® L)DDF of Proposition 5.6.4 vanishes P-a.s. since
DDF is a symmetric tensor. [l

5.7 Riemannian Brownian Motion

In this section we mention another example of a gradient operator satisfying
the Clark formula Assumption 3.2.1 of Chapter 3. As an application we de-
rive concentration inequalities on path space using the method of covariance
representation. This section is not self-contained and we refer to [45], [46],
[49], [87] for details on Riemannian Brownian motion.
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Let (B(t))tcr, denote a R-valued Brownian motion on ({2, F,P), generat-
ing the filtration (F;)icr, . Let M be a Riemannian manifold of dimension
d whose Ricci curvature is uniformly bounded from below, and let O(M)
denote the bundle of orthonormal frames over M. The Levi-Civita parallel
transport defines d canonical horizontal vector fields Aj,..., Ay on O(M),
and the Stratonovich stochastic differential equation

d
dr(t) = Ai(r(t)) oda'(t),  te€Ry,

i=1
r(0) = (mo,ro) € O(M),
defines an O(M)-valued process (r(t))icr,. Let 7 : O(M) — M be the

canonical projection, let

V() =7(r(®),  teRy,

be the Brownian motion on M and let the Ito parallel transport along
(7(t))ter, is defined as

lieo = T(t)r()_l T M~ R — T’Y(t)M’ te [O’T]'

Let Co(R4;R?) denote the space of continuous R%valued functions on R,
vanishing at the origin. Let also P(M) denote the set of continuous paths on
M starting at my, let

I:Cy(Ry;RY) — P(M)
(@@®))ter, — I(w) = (v(t))rer,
be the It6 map, and let v denote the pushforward measure on P(M) of the
Wiener measure P by I. In order to simplify the notation we write F instead
of F' o I, for random variables and stochastic processes. Let §2, denote the
curvature tensor and ric, : R — R< the Ricci tensor of M at the frame

r € O(M). Given an adapted process (z;);cr, Wwith absolutely continuous
trajectories, we let (2(t));er, be defined by

A(t) = 2(t) + %ricT(t)z(t), teRy, 2(0) = 0. (5.7.1)

We recall that z — 2 can be inverted, i.e. there exists a process (Z;)scr, such
that Z = 2, cf. Section 3.7 of [49]. Finally, let Q; ¢ : R? — RY, be defined as

dQ 1.
% - _irlcr(t)Qt,sv QS)S - IdTmo’ 0<s<t,

and let
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o(t.2) = = [ o (0dB(s). 2(s),  te Ry,

where odB(s) denotes the Stratonovich differential. Let Q; , be the adjoint of
Qts, let H=L2(Ry,RY), and let H = L°°(P(M), H; dv). Let finally C3°(M™)
denote the space of infinitely differentiable functions with compact support
in M".

In the sequel we endow P (M) with the o-algebra F¥ on P(M) generated by
subsets of the form

{VEP(M) : (’Y(tl)v"w’y(tn)) eBl Xowee XBn}v

where 0 < t; <---<tp, By,...,B, € B(M), n>1.

Let

and

UPM) x Ry;RY) = {ZFk jo ug(s)ds : Fi,...,F, € S(P(M);R),
k=1
uy, ..., u, € L*(Ry;RY), n>1}

In the following, the space L?(P(M),F¥ v) will be simply denoted by
L?(P(M)). Note that the spaces S(P(M);R) and U(P(M) x R ;R%) are
dense in L?(P(M);R) and in L?(P(M) x R, ;R?) respectively. The following
definition of the intrisic gradient on P(M) can be found in [49].

Definition 5.7.1. Let D : L2(P(M);R) — L2(P(M) x Ry ;R%) be the
gradient operator defined as

DiF =) toce, VI F(y(t1), - Y (En)) Lo (8),  tERY,
=1

for F € S(P(M);R) of the form F = f(y(t1),...,7(tn)), where VM denotes
the gradient on M applied to the i-th variable of f.

Given an adapted vector field (Z(t))icr, on M with Z(t) € T, (nyM, t € Ry,
we let z(t) = to—tZ(t), t € Ry, and assume that Z(t) exists, V¢ € R;. Let

VZ(t) = lim tretreZ(t+¢) — Z(t)'

e—0 3

Then
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2(t) = tot VZ(t), teR,.
let £2, denote the curvature tensor of M and let ric, : R? — R¢ denote the
Ricci tensor at the frame r € O(M), and let the process (£(t)):er, be defined
by
. 1
2<t) = Z(t) + §riCr(t)Z(t>, t < R+,
(5.7.2)

2(0) = 0.

As a consequence of Corollary 5.6.5 we obtain the following relation between
the gradient D and the operators D and §, cf. Theorem 2.3.8 and Theorem 2.6
of [29].

Corollary 5.7.2. Assume that the Ricci curvature of M is uniformly bounded,
and let z ¢ U(P(M) x Ry ;R?) be adapted. We have

IOOO@tF, 2())dt = j;o(DtF, A(1))dt + 6(q(-, 2)D.F), (5.7.3)
F € S(P(M);R), where q(t,z) : R — R? is defined as

f(z (odB(s),2(s)), teR,.

Proof. We let V.(t) = exp(eq(t,z)), t € Ry, ¢ € R. Then from Proposi-
tion 3.5.3 of [49] we have

o0 A . - d I3
Jo (DE2(0)dt = AU, 2) Fie—o.

Since the Ricci curvature of M is bounded, we have 2 € L?(Ry; L=(W;R))
from (5.7.2). Moreover, from Theorem 2.2.1 of [49], ¢ — A(U,, 0)r(t) is differ-
entiable in L?(W;R), hence continuous, Vt € R, . Consequently, from (5.7.2)
and by construction of U(P(M) x R,;R%), e — A(U.,0)Z is continuous in
L?(W xRy ;R?) and we can apply Corollary 5.6.5 with £; = ¢(t, 2) to obtain
(5.7.3). O

n

If u € UP(M) x Ry;RY) is written as u = ZGizi, z; deterministic, G; €
=1

S(P(M);R),i=1,...,n, we let

trace q(t, Dyu) = Z q(t, z;) DG,
i=1

Given u € U(P(M) x Ry;RY) written as u = Y1 | Gy2i, 2 deterministic,
G, e SP(M);R),i=1,...,n, we let
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n
U= E Gizi.
i=1

We now recall the inversion of z — Z by the method of variation of constants
described in Section 3.7 of [49]. Let Id, ;) denote the identity of T’y M. We
have

() = 51 + %ricr(t)é(t), teR,,
where (2(t))ier, is defined as
- t .
Z(t) = fo Q1,52(s)ds, teRy,
and Qs : R4 — R? satisfies

th,s 1 .
o = lem@us @es=ldy),  0<s<t

Let also the process (ZA(t))te]R+ be defined by

. 1
VZ(t) = VZ(t) + jRic,2(1),  tERy,

with 2(t) = 70.+Z(t), t € Ry. In order to invert the mapping Z —s Z, let
. t
2(t) = jo R,.,VZ(s)ds, teR,,

where Ry s : TyoyM — Ty )M is defined by the equation

0<s<t,

1.
vthﬁ = —iRIC,Y(t)Rt,& Rs,s = Id’y(s))

V¢ denotes the covariant derivative along (v(t)):er, , and
Ric,, : ToyM — Ty, M
denotes the Ricci tensor at m € M, with the relation

ric, ;) = toet © Ricy4) 0 teo-
Then we have
VZ(t) = VZ(t) + iRic,y Z(t),  teRy,

Z(0) = 0.
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We refer to [49] for the next definition.
Definition 5.7.3. The damped gradient

D:L*(P(M);R) — L*(P(M) x R ;R%)

is defined as

DtF = Z 1[0,t¢](t)QZ,ttOHtivz]’VIf(V(tl)y s ’V(tn))v teRy,
i=1

for F € S(P(M);R) of the form F = f(y(t1),...,7(tn)), where
Q. R — R?

denotes the adjoint of Qys : R — R 0<s <t

Given f € C°(M™) we also have

DtF = Z 1[0,251](t)t(](—tR;,tv'fwf(’Y(tl)a R 77(tn))’ te RJF?

i=1
where R}, ; : T,y — T is the adjoint of Ry, ¢ : Ty — Tyt,)-
Proposition 5.7.4. We have for z € U(P(M) x R, ;R%):

j0°°<DtF,z'(t)>dt= fooo<l5tF,§(t)>dt, FeSP(M):R).  (5.7.4)
Proof. We compute

»[0 <DtFa Z(t»dt = ; J‘Oi<Q:i,st0<—tiszf('7<tl)a s aV(tn))a 73(5)>d3

= 3 [ ot VY S0, A (1)), Qe (5)

- j0°°<15tp,z(t)>dt, F e S(P(M);R).

We also have
jooo<13tF,é(t))dt - j0°°<1§tF,z'(t)>dt, F e S(P(M);R).

Taking expectation on both sides of (5.7.3) and (5.7.4) it follows that the
processes DF and DF' have the same adapted projections:

E[D.F | F) =E[D:F | F], teRy, (5.7.5)
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F = f(y(t1),...,7(tn)). Using this relation and the Clark formula
F =E[F|+ | " E[DF | F]- dB(),

on the Wiener space, cf. Proposition 5.2.7 we obtain the expression of the
Clark formula on path space, i.e. Assumption 3.2.1 is satisfied by D.

Proposition 5.7.5. Let F' € Dom (D), then
F] +f0 E[D,F | 71| - dB(t).

The following covariance identity is then a consequence of Proposition 3.4.1.

Proposition 5.7.6. Let F,G € Dom (D), then
Cov (F,G) = U D.F -E[D,G | Fi] dt} (5.7.6)

From Proposition 3.6.1 we obtain a concentration inequality on the path
space.

Lemma 5.7.7. Let F € Dom (D). If HDF||L2(R+ L@ < C, for some
C >0, then

2

v(F —E[F] > z) <exp (_2C||DF||H> , x> 0. (5.7.7)

In particular, IE[e)‘Fz] < o0, for X\ < (2C||DF|la)~"

5.8 Time Changes on Brownian Motion

In this section we study the transformations given by time changes on Brow-
nian motion, in connection with the operator V© of Definition 4.8.1.

Proposition 5.8.1. On the Wiener space, V© satisfies the relation

VP(FG) = FVYG + GVYPF — D.FD,G, t € Ry. (5.8.1)

Proof. We will show by induction using the derivation property (5.2.3) of D
that for all k£ > 1,

Ve (I () L(9)F) = L(f*)VE (1i(9)*) + Li(9)* Vi L (f*")
_DtIn(f®n)Dt (Il(g)k) ) (5.8.2)

t € Ry. We have

% (1P 0() = V° (Ta(£7" 0.) 4 nlf.g) o Ta (£707D)
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= —Iny1((9' 1p,00)) © FE") = nLng1 ((F1j00)) 0 g © fem=1)y
—n(n = 1){f, 9) r2@s) In—1((f 1[t,00)) © FE72)
= =l 1 ((f'1p00)) © 2= o g) — n(g, (f"1,00))) L2 (R ) Ine 1(F01)
— L1 (FE" 0 (91 j100))) — n(n = D(f, 9 2@y In—1 (F57 7 0 (f'1j1,00)))
—n(f, 9" Lt 00)) L2 (R ) In S (o)
A1 g o0y, @) 2@ ) In1 (FED) + 10 L 00y, [ 2@y L1 (FE)
= —nL ('L 00)) © fENI1(g) — L (f¥") 1 (' L jt,00))
—nf()g(t) I (f2"1)
= L(9)Vy L (f&") + L (fE")V Ii(g) — Dl (9)Deln(f27),  t € Ry,

which shows (5.8.2) for k¥ = 1. Next, assuming that (5.8.2) holds for some
k > 1, we have

VeI (FE(9) ) = Li(g) VY (I (") 1 (9)") + L (f¥") 1 (9)*V{ 11 (9)

—Di I (9) De(11(9) I (f2™))

= Li(g) (L(9)*VE L (f&") + L(f®™)VE (I (9)")
=Dy (Ii(9)") DI (f2™))
+1,(f®") 1 (9)*VE I (9) — Didi(g) (I (9)* Deln (f2™)
+1,(f") Dy (I1(9)%))

= L(g)* M VL") + L(f2™)VE (Ii(9)*)
—Dy (I(9)**Y) Dol (™),

t € Ry, which shows that (5.8.2) holds at the rank k + 1. O

Definition 5.8.2. Let h € L*(Ry.), with ||h||p®,) < 1, and

t
() =t+ [ h(s)ds,  teR;.
We define a mapping T : 2 — 2, t,e e Ry, as

Th(w) =wouv, he L*(R,), sup | h(x)|< 1.

z€R

The transformation 7, acts on the trajectory of (Bs)ser, by change of time,
or by perturbation of its predictable quadratic variation. Although 7 is not
absolutely continuous, the functional F o Ty is well-defined for F' € S, since
elements of S can be defined trajectory by trajectory.

Proposition 5.8.3. We have for F € S
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. 1 1
fo h(t) (V?+2DtDt> Fdt = —lim ~(F o To, — F).

e—=0 ¢

Proof. We first notice that as a consequence of Proposition 5.8.1, the operator
o 1
Vy + §DtDt
t € Ry, has the derivation property. Indeed, by Proposition 5.8.1 we have
1
VP(FG) + 5 DiDi(FG) = FVPG+ GVYF — DyFD:G
1
+§ (FDtDtG + GDtDtF + 2DtFDtG)
1 1
=F <V?G + 2DtDtG> +G <V?F + 2DtDtF> .

Moreover, 7z; is multiplicative, hence we only need to treat the particular
case of F' = I;(f). We have

L(f)e Ton = L(f) = [ f(£)dBOZ! () = ()
= [ Fwan(s)aB, ~ [ f(s)aB

— fooo (f (t+sf h(s )d8> - f(t)> dB.

After division by € > 0, this converges in L?(£2) as e — 0 to
f F(t j s)dsdB; = fooh ¢ jw F'(s)dBdt
—f (VL (f)dt
—f (ve + DtDt> I (f)dt.

5.9 Notes and References

Proposition 5.2.1 is usually taken as a definition of the Malliavin deriva-
tive D, see for example [96]. The relation between multiple Wiener integrals
and Hermite polynomials originates in [136]. Corollary 5.2.4 can be found in
Lemma 1.2 of [95] and in [100]. Finding the probabilistic interpretation of D
for normal martingales other than the Brownian motion or the Poisson pro-
cess, e.g. for the Azéma martingales, is still an open problem. In relation to
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Proposition 5.6.1, see [29] for a treatment of transformations called Euclidean
motions, in which case the operator V(t) : R — R is chosen to be an
isometry and h is adapted, so that A(U,h) is extended by quasi-invariance
of the Wiener measure, see also [67]. Corollary 5.5.2 recovers and extend the
sufficient conditions for the invariance of the Wiener measure under random
rotations given in [149], i.e. the Skorohod integral §(Rh) to has a Gaussian
distribution when h € H = L?(R,,R%) and R is a random isometry of H. We
refer to [47], [49] for the Clark formula and the construction of gradient and
divergence operators on Riemannian path space, to [24] for the logarithmic
Sobolev inequality, and to [65] for the corresponding deviation results stated
in Section 5.7.
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Chapter 6
Analysis on the Poisson space

In this chapter we give the definition of the Poisson measure on a space of
configurations of a metric space X, and we construct an isomorphism between
the Poisson measure on X and the Poisson process on R . From this we obtain
the probabilistic interpretation of the gradient D as a finite difference operator
and the relation between Poisson multiple stochastic integrals and Charlier
polynomials. Using the gradient and divergence operators we also derive an
integration by parts characterization of Poisson measures, and other results
such as deviation and concentration inequalities on the Poisson space.

6.1 Poisson Random Measures

Let X be a o-compact metric space (i.e. X can be partitioned into a countable
union of compact metric spaces) with a diffuse Radon measure o. The space
of configurations of X is the set of Radon measures

0% = {W:Z%k t(xk) =g C X, neNU{oo}}, (6.1.1)
k=0
where €, denotes the Dirac measure at x € X, i.e.
€x(A) =14(x), A€ B(X),

and (2 defined in (6.1.1) is restricted to locally finite configurations. We also
let |w| = w(X) € NU {+oco} denote the cardinality of any w € 2.

The configuration space 2% is endowed with the vague topology and its

associated o-algebra denoted by FX, cf. [4]. When X is compact we will
consider Poisson functionals of the form
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F(w) = folgux—op + O Lw=ny fu(@1, .- Tn), (6.1.2)

n=1
where f,, € L}(X"™,0®") is symmetric in n variables, n > 1. As an example,
F(w) :=w(A4), w e 2,

is represented using the symmetric functions

fn(xly-n,xn):ZlA(.’Ek), n > 1.

k=1
Our construction of the Poisson measure is inspired by that of [94].

Definition 6.1.1. In case X is precompact (i.e. X has a compact closure),
let FX denote the o-field generated by all functionals F of the form (6.1.2),
and let 72X denote the probability measure on (2, FX) defined via

E,x[F] = e~ fy4e(0 3 % [ Falwr s olday) - o(day),

n=1

(6.1.3)
for all non-negative F of the form (6.1.2).

For example, for A a compact subset of X, the mapping w — w(A) has the
Poisson distribution with parameter o(A) under 7X. Indeed we have

1iua)=k} = Z Liwx)=n}fu(Z1, .-, 20),
n==k

with

folz1, .o x0)

- k'(nl—k)' n;ﬂ Lar @@y i) Lo\ ayn=+ (En(eg1)s o Tyen))s
hence

77? (W(A) = k) = ]Eﬂff [l{w(A):k}]
(%) 1 e
= e 7(X) nzz:l mJ(A)kU(X \ Ak

A k
_ o TA)°

. (6.1.4)

The above construction is then extended to o-compact X in the next defini-
tion.
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Definition 6.1.2. In case X is o-compact we consider a countable partition
X = U, en Xn in compact subsets, and let

X = f[orzxn, FX = (%.FX", Ty = é)wf (6.1.5)

Note that 7 in Definition 6.1.2 is independent of the choice of partition made
for X in (6.1.5).
The argument leading to Relation (6.1.4) can be extended to n variables.

Proposition 6.1.3. Let Aq,..., A, be compact disjoint subsets of X. Under

the measure X on (2%, FX), the N"-valued vector

w — ((,;J(Al), NN ,W(An))

has independent components with Poisson distributions of respective parame-
ters

U(A1>» RN U(An)
Proof. Consider a disjoint partition A3 U---U A,, of X and

F(w) = 1gga)=k} YA =k}

_ 1 1 n n
= l{w(x):k1+...+kn}fn(x1, B R4 PRI ,xkn),

1
= > mlfh (@n(1)s -5 Tykn) LA (g ot hn 1 41)5 - - - T())
Lo k!

is the symmetrization in N = ky + - - - + k,, variables of the function

(x%,...,x,ﬁl,...,x?,...,xzn)
(k14 -+ kp)!
Wlfxl(ﬁ,...,x;lﬁ)---lAn(:v?,...,xﬁn),
! n!
hence

7 X (W(AL) =k, .. w(Ay) = k) = Ex[F]

_ (oA +ro(a,) O(ADM o (An)
Bl k!

When X is compact, the conditional distribution of w = {x1,...,2,} given
that w(X) = n is given by the formula
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X ({21, e} CA” | w(X)=n) = (g((;?))n

which follows from taking f, = 1a» in (6.1.2), and extends to symmetric
Borel subsets of X™.

In the next proposition we compute the Fourier transform of 72X via the
Poisson stochastic integral

[ f@w(da) =3 f@),  feL'(X,0).

TCw

X

P

Proposition 6.1.4. Let f € L'(X,0). We have

In the sequel we will drop the index X in 7

E,, [exp (z L{ f(x)w(d:r))} = exp (fx(eif(x) - 1)U(da7)> . (6.1.6)

Proof. We first assume that X is compact. We have
E,, [exp (z IX f(:v)w(dx))}

) 1 '
— o o(X) - e i(f(z1)++f(zn) e
=e Z_% py JX IX e o(dzy) - o(dzy).

= exp (JX(eif(w) - 1)0(dx)> .

The extension to the o-compact case is done using (6.1.5). O
We have
. d .
E [IX f(m)w(dw)} =i E., [exp (ze IX f(x)w(d:z:))] o

= _idig exp (Ix(eiaf(z) - 1)a(dm))

= [ f@olds),  feLM(X.0),

|le=0

and similarly by second order derivation we obtain

E [(jx f(x)(w(dx)—a(dx)ﬂ = [ 1f@)Poldr), feL*(X,0). (6.17)

Both formulae can also be proved on simple functions of the form f =
Sty a;lya,, and then extended to measurable functions under appropriate
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integrability conditions.

The formula (6.1.6) can be extended as

E,. [exp (z [i., F@)(w(da) - a(dm)))} = exp ( [ (@ —if(@) - 1)o(dx)) ,

by assuming that

dy) < d 20(dy) < oo,
Joex + ony H@lotdn) <00 and [0 () Pa(dy) < oo

from the inequality
e —itly <y — 1 <2LA 0%,  teR (6.1.8)

Similarly, taking X = R?, assuming that
[ Ay Ra)o(dy) < oo,

where | - |ga is the Euclidean norm on R? and using (6.1.8), the vector of
single Poisson stochastic integrals

F= (Llledg} yr (W(dy) — o(dy)) + f{lled>1} Yk w(dy)> (6.1.9)

1<k<n

has the characteristic function

pr(u) = Bl = exp ([ (@) =1 = ify, )1y, <))o (dy) )
(6.1.10)
u € RZ Relation (6.1.10) is called the Lévy-Khintchine formula, and the
random vector
F=(F,...,F,)

is said to have an n-dimensional infinitely divisible distribution with Lévy
measure o(dx).

X

Denote by nga the thinning of order « € (0, 1) of the Poisson measure 7, i.e.

X

T, o is obtained by removing, resp. keeping, independently each configuration

point with probability «, resp. 1 — a.
The next proposition is a classical result on the thinning of Poisson measure.

Proposition 6.1.5. Let o € (0,1). We have X, = 72, i.e. mX, is the

o,a ao? o,a
Poisson measure with intensity ao(dx) on 2.

Proof. Tt suffices to treat the case where X is compact. Using the fact that
given n configuration points, the number of points removed by thinning has
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a binomial distribution with parameter (n,a), we obtain

1 (a jX @ o (dz) + (1 — a)O—(X))n

n!

|

[©]

|

2

=
18 |

o Ix (e ®) _1)o(dx) )

In terms of probabilities, for all compact A € B(X) we have

oo o k
wolud) =) = e Y a1 — o <k>
k=n

n

o (ao (AN X a(A)F .
— ! 1(1!)) Z(/(c—)n)!(l_a)k

k=n

_ o—ao(4) (ao(A))"
n!

O
Remark 6.1.6. The construction of Poisson measures with a diffuse intensity
measure can be extended to not necessarily diffuse intensities.

Proof. In case o is not diffuse, we can identify the atoms (xj)gen of o which
are at most countably infinite with masses (u(xy))ren. Next, we choose a
family (X, vk )ren of measure spaces such that vy is diffuse and vg(Xy) =
p({zr}), k € N. Letting

X = (X\{l‘o,l‘l,...})u G Xk
k=0

and
oo
fi=p+ Y v
k=0

then i is a diffuse measure on X. Next, letting

f@) = 2lx\ (o0, 3 (@) + D> _aplx, (), w€EX,
k=1

we note that

| F@)(w(de) - (d))
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has an infinitely divisible distribution with Lévy measure p since

jX (€% — juz — 1)p(dz) = L,((ewf(x) —iuf(x) — 1)f(dz).

More generally, functionals on the Poisson space on (X, u) of the form

can be constructed on the Poisson space on (X, i) as

Fw)= fw(B1),...,w(By)),
with

B; = (Ai\{mo,acg,...})U( U Xk> .

k : xx€A;

Poisson random measures on a metric space X can be constructed from the
Poisson process on R by identifying X with R. More precisely we have the
following result, see e.g. [36], p. 192.

Proposition 6.1.7. There exists a measurable map
T7: X —> R+,

a.e. bijective, such that A = 7,0, i.e. the Lebesgue measure is the image of o
by T.

We denote by 7,w the pushforward measure of w by 7, i.e. 7, : 2% — {2 maps

|l |w]

W= Z €x; to TeW = Z Er(wy)- (6.1.11)

i=1 i=1
We have, for A € FX:
Tww(A) =#{recw : 7(x) € A}

=#{zcw:zecT (A}
= w(t71(A)).

Proposition 6.1.8. The application 7, : 2% — 2 maps the Poisson measure
7o on 2% to the Poisson measure 7, on 2.

Proof. 1t suffices to check that for all families Ay,..., A, of disjoint Borel
subsets of X and kq,...,k, € N, we have

To({w € 2% nw(Ar) = k1., Tew(Ay) = Ky })
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Clearly, F — F o 7* defines an isometry from LP(£2) — LP(2%), p >
1, and similarly we get that [, f o 7(z) T.w(dz) has same distribution as

fooo f(t)w(dt), since

Er, |exp (i [ f(r@)rw(dn)) | = exp ([ (@D~ 1)o(da))
= exp ([ (O~ 1)r(at))
= Ex, Joxp (i [ ft)o(an))] .
Using the measurable bijection 7 : X — R, and the relation
D,F(w) = (DT—I(t)FO (T*)il) oT*(w), teR;, we,

we can also restate Proposition 4.7.3 for a Poisson measure on X.

Corollary 6.1.9. Let F € Dom (D) be such that DF < K, a.s., for some
K >0, and ||DF | g (0,12(x)) < 0. Then

HDFH%OO(Q L2(X)) K
P(F — B[F] > 2) < exp | — L200)
K* IDEE o (0,12 (x))

< exp - log | 1+ oK
S €eX I 3
2 IDENZ 0, 12(x))

with g(u) = (1 +u)log(1 4+ u) —u, u > 0. If K =0 (decreasing functionals)
we have
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12
P(F —E[F] > z) <exp | — . (6.1.12)
2||DFH%OC(_Q7L2(X))

In particular if F = [ f(y)w(dy) we have | DF| o (0,r2(x)) = | fllz2(x) and
if f <K, a.s., then

P([ f)ldy) - ody)) = o)

o <_ [ 12 Wotdy), (fx fzfgg(dy)» |

If f <0, a.s., then

(f fy)(w(dy) —o(dy)) > ) < exp (—W)-

This result will be recovered in Section 6.9, cf. Proposition 6.9.3 below.

6.2 Multiple Poisson Stochastic Integrals

We start by considering the particular case of the Poisson space

Q:{W:ZEtk C0<t < < ’nGNU{OO}}

k=1

on X = R,, where we dropped the upper index R, in 2%+, with intensity
measure

v(dz) = Az, A > 0.

In this case the configuration points can be arranged in an ordered fashion
and the Poisson martingale of Section 2.3 can be constructed as in the next
proposition.

Proposition 6.2.1. The Poisson process (N;)ier, of Definition 2.5.1 can be
constructed as

Ni(w) = w([0,8]),  teRy.

Proof.  Clearly, the paths of (N;);cr, are piecewise continuous, cadlag
(i.e. continuous on the right with left limits), with jumps of height equal
to one. Moreover, by definition of the Poisson measure on (2, the vector
(Nt, — Nyy, ...y Ny, — Ny, ) of Poisson process increments, 0 < to < t; <

- < t,, is made of independent, Poisson distributed, random variables with
parameters A(t; — tg),..., A(t, — tn—1). Hence the distribution of (N;)er,
coincides with that of the standard Poisson process defined, cf. Corollary 2.3.5
in Section 2.3. O
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In other words, every configuration w € {2 can be viewed as the ordered se-
quence w = (Tk)k>1 of jump times of (N¢)ier, on Ry.

Applying Corollary 2.5.11 and using induction on n > 1 yields the following
result.

Proposition 6.2.2. Let f, : R} —— R be continuous with compact support
in R} . Then we have the P(dw)-almost sure equality

L(fa)w@) =nl [~ jotf . jotf Falts, oo )@ (dtr) — dtr) -+ (w(dtn) — di).

The above formula can also be written as

fn = n'f j fn tlu"'7tn)d(Nt1 _tl)d(Ntn _tn)u

and by symmetry of f, in n variables we have

I (fn) = fAn fn(tlv s 7tn)(w(dt1) - dtl) te (w(dtn) — dtn),

with
Ap ={(t1,...,tn) € RY : t; #t;, Vi #j}.
Using the mappings 7 : X — R, of Proposition 6.1.7 and
02X 50

defined in (6.1.11), we can extend the construction of multiple Poisson stochas-
tic integrals to the setting of an abstract set X of indices.

Definition 6.2.3. For all f, € C.(4,), let

Iri((fn)(w) = In(fn © 7_1)(T*W)~ (6.2.1)
Letting
A ={(z1,. . z0) €X" oy A3y, ViF G
we have
LY (fa)(w) = Ln(fn or‘l)(nw) (6.2.2)
= j Falr (t1), o 7 () (rew(dty) — Adty) - - (Taw(dtn) — Adty)
o falz1,. . xn)(w(dzy) —o(dzy)) - -+ (w(dzy) — o(dzy)),

and for g,+1 € Co(Any1),

I§+1(9n+1)
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= Jax, gn (21, -+ 20, ) (W(dz) — 0(dw))(W(der) — o(dzy)) ---

< (w(dxy) — o(dxy))
= IX J‘Af l{xg{ﬂcl,“.,xn}}gn(mlv coes T, $>(W(d$1) - O'(d$1)) e
- (wldan) — o(dey))(w(dz) — o(dx))
= | o L (g1 (0, 2)) (W )\ {2}) (w(dz) — o(dx)), (6.2.3)

xn
A’!L

where w \ {z} denotes the configuration w € 2% after removal of the confi-
gration point x € X, if x belongs to w, i.e.

|w] |w]

w\ {z}:= Z €x) = Z | O Y x e X.
k=0 k=0
xk x

The integral IX (f,) extends to symmetric functions in f,, € L?(X)°" via the
following isometry formula.

Proposition 6.2.4. For all symmetric functions f, € L*(X,0)°", gm €
L?(X,0)°™, we have
]Eﬂ—a [Ii((fn)]—;;( (gm)] = ’I’L'l{n:m} <fn,gm>L2(X’o.)on. (624)
Proof. Denoting f,(t7Y(z1),...,7 (=) by fno7 Yx1,...,1,) we have
Er, [IX (fu) X (9m)] = B, [Ln(fr 0 77 ) (1) L (gm © 771 (Taw)]
=E, [In(fno T_I)Im(gm o 7'_1)]
= 1 ey (fa © T g 0 T ) L2y Aem)
= ! —py (fro, Gm) L2 (X7 0 0m).-
Ul

We have the following multiplication formula, in which we again use the con-
vention I (fo) = fo for fo € R.

Proposition 6.2.5. We have for u,v € L*(X, o) such that uv € L*(X,0):

I (u) I (v®™) (6.2.5)
= L[5 (0" o w) + LY ((uv) 0 v® D) 4 n(u, 0) L2 (x o) Loy (0277 D).

Proof. This result can be proved by direct computation from (6.2.1). Alterna-
tively it can be proved first for X = R, using stochastic calculus or directly
from Proposition 4.5.1 with ¢, =1, ¢t € Ry

L(uwor I((vor 1))

=L ((vor He" ®n=1))

ouo ’7'_1) +nl,((uo o T_l) o(vo T_l)
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+n<u © 7_717 GRS 771>L2(R+,/\)In—1((v © 7—71)@(”71))7

and then extended to the general setting of metric spaces using the mapping
02X 50N

of Proposition 6.1.8 and Relation (6.2.2). O

Similarly using the mapping 7, : 2% — {2 and Proposition 4.5.6 we have

2(nAm)

In(fn)Im(gm): Z In-i—m—s(hn,m,s);
s=0

fn € L3(X,0)°", gm € L3(X,0)°™, where
G (n m 1 i
hn’m’sz Z Z!<Z>(Z><S_Z> nof lgm’
$<2i<2(sAnAm)

and f,, ol gm, 0 <1 <k, is the symmetrization of

(ml-l-la sy s Y41, - - - ,ym) —
X1 fn(xla . '7xn)gm(x1» ooy Ty Yk+1y - - - 7ym)o-(d$1) o 'U(dml)

in n+m — k — [ variables.

Given fi, € L>(X,0)",..., fr, € L*(X,0)* with disjoint supports we have

d
Ln(fry 0+ 0 frg) = [ [ Zns (fi), (6.2.6)
=1

form=ky+ -+ kgq.
Remark 6.2.6. Relation (6.2.5) implies that the linear space generated by

{In(f1®"'®fn) : fla--~afn€ccoo(X)7 nEN},

coincides with the space of polynomials in first order integrals of the form
Li(f), | € C(X).

Next, we turn to the relation between multiple Poisson stochastic integrals
and the Charlier polynomials.

Definition 6.2.7. Let the Charlier polynomial of order n € N and parameter
t > 0 be defined by

Co(k,t) =1, Cy(k,t)=k—t, Ca(k,t)=k*—k(2t+1)+t>
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k eR, t e Ry, and the recurrence relation

Cri1(k,t) = (k—n—1t)Cp(k,t) — ntCpr_1(k,t), n>1. (6.2.7)
Let
+k
pi(t) = e*fﬁ, keN, tecRy, (6.2.8)

denote the Poisson probability density, which satisfies the finite difference
differential equation

P (1) = —apu), (629)

where A is the difference operator
Af(k) == f(k) = f(k—=1), kel

Let also

o0 n

INCOEDY %Cn(k,t), A€ (—1,1),

n=0

denote the generating function of Charlier polynomials.

Proposition 6.2.8. For all k € Z and t € Ry we have the relations

_ (_1)n n n
Ol t) = (A p(0), (6.2.10)
t" 0"py
Cullt) = s T (0 (6.2.11)
Colk +1,1) — C(k,t) = —%(k,t), (6.2.12)
Colk+1,8) — Cu(k,t) = nCp_y(k, 1), (6.2.13)
Crpr (k1) = kCyp(k — 1,) — tCy (k, 1), (6.2.14)

and the generating function ¥ (k,t) satisfies
Ua(k,t) = e (1 + N)F, (6.2.15)

At>0, keN.
Proof. By the Definition 6.2.8 of p(t) it follows that
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(_l)n n n

satisfies the recurrence relation (6.2.7), i.e
(-1
pr(t)

_ —n— (_l)n n n —n (_1)71—1
- (k t) pk(t) t (A) pk(t) t pk(t)

as well as its initial conditions, hence (6.2.10) holds. Relation (6.2.11) then
follows from Equation (6.2.9). On the other hand, the process

(Cn(N¢,t))ier, = (In(lf?ﬁ}))tenh

is a martingale from Lemma 2.7.2 and can using It6’s formula Proposi-
tion 2.12.1 it can be written as

tn—i—l (A)"+1pk (t)

tn_l(A)n_lpk(t),

Cu(Noyt) = L(AZT)

= C,(0,0) +j W(Ny- +1,8) — Co(N,-, 8))d(Ns — )
+I( (Ng- +1,5) — C’n(NS,s))%—aaiTl(Ns,s))ds

—nj L (15 )d(N, — s)

= njo Cp_1(N,, 8)d(Ns — s)

where the last integral is in the Stieltjes sense of Proposition 2.5.10, hence Re-
lations (6.2.12) and (6.2.13) hold. Next, Relation (6.2.14) follows from (6.2.11)
and (6.2.9) as

t’n-‘rl an-‘r 1pk

Cn+1(k7t) = pk(t) o+l t)
7 tn+1 anpk tn-i—l 3”pk_1
= om o Y o O
t" 0"py " O"pr_1

= o O e O
= —tCy(k,t) + kCp(k — 1,1).

Finally, using Relation (6.2.14) we have

aw}\ i A1
(K, 1)
= (n—1)!
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ftz O )+kin7;0n(k,t)

:_tng)mcn(k +kzz O (k. t)
= —thx(k,t) + ka(k —1,15),

A € (—1,1), hence the generating function (k,t) satisfies the differential
equation

D0 () = M (1) + ke (k= 1,0), ok, ) =1, k> 1,
which yields (6.2.15) by induction on k. O

We also have ok
p
S (0= (=) (o).

The next proposition links the Charlier polynomials with multiple Poisson
stochastic integrals.

Proposition 6.2.9. The multiple Poisson stochastic integral of the function

Rk1 Rkaq
1A1 o~~~01Ad

satisfies
d
I,(A5% o0 195 (w) = [] Cr, (w(As), 0 (A))), (6.2.16)
i=1
provided that A1, ..., Aq are mutually disjoint compact subsets of X and n =
[

Proof. We have
Ih(15°) = 1 = Co(w(4),0(4)),

and

L(14)(w) = w(A) = o(4) = Cr(w(A),o(A4)).

On the other hand, by Proposition 6.2.5 we have the recurrence relation

L(1p)(1%%)
= L (15" 0 15) + kTi(Lans 0 15°7Y) ko (AN BYLa (15°7Y),
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which, when A = B, coincides with the Relation (6.2.7) that defines the
Charlier polynomials, hence by induction on k € N we obtain

I,(135)(w) = Ci(w(4)).

Finally from (6.2.6) we have

Il
—=
?
—~
(=
>®
k
SN—

In(1§f1 0.0 1§fjd)

s
Il
—

I
—=
S
€
=
Q
=

@
Il
-

which shows (6.2.16). O

In this way we recover the orthogonality properties of the Charlier polynomials
with respect to the Poisson distribution, with ¢ = o(A):
i 1
<Cn(7 t)7 CWL(v t)>f2(N,p(t)) =€ *Cn(k, t)Cm(k‘, t)

k!
k=0

= E[Cn(w(A), 1)Crm(w(A), 1)]
= B[L,(13") [ (13™)]
= l{n:m}n!t”. (6.2.17)

The next lemma is the Poisson space version of Lemma 5.1.6.

Lemma 6.2.10. Let F' of the form
F(w) =g(w(A1),...,w(Ag))

where

o0

Z lg(le, . ) P, (0(Ar)) - - o, (0(Ag)) < o0, (6.2.18)

and Ay, ..., A are compact disjoint subsets of X. Then F' admits the chaos
exrpansion

o0
F =Y IL(fn),
n=0
where for alln > 1, I,(f,) can be written as a linear combination

I,(fn)(w) = Py(w(Ar),...,w(4y),0(A1),...0(4y))

of multivariate Charlier polynomials
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Ci, (W(A1),0(A1)) - Cp (w(Ak), 0 (AR)).-
Proof. We decompose g satisfying (6.2.18) as an orthogonal series

glin, ... ik) =D Polin, ... in,0(A1),...,0(Ay)),
n=0

where

Pn(il,.. . ,ik,J(Al),... ,U(Ak))

= Z all,..A,lkCll(ilvo-(Al)) "'Clk(ikvo-(Ak))
lLi+-+lg=n

is a linear combination of multivariate Charlier polynomials of degree n which
is identified to the multiple stochastic integral

Pn(W(Al), . ,W(An), U(Al), e O'(An>)
- Z all,...,lkln(]_%fl o...olgsd)
li+-+l=n

— k1 ®kq
—In< E al1,-~,lk1A1 O~~-O].Ad )

I+ Hlg=n

= In(fn)a

by Proposition 6.2.9. O

6.3 Chaos Representation Property

The following expression of the exponential vector
=1
— ®n
£(0) = 3 (™)
n=

is referred to as the Doléans exponential.

Proposition 6.3.1. For all u € L?(X) we have

() = exp ( [ u(@)(w(dr) - a(dz))) [T (1 +ulz))e).

rew

Proof. The case X = R, is treated in Proposition 2.13.1, in particular when
¢ =1,t € Ry, and the extension to X a metric space is obtained using the
isomorphism 7 : X — R of Proposition 6.1.7. (]

In particular, from Proposition 6.2.9 the exponential vector £(A1,4) satisfies
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E004) = 30 2 CalwlA), o(4)
n=0

— e—)\o'(A)(l + )\)w(A)
= a(w(A),0(4)).
Next, we show that the Poisson measure has the chaos representation prop-

erty, i.e. every square-integrable functional on Poisson space has an orthogonal
decomposition in a series of multiple stochastic integrals.

Proposition 6.3.2. Every square-integrable random variable F € L*(2%X,7,)
admits the Wiener-Poisson decomposition

F= Z In(fn)
n=0

in series of multiple stochastic integrals.

Proof. A modification of the proof of Theorem 4.1 in [55], cf. also Theorem 1.3
of [73], shows that the linear space spanned by

reEW

{e [y u(z)o(dz) H (1+u(x) : ue CC(X)}

is dense in L?(2%). This concludes the proof since this space is contained in
the closure of S in L%(£2°). a

As a corollary, the standard Poisson process (IVy)icr, has the chaos represen-

tation property.

As in the Wiener case, cf. Relation (5.1.8), Proposition 6.3.2 implies that any
F € L?(02) has a chaos decomposition

n=0

where

n

1 k k k k

I (gn) :Z Z m[ﬂ(ug torcou@R) BF I, (u®* o - -0u)),
d=1ki+-+kg=n

(6.3.1)
for any orthonormal basis (u,)nen of L?(X,0), which completes the state-
ment of Lemma 6.2.10.

Consider now the compound Poisson process
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Ny
Y, =Y Y,
k=1

of Definition 2.4.1, where (Yj)r>1 is an i.i.d. sequence of random variables
with distribution p on R? and (Ni)ter, is a Poisson process with intensity
A > 0, can be constructed as

Y, = f: fRd zw(ds, dz), (6.3.2)

by taking X = Ry x R? and o(ds,dr) = Adsu(dx). The compensated com-
pound Poisson process

Ny
X, = (Z Yk> —~XE[Y], teRy,

k=1

of Section 2.4 has the chaos representation property if and only if Y} is a.s.
constant, i.e. when (M;);cr, is the compensated Poisson martingale, cf. Sec-
tion 2.10 and Proposition 4.2.4.

Next, we turn to some practical computations of chaos expansions in the
Poisson case. In particular, from (6.2.17) we deduce the orthogonal expansion

= 1
1{Nt7N5=n} = Z m<1{n}a Ok(" t— 8)>52(Z,pt*5)ck(Nt — N, t — 3)»
k=0

0 <s<t,neN, hence from (6.2.11):

oo

1
LNemNo=ny = ) P (= ) I(1F), (6.3.3)
k=0

0<s<t,neN.

From (6.3.3) we obtain for s = 0 and n > 1:

L, 00[(t) = L{N,>n} (6.3.4)
=> > art OLAFY)
k=01>n
k=0
where ,
Po(t) = jo Pu_i(s)ds,  teRy, (6.3.5)
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is the distribution function of T}, and p,(s) is defined in (2.3.1).

More generally, we have the following result.

Proposition 6.3.3. Let f € C}(Ry). We have

ikl (Lv i, J(5)PF) (s)ds) (6.3.6)

k=0
where t1 V- - Vt, = max(t1,...,tn), t1,...,tn € R,
Proof. We have

— [T (1m0 ()
ol AC Z k|P(k Te(1g)ds
_ i [ P PO (1155 s
_ _ZI PP [ jt’“ j ANy, - ANy, ds
__ Z [T rep®e) [T fot e fot Lo (t1 Ve V) AN, -+ AN, ds
_ _ZI < )P (s f f ANy, -- dNt“,> ANy, .

O

Note that Relation (6.3.6) can be rewritten after integration by parts on R
as

F(T) (6.3.7)
:EZ%@(ﬂhvmvmﬂ#%mvuwmg+£?wtﬂ@ﬁ“ﬂwmﬂ,
— K 1 k

and then extends to all f € L?(R,t" te tdt).

Next, we state a result for smooth functions of a finite number of jump times.
As a convention, if k1 > 0,..., kg > 0 satisfy k1 + - -+ + kg = n, we define

1 1 2 2 d d
(Hy el Bttt )

as
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(tlo ettt Bt ) = (t1, o ).

The next result extends Proposition 6.3.3 to the multivariate case. Its proof
uses only Poisson-Charlier orthogonal expansions instead of using Proposi-
tion 4.2.5 and the gradient operator D.

Proposition 6.3.4. Let ni,...,ng € N with 1 < n; < --- < ng, and let
f €C4(Ay). The chaos expansion of f(Tn,,...,Tn,) is given as

f(T’ﬂU s 7Tnd) = (_1)d ZIn(lAnh’n)?
n=0

where
oo t/i+1 t%
Z f] .. j HJ\I 81"'8df(517"' )Kflla kdddsl"'dsd,
td th tl )
ki+- - +kg=mn kq i 1
ki >0,..., kg >0

with, for 0 =s9 <s1 <---<s4 and ky,...kg € N:

ki,...ka __ (k1) (ka)
Ksl,‘..,sd - § : Py — mo(sl - 80) “Prmg—ma_ 1( d — Sd—l)'
mi > mny, ..., mg > ng
0=mg < mq S"'S"ld

Proof. Let 0 =359 <s1 <---<sq,and ny,...,ng € N. We have from (6.3.3)
and (6.2.16):

d 0o 1
il;[l NN =ny =D D Bkl

n=0 ki +- - +kg=mn
k1 >0,..., kg >0

ki
Hp< D (5= s )T (U ) T, (LR )

1
> Y

n=0 ki1 +---+kg=n
k1 >0,..., kg >0

(k) ®k ®kq
HP “mia (s —Sz‘—l)In(l[so,lsl} o"‘ol[sd_il’sd])y

where the last equality used the assumption s; < --- < s4. Now, with 0 =
mo <mq < -+ < my,

1[Tm17Tm1+1[(81) T 1[de,de+1[(sd) = 1{Nsl:ml} e 1{Ns(l:md}

= 1{N51 —Nsg=mi—mo} """ 1{N5d7NSd—1:md7md*1}
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k1
: (ki)

k; Rk ®k
Hpmi—mi,l(si_sifl)l (1[90}91] 1[9dd173d])
i=1

Given that s; < --- < 54, for any ¢ < j the conditions s; € [Ty, Tin,,,) and
[TmJ’Tm;H) imply m; < m;, hence

d
[T 10, 00 (50) = ) LTy, Ty [(81) L, T ((Sa)
=1 mi > ny, ..., mq > ng
0=mpg<my <---<my
= > Lin,,=may - LN, =ma)
mip > mny, ..., mgq > ng
O=mp<my <o <mg
- E 1{N51—N50:m1—m0} 1{N Si l—md mq— 1}
my > mny, ..., mg > ng
0=mgp < my < <my
= 1

=2 X T

k1 >0,..., kg >0
} : (k1) (ka)
Prmq— mo(sl - S ) Pmg—mg_ 1(Sd — 8d— 1)

mi > mny, ..., mgq > ng
0=mg<my <0 < my

k1 ®kq

...0

I"(l[so,sl] © 1[5d7173d])

_ k1,....k ®k1 Rk
=> X Tl et In (g e 00 0 1 )

Given f € C4(Ay), using the identity

f(Tnys---Th,)
ad

J J‘ [Tnl,OO 81) 1[Tnd700[(sd)mf(sl7"'78d)d51

ad

= (—1)d JAd 1[Tn1,oo[(51) T 1[Tnd,oo[(5d)mf(sla ooy 8a)dst - dsa,

dsd
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o ki,..k @k @k
jAd mf(SL s sa) K, (1[501q jorolit gd])dsl - dsy.
From (6.2.16), we have for s; < --- < sq and k; > 0,...,kg > 0:

I (1®’“1 o018k )

[s0,s1] [sa—1,54d]

th 192 141 ®2 d d
=l ohal [ jdmf 122 )18 )
dNyi - dNy
kq

hence by exchange of deterministic and stochastic integrals we obtain

F(Tnyse o Tny) = (=14 >

n=0 ki1 + - -+kg=n
k1 >0,..., kg >0

o0 t‘li
1, [, | J" f : KErokads, . odsy | .
n< A, i Jir e Jn 851 (81 sa) K gtdsy Sdq

O
Remarks

i) All expressions obtained above for f(T1,...,Ty), f € C;°(Aq), extend
to f € L?(Ag,e %ddsy - --dsg), i.e. to square-integrable f(T1,...,Ty), by
repeated integrations by parts.

ii) Chaotic decompositions on the Poisson space on the compact interval

[0,1] as in [83] or [84] can be obtained by considering the functional f(1 A
T1,...,1 ANTy) instead of f(T1,...,Ty).

6.4 Finite Difference Gradient

In this section we study the probabilistic interpretation and the extension to
the Poisson space on X of the operators D and d defined in Definitions 4.1.1
and 4.1.2.

Let the spaces § and U of Section 3.1 be taken equal to

:{Z-[k(fk) : fk€L4(X)Ok7 kZO,...,TL, nEN},
k=0

and
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U= {Zlk(gk(*,.)) Cgr € LA(X)* @ L¥(X), k=0,...,n, n€ N}.
k=0

Definition 6.4.1. Let the linear, unbounded, closable operators
DX L2(0% n,) = L2(2X x X,P®0)

and
S5 L2(0F x X,P® o) — L*(2X,P)

be defined on S and U respectively by

DXT.(fn) i= nl_1(fn(*,2)), (6.4.1)
7o (dw) ® o(dz)-a.e., n €N, f, € L*(X,0)°", and
0 (L (fas1(%,7))) = Lt (fasn)s (6.4.2)

o (dw)-a.s., n €N, foi1 € L*(X,0)°" @ L*(X,0).
In particular we have

() =nL(f) = IX f@)(w(de) —o(dz)),  feL*(X,0), (64.3)

and
65 (14) =w(A) —0a(A), AeB(X), (6.4.4)

and the Skorohod integral has zero expectation:
E[6~ (u)] =0, u € Dom (67%). (6.4.5)
In case X = R, we simply write D and § instead of D®+ and §%+.
Note that using the mapping 7 of Proposition 6.1.7 we have the relations
(Dr(yF)or* =D (For*), To(dw) ® o(dz) — a.e.

and
S(ury)oT" = 0% (u. o 1"), 7o (dw) — a.e.

From these relations and Proposition 4.1.4 we have the following proposition.

Proposition 6.4.2. For any u € U we have
DX5% (u) = u(z) + 6% (DXu). (6.4.6)

Let Dom (DX) denote the set of functionals F': 2% — R with the expansion
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F= Z In(fﬂ)
n=0

such that

o0
> nln| fall7z(xn peny < 00,

n=1

and let Dom (%) denote the set of processes u : 2% x X — R with the
expansion

u(z) = ZIn(fn+1(*am))v re X,
n=0

such that

o

Z(n + 1)!||fn+1||%2(X7l+1’0-®(n+1)) < 0.

n=0

The following duality relation can be obtained by transfer from Proposi-
tion 4.1.3 using Proposition 6.1.8. Here we also provide a direct proof.

Proposition 6.4.3. The operators DX and §% satisfy the duality relation
E[(DYF,u)2(x.0)) = BFO™ (u)], (6.4.7)

F € Dom (D¥), u € Dom (6%).

Proof. The proof is identical to those of Propositions 1.8.2 and 4.1.3, and
follows from the isometry formula (6.2.4). We consider F' = I,(f,) and u, =
L (gmi1(x,2)), € X, f € LA(X)°", g1 € L2(X)°™ @ L%(X). We have

E[F§™ (u)] = E[Lyt1(Gm+1)In(fa)]
= ! {1} (frs Gn) L2 (x7)
=100 1=m) jxn folxr, oo pn_1,2)gn (21, ..., Tp—1, )
o(dzy)---o(dzy—1)o(dr)
S PR fom E(L—1(fu (%, 8)) L1 (gn (%, 1))]dt
= E[(DX L(fn); I (gm+1 (%, ) L2 (x.0)]
= E[(D*Fu) 12 (x,0)]-

Again, we may alternatively use the mapping 7 : X — R to prove this propo-
sition from Proposition 4.1.3. ([l

Propositions 3.1.2 and 6.4.3 show in particular that DX is closable.

The next lemma gives the probabilistic interpretation of the gradient DX,

Lemma 6.4.4. For any I of the form
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F:f(fl(U1),...,Il(un)), (648)

with uy, ..., u, € Co(X), and f is a bounded and continuous function, or a
polynomial on R™, we have F € Dom (DX) and

DXF(w) = F(wU {z}) — F(w), P ® o(dw,dx) — a.e., (6.4.9)

where as a convention we identify w € 2% with its support.

Proof. We start by assuming that uy = 14,,...,u, = 14, , where Ay,..., 4,
are compact disjoint measurable subsets of X. In this case the proposition
clearly holds for f polynomial from Proposition 6.2.9 and Relations (6.2.13),
(6.2.16), which imply

DXI (1®k1 6---0 lgfd)(w)

—ZlA (@)K T, —1 (L1557 (w) T I, ( 1®’“

J#i
*ZlA Vi Cly 1 (w 1;[Ck o(4;))
= ZIA w(A;) +1,0(A;)) = Ch, (w(Ai), 0(4)))
HCk 4;))
J#l
= HCk )+ 1a,( HCk A7)
= In(lffl 0150 (w U {a}) - (1®'“ -0 150 (w),

by (6.2.13).
If f € Cp(R™), from Lemma 6.2.10 the functional

F:=f(11(1a,),...,11(14,))

has the chaotic decomposition

FI+) " In(g),
k=1

where It (gi) is a polynomial in w(A1),...,w(A,). Let now
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FI+) I(g), k=1

The sequence (Qf)reny C S consists in polynomial functionals converging to
F in L?(02%). By the Abel transformation of sums

o0

> (flk+1) = f(k)Cnlk, )\)j\: = f(k)(ECp(k —1,) —)\Cn(k,A))Azl
k=0 k=1
LS ) (e ) 6.4.10
_XkZ:lf()n+1(7)F7 ( )

with C,(0,A) = (=), n € N, we get, with A = o(4;) and | = k1 + - - - + kq,
B (1 (1500 0155)) x

(f(Il(]‘Al)’ ce ’Il(]‘Ai) +1,... 711(1Ad)) - f(Il(1A1)v s 711(1Ad)>)]

1
= oAy E[f(Ii(1a,), -, li(L1a ) L1 (1§ 00158 0 14))]
1
= oA EL1(gi01) L (15 0015 0 14))]
(I+1)

* k?l k
o(A;) {9141, 1§1 ©-0 1§dd °© 1Ai>L2(Xl70®l)
1
= A E[(D*L11(gi41), 1a,) r2(x,0) L(1G " 0 -+ 0 15%4)).

Hence the projection of

f(Il(]‘Al)?" . 7‘[1(]‘Ai) +1,... 7‘[1(1Ad)) - f(Il(]‘Al)7""Il(1Ad))

on the chaos H; of order [ € N is

(A7) (DX Iis1(gi41), 14, 12(X,0)
and we have the chaotic decomposition
f(Il(lfh)’ s 7I1(1Ai) +1,... 711(1144)) - f(I1(1A1)7 v 7‘[1(1Ad))

(D*Ie(gr): 1a,) 12(x,0)5

|
Q

~
M8

(Ai)

>
Il

1

where the series converges in L?(2%). Hence

Z 14, (F(L(1a,), ., Li(a) 4+ 1, ., [1(1a,) — F(I(1a,), ..., 11(14,)))
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n 1 o
= 14, Y (DXIi(gr),1a,)12(x.0
; o(A;) ,; ()
=Y D*I(g)
k=1
= lim DXQ,,
n—oo

which shows that (DX Qg)ren converges in L2(2% x X) to
21,4 FI(a),. ., L(Aa)+ 1, [(1a,) — F(I(1a,), -, Ti(1a)))).
The proof is concluded by the closability of DX and approximation of func-
tions in C.(X) by linear combination of indicator functions. O
Definition 6.4.5. Given a mapping F : 2% — R, let
efF: 0% —R and e, F: 02X R,
x € X, be defined by
(e, F)(w) = F(w\z), and (e F)(w) = FwUx), we ¥,

Note that Relation (6.4.9) can be written as

DXF=¢fF-F,  ze€X. (6.4.11)

On the other hand, the result of Lemma 6.4.4 is clearly verified on simple func-
tionals. For instance when F' = I;(u) is a single Poisson stochastic integral,
we have

DX N(u)(w) = Ni(u)(wU {2}) = i (w)(@)
= [ u®)(w(dy) + eo(dy) — o(dy) — | uly)(w(dy) - o(dy))
= fX u(y)ex(dy)

= u(x).

Corollary 6.4.6. For all bounded F random wvariables and all measurable
AeB(X),0<0(A) < oo, we have

E UA FlwU {x})a(dx)} = E[Fw(A)]. (6.4.12)
Proof. From Proposition 6.4.3, Lemma 6.4.4, and Relation (6.4.4) we have

E UA FwU {x})a(dx)} —E [ [, 1A(x)DxFa(dx)] + o(A) E[F]
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= E[F6¥(14)] + 0(A) E[F]
= E[Fw(A)].
O

Hence as in [154] we get that the probability distribution of the mapping
(z,w) — w U {z} under 14(z)o(dr)m,(dw) is absolutely continuous with
respect to m,. In particular, (w,z) — F(wU{z}) is well-defined, 7, ® o-a.e.,
and this justifies the extension of Lemma 6.4.4 in the next proposition.

Proposition 6.4.7. For any F € Dom (DX) we have
Dy F(w) = FlwU{z}) - F(w),

7o (dw) X o(dx)-a.e.

Proof. There exists a sequence (F),)nen of functionals of the form (6.4.8),
such that (DX F,),en converges everywhere to DX F on a set Ar such that
(1o ®0)(AS) = 0. For each n € N, there exists a measurable set B,, C 2% x X
such that (7, ® 0)(B¢) = 0 and

DXF,(w) = F(wU{z}) — Fy(w), (w,x) € By,
Taking the limit as n goes to infinity on (w,z) € Ar N(,—, Bn, we get
DXF(w) = F(wU{z}) — F(w), 7o (dw) X o(dx) — a.e.
(Il

Proposition 6.4.7 also allows us to recover the annihilation property (6.4.1)
of DX ie.

Df[n(fn) =nl,_1(fn(*x)), o(dz) — a.e. (6.4.13)
Indeed, using the relation
1a,(z1,...,%0)€x(dz;)es(daj) =0, ,j=1,...,n,

we have for f, € L*(X,0)°"
DXT,(f.) = DX j fo(x1, .. zp)(w(dz1) — o(dx)) - - - (w(dzy,) — o(dzy,))

= [, Flwrow) [ (wldn) = o(dn) + (1 = w({z})e(dr)

=1

—j fo(z1, .. zn)(w(dzy) — o(dry)) - - (w(dey,) — o(day,))
(1 —w({z))) Zf Falwr,ooa,za) [ (w(der) - o(day))

1<k#£i<n
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= (1 -w({z})) Z:In hlpn) weX
g 1 n—i
Hence we have for f, € C.(X™):
L(fn) = Lagwy Zlfn 1 f’n Q','/))’ € X,
g i— 1 n—1

and since f,, is symmetric,

ijn(fn) = 1{m¢w}njn—l(fn<*ax))a YIS Xa

from which we recover (6.4.13) since o is diffuse.

Proposition 6.4.7 implies that DX satisfies the following finite difference prod-
uct rule.

Proposition 6.4.8. We have for F,G € S:
DX (FG)=FDXG+GD)F + DY FD)XG, (6.4.14)

P(dw)do (z)-a.e.

Proof. This formula can be proved either from Propositions 4.5.2 and 6.1.8
with ¢ = 1, ¢t € Ry, when X = R, or directly from (6.4.9):

D (FG)(w) = F(wU{z})G(w U {z}) - F(w)G(w)
= Fw)(G(wU{z}) - Gw)) + GW)(F(wU{z}) = Fw))
T(Fwu{z}) = F(w)(G(wU{z}) - G(w))
= F(w)D7 G(w) + G(w)Dy F(w) + Dy F(w) Dy G(w),

dP x o(dx)-a.e. O

As a consequence of Proposition 6.4.7 above, when X = R, the Clark formula
Proposition 4.2.3 takes the following form when stated on the Poisson space.

Proposition 6.4.9. Assume that X = R. For any F € Dom (D) we have

Fl+ joo" E[F(w U {t}) — F(w) | Fild(N; —1).

In case X = R, the finite difference operator D : L?(£2) — L?*(2 x Ry) can
be written as

DiF = 1inyemy(F(T1y oo Ty , Tt -+ s Tot) = (T4, -, T)), (6.4.15)

t € Ry, for F = f(T1,...,Ty), hence E[D;F|F;] can be computed via the
following lemma.
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Lemma 6.4.10. Let X = Ry and o(dx) = dzx. For any F of the form
F = f(T1,...,T,) we have

E[DF|F]

— 1{Nt<n} LOO o= (sn—1) Lsn .. LsNﬁs

SN;+4-2
(f(Tl, NN ,TNt,t, SNy+25 -+ Sn) - tf(Tl, ‘e 7TNt7 SNy+15--- ,Sn)dSNH_l)
dsn, 42 - dsy.
Proof. By application of Proposition 2.3.6 we have
E[D, F|F]
= LNy Elf(T1,.. ., TN 6N 11, -+ Te1) = (T, Tn) | )
o0 —(8p— Sn sNt+3
:1{Nt<n}L [§] ( t)L L f(Th---,TNt7t,3Nt+2,---73n)
dSNt+2 ce dSn
o0 —(Sp— Sn SNf,+2
71{N1<n}J; (§] ( t)L Jnt f(Tla"'7TNtaSNt+1a"'7sn)

dsn,4+1---dsp
= 1N <n) L‘” e~ (sn=1) LS"...LSNf“
SN

£ 2
(f(T17 7TNt7t7$N,§+27' . '7STL) - tf(Th' <. aTNUSNt-‘rlv' . '7Sn)dsNt+l)

dsn,4+2---dsp.

6.5 Divergence Operator

The adjoint 6% of DX satisfies the following divergence formula.
Proposition 6.5.1. Let v : X x 2% — R and F : 2X — R such that
u(-,w), DXF(w), and u(-,w)DXF(w) € LY(X,0), w € 2. We have

F6* (u) = 6% (uF) + (u, DX F) 2 (x 0 + 6~ (uD* F). (6.5.1)
The relation also holds if the series and integrals converge, or if F €
Dom (DX) and u € Dom (6%) is such that uDX F € Dom (6%).

Proof. Relation (6.5.1) follows by duality from Proposition 6.4.8, or from
Proposition 4.5.6 and Proposition 6.1.8. O

In the next proposition, Relation (6.5.2) can be seen as a generalization of
(6.2.14) in Proposition 6.2.8:
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Cpsr(kyt) = kCu(k — 1,t) — tCn (K, 1),

which is recovered by taking v = 14 and t = o(A). The following state-
ment provides a connection between the Skorohod integral and the Poisson
stochastic integral.

Proposition 6.5.2. For all u € Dom (6%) we have

6% (u) = jX gy (w\ {2})(w(dx) — o(dx)). (6.5.2)

Proof. The statement clearly holds by (6.4.3) when g € L?(X, o) is determin-
istic. Next, we show using (6.5.1) that the identity also holds for a process of
the form u = gI,,(f»), g € L*(X, o), by induction on the order of the multiple
stochastic integral F' = I,(f,). From (6.5.1) we have

§X(gF) = —=6X(gD*F) + F6*(g9) — (DX F, g)r2(x.0)

= — | 9@ DY F\{a})w(dz) + | _g(x) DY F(w\{z})o(dx)
+F5%(g) - <D Fg>L2(XU)

— - [ 9@ @)(dn) + [ 9o F@\{aDldz) + (DX F(w),)120x.0)
+F6%(g) — <D F, 9>L2(X0)

= —F(w) j o(dw) + [ _g(a)F(w\{z})w(da)

= [ 9@ F\{z})w(dr) - fX g(@)F(w\{z})o(dz).
We used the fact that since o is diffuse on X, for v : X x 2% — R we have

up(W\{z}) = up(w),  o(dr) —ae, we X,
hence
fX g (W\{x})o(dz) = jx up(w)o(dz),  we 02X, (6.5.3)
and
¥ () = [ w(@\{zh)w(dz) = | u(w)o(dr),  ue Dom (5¥).

O

Note that (6.5.1) can also be recovered from (6.5.2) using a simple trajectorial
argument. For x € w we have

ez Dy F(w) =
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hence
5% (uD¥ F)(w)
= [ wel\ @) DX F\{a)w(dr) - [ u(@\{z) DX F(\{#})o(d)
= [ uel\ @) F@)w(dn) — [ u(@\{#}) F\{a})w(d)
—(D*F(w), w(w))2(x,0)
= F(w)d™ (u)(w) = 6% (uF)(w) = (DY F(w), u(w)) L2(x.0),

since from Relation (6.5.3),

F) [ ua(@\{r}o(dz) = F() [ _us(w)o(d)
= [ F\{a})us (@\{2})o(da).
Relation (6.5.2) can also be proved using Relation (6.2.3).

In case X = R, Proposition 6.5.2 yields Proposition 2.5.10 since u;~ does
not depend on the presence of a jump at time ¢. On the other hand, Propo-
sition 4.3.4 can be written as follows.

Proposition 6.5.3. When X = R, for any square-integrable adapted pro-
cess (ug)ier, € L2,(2 x Ry) we have

o0
5(u) = jo wd(N; — t).
The following is the Skorohod isometry on the Poisson space, which follows
here from Proposition 6.5.1, or from Propositions 4.3.1 and 6.1.8.

Proposition 6.5.4. For u : 2% x X — R measurable and sufficiently inte-
grable we have

Er, 0¥ ] =B [[ulfe 0| + B [ [ DXul)DYu@)o(dz)o(dy)] -
(6.5.4)

Proof. Applying Proposition 6.4.2, Proposition 6.5.1 and Relation (6.4.5) we
have

(167 (w)|?]
_ [5X u6X <u,DX6X(u)>L2(X70) +6X(uDX(5X(u))}
(u DX5 L2(X a)}

=E

=Ex, |

= Ex, [lull}z(x.0) + j )6X (D w)o(d)|
=Fn |

ro il xo)+ [ j DX u(@) DX u(y)o (dw)o(dy)]
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O

The Skorohod isometry (6.5.4) shows that 6% is continuous on the subspace
ILy 5 of L?(X x 2%) defined by the norm

ull 5 = ||u||2L2(!2X xx)) T ||DXu||2L2(QX X X2)

Recall that the moment IE)[Z"] of order n of a Poisson random variable Z
with intensity A can be written as

E\[Z"] = Ta(M)

where T}, () is the Touchard polynomial of order n, defined by Tp(A) = 1 and
the recurrence relation

7,0 =23 ("1, n>1 (6.5.5)
> ()

Replacing the Touchard polynomial 7),()) by its centered version T,,(\) de-
fined by To(N) =1, i.e.

n—1
Topr(N) =) <Z> AR, n>0, (6.5.6)
k=0

gives the moments of the centered Poisson random variable with intensity
A>0is ~
T.(\) =E[(Z -\, n > 0.

The next proposition extends the Skorohod isometry of Proposition 6.5.4 to
higher order moments, and recovers Proposition 6.5.4 in case n = 1.

Proposition 6.5.5. We have, for u : 2% x X — R a sufficiently integrable
process,

Bl 0] = 5 () B [ w6 o)
k=0

3 (Z> B[ [ ()" (@ (0 + DE ) = (0¥ () (at)]

for alln > 1.
Proof. Using the relation
D (5% ()" = & (67 (u))" — (6% (w))"
= (ef 0% (w)" — (6% (w)"
= (0% (u) + D767 ()™ — (5% ()"
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= (6% (u) + up + 6 (D u))™ — (0% (u)", te X,

that follows from Proposition 6.4.2 and Relation (6.4.11), we get, applying
the duality relation of Proposition 6.4.3,

B[(0¥ ()] = | [ u(t) D (5% (w)"o(dt)]

[, w6 () + e+ 6% (DFw)" = (5% (w))")o(dn)|

S (1) B [f w06 (1 + D)ot

|
&=

|
ol
>
©
£
=
>
£
2
o
N

Clearly, the moments of the compensated Poisson stochastic integral
| F@)(w(dt) = o(dt)

of f € L?(X, o) satisfy the recurrence identity
n+1
B | ([ fowta) - o) |

- Z (7) Jror—++an e (f, s - o).

which is analog to Relation (6.5.6) for the centered Touchard polynomials and
recovers in particular the isometry formula (6.1.7) for n = 1. Similarly we can
show that

E {( I. f(s)w(ds))"H] (6.5.7)

which is analog to (6.5.5).
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6.6 Characterization of Poisson Measures

The duality relation (6.4.7) satisfied by the operators DX and 6% can also be
used to characterize Poisson measures.

Proposition 6.6.1. Let 7 be a probability measure on 2% such that h €
CX(X), I1(h) has finite moments of all orders under w. Assume that

E, [6*(u)] =0, (6.6.1)
for all uw € U, or equivalently
E. (DXF,h)12(x,0)] = Ex [F6* (h)] (6.6.2)

F eS8, heCX(X). Then m is the Poisson measure 7, with intensity o.

Proof. First, we note that from Remark 6.2.6, if I;(h) has finite moments of
all orders under 7, for all h € C2°(X), then 6 (u) is integrable under 7 for all
u € U. Next, we show that (6.6.1) and (6.6.2) are equivalent. First we note
that Relation (6.6.1) implies (6.6.2) from (6.5.1). The proof of the converse
statement is done for u of the form u = hF, F = I,(f®"), f,h € C®(X),
by induction on the degree n € N of I,,(f®™). The implication clearly holds
when n = 0. Next, assuming that

B [0% (hL,(f*")] =0,  f,heCX(X),
for some n > 0, the Kabanov multiplication formula (6.2.5) shows that

5% (ML (FETT)) = 6% (h) Logr (FET) — (b, DX Lot (FE)) 2 (0
—(n+ D5 ((hf)L(fE™)),

hence from Relation (6.6.1) applied at the rank n we have
E, [6X(hln+1 (f@n-‘rl))] =E, |:6X(h)ln+1(f®(n+l))i|
- E; |:<h7 DXIn+1(f®(n+1))>L2(X,a):|

—(n+ 1) Ex [0% (W) In(f™))]
= B [ () g (£

-E, {(h, DXIn+1(f®(n+1))>L2(X70)}
=0,

by (6.6.2).

Next, we show that 7 = 7,. We have for h € C2°(X) and n > 1, using (6.6.2):
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B [(f, h(x)w(dx))”} —E, [6X(h) (f, h(x)w(dx))n—l}
+ ([, pw)o(dn)) Ex [(IX h(ac)w(dx))nl]
—E, _<h,DX (jX h(m)w(dm))n1>L2(X,U)]
i (), Moot B (f, i)™
— B, | [, o) (hie) + [, n) A L) )
|1 () + [ hpstan) ™ ota)|

n—1

> (n i 1) ([, r"*@)od)) Bx {([X h(x)w(da:))k} ,

k=0

“o(as)|

I
&=

This induction relation coincides with (6.5.7) and characterizes the moments
of w+— fX h(r)w(dz) under m,, hence the moments of w — jX h(z)w(dz)

under 7 are that of a Poisson random variable with intensity IX h(z)o(dx).
By dominated convergence this implies

E, [exp (iz L{ h(w)w(dw))} = exp fX(eiZh — 1)do,

z€R, h€CX(X), hence 7 = 7,. O
This proposition can be modified as follows.

Proposition 6.6.2. Let 7 be a probability measure on 2% such that 5% (u)
is integrable, u € U. Assume that

E, [6¥(u)] =0, u€el, (6.6.3)
or equivalently
E. (DXF,u)r2(x,0)] = Ex [F6¥(v)], FeS, ueld.  (6.64)

Then m is the Poisson measure w, with intensity o.

Proof. Clearly, (6.6.3) implies (6.6.4) as in the proof of Proposition 6.6.1. The
implication (6.6.4) = (6.6.3) follows in this case by taking F' = 1. Denoting
the characteristic function of w — [ h(z)w(dz) by

Y(z) =E, [exp (zzf h(y dy))}
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z € R, we have:

%(z) =i, UX h(y)w(dy) exp (zz N h(y)w(dy))}

= i, [ () exp iz [ hyeldy) |
+iE, UX h(y)o(dy) exp (iz IX h(y)w(dy))}
—iE, [<h DX exp (iz fX h(y)w(dy)) >L2(X7U)] h(y)o(dy)

= ilh, ¢ = 1) 12 (x,0) Bx |exp (i2 [ hly)w(dy)) | +iw(z) [ h)o(dy)
= iip(z)(h,eiZh}Lz(x,a), z €R.

+iv(z) |

X

We used the relation
DX exp (’iz fX h(y)w(dy)) = ("™ — 1) exp (’iz fX h(y)w(dy)) ) r e X,

that follows from Proposition 6.4.7. With the initial condition ¥(0) = 1 we
obtain

P(z) = exp fx(eiZh(y) —1)o(dy), z e R.

O

Corollary 6.6.3. Let m be a probability measure on 2% such that I,(f®")
is integrable under 7, f € C°(X). The relation

E, [L,(f*™)] =0, (6.6.5)

holds for all f € C*(X) and n > 1, if and only if m is the Poisson measure
T, with intensity o.

Proof. 1f (6.6.5) holds then by polarization and the Definition 6.4.2 we get
E, [0X(g@ L(fi®--© f.)] =0,
9 f15- -y fn €CP(X), n >0, and from Remark 6.2.6 we have
E.[6%u)]=0, ucl,

hence m = 7, from Proposition 6.6.1. O
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6.7 Clark Formula and Lévy Processes

In this section we extend the construction of the previous section to the case
of Lévy processes, and state a Clark formula in this setting. Let X = R, x R?
and consider a random measure of the form

X (dt,dx) = 6o(dz)dB; + w(dt, dx) — o(dz)dt,

where w(dt,dx) — o(dx)dt is a compensated Poisson random measure on
R9\ {0} x Ry of intensity o(dz)dt, and (Bt)ier, is a standard Brownian mo-
tion independent of N(dt,dz). The underlying probability space is denoted
by (£2,F,P), where F is generated by X. We define the filtration (F;)icr,
generated by X as

Fi=o(X(ds,dzx) :z€R?, s <t).

The integral of a square-integrable (F;)icr,-adapted process u € L?(£2) ®
L?(R? x R, ) with respect to X (dt,dz) is written as

fRde+ u(t, z) X (dt, dz),

with the isometry

2
_ 2=
E lgﬂ‘”ﬂ“ u(t, z) X (dt, dm)) 1 - E [ fRde+ lu(t, )26 (d)dt |, (6.7.1)
with
o(dz) = §o(dx) + o(dz).
The multiple stochastic integral I,,(h,,) of h,, € L?(R? x R, )°" can be defined
by induction with

I (h) :j

RixER, h(t,z)X (dt,dz)

- fo h(0,t)dB; + — h(t, z)(w(dt, dz) — o(dz)dt),

h e L*(R? x R, ), and

I(ha) =n fRMh L1 (x} b)) X (dt, di),

where
Ty LR x Ry)™ — LA(RY x Ry )oY (6.7.2)

is defined by

O (With corrections, May 23, 2025) 233



N. Privault

[T‘-thn] (Il, l1,.. 0y Tn—1, tn—l)
= hn(xl)tlv ce ey Tp—1,tn-1,1t, x)]-[(),t] (tl) T 1[0,t] (tn71)7
for x1,...,0p_1,2 € R" and t1,...,t,_1,t € R,.
As in (6.1.10) the characteristic function of I;(h) is given by

E [eizh(h)}

Z2 o0 ; .
= exp <2j0 h(0,t)%dt + - (e?=h(to) _ 1 — zzh(t,x))o(dx)dt) .

The isometry property
E [‘In(hn”z] = n!thH%Z(RdeJr)@”’
follows from Relation (6.7.1).

From Proposition 5.1.5 and Proposition 6.3.2, every F € L2({2) admits a

decomposition
1
Fl+ ; —Ta(fa) (6.7.3)

into a series of multiple stochastic integrals, with f,, € L2(R% x Ry )°", n > 1.

The next proposition is a version of the Clark predictable representation for-
mula for Lévy processes.

Proposition 6.7.1. For F € L*(£2), we have
F =E[F] + dexM E[DX,F | F)X (dt, dx). (6.7.4)
Proof. Let
Ap={((z1,t1),. .., (o ty)) € RIXRY)™ ¢ 8 <-- <t}

From (6.7.3) we have for F' € S:

Fl+ ) Iu(fals,)

n>1

+ZfRd In1(fu(, t’m)ljn(',t,l‘))X(dt,dx)

= E[F dexR Z]E (fasr (o ts)1 5 ) | Fi] X (dt, dx)
=W(F)+ [, BIDLF | FIX(d)
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The extension of this statement to F' € L?({2) is a consequence of the fact
that the adapted projection of DX F extends to a continuous operator from
L?(£2) into the space of adapted processes in L?(£2) @ L?(R% x R ). For

F=) I.(f)€S
n=0

and
= ILi(unp1) €U, tp1 € P(RYx R @ LX(RY xRy), neN,

we can extend the continuity argument of Proposition 3.2.6 as follows:

‘]E URW u(t, z) E[DF | ]—"t]a(dx)dt] ‘

<Zn+ UR it (o 1y @) (0.0 (-)s g1 (£, ) om0 ()t

o

< Z(n + DU frsa ||L2(Rd xRy ([t HL?(Rd xRy )®(n+1)
n=0

0o 00 1/2
< <Z ”!||fn||2L2(Rd xR4)®n Z ]| ||2L2(Rd XR+)®<n+1)>
n=0 n=0

<N Fll2@)llull 2 @2)or2 maxry)-

Note that Relation (6.7.4) can be written as

F=E[F] + [ E[DYF | FldB,

o, BIDEF | Fw(dt,da) - o(da)de).

6.8 Covariance identities

The Ornstein-Uhlenbeck semi-group satisfies

In(fn) :eint-[n(fn)a fn ELZ(X)O", n € N.

We refer to [144] for the construction of the 2%-valued diffusion process
associated to (P;);cr, . Here we shall only need the existence of the probability
density kernel associated to (P;)ier, -
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Lemma 6.8.1. In case o is finite on X we have
_ ~ A ~ X
P F(w) = J.QXXQX FoUo)g(w,do,dw), we 2", (6.8.1)
where qi(w, d@, dw) is the probability kernel on 2% x QX defined by

cIJ|' w, - UJ*UJ’ ~, ~
(. dis,d2) = 3 |w,|,'|w\w,|, (L e e (Ao (dD).
w'Cw

Here, m(1_c-t)o is the thinned Poisson measure with intensity (1 —e™")o(dzx),
€. denote the Dirac measure at w € 2% and |w| = w(X) € NU {+o0}
represents the (m,-a.s. finite) cardinality of w € 2X.

Proof. We consider random functionals of the form

F:e—fxuxa(dm)l_[ 1+’LL il[n

n'
TEW k=0

cf. Proposition 6.3.1, for which we have
PF = Z e "I, (u®") = exp (—eft IX u(x)a(dx)) 1;[ (14 e u(x)),

and
IQX ox F(@wU®)P(w, dw, dw)

= exp (_ IX u(x)g(d$)> IQX IQX w’zczw

jwl!

II @ +u() e~ I(1 — et e, (d) (s o t)o (dD)

TEQUD

= exp (—eft JX u(:t)a(dx))

|w|‘ U.)/ — w—w
JQX Z H 1+ u(z |w/"|w\w/|'e —tl(p — et "l o (d©)

w' CwrEWw

= exp (—eft JX u(:t)a(dx))

|UJ|' —t|w’| —t\|w—w’
> [[a+u |w/|||w\w/|ve (1—e™)

w/'Cw rew’

= exp (—eft JX u(:t)a(dx))
Y o e e TT a-e)

w'Cw TEW’ xew\w’

W'\ ]!
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= exp <7e_t fx u(x)o(dx)) H (1 + e tu(z))

TEW
O
The semi-group P, can be rewritten as
\w|' o tle’| —t\|w—u’| Iy N
Z |w’|‘|w\w’|' (1—e™) fgx FWU@)mq_et)o(dw).

w'Cw
Again, Lemma 6.8.1 and Jensen’s inequality (9.3.1) imply
IPrullzee,y < lull2@,),  w€ LAH(02F xRy),

a.s., hence
[ Prull oo (ox 2y y) < lullpeox,L2@®,))s

t € Ry, ue L2(02% xRy). A covariance identity can be written using the
Ornstein-Uhlenbeck semi-group, in the same way as in Proposition 4.4.1.

Proposition 6.8.2. We have the covariance identity
Cov (F,G) U [ e *DXFP DXGa(dx)ds} : (6.8.2)

F,G € Dom (D*).

Proof. By the chaos representation property Proposition 6.3.2, orthogonality
of multiple integrals of different orders, and continuity of Ps, s € R, on
L2(02X P), it suffices to prove the identity for F = I,,(f,) and G = I,(g,).
We have

Er, [In(fn)In(gn)] = n!<fn79n>L2(X,a)0"
=n! an fol1, o xn)gn (1, .. xn)o(dey) - - - o(dzy,)

=l [ o) Fal@)ga(a,y) 0¥V (dr) o (dy)
—nj En, L1 (fa (- 9)Lam1(9a ()] 0 (dy)

= LB ([ DXL F0DS Tu(o0) o)

=B, [ e [ DX 1) DY Tu(ga)o (dy)ds]
—E, UOO" e—ij D;ffn(fn)pspgfn(gn)a(dy)ds} .
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The above identity can be rewritten using the integral representation (6.8.1)
of Py, to extend Proposition 3 of [62]:
Corollary 6.8.3. We have
X N N / ~
Cov (F,G) = j f fgxxgx zC:D Fw)(GW UwU{z}) - Gw' Uw))

al1(1 = )= lr o, (d) 7, (dw)o (dz)da,  (6.8.3)

F,G € Dom (D*).
Proof. From (6.8.1) and (6.8.2) we have

Cov (F,G) = U [ e (DX F)(P.DXG)o(de) s}
=7 S o X DI PG U5 U (o) - Gl U@)
|ew]!

e=sll(1 — e—s)|w—w/|ﬂ.(1_c,5)a (d)my (dw)o(dx)ds.

|’ [!w\w!|!
We conclude the proof by applying the change of variable a = e™%. O

In other terms, denoting by w,, the thinning of w with parameter « € (0, 1),
and by @&1_, an independent Poisson random measure with intensity (1 —
a)o(dx), we can rewrite (6.8.3) as

Cov (F,G) = U j DXF(w)DXG(wa Udy_o)o(dz)da|.  (6.8.4)
This statement also admits a direct proof using characteristic functions. Let
et)=E [e“l“’l} = e”(X)(e“_l), t>0,

and let @, (s,t) denote the characteristic function of
(], lwa Uer—al) = (0], |wal + [@1-al),
ie.

Va8, t) = IE [exp (is|w| + it|we Ud1—_al)]
:J"QX foXQx exp (is|w| + it|@ U &])) o (dw)p— 1og o (w, di, dd).
Since from Proposition 6.1.5 the thinning of order « of a Poisson random

measure of intensity o(dz) is itself a Poisson random measure with intensity
ao(dx), we have
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®als;t)
= [ S o P (@] + o = @) + (@] + [1))) 7o ()0 10 o (0, s, di)

= [ exp (itl]) w1 oo (d)

. . |UJ|' w’ w—w’
w'Cw
_ 1—a,—o(X) s (e(X)" - is(k+(n—k))+itk n! k(i _ - \n—k

o~ (a0 F((1-a)o L ,
— (p(t)) ") k;()( gj()) (1 l)! (X)) jisChriy-vitk

= (tp(t))l’a(@(t + 8))04(@(3))170‘
= (po(s,1))*(pa(s, 1)) 7.

Relation (6.8.4) also shows that

Cov (eis|w|7eit|w|) =% (Sv t) - 900(37 t)

_ (tdea

—Jo da
1d

(s,t)da

= fol o f o | DX DY) (wa U dn—a)or(da)P(dw)P(did) dar.

6.9 Deviation Inequalities

Using the covariance identity of Proposition 6.8.2 and the representation of
Lemma 6.8.1 we now present a general deviation result for Poisson functionals.
In this proposition and the following ones, the supremum on 2% can be taken
as an essential supremum with respect to m,.

Proposition 6.9.1. Let F € Dom (DX) be such that e’f € Dom (D),
0 < s <ty, for sometyg > 0. Then

7o (F —E[F] > 2) < exp ( min (—t:c + [ nis) ds>> . x>0,

0<t<to
where
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h(s) = sup U (eSD:fF(”) - 1) D;{F(w’)a(dy) . s €10,10).
x 2%

(w,w")eNX
(6.9.1)
If moreover h is nondecreasing and finite on [0,ty) then

7o (F — E[F] > z) <exp< jh ) 0<z<h(ty), (6.9.2)

where h™' is the left-continuous inverse of h:

h=Y(z) = inf{t >0 : h(t) >}, 0 <z <h(ty).

Proof. We start by deriving the following inequality for F' a centered random
variable:

E[Fetf] < h(s)E[e*], 0<s<t. (6.9.3)

This follows from (6.8.2). Indeed, using the integral representation (6.8.1) of
the Ornstein-Uhlenbeck semi-group (P;);cr, for P, D, F(w), we have,

BlFe| = |~ [ DXe P, Fo(dy)dv]

R

X / ~ / ~
x jnxmx DXF (W' U&)gy(w, do', did)o (dy)dvmy (dw)
* sF(w)
< JoxJy e
sDj‘F(w)_ X I~
S - U esD; 1)DX F(o' U&)o(dy)

< sup U sDy F(w) _ l)D;(F(w’)a(dy)‘]E [eSF IOOO efudv}

(w,w")eNX xNX

@ (w, dw', d)dvmy (dw)

= s [ (@PIFW - 1) DX F(W o (dy)| B[],
(w,w’)ENX x N2X

which yields (6.9.3). In the general case, we let L(s) = IE [exp(s(F — IE[F]))]
and obtain:
L'(s)

L(s)
which using Chebychev’s inequality gives:

< h(s), 0<s<ty,
To(F — E[F] > 2) < exp <m + jot h(s)ds) . (6.9.4)

d t
Using the relation 7 <f0 h(s) ds — ta:) = h(t) — x, we can then optimize as

follows:

240 (With corrections, May 23, 2025) o)



Stochastic Analysis in Discrete and Continuous Settings

02120 (—tm + fot h(s) ds> = johil(z) h(s) ds — xh™!(x)
= jox sdh™(s) —xzh™ ()
S jox h=1(s) ds, (6.9.5)

hence
7o (F —E[F] > x) <exp< Ih ), 0 <z <h(ty).

O

In the sequel we derive several corollaries from Proposition 6.9.1 and dis-
cuss possible choices for the function h, in particular for vectors of random
functionals.

Proposition 6.9.2. Let F : 2X — R and let K : X — Ry be a function
such that
b's b's
Dy F(w) < K(y), yeX, weNr. (6.9.6)

Then

t>0

WU(F—IE[F]>x)<exp<m1n<tx-l—fh >> x>0,

where

h) etK() — 1
t) = sup —_—
wenx JX K(y)

If moreover h is finite on [0,ty) then

D, F(w)[o(dy), t>0. (6.9.7)

7o (F — E[F] > ) <exp< j hl ) 0<z<h(ty). (6.9.8)

If K(y) =0, y € X, we have:

2
WU(F_E[F]ZI)SQXP <_2x~2>7 LU>0,
«

with
@* = sup (DfF(w))Qa(dy).
wenx JX
Proof. Let F,, = max(—n,min(F,n)), n > 1. Since when K is R -valued
the condition D;(Fn(w) < K(y),w e 2% y € X, is satisfied we may apply
Proposition 6.9.1 to F, to get

O (With corrections, May 23, 2025) 241



N. Privault

etD,an(w) 1

_ - " DXF,(w)DXFE, (v
" (w,w/)ilgz‘xﬂx IX DfFy(w) Y ()Dy Fnler) oldy)

< sup s - (@) o(dy
(w,w')ERX x X K( ) y
1 otK(y) _ 1
2(W,W’)€QXX_QXIX K(y) (I1Dy Fn(w)] |Dy Fr(w')7) o(dy)
etK W) _ 1
< swp [\ S DY ) o(dy)
weNX
tK(y) 1
S sup € |D;(F(w)|2 U(dy),

wenx JX K(y)

from which the conclusion follows after letting n tend to infinity. O
Part of the next corollary recovers a result of [155], see also [64].

Corollary 6.9.3. Let F € L?>(£2X,7,) be such that DXF < K, 7, ® 0-a.e.,
for some K € R, and ||DXFHL00(_QX’L2(X,O-)) < &. We have for x > 0:

K\ % &z
To(F —E[F] > z) < /K (1 + 22 > " , x>0, (6.9.9)
and for K = 0:
2
7o (F —IE[F] > z) < exp <2~2> ) x> 0. (6.9.10)
a

Proof. If K > 0, let us first assume that F' is a bounded random variable.
The function h in (6.9.7) is such that

et —1 X 712
h(t) < I D F[ 70 (23 12(x,0)
etK — 1
< a2 t>0.
S o K

Applying (6.9.4) with a?(e'™ —1)/K gives
& ik
7o (F —IE[F] > z) < exp (—tw—i—Kz(e —tK—1)> .

Optimizing in ¢ with t = K ~!log(1 + Kz/a?) (or using directly (6.9.2) with
the inverse K ~'log (1 + Kt/&?)) we have
)

T T a2
+(F —IE[F] > < 1
wolF B[P 2 0) oo (o - (4 s ) tow (14
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which yields (6.9.10) and (6.9.9), depending on the value of K. For unbounded
F, apply the above to F,, = max(—n,min(F,n)) with |[DXF,| < |DXF|,
n > 1. Then (6.9.9) follows since, as n goes to infinity, F;, converges to F
in L2(2%), DXF, converges to DX F in L*(2% L*(X,0)), and DXF, < K,
n > 1. The same argument applies if K = 0. O

As an example if F' is the Poisson stochastic integral
F= [ f@)w(dn) = old)),

where f € L*(X, o) is upper bounded by K > 0, then

&2

K

K\ &k
mo(F —E[F] > z) < e®/% (14 22 x>0,
a2

7] (z)]20(dx).

Corollary 6.9.3 yields the following result, which recovers Corollary 1 of [60].
Corollary 6.9.4. Let

P (P Fy) = ( foo e ldy) — oldy) + {|y2>1}ykw<dy>)l<k<

(6.9.11)
be an infinitely divisible random variable in R™ with Lévy measure o. Assume
that X =R"™ and o(dz) has bounded support, let

where

=inf{r >0 : c{zeX : |z| >r}) =0},

and & = [, [lyllPo(dy). For any Lipschitz (c) function f : R™ — R with

respect to a given norm || - || on R™, we have
K —z/(cK)—&%/K?
7o (f(F) = E[f(F)] = o) < e/(5) (1 n ) a0
ci
Proof. The representation (6.9.11) shows that
DX F(F) ()] = |f(F(wU{z})) = f(F(w))l
< | Flwu{z}) - Fw)l
= cllz||. (6.9.12)
We conclude the proof by an application of Corollary 6.9.3. O
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6.10 Notes and References

Early statements of the Clark formula on the Poisson space can be found in
[133], [134] and [135]. See also [1] for a white noise version of this formula on
Poisson space. The Clark formula for Lévy processes has been considered in
[1], [112], [102], [141], and applied to quadratic hedging in incomplete markets
driven by jump processes in [102]. The construction of stochastic analysis on
the Poisson space using difference operators has been developed in [73], [35],
[99], [104], cf. [98] for the Definition 6.2.3 of Poisson multiple stochastic inte-
grals. The Kabanov [75] multiplication formula has been extended to Azéma
martingales in [120]. Symmetric difference operators on the Poisson space
have also been introduced in [104]. The study of the characterization of Pois-
son measures by integration by parts has been initiated in [90], see also [127],
Relation (6.4.12) is also known as the Mecke characterization of Poisson mea-
sures. Proposition 6.5.5 is useful to study the invariance of Poisson measures
under random transformations, cf. [118]. The deviation inequalities presented
in this chapter are based on [23]. On the Poisson space, explicit computations
of chaos expansions can be carried out from Proposition 4.2.5 (cf. [73] and
[142]) using the iterated difference operator D;¥ --- Di* F, but may be com-
plicated by the recursive computation of finite differences, cf. [83]. A direct
calculation using only the operator D can also be found in [84], for a Pois-
son process on a bounded interval, see also [114] for the chaos decomposition
of Proposition 6.3.4. See [103] for a characterization of anticipative integrals
with respect to the compensated Poisson process.
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Chapter 7
Local Gradients on the Poisson space

We study a class of local gradient operators on Poisson space that have the
derivation property. This allows us to give another example of a gradient op-
erator that satisfies the hypotheses of Chapter 3, this time for a discontinuous
process. In particular we obtain an anticipative extension of the compensated
Poisson stochastic integral and other expressions for the Clark predictable rep-
resentation formula. The fact that the gradient operator satisfies the chain rule
of derivation has important consequences for deviation inequalities, computa-
tion of chaos expansions, characterizations of Poisson measures, and sensitiv-
ity analysis. It also leads to the definition of an infinite dimensional geometry
under Poisson measures.

7.1 Intrinsic Gradient on Configuration Spaces

Let X be a Riemannian manifold with volume element o, cf. e.g. [15]. We
denote by T, X the tangent space at € X, and let

TX = U T,X
rzeX

denote the tangent bundle to X. Assume we are given a differential operator
L defined on C!(X) with adjoint L*, satisfying the duality relation

(Lu,V)pe(x.orx) = (0, L*V)2(x.0),  uw€CHX), VECHX,TX).

In the sequel, L will be mainly chosen equal to the gradient VX on X. We work
on the Poisson probability space (£2%, X 7X) introduced in Definition 6.1.2.

Definition 7.1.1. Given A a compact subset of X, we let S denote the set
of functionals F' of the form
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F(w) = fO]-{w(A):O} + Z 1{w(A):n}fn(x1, C. ,In), (7.1.1)

n=1
where f, € CL(A™) is symmetric in n variables, n > 1, with the notation
wNA={z1,...,2,}

when w(A) =n, w € 2X.

In the next definition the differential operator L on X is “lifted” to a differ-
ential operator D on 2X.

Definition 7.1.2. The intrinsic gradient DL s defined on F' € S of the form
(7.1.1) as

DﬁF(w) = Z Liw(A)y=n} Z Lo fo(z1,. . 20) 1y (2), w(dr) —ae.,
n=1 i=1

we NX.
In other words if w(A) =n and wN A = {z1,...,z,} we have
R Ly, fo(z1,...,2,), ifxz=ux; forsomeiec{l,...,n},
DEF =
0, if e ¢ {xy,...,2,}.

Let Z denote the space of functionals of the form

7= {f (fX v1(x)w(dr),. .., fX npn(x)w(dx)) ,
P10 om € CE(X), [ €CER™), neN},

and

U= {ZFluZ DU, ..Uy € CR(X), FA,..., Fy €T, nzl},
i=1

Note that for F' € Z of the form
F:f(fxapldw,...,fxgpndw), D1y on €C(X),

we have
DﬁF(w) = i&f (jx goldw,...,jx gondw> L,pi(x), T E w.
i=1

The following result is the integration by parts formula satisfied by DL,
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Proposition 7.1.3. We have for F € Z and V € CH(X,TX):
B (D F,V) 2w | = B [F [ LV (@)w(d)]

Proof. We have

E |:<'DLF7 V>L2(X,dw;TX):| =K

Z<D£F>V(x)>TX1

TEW

Liwty=n} O _(DEF.V(zi)rx

i=1

3 : o(dzy)  o(dxy,)
;JAJA<LZ’fn($17’$n>7v(xl)>TX O—(A) U(A)

=Ty = > [ B ) L Vi)o(den) - o(dr)

— o) ; % [ daer ) ;L;y(xi)a(dxl) e o(d)

~E [F [, L*V(x)w(dx)} .
0

In particular when L = V¥ is the gradient on X we write D instead of DX
and obtain the following integration by parts formula:

E [<DF, V>L2(X’dw;TX)] ~E [F [ div XV(x)w(da:)} : (7.1.2)
provided that VX and div™ satisfy the duality relation
(V¥U, V) r2(x,0mx) = (U, div V) 12(x 09,
ueCHX), VeClX,TX).

The next result provides a relation between the gradient VX on X and its
lifting D on (2, using the operators of Definition 6.4.5.

Lemma 7.1.4. For F € T we have

D F(w)=¢e; VXl F(w) on {(w,2) e N* x X : zew}. (7.1.3)
Proof. Let
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F:f(jxwdw,...,fxnpndw), reX, wen¥,

and assume that z € w. We have
ﬁmF(w) = Z oif <IX prdw, ..., IX @ndw) VXgpi(x)
i=1

— Z:I: o f (‘Pl (ZE) + IX <p1d(w\x), e (pn(aj) + IX wnd(w\x)) VX(pi(x)

= V¥f (p1(2) + [ 1d(@\a). . on@) + [ pnd()\a)
=V¥ehf (IX p1d(w\x),. .. ,jX @nd(w\x))
= (V¥elF) (@\{e))

=, Ve[ F(w).
O
The next proposition uses the operator 6% defined in Definition 6.4.1.
Proposition 7.1.5. For V € C*(X;TX) and F € T we have
(DF (W), V) 12(X,dwsTX) (7.1.4)

= (VXDF(w), V)12 (x.0irx) + 6 ((VXDE,V)rx)(w).
Proof. This identity follows from the relation

D,F(w) = (VYD F)w\{z}), zeuw

and the application to u = (VXDF,V)rx of the relation

X () — —
¥ (w) = [ ule.w\fehw(de) - | u(z,w)o(de),
cf. Relation (6.5.2) in Proposition 6.5.2. O
In addition, for F,G € 7 we have the isometry
(DF,DG) 2 (rx) = (e" VX" F,e"VXeTG) 12 (1), (7.1.5)

w € 2% as an application of Relation (7.1.3) that holds w(dz)-a.e. for fixed
w € NX.

Similarly from (7.1.5) and Proposition 6.5.2 we have the relation
(DF,DG) 12 (rx) = 6% ((V¥DF,V¥*DG)rx) + (VX DF,VXDG) 2 (1),
(7.1.6)

w € X, F,G € T. Taking expectations on both sides in (7.1.4) using Rela-
tion (6.4.5), we recover Relation (7.1.2) in a different way:
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E[(DF(w), V)2 (x,dwrx)] = BV DF, V) L2 (x 0i7x)]
= E[F§~ (div ¥ V)],
Vel X;TX), Fel.
Definition 7.1.6. Let 5% denote the adjoint of D under 7, defined as
B, [For, (G)] = EBx, [(DF.DG) 1z 7)),
on G € T such that
ISFH%EMRﬁRDQ%@m}

extends to a bounded operator on L?(02% 7).

We close this section with a remark on integration by parts characterization
of Poisson measures, cf. Section 6.6, using the local gradient operator instead
of the finite difference operator. We now assume that div f is defined on VX f
for all f € C°(X), with

| 9@)div I VX f@)o(dr) = | (V¥g(a), V¥ (@)1, x0(de),

f,9 € CLX).

As a corollary of our pointwise lifting of gradients we obtain in particular a
characterization of the Poisson measure. Let

HX =divXv¥
denote the Laplace-Beltrami operator on X.

Corollary 7.1.7. The isometry relation
E, [<bF, DGy (TX)} — B, [(VXDF,VXDG) 1 rx)] , (7.1.7)

F,G € I, holds under the Poisson measure m, with intensity o. Moreover,
under the condition

CO(X)={HXf : feCX(X)},

Relation (7.1.7) entails m = 7.
Proof.
i) Relations (6.4.5) and (7.1.6) show that (7.1.7) holds when 7 = 7.

ii) If (7.1.7) is satisfied, then taking F' = I,(u®") and G = I1(h), h,u €
C°(X), Relation (7.1.6) implies
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E, [5((}1;( h)u[n_l(u@"—”))} — E, [0 ((VXDF, V¥h)rx)]
=0, n>1,

hence m = m, from Corollary 6.6.3.

O

We close this section with a study of the intrinsic gradient D when X = Ry.
Recall that the jump times of the standard Poisson process (N¢)icr, are
denoted by (T%)g>1, with Ty = 0, cf. Section 2.3. In the next definition, all
C*° functions on

Ad:{(tly---,td)ERi : O§t1<<td}

are extended by continuity to the closure of Ay.

Definition 7.1.8. Let S; denote the set of smooth random functionals F of
the form
F = f(Ty,...,Ty), feCi(RY), d>1. (7.1.8)

We have

DiF =Y 1y (00kf (T, ..., Ta), dN; — a.e.,
k=1

with F' = f(Th,...,Tq), f € C;°(Aq), where O f is the partial derivative of f
with respect to its k-th variable, 1 < k < d.

Lemma 7.1.9. Let F € S; and h € C}(R4) with h(0) = 0. We have the
integration by parts formula

E [(DF, h>L2(R+7dw)} - _E

d
F (Z W(Ty) — fOTd W (t)dt)] .
k=1

Proof. By integration by parts on Ay using Relation (2.3.4) we have, for
F € 8, of the form (7.1.8),

E[(DF, h)r2(r, any)] Zj jtd f TRt Ok f (1, ta)dty - dt

- jooo et jotd T Jo h(t)O1f(t1, ... ta)dty -+ dty
d
+ kZZQ fo e td _[Otd . fotkﬂ atk J~ Jt bty dis

d
Ooit ta tet1
aP 5N Sl A
0 0 0
k=2
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ft"' ftH ? e b, b, t ta)dty - diy_r - dt
0 0 0 1yeees k=2l Uy -5 0ld 1 k—1 d

©© ta to
:—fo e—tdfo f() h’(tl)f(tl,...,td)dtl...dtd

+ IOOO e ta fotd . fots h(ta)f(ta, ta, ... ta)dts---dtg
d
_;fowetd fotd.fotk+1 J‘tk f tl""’td)dtl"'dtd

o tq t2
+IO e tdh(td)J‘O 0 f(tl,,td)dtldt

+ § fooo e fotd ' jotkﬁ h(tri1)
k=2

te+1 te—1 [2) -
. t1, ., tr_1,t t L tq)dty - dty - dt
J‘O »[O 0 .f( 159 bk—15bk4+1 k41,5 d) 1 k d

d
oo tq tht1 ty rtrk—2 to
_ZJO et J;) .J‘O h(tk) J;) IO : 0 f(tla'atk—Qatk‘atk’a'7td)dt1 ~dtg
k=2
zd: fo" —tq f“ It’““ Jt’“ f (t tq)dty - - dt
T 0 0 0 1, yld 1 d

oo tq to
+f0 e tdh(td)fo ] U ta)dt - dt

where dt), denotes the absence of dtj in the multiple integrals with respect to
dty - --dtg. O

As a consequence we have the following corollary which directly involves the
compensated Poisson stochastic integral.

Corollary 7.1.10. Let F € S; and h € C}(R4) with h(0) = 0. We have the
integration by parts formula

E[(DF, B 23, qu) = — B [F J;7wwa, - t)] . (7.1.9)

Proof. From Lemma 7.1.9 it suffices to notice that if k > d,
td
E[FK (T})] = jo et N () j f f (t1, ... ta)dty -+ - dty,

:j tkhtkj f j ftl,... d)dty - - dty

_f ety 1)th ' ftd f(tl,...,td)dtl...dtkil
= E[F(h(Tk) — h(Tk-1))]
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Tk
= F !
E { ITH h (t)dt] :
in other terms the discrete-time process

(; W(Ty) — foTk h’(t)dt) _ ( jOT’“ W (£)d(N, — t)>

k>1
is a martingale. O

Alternatively we may also use the strong Markov property to show directly

that .
F( Z h' (Ty) —foo H(s)ds)] =0.

T
k=d+1 4t

E

By linearity the adjoint 4 of D is defined on simple processes u € U of the
form u = hG, G € Sy, h € C*(R,), from the relation

S(hG) = =G [ " W (BN, = t) + (h, DG) 12z, any)-

Relation (7.1.9) implies immediately the following duality relation.
Proposition 7.1.11. For F € 8; and h € CL(R,) we have :

E [(f)F, hG>L2(R+7dNt)} ~E [FS(hG)] .
Proof. We have
E [<1§F, hG>Lz(R+,dNt)} ~E [(E(FG), W) 12k, any) — F(DG, h>L2(R+7dN,,)}
= E |F(G3(h) ~ (h, DG) r2e. an)|
=~ B |F (G [ H@AN ~ 1) + (b DG 12, any) )|

~E [FS(hG)} .

7.2 Damped Gradient on the Half Line

In this section we construct an example of a gradient which, has the deriva-
tion property and, unlike D, satisfies the duality Assumption 3.1.1 and the
Clark formula Assumption 3.2.1 of Section 3.1. Recall that the jump times of
the standard Poisson process (IV;);er, are denoted by (1})x>1, with T = 0,
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cf. Section 2.3.

Let
r(t,s) = —(s Vi), s, t € Ry,

denote the Green function associated to equation
Lf=—f",  feC>([0,00))
f(0) = f'(c0) = 0.

In other terms, given g € C*°([0, o0)), the solution of

gt)=—f"t),  f'(0)=f'(c0) =0,

is given by
F@) = | " r(ts)g(s)ds,  tEeR.
Let also
rM(t,s) = S (L)
= —1j_0 4 (5), s, t € Ry,
i.e.

f6) = J, Ot s)g(s)ds

t
= fo g(s)ds, teR,, (7.2.1)
is the solution of
f/ = -9,
f(0) =0.

Let S denote the space of functionals of the form
I={F=f(T,....,Ty) : f€C R, d>1},

and let
n
U= {ZFZUZ . ul,...,unECC(R+), Fl,...,FHES, nZl}

Definition 7.2.1. Given F € S of the form F = f(Th,...,Ty), we let

M&

1j0,7,)(8)0c f(T1, ..., Tq).
k=1
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Note that we have

DSF = r(l)(Tk>S)akf(T17”'7Td)

M=

bl
Il
i

7'(1) (t, S)DthNt.

I
—
3

0

From Proposition 2.3.6 we have the following lemma.

Lemma 7.2.2. For F of the form F = f(T1,...,T,) we have

E[DFIF) =~ Y Ebf(Ty,....T.)|F
N <k<n
_ O —(sa—t) [ [PNet2
== > [Tt
Ny<k<n
8kf(T1,...,TNt,sNtH,...,sn)dsNtH---dsn.

According to Definition 3.2.2, ID([a, o0)), a > 0, denotes the completion of S
under the norm

11D ey = IFllieen + (B [ [ 1Di2at] )

ie. (f)tF)te[am) is defined in L?({2 x [a,0)) for F € ID([a,00)). Clearly, the

stability Assumption 3.2.10 is satisfied by D since

10,7, (t) = L{n, <k}

is Fi-measurable, ¢t € R, , k € N. Hence the following lemma holds as a con-
sequence of Proposition 3.2.11. For completeness we provide an independent
direct proof.

Lemma 7.2.3. Let T > 0. For any Fr-measurable random variable F &€
L*(02) we have F € Dy o) and

D,F =0, t>T.

Proof. In case F = f(Th,...,T,) with f € C2°(R™), F does not depend on
the future of the Poisson process after T, it does not depend on the k-th jump
time Ty if Ty, > T, i.e.

Oif(Ty,...,T,) =0 for Ty >T, 1<k<i<n.
This implies

Oif(Ty,.... Tl (t) =0 t>T i=1,...,n,
and
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D,F = — Zale,..., Wl () =0, t>T.

=1

Hence D,F =0, ¢ >T. O
Proposition 7.2.4. We have for F € S and u € C.(R4):

E[(DF,u)2(r, ) = F [F | uttyan, - dt)] . (7.2.2)
Proof. We have, using (7.2.1),

E [(DF (e, dt)} E UOOO fooo (s,) Dy Fu(t )dNSdt]

-E [<D E >L2 R+,dNt):|

~E[F | 0°°u Nt—t)}

from Corollary 7.1.10. O

The above proposition can also be proved by finite dimensional integration by
parts on jump times conditionally to the value of Nr, see Proposition 7.3.3
below.

The divergence operator defined next is the adjoint of D.

Definition 7.2.5. We define 6 on U by

= G [ (AN, ~ dt) ~ (h, DG) 2, ),
GeS, heL*(Ry).
The closable adjoint

§: L2(02 x[0,1]) — L*(2)

of D is another example of a Skorokhod type integral on the Poisson space.
Using this definition we obtain the following integration by parts formula
which shows that the duality Assumption 3.1.1 is satisfies by D and 4.

Proposition 7.2.6. The divergence operator

§: L2 xRy) — L*(2)
is the adjoint of the gradient operator
D:L*2) = L*(2 xR,),

i.e. we have
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E [FS(U)] ~E [(DF, u>L2(R+)} ., FeS, uecl. (7.2.3)

Proof. Tt suffices to note that Proposition 7.2.4 implies

E[(DF, hG) 2k, ar)) = E [( (FG),h)r2r, at) — <Dth>L2(R+,dt)]
—E [F <G fom h(t)d(N, —t) — (h, DG>L2(R+,dt))] :
(7.2.4)

for F,G € S. O

As a consequence, the duality Assumption 3.1.1 of Section 3 is satisfied by D
and ¢ and from Proposition 3.1.2 we deduce that D and § are closable.

Recall that from Proposition 6.4.9, the finite difference operator

DiF = 1N, <y (f(T1, .., TNy 6 TNty - Tret) — f(T1, 0, Th),s
teRy, F=f(T,...,T,), defined in Chapter 6 satisfies the Clark formula
Assumption 3.2.1, i.e. by Proposition 4.2.3 applied to ¢, = 1, t € R, we have

F = E[F] + f0°° E[D,F | Fild(N, — 1), (7.2.5)
F e L*().

On the other hand, the gradient D has the derivation property and for this
reason it can be easier to manipulate than the finite difference operator D in
recursive computations. Its drawback is that its domain is smaller than that
of D, due to the differentiability conditions it imposes on random functionals.

In the next proposition we show that the adapted projections of (DyF)cr,
and (DtF)teR+ coincide, cf. e.g. Proposition 20 of [106], by a direct compu-
tation of conditional expectations. See also Proposition 3.1 in [2] and Propo-
sition 5.3.2 in [22].

Proposition 7.2.7. The adapted projections ofD and D coincide, i.e.

E[D:F | F;] = E[D:F | F;], teR,.
Proof. We have

E[D,F|F] = — ZloTk] B0 f(Th, ..., Ty)| Fi]

=— Z K0 f(Ty, ..., Ty)|Fi

N <k<n
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N¢<k<n

co _ Sn SNi+2
J;) [ (sn t)J; L ! akf(Tlan-7TNt73Nt+17~~-75n)d5Nt+1"'dsn

- X e

k=N¢+2

0 sk SNp+2
@L L f(T17~--7TNt75Nt+17~--75n>d5Nt+1"‘dsn
n 0 s
P [Tt
t t
k=N;+2
SNy+2
. L f(Tlv .. 7TN,57 SNy+15+3Sk—25Sks Sky Sk+15 - Sn)
—_—
dSNt—‘rl .. .dsk—l .. .dsn
oo Sn SNy+2
—(sp—t t
—1{n>Nt}L e (s )L L ON1f (T, TN SN 115 -+ 5 Sn)
dsn,+1 - dsy
[e'e] a Sn SNy+2
I — t
:_1{N1<n—l}L € (s )TSnJ‘t L f(T17'"5TNt7SNL+17"‘78n>
dsn,+1 - -dsy

_ ni:l L‘”ef(swwf"...

k=N¢+2

0 sk SNy +2
785]“.;[15 L f(le---yTNHSNt—i-l;---78n)d8Nt+l"'dsn

LS e [
t t t

k=N:+2
—_—
f(T17 L 7TNH$Nt+17 <y Sk—2, Sk, Sk, Sk-‘rl; ) S’n)dsNt-‘rl T dsk—l T dsn
oo Sn SNi+2
—(sp—t t

*1{n>Nt}L e )L L ON1f (T, TN, SN 115 -+ 5 Sn)
dSNt—&-l e dSn

) 0 Sn SNy+2

—(sp—t t
:_1{Nt<n71}j € ( ) j j f(T17'"7TN178Nt+17"'78n)
t 08y Jt t

dsn,+1 - dsy

k=N, +2
f(Tla'"7TN”SNt+1>~"ask—138k+178k+17"'asn)dSNt—‘rl"'dSk"'dsn
n
00 _ .\ (Sn SNy +2
+ Y j o~ (sn t)f f
t t t
k=N, +2
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—

J(T1, o TN,y SNi415 > Sk—25 Sk Sks Sk15 -3 Sn )ASN 41 - - dSp—1 - - - dsp,
oo Sn SN;+2
—(sp—t t
_1{n>Nt}L € ( )L L 8Nt+1f(Tl7"‘7TNt7SNt+17"‘78n)

dsn,+1 - dsy
S _ Sn, SN, +2
:_1{Nt<n71}jt € (sn t)L L ' f(Tl,...,TNt,SNtJ,_l,...,Sn)

dSNH»l s dSn

[e'e] Sn SNy+2
—(sp—t t
+1{Nt<n—l}jt e (s )L L J(Th, .. TN, SNy+25 SNy 425+ -+ 5 Sn)

dsn,+1 - dsy

(o] (s, — Sn SN;+2
_1{n>Nt}L € (5 t)L L t 8Nt+1f(T1a"'7TNta8Nt+1a"'7sn)

dsn,+1 - -dsy
o Sn SNy+2
:—]_{Nt<n,1}f0 e (sn t)L L ! f(Tl,...,TNt,SNtJrl,...,Sn)

dsn,+1 - dsy

oo _ Sn SN¢+2
+1{Nt<n71}J; e~ (on t)ft L (T, TN, SNi42s SN, 425 -+ - Sm)

dSNt—‘,-l tee dSn

oo Sn SNy+3
—(sp—t t
_1{Nt<n—1}L € (s )L L f<T17"'7TNt7SNt+27SNt+27"'?S’n)

dsn,+2 - -dsy
© 4 [(En SN, +3
+1{Nt<n—1}L e (o t)ft L AT, TNt SN2, - S0)

dsn,+2 - -dsy
_1{n:Nt+1} L e_(sn_t)f(Tla o 7Tn717 Sn)dsn
+1{n:Nt+1}f(T17 cee >Tn717 t)
o0 —(8p— Sn 'SNt+2
:71{n>N~t}L € ( t)J; J; f(Tlv"'7TNt78Nt+17"'75n)

dSNt—‘,-l s dSn

oo (s, — Sn SNt+3
+1{7L<Nt}J; € (o t)L L f(T].?"'7TNt7t7SNt+27"')sn)
dsn,4+2 - -dsy
:]E[DtF|ft],

from Lemma 6.4.10. ([l

As a consequence of Proposition 7.2.7 we also have
E[D,F | Fo) =E[DF | F)), 0<a<t. (7.2.6)
For functions of a single jump time, by Relation (2.3.6) we simply have

E[D,f(To)|F) = =1(n, <n} (1) E[f'(T,)| 7]
= —1{n,<n} (1{Nt2n}f/(Tn) + f:o S (@)pn—1-n, (x — t)dx)
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= - LOO f(@)pn—1-n,(x —t)dx

= FOPaa -, O+ [ F@)Ph 1y, (2~ t)de

= OV, crery + [ @1, (@~ D,
which coincides with

E[D: f(T,)|F]
= E[l(n,<n-1)(f(Tn-1) = fF(T0)) + Ln,=n—13 (f(t) — f(T0))| F¢]
=E[(1ir,_, s f(Th1) + 1in, <ty f () = Liz, sy f(T0)) | F2]
) + El(Lir, >3 f(Ta-1) = Li1, 56 f(T0)) | F]
(t)
(

= 1{Tn_1<t<Tn}f
t) + L (Pn—2-n, (& = t) = Pn—1—n, (x — 1)) f(x)dx

=11, _,<t<m} [ (1) + L f(@)py, 1, (x — t)dz.

= 1{Tn_1<t<Tn}f

As a consequence of Proposition 7.2.7 and (7.2.5) we find that D satisfies the
Clark formula, hence the Clark formula Assumption 3.2.1 is satisfied by D

Proposition 7.2.8. For any F € L?(£2) we have
F:EWHJfEmmymam—o
In other words we have
F = E[F] + [ “EIDFIFJAN, - t)
= E[F]+ | E[DFIF]d(N, - 1),
F e L*(0).

Since the duality Assumption 3.1.1 and the Clark formula Assumption 3.2.1
are satisfied by D, it follows from Proposition 3.3.1 that the operator )
coincides with the compensated Poisson stochastic integral with respect to
(N¢ — t)ier, on the adapted square-integrable processes. This fact is stated
in the next proposition with an independent proof.

Proposition 7.2.9. The adjoint ofD extends the compensated Poisson sto-
chastic integral, i.e. for all adapted square-integrable process u € L*(£2 x Ry)
we have

Mm—LuMMfﬂ
Proof. We consider first the case where v is a cylindrical elementary pre-
dictable process v = F'1(; 7)(-) with F' = f(T1,...,Ty), f € C(R™). Since v
is predictable, F' is Fs-measurable hence from Lemma 7.2.3 we have D,F = 0,
s >t, and
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ﬁtvu =0, t>u.
Hence from Definition 7.2.5 we get
5(1}) = F(NT — Nt)
o0 ~
= jo Fl(t7T](8)dNS
(o] ~
= f vsdNy.
0
We then use the fact that D is linear to extend the property to the linear
combinations of elementary predictable processes. The compensated Poisson

stochastic integral coincides with § on the predictable square-integrable pro-
cesses from a density argument using the It6 isometry. O

Since the adjoint 6 of D extends the compensated Poisson stochastic integral,
we may also use Proposition 3.3.2 to show that the Clark formula Assump-
tion 3.2.1 is satisfied by D, and in this way we recover the fact that the
adapted projections of D and D coincide:

E[D.F | Fi] = E[D.F | F, teRy,

for ' € L*(£2).

7.3 Damped Gradient on a Compact Interval

In this section we work under the Poisson measure on the compact interval
0,77, T > 0.

Definition 7.3.1. We denote by S. the space of Poisson functionals of the
form
F=h,(T1,...,Ty), hn € Co((0,00)"), n>1, (7.3.1)

and by Sy the space of Poisson functionals of the form
F = fol{ny—oy + Z Ynp=n} fu(T1, ., Tn), (7.3.2)
n=1

where fo € R and f, € C1([0,T|"), 1 < n < m, is symmetric in n variables,
m > 1.

The elements of S, can be written as

F= fOl{NTIO} + Z 1{NT=n}fn(T1> R Tn)7

n=1
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where fo € R and f,, € C1([0,7]"), 1 < n < m, is symmetric in n variables,
m > 1, with the continuity condition

fn(Tlu' .. 7Tn) = fn+1(T17" . 7Tn7T)'

We also let
U, = {ZFiui LU, .. u, € C([0,T)), Fi,...,Fy €S8e, n> 1},
and

Uf:{ZFlul : ul,...,unGC([O,T]), Fl,...,FnESf, nZl}

Recall that under P we have, for all F' € S of the form (7.3.2):

E[F] = e f, +e‘”’z/\”j ft" fn (L1, ... tn)dts - dty

Definition 7.3.2. Let D be defined on F € Sy of the form (7.3.2) by

DtF— Zl{NT n}z]-OTk akfn(Tth)

n=1

If F has the form (7.3.1) we have

DtF* Zl[OTk )akfn(Th.. ,T)7

k=1

where O f, denotes the partial derivative of f,, with respect to its k-th vari-
able as in Definition 7.2.1.

We define § on u € Uy by

_ T o) _

5(Fu) = Fjo uy (AN, — dt) — fo u, D, Ft, (7.3.3)
FeSruec(o,1)).

The following result shows that D and ¢ also satisfy the duality Assump-
tion 3.1.1.

Proposition 7.3.3. The operators D and & satisfy the duality relation

E[(DF,u)] = E[Fi(u)], (7.3.4)

O (With corrections, May 23, 2025) 261



N. Privault

FESf, UEUf.

Proof. By standard integration by parts we first prove (7.3.4) when u €
C([0,T]) and F has the form (7.3.2). We have

E[(DF, u)]
:_—ATZn'ZI j j $)dsOh fu(te, ... tn)dts -~ dtn
—ATZ - Zj j Falte, ... to)u(ty)dty - - dt,

S)dsfo fO fn(tla--- n—1» )dt1 dtn_l.

The continuity condition
fn(tlw--atnflyT) = fnfl(t17..7tn71) (7.35)

yields

3

E[(DF,u)] =¢ S % [ [ faltns o) S ulti)des -t

n=1 k=1

e —ATI ds; - f jOT Faltsy ..o to)dty - dtn

(R Ao

=E {F IOT u(t)d(N; — dt)} .

=1

Next, we define d(uG), G € Sy, by (7.3.3), with for all F € S;:
E [G(DF,u)] = E [(D(FG),u) — F(DG,u)]

=E [F (G u(t)d(Ny — dt) — (DG, u))]

which proves (7.3.4). O

Hence, the duality Assumption 3.1.1 of Section 3 is also satisfied by _D and
9, which are closable from Proposition 3.1.2, with domains Dom (D) and
Dom ().
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The stability Assumption 3.2.10 is also satisfied by D and Lemma 7.2.3 holds
as well as a consequence of Proposition 3.2.11, i.e. for any Fp-measurable
random variable F' € L?(§2) we have

D,F =0, t>T.

Similarly, § coincides with the stochastic integral with respect to the compen-
sated Poisson process, i.e.

3(u) = f0°° wd(Ny — 1),

for all adapted square-integrable process u € L?(2x R, ), with the same proof
as in Proposition 7.2.9.

Consequently, from Proposition 3.3.2 it follows that the Clark formula As-
sumption 3.2.1 is satisfied by D, and the adapted projections of D, D, and D
coincide:

E[D.F | 7] = E[D,F | F]
= E[D,F | F], te Ry,

for F € L?(12).

Note that the gradients D and D coincide on a common domain under the
continuity condition (7.3.5). In case (7.3.5) is not satisfied by F the gra-
dient DF can still be defined in L*(£2 x [0,T]) on F € Sy while DF ex-
ists only in distribution sense due to the presence of the indicator function

1{NT:k} = 1{[Tk7Tk+1)}(T) in (732)

Yet when (7.3.5) does not hold, we still get the integration by parts

Nt
E[(DF,u)] =E |FY_ u(Ty) (7.3.6)
k=1
T
~E [F fo u(t)dN(t)} . FeS;, ucly,
under the additional condition
T
fo u(s)ds = 0. (7.3.7)

However, in this case Proposition 3.1.2 does not apply to extend D by clos-
ability from its definition on Sy since the condition (7.3.7) is required in the
integration by parts (7.3.6).
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7.4 Chaos Expansions

In this section we review the application of D to the computation of chaos
expansions when X = R,. As noted above the gradient D has some properties
in common with D, namely its adapted projection coincides with that of D,
and in particular from Proposition 7.2.7 we have

In addition, since the operator D has the derivation property it is easier to
manipulate than the finite difference operator D in recursive computations.

We aim at applying Proposition 4.2.5 in order to compute the chaos expan-
sions

F=TE[[F]+) I.(fn),
n=1
with )
fn(t17~~-7tn) = EE[Dtl '.’DtnF]a

dty - - - dt,dP-a.e., n > 1.

However, Proposition 4.2.5 cannot be applied since the gradient D cannot be
iterated in L? due to the non-differentiability of 1(y r,](¢) in Tk. In particular,
an expression such as 3 R

E[Dy, -+ Dy, F] (7.4.1)

makes a priori no sense and may differ from IE[Dy, --- Dy F| for n > 2.
Note that we have
Dy, -+ Dy, f(Ti) = (=)™ Lo 1y (b)) f ) (Tk), 0 <ty <-v <ty
and
E[Dy, -+ Doy f(T)] = (=1)" E[Lo 1 (tn) ™ (Ti)]
(=1 [ £ (1)p - (B,

n

0<t; <---<ty, which differs from
E[D,, - Dy f(To)] = = | FOP (t)at,

computed in Theorem 1 of [114], where
P(t) = ' d teR
) (t) = fo pr—1(s)ds, € Ry,
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is the distribution function of T}, cf. (6.3.5).

Hence on the Poisson space Dy, --- Dy, 0 < t; < --- < t,,, cannot be used in
the L? sense as Dy, --- Dy, to give the chaos decomposition of a random vari-
able. Nevertheless we have the following proposition, see [116] for an approach
to this problem gradient D in distribution sense.

oo
Proposition 7.4.1. For any F € ﬂ Dom (D" D) we have the chaos expan-

n=0
sion -
F=TE[F]+ ) I.(la,fn),
n>1
where

fn(tlv"'atn):]E[Dtl"'Dt DtnF]v

0<ty < <ty,n>1.
Proof. We apply Proposition 4.2.5 to D,F,te Ry:
I,(1z E[D"DF)),

n

M8

D.F = E[D,F] +

Il
A

n

which yields
E(D,F|F] = E[DiF]+ > (15, . ED"DF]).
n=1

Finally, integrating both sides with respect to d(NN; —t) and using of the Clark
formula Proposition 7.2.8 and the inductive definition (2.7.1) we get

F —E[F] = i Iy (14,, E[D"DFY).
n=0

O

The next lemma provides a way to compute the functions appearing in Propo-
sition 7.4.1.

Lemma 7.4.2. We have for f € CX(R) and n > 1

Dtbsf(Tn) = sttf(Tnfl) - sttf(Tn) - 1{s<t}1[Tn,1,Tn](S 4 t)f/(S \ t)7
S,t € R+.
Proof. From Relation (6.4.15) we have

DD, f(T,) = —Lpo,7, 1) (Lo, 1) () ' (Trm1) — Lo,y () f/(T0))
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—1i7, 1) () (Lo, () £/ (8) — Ljo,m (8) F/(T))
V'(To) = Ljo,1, 01 () ' (Tn-1), )
) (Th) = Lo,z ) () ' (Tr—1) = Lz, 1) (0) F (1)

P-a.s. O

=1ycsy (Liom (s
+l<ry (1[0,Tn]

In the next proposition we apply Lemma 7.4.2 to the computation of the
chaos expansion of f(T}).

Proposition 7.4.3. For k > 1, the chaos expansion of f(Ty) is given as
1
F(T0) = BT + 3 1A,
n>1

where fF(ty, ... t,) =ak(f)(tL V- Vi), t1,....t, ER,, and

ah (1) == [ F(5)9"  p(s)ds, (7.4.2)
= f()0" " pe(t) + (. L1000 Pr) L2 (R, ) teRy, n>1,
where the derivative f' in (7.4.2) is taken in the distribution sense.

We note the relation

day, (f)
dt

(t) = an(f)(t) — an 1 (N)(B), teR,.

From this proposition it is clearly seen that f(7},)1,4(T») is Fjo,-measurable,
and that f(T,)1f,00[(T7) is not Fj; o-measurable.

Proof. of Proposition 7.4.3. Let us first assume that f € C1(R,). We have

fE(t) = E[D:f (Tx)]
= —E[175,)()f(Tv)]

= — LOO pr(s)f(s)ds

Now, from Lemma 7.4.2, forn >2and 0 <t; < --- < tp,

Dy, -+ Dy, Dy, f(T) = Dy, -+ Dy, _o(Dy, f(Tuz1) — Dy, f(Tk)),

hence taking expectations on both sides and using Proposition 7.4.1 we have

fylf(tla 7tn) == 5:11(2‘51, . 7tn—25tn) - fs_l(tla"wtn—%tn)a

and we can show (4.3.3) by induction, for n > 2:

fylzr(tla .. 7tn) == ,’f:%(tl, "atn—Zatn) - fykL:_l(tla' .. 7tn—27tn)7
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s >”—fﬁ“<s>ds+ j:f () L5 P (s)s

tn 8 n—2 asn72
an 1

The conclusion is obtained by density of the C! functions in L?(Ry, py(t)dt),
k> 1. [l

7.5 Covariance Identities and Deviation Inequalities

Next, we present a covariance identity for the gradient D, as an application
of Theorem 3.4.4.

Corollary 7.5.1. Let n € N and F,G € (2] ID(Ag). We have

n

Cov (F,G) = S (~DF B[ [ (Bi, -+ D F)(Dy, -+ Dy, Gt -+ dit

k=1
< E [DW Dy, G| fwl} dt - dtnﬂ} . (7.5.1)
In particular,
Cov (T, f(Th, ..., T)) = Y _E[T0; f(T1,...,Tn)].
i=1

From the well-known fact that exponential random variables

(Tk)k>1 = (Th — Th—1)k>1

can be constructed as the half sums of squared independent Gaussian random
variables we define a mapping © which sends Poisson functionals to Wiener
functionals, cf. [107]. Given F = f(71,...,7,) a Poisson functional, let OF
denote the Gaussian functional defined by

X2 4 Y2 X2 4y?
OF = ! Lo, = n
f < 2 ) ) 2 )
where X1,...,X,, Y7,...,Y,, denote two independent collections of standard
Gaussian random variables. The random variables Xi,...,X,, Y1,...,Y,,

may be constructed as Brownian single stochastic integrals on the Wiener
space W. In the next proposition we let D denote the gradient operator of
Chapter 5 on the Wiener space.
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Proposition 7.5.2. The mapping © : LP(§2) — LP(W) is an isometry. Fur-
ther, it satisfies the intertwining relation

Proof. The proposition follows from the fact that F' and @F have same
distribution since the half sum of two independent Gaussian squares has an
exponential distribution. Relation (7.5.2) follows by a direct calculation. [

Proposition 3.6.1 applies in particular to the damped gradient operator D:

Corollary 7.5.3. Let F € Dom (D). We have

2
P(F-]E[F}gx)gexp<— 7 ) x> 0.
2DF2m, ro ()

In particular if F' is Fp measurable and | DF||o < K then

22
— > < ey > 0.
P(F ]E[F]_a:)_exp( 2K2T>’ x>0

As an example we may consider F' = f(my,...,7,) with
n
Somlonf ()P S K7 as.
k=1

Applying Corollary 4.7.4 to @F, where © is the mapping defined in Defini-
tion 7.5.2 and using Relation (7.5.2) yields the following deviation result for
the damped gradient D on Poisson space.

Corollary 7.5.4. Let F' € Dom (D). Then

}P’(F—]E[F]zm)gexp< v )

UDF( L 0, 12m, )

The above result can also be obtained via logarithmic Sobolev inequalities, i.e.
by application of Corollary 2.5 of [80] to Theorem 0.7 in [5] (or Relation (4.4)
in [80] for a formulation in terms of exponential random variables). A sufficient
condition for the exponential integrability of F is |||15F|L2(R+)||Oo < 00, cf.
Theorem 4 of [107].
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7.6 Some Geometric Aspects of Poisson Analysis

In this section we use the operator D to endow the configuration space on R
with a (flat) differential structure.

We start by recalling some elements of differential geometry. Let M be a
Riemannian manifold with volume measure dz, covariant derivative V, and
exterior derivative d. Let V}, and dj, denote the adjoints of V and d under
a measure y on M of the form p(dx) = e?®)dz. The Weitzenbock formula
under the measure p states that

dyd +dd;, = V,V + R — Hess ¢,

where R denotes the Ricci tensor on M. In terms of the de Rham Laplacian
Hp = dj,d + ddj, and of the Bochner Laplacian Hp = V},V we have

Hp = Hp + R — Hess ¢. (7.6.1)

In particular the term Hess ¢ plays the role of a curvature under the measure
. The differential structure on R can be lifted to the space of configurations
on R, . Here, S is defined as in Definition 7.1.8, and U denotes the space of
smooth processes of the form

w(w,z) = ZFi(w)hi(x), (w,z) € 2 xRy, (7.6.2)

h; € C(Ry), F; € S, i =1,...,n. The differential geometric objects to be
introduced below have finite dimensional counterparts, and each of them has
a stochastic interpretation. The following table describes the correspondence
between geometry and probability.
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Notation Geometry Probability

9 manifold probability space

w element of (2 point measure on R

Cxr(R4) tangent vectors to {2 test functions on R

o Riemannian metric on {2 Lebesgue measure
gradient on {2 stochastic gradient D

U vector field on {2 stochastic process

du exterior derivative of u € Y  two-parameter process

{} bracket of vector fields on {2 bracket on U x U

R curvature tensor on {2 trilinear mapping on U

d* divergence on {2 stochastic integral operator

We turn to the definition of a covariant derivative V, in the direction u €

L?(R,), first for a vector field v € C°(R,.) as
t
Voo(t) = —i(t) jo ugds, teR,,

where v(t) denotes the derivative of v(t), and then for a vector field

v

zn: Fh, el
=1

in the next definition.

Definition 7.6.1. Given u € U and v = Z Fih; €U, let Vv be defined as

i=1

n - ; t
Vyo(t) = Z hi(t)D, F; — F;h;(t) jo usds, teRy,

=1

where

D,F = (DF u2r,), FES.
We have

Vur(vG) = FuD,G + FGV,v,  u,ve€C®(R,), F,GeS.

We also let, by abuse of notation,
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(V0)(t) := Z hi(t)DsF; — Fihi(t)1p0.9(s),

for s,t € Ry, in order to write
o0
Vuo(t) = fo usV v ds, teRy, w,vel.

The following is the definition of the Lie-Poisson bracket.

Definition 7.6.2. The Lie bracket {u,v} of u,v € C°(Ry.) is defined as the

unique element of C2°(Ry) satisfying
(DyD, — D,D,)F = D,F, Fe€S8.

The bracket {,-} is extended to u,v € U via

{Ff,Gg}(t) = FG{f,g}(t) + g(t) FDsG — f(t)GD,F,  te€Ry,

(7.6.5)

f,9 € CX(Ry), F,G € S. Given this definition we are able to prove the

vanishing of the associated torsion term.

Proposition 7.6.3. The Lie bracket {u,v} of u,v € U satisfies
{u,v} = Vv — Vyu,
i.e. the connection defined by V has a vanishing torsion
T(u,v) = Vyv — Vyu — {u,v} =0, u,v €U.

Proof. For all u,v € C°(Ry) we have

(Dubv - Dvbu)Tn

—D. fOT” vds + D, fOT” uyds

= vp, jOT" usds — ur, fOT" vsds

_ IOT" (@(t) jot weds — i(t) fot vsds> dt
= Dv,v-v,uTn-

Since D is a derivation, this shows that
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which shows that (7.6.6) holds for u,v € C2°(Ry). The extension to u,v € U
follows from (7.6.4) and (7.6.5). O

Similarly we show the vanishing of the associated curvature.

Proposition 7.6.4. The Riemannian curvature tensor R of V vanishes on
U, ie.
R(u,v)h = [Vu,Vv]h—V{uv}h:O u,v,h €U.

Proof. We have, letting (¢ fo usds, t € Ry

A~ =
[V, Vy]h —uV h—vV h=1u th —v @h = —avh+ tuh,

and o '
V{uﬂ,}h = Vﬁ{,,fmh = (fw - ﬁu)h = (uf) - ’Uﬂ)h,

hence R(u,v)h =0, h,u,v € C°(R4). The extension of the result to U follows
again from (7.6.4) and (7.6.5). O

Clearly, the bracket {-,-} is antisymmetric, i.e.:
{u,v} = —{v, u}, u,v € C°(Ry).
Proposition 7.6.5. The bracket {-,-} satisfies the Jacobi identity
{u, v}, w} + {w, {u,v}} + {v, {u,w}} =0, u,v,w € C7(Ry),

hence U is a Lie algebra under {-,-}.
Proof. The vanishing of R(u,v) in Proposition 7.6.4 shows that

[VIM vv} - V{u,v}h7 u,v €U,
hence

Vituwrwt + Viwfue}y T Vi fuw}}
= [V{u,v}v vw] + [VUH V{u,v}] + [vva V{u,w}]
=0, u,v,h € U.

O

However, {-,-} does not satisfy the Leibniz identity, thus it can not be con-
sidered as a Poisson bracket.

The exterior derivative Du of a smooth vector field u € U is defined from

<DU, hi A h2>L2(R+)/\L2(R+) = (Vm% h2>L2(R+) - <Vh2U, h1>L2(R+)7

hi,he € U, with the norm
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1Dulface nra,) =2 ), J, (Duls,t)’dsdt, (7.6.7)

where

1
Du(s,t) = i(Vsut—Vtus), s,teRy, uwel.

The next result is analog to Proposition 4.1.4.

Lemma 7.6.6. We have the commutation relation

Dyb(v) = 0(Vyv) + (U, v) L2 (R, ) (7.6.8)

u,v € C®(R,), between D and 6.
Proof. We have

T
0(Ty) jo " ugds

NE

Dyd(v) = —

0. fo usds) — fooo 0(t) f; usdsdt

u?) + (U, V) 2Ry ),

S o
—— |l

_ 5

<

by (7.6.3). O
As an application we obtain a Skorohod type isometry for the operator 8.

Proposition 7.6.7. We have foru e U:

E [|S(u)\2] ~E [HUH;(R”} +E UOOO j:o Vsutvtusdsdt} .
(7.6.9)

Proof. Given u = Z h; F; € U we have

=1

E [S(hiFi)S(thj)] = [sz?h,ﬁ(thj)}

=B [FiDy, (Fjd(hy) — Dn, )]

=B |(FiF; Dy, 6h; + Fid(hj) Dn, Fy — FiDy, Di, Fy)|

=B [(FiFy{hi, hy) e, + FiF50(Vahy) + Fid(hy) Dn, Fs = FiDy, Dy, Fy)|
=B [(FiFy (i, hy) 2. + D, n, (FiFy) + Du, (FiDy, Fy) = FiDy, Dy, F)|
=B [(FiFy{hi, bz + D, n, (FiFy) + Dn, FiDy, F

+F;(Dp, Dy, Fj — Dy, Dy, Fj))}

= E |(F,Fj(hi, hj) 12, ) + Dy, n, (FiF;) + Dy, F;Dy, F
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+F¢Dvhj hi—Vhithj)}
= [(FZFJ <h¢, hj>L2(R+) + Fjbvh,ithi + Fibvhj hiFj + DthiDhiFj)]
=E [FiFj <hi, hj>L2(]R+) + Fj IO D,F; jO Vthj(s)hz(t)dtds

+F, foo D:F; joo Vohi(t)h;(s)dsdt

+ [T O DeFydt [ hi(s)D,Fads|

where we used the commutation relation (7.6.8). O

Proposition (7.6.7) is a version of the Skorohod isometry for the operator )
and it differs from from Propositions 4.3.1 and 6.5.4 which apply to finite
difference operators on the Poisson space.

Finally we state a Weitzenbock type identity on configuration space under
the form of the commutation relation

D5 43D = V'V + ldpaqa.,

i.e. the Ricci tensor under the Poisson measure is the identity Idpz(z,) on
L?(R,) by comparison with (7.6.1).

Theorem 7.6.8. We have foru € U:
E [3w)2] + B [1Dul2z, )rr2w. )| (7.6.10)
= |[ulfem,)| + B [IVulie@, s, -
Proof. Relation (7.6.10) for u = ZhiFi € U follows from Relation (7.6.7)

i=1
and Proposition 7.6.7. (|

7.7 Chaos Interpretation of Time Changes

In this section we study the Poisson probabilistic interpretation of the opera-
tors introduced in Section 4.8. We refer to Section 5.8 for their interpretation
on the Wiener space. We now prove that V© + D is identified to the operator
D under the Poisson identification of @ and L?(B).

Lemma 7.7.1. On the Poisson space, V© satisfies the relation

VP (FG) = FVYG + GVYF — D FD,G, teRy, F,GeS. (7.7.1)
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Proof. We will use the multiplication formula for multiple Poisson stochastic
integrals of Proposition 6.2.5:

L(f*™) 1 (g) = Ly 1 (f°" 0 g) + nlf, 9 L1 (fO"Y) + nL,((fg) o fo71),
f,g € L*(R,). We first show that
Ve (L") 1(9)) = In(f*") Ve I(9) + 1 (9) Ve Tn(f") = Dedi(9) Do In (£°7),
t € Ry, when f,g € CL(Ry) and (f, f)r2,) = 1. Indeed, we have
Li(f)VELi(g) + Ti(9)VE Tn(f")
= —L(f*") 1 (' t,00) — 7L1(9) In((f'Ljt.00y) © FO7D)
=-n (In+1((f/1[t,w)) o PV o g) + (n— 1)L((fg) o (' 1jt00)) © £ 72)
19 Lpoo)) © F2 ) + (F 10y @) 12y ) Lna (FO7Y)
+(n = 1{f, 9 2@y ) In—1((f Ljt,00)) © fo("_2)))
L 1((9' 1,00)) © £") = (91,00 £) 0 £27Y)
=149 Lt 000 S22y L1 (fO0 )
= =l 1 (Fioe) 0 7 0 9) = L1 ((9'100)) © f)
—n(n = 1 L((fp00) 0 (fg) 0 f27%)
L((9F Lt.00)) © £2" V) = nu((f9 Lpt00) © £7 )
FOROLA (D) =m0 = D(7. )32 T (L) © F02)
¢ (Ina (S 0 g) + 0l (£ 0 (£9)) + 0/, 9>L2(R+)Inf1(f°("*1)))
f

(
+nf (0)g(t) Lna (f°0 )
= Vi (In(f*")11(9)) + Deli(9)Deln(f"),  f,9 € Co(Ry).

+n
=V

We now make use of the multiplication formula for Poisson stochastic inte-
grals to prove the result on S by induction. Assume that (7.7.1) holds for
F = I,(f°") and G = I;(g)* for some k > 1. Then, using the product rule
Proposition 4.5.2 or Proposition 6.4.8 for the operator D; we have

Ve Un(f) 1 (9)™ )
n(f

= Li(g)Vy (L (f") 1(9)") + L(f7") 11(9)" VT (9)
—D;Ii(9) De(11(9)* I (£°"))
:]1( ) (L(9)"VE L") + In(f) VY ( ) Dt (11(9)*) DeLn(f))
L(f") 11 (9)*V 711 (9) — Didi(g) (11 (9) )
Iu(f°")Dy (I1(9)*)) — DeI1(g9)DiI1(9)" D ( On)
( VL") + L(fo")VE (11(9)k+1) — Dy (L(9)™*) D (f°),
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teR,. O
Proposition 7.7.2. We have the identity
D=D+V°®

on the space S.

Proof. Lemma 7.7.1 shows that (V® + D) is a derivation operator since

(VS 4+ Dy)(FG) = VP (FG) + Di(FGQ)
= FVYG + GVYF — D FD,G + D(FG)
= F(VY + Dy)G + G(VY + D,)F, F,G€S.

Thus it is sufficient to show that
(Dy + VO f(Tr) = Df(Ty), k>1, feCi(R). (7.7.2)
Letting 7; denote the projection
e f = flit,00)s feL*(Ry),

we have

(Dy+ VE)H(Ti) = (Dy+95) 3 Iu(fE)

neN

= Z mll)!Inl(f’rI:('vt)) - Z ! 1 Iy (mp @ Td® 1o, fF)

1
n>1 n>1 (n )

1 .
=3 Sk (£E () = nm @10 Do £ )
neN

where Id : L?(R,) — L?(R,) is the identity operator. Now,

FE(tt, . tn) = @ TAOTDO R (4, )
= ap (V- Vi, Vi)
—Lpictivevin) (aﬁ(f/) + a§z+1 (f)) (ti1V--- Vi)
= aﬁ+1(f)1{t1v-~vtn<t} —af (Yt V-V tn) Lt vevt, >t}
= al(—f)(tr V- Vi),
which coincides with n-th term, in the chaos expansion of —1jo 7, f'(T%) by

Proposition 7.4.3, k € N, n > 1. Hence Relation (7.7.2) holds and we have
D+V®=D. O

Since both § and § = § + V& coincide with the Ito integral on adapted
processes, it follows that V® vanishes on adapted processes. By duality this
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implies that the adapted projection of V€ is zero, hence by Proposition 7.7.2,
D is written as a perturbation of D by a gradient process with vanishing
adapted projection.

7.8 Notes and References

The notion of lifting of the differential geometry on a Riemannian manifold
X to a differential geometry on £2% has been introduced in [4], and the in-
tegration by parts formula (7.1.2) can be found been obtained therein, cf.
also [17]. In Corollary 7.1.7, our pointwise lifting of gradients allows us to
recover Theorem 5-2 of [4], page 489, as a particular case by taking expec-
tations in Relation (7.1.5). See [21], [97], [110], for the locality of D and 4.
See [3] and [32] for another approaches to the Weitzenbock formula on con-
figuration spaces under Poisson measures. The proof of Proposition 7.6.7 is
based on an argument of [48] for path spaces over Lie groups. The gradient
D is called “damped” in reference to [49], cf. Section 5.7. The gradient D of
Definition 7.2.1 is a modification of the gradient introduced in [25], see also
[41]. However, the integration by parts formula of [25] deals with processes of
zero integral only, as in (7.3.6). A different version of the gradient D, which
solves the closability issue mentioned at the end of Section 7.3, has been used
for sensitivity analysis in [40], [121], [122]. The combined use of D" and D for
the computation of the chaos expansion of the jump time Ty, d > 1, and the
Clark representation formula for D can be found in [106]. The construction
of D and D can also be extended to arbitrary Poisson processes with adapted
intensities, cf. [34], [108], [109].
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Chapter 8
Option Hedging in Continuous Time

Here we review some applications to mathematical finance of the tools in-
troduced in the previous chapters. We construct a market model with jumps
in which exponential normal martingales are used to model random prices.
We obtain pricing and hedging formulas for contingent claims, extending the
classical Black-Scholes theory to other complete markets with jumps.

8.1 Market Model

Let (M;)ier, be a martingale having the chaos representation property of
Definition 2.8.1 and angle bracket given by d(M, M); = a?dt. By a modifica-
tion of Proposition 2.10.2, (M;).c[o,r] satisfies the structure equation

d[M, M]; = aldt + ¢dM;.

When (¢¢)¢ejo,7) is deterministic, (My)¢cjo,7) is alternatively a Brownian mo-
tion or a compensated Poisson martingale, depending on the vanishing of

(d)t)te[o,T]'

Let » : R — R and ¢ : Ry — (0,00) be deterministic non negative
bounded functions. We assume that 14 oy¢; > 0, t € [0,T]. Let (A;)er,
denote the price of the riskless asset, given by

dA
Tt :’rtdt7 AO: 17 tERJ’_’ (8.11)
t

i.e.

t
A; = Agexp (fo rsds> , teR,.
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For t > 0, let (S, )uepe, ) be the price process with risk-neutral dynamics
given by

dSE, = 1uSE du+ oS dM,, uelt,T], Sf, =u,

cf. Relation (2.13.5). Recall that when (¢;);cr, is deterministic we have

T ) T 1.
Sév’T = T exp (L Oy iy dBy +J; (ru — QuAuTy — 2’%0‘30&3)(1’&)

Nt

< ] a+onemn) (8.1.2)

k=14+N,

0 <t<T, with S; = S(l)’t, t € [0,T]. Figure 8.1 shows a sample path of
(St)tefo,r) when the function (¢¢)cfo,77, plotted above the horizontal axis,
takes values in {0,1} with So = 10, oy = 10, and oy = 1, ¢t € [0,T].

20

; .. ANARAN
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UL |

=
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. | 1
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Fig. 8.1: Sample trajectory of (St):eo, 1)

Let n; and (; be the numbers of units invested at time ¢, respectively in the
assets (S¢)ier, and (A¢)ier, - The value of the portfolio V; at time ¢ is given
by

Vi = CtAt + ntSt, te R+. (813)

Definition 8.1.1. The portfolio V; is said to be self-financing if

The self-financing condition can be written as
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AgdGy + Sidny = 0, 0<t<T
under the approximation d(S, n;) ~ 0.

Let also

- t - t
Vi =Viexp <— fo rsds> and S; = Syexp (— fo rsds>

denote respectively the discounted portfolio price and underlying asset price.
Lemma 8.1.2. The following statements are equivalent:

i) the portfolio Vi, is self-financing,
i1) we have
. . t .
%:%+L%m&M% teRy, (8.1.5)

iii) we have

t t t
Vi = Voexp <f0 rudu> —+ fo Ouly €XP (L rudu> SudM,, (8.1.6)

teR,.

Proof. First, note that (8.1.5) is clearly equivalent to (8.1.6). Next, the self-
financing condition (8.1.4) shows that

dVy = Gd Ay + ndSy
= gtAt’I“tdt + ntrtStdt =+ O't’l’]tstht
= Tt%dt + O'tT]tStht,

t € Ry, hence

- t
d%sz@(—Lm@>%)
t t
= —7r;exp (— Jo Tsds) Vidt + exp <— fo rsds> dV;
t
= exp <— fo rsds> oM Sed My, te Ry,

i.e. (8.1.5) holds. Conversely, if (8.1.5) is satisfied we have

dV; = d(AV;)
= VidA, + AV,
= V; Ayredt + o1, Spd M,
= Viridt + o Sed My
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= gtAt’I"tdt + ﬁtStTtdt + UtntStht
= CtdAt =+ T]tdSt,

hence the portfolio is self-financing. O

8.2 Hedging by the Clark Formula

In the next proposition we compute a self-financing hedging strategy leading
to an arbitrary square-integrable random variable F', using the Clark formula
Proposition 4.2.3.

Proposition 8.2.1. Given F € L?((2), let
exp (— J;T rsds)
ne = E[D; F|F], (8.2.1)
O'tSt
exp (7 v BIFVE]
Ay ’

G = t €[0,7]. (8.2.2)

Then the portfolio (¢, Ce)iejo,r) is self-financing and yields a hedging strategy
leading to F, i.e. letting

Vi = Ge Ay + neSe, 0<t<T,

we have

V, = exp ( LT rudu> E[F|F, (8.2.3)

0<t<T. In particular we have Vi = F and

Vo = ! du | E[F
b = exp —fo rydu [F].
Proof. Applying (8.2.2) at t = 0 we get
EF ! du | =WV
[F] exp _jo rydu | = Vo,
hence from (8.2.2), the definition (8.2.1) of n; and the Clark formula we obtain
Vi = GAr + mS
T
= exp <—L rudu> E[F|F]
T t
= exp (‘L rudu> <1E[F} + fo ]E[DUF|]-"u]dMu>
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t T t
= Vhexp (fo rudu> + exp (L rudu> fo E[D,F|F,]dM,
t t t
= Vyexp <f0 rudu> + fo N Oy Soy €XP (f rsds> dM,, 0<t<T,

and from Lemma 8.1.2 this also implies that the portfolio (¢, (t)iefo,r] 18
self-financing. O

The above proposition shows that there always exists a hedging strategy start-

ing from
T
Vo = IE[F] exp <— fo rudu> .

Conversely, since there exists a hedging strategy leading to

- T
Vi = Fexp ( fo ’rudu> ,

then by (8.1.5), (‘Zf)te[O,T} is necessarily a martingale with initial value

T = E[Vy] = E[F] exp (- jOT rudu> .

We now consider the hedging of European call option with payoff F' =
(St — K)* using the Clark formula in the setting of deterministic structure
equations. In this case the next proposition allows us to compute the hedging
strategy appearing in (8.2.1).

Proposition 8.2.2. Assume that ¢y > 0, t € [0,T]. Then for 0 <t < T we
have

E[Dy(Sr — K)*|F]=E [itUtSf,Tl[K,oo)( i)

j €T T T
"‘l(Utﬁbt T — (K_St,T)+)1[ K oo)( t,T)

t 1+o¢?

CE:St

Proof. By Lemma 4.6.2, using Definition 4.6.1 and Relation (4.6.4) we have,
for any F € S,

D.F = DBF + ;—t(Tf’F —F), telo,T). (8.2.4)
t

We have T?Sr = (14 04dy)Sr, t € [0,T], and the chain rule DBf(F) =
f/(F)DBF, cf. Relation (5.2.1), holds for F € S and f € C?(R). Since S is
an algebra for deterministic (¢;)¢c[o,r], we may approach z — (z — K)* by

polynomials on compact intervals and proceed e.g. as in [101], p. 5-13. By
dominated convergence, F = (St — K)* € Dom (D) and (8.2.4) becomes
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Dy(St — K)* = i10¢S11 Kk 00) (ST) + %((1 + 0v¢¢) S — K)* — (Sp — K)*),

0 <t <T. The Markov property of (S¢)¢cjo,7] implies
E [DF (St — K)"|F] = i B[S 71,00 (ST7)]

.TiSt ’

and

ICR(19 Sy — K)* — (Sr— K)*|F]

on
J . .
N gi B [(1+ 01¢1)Sir — K)* = (Sir — K)T] g,
J @ -
B gi ]E |:((1 + O-td)t)St’T B K)l[lJrff(t(bt 700)( t’T)j| =5}
Jt . .
r E [( LT K)Jrl[K,oo)(St,T)]x:St
jt I T T T T
= E E _O-td)tst’Tl[Hftm ,oo)< b))+ (SEr — K)1[1+c{(mt ,K](St,T)} s,
jt [ T T T T
= 5B |0 ST i (SEr) — (K = S0 e (STn)]
jt [ T T T
- E ]E -(Ut¢tSt7T B <K N St’T>+)1[1+ft¢>t ’OO) <St’T)i| I:St '
O
If (é¢)tefo, 1) is not constrained to be positive then
E[Dy (St — K)"|F] = i10, B [SPr1ix,00) (ST 1), s,
Jt - N " .
_._E ]E |:O't¢tSt’T1[l+£(t¢t ,OO)( t,T) + (St,T - K)l[ﬁ,f(’]( t,T)i| oo, 5
with the convention 1p 4 = —1(q3, 0 < @ < b < T'. Proposition 8.2.2 can

also be proved using Lemma 3.7.2 and the It6 formula (2.12.4).

In the sequel we assume that (¢;);cr, is deterministic and
th - itdBt + (bt(dNt - /\tdt), te R+, M() - 0,

as in Relation (2.10.5).

Next, we compute

exp <_ jOT 7’8d5> E [(Sr — K)*]
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in terms of the Black-Scholes function
BS(z,T;r,0% K)=e"T E[(werT*UQT/er”WT - K)*t],

where Wr is a centered Gaussian random variable with variance T.

Proposition 8.2.3. The expectation

exp (— IOT rsds> E[(Sr - K)*]

can be computed as

exp <— IOT rsds> E [(Sr — K)*]
= exp Z k! f j

BS <SO €Xp ( IOT ¢s’750'sd8) H (1 + O—ti¢ti) ,T; RT7 %; K)

=1
Yty - .’ytkdtl e dtk

Proof. Similarly to Proposition 3.7.3 we have

E[e " (Sp - K)t] =Y E[e” " (Sp — K)*|Nr = k] P(Ny = k),
k=0
with
(Lo(T))*
K
Conditionally to { Ny = k}, the jump times (771, ...,T}) have the probability
distribution

P(Nr = k) = exp(—TIy(T)) keN.

k!
(1—10( )) 1{0<t1< <tk<T}’7t1 ’Ytkdtl e dtk?

since the process (N Fofl(T)t)tER_*_ is a standard Poisson process. Hence, con-

ditionally to
{N(Iy (Io(T))) = k} = {Nr = k},

its jump times (Iy(T1), . . ., Lo (Tk)) have a uniform distribution on [0, Iy (T)]*.
We then use the fact that (By)ecr, and (N¢)¢cr, are also independent under
IP since (r;)¢cr, is deterministic, and the identity in distribution

Nr
o T
S distribution So X1 exp (— jo qﬁsksasds) H 1+ o7, ¢71,.),
k=1
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where

1/2
Xp = exp (TRT — Ty(T)/2 + <F°£(FT)> WT) :

and Wr is independent of N. O

8.3 Black-Scholes PDE

As in the standard Black-Scholes model, it is possible to determine the hedging
strategy in terms of the Delta of the price in the case (r;);cr, is deterministic.

Let the function C(t,z) be defined by
C<t7 St) = V;f

— exp (- LT rudu> E[(Sy — K)* | 7
— exp <— [ mm) E[(Sr— K)T | S, teR,.

cf. (8.2.3). An application of the It6 formula leads to

oC oC  10°%C .
dC(t,8) = (m +riSig -+ §wztafsfaf + )\t@O> (t, S;)dt (8.3.1)
oC
+St0't%(t, St)th + (C(t, St(l + Ut¢t>) — C(t, St)) (dNt — )\tdt)
where
oC
OC(t,S;) = C(t, Se(1 + o)) — C(t,5¢) — %(ta St)Stotpr.

The process
Cy=C(1,S Cred
v := C(t,S;) exp —fo rsds
T
= exp <— Jo rudu> E[(St — K)T | F]
=V
is a martingale from Propositions 2.5.8 and 8.2.1-(ii), with

= 041y Spd My
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= 140N StdBy + 01 demSe(dNy — Aedt),
from Lemma 8.1.2. Therefore, by identification of (8.3.1) and (8.3.2),

2
ncmsg_(%j+m&ac L a?S?o? 20°C

a 2 O =5 8 B +)\t60> (t,St),

oC
UtUtStht Sior——

or (t, St)dMy + (C(t, Se(1 + 01gy)) — C (L, St)) (AN — Aedt) .

Therefore, by identification of the Brownian and Poisson parts,

C
o (t,St)

JeneStorgy = C(t, S (14 ov¢r)) — C(t, St).
The term ©C(t, S;) vanishes on the set
{teRy : ¢ =0} ={t : i(t) =1}

Therefore, (8.3.3) reduces to

ZtﬁtStUt = 1150 ——
(8.3.3)

oC

87.’17(257 St)7

N =
i.e. the process (1¢)¢cr, is equal to the usual Delta (8.3) on {t € Ry : i; = 1},
and to

C(t, S (1 + ¢rov)) — C(t, S)
Sipi0y

=
on the set {t € Ry : i, =0}.

Proposition 8.3.1. The Black-Scholes PDE for the price of a European call
option s written as

oC
ot

on {t: ¢ =0}, and as

ocC 02C
—(t,x) + rx— tzarzatzw

%a (t,l‘) :th(tvx)a

oC
ot

on the set {t € Ry : ¢ # 0}, under the terminal condition C(T,x) =
(x — K)*.

—(t,x) + rtxg—c(t x) + MOC(t,x) = r,C(t, x),
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8.4 Asian Options and Deterministic Structure
The price at time t of an Asian option is defined as

E le— ST reds <111 fOT Sydu — K>+ ‘ft] .

The next proposition provides a replicating hedging strategy for Asian options
in the case of a deterministic structure equation. Following [78], page 91, and
[14], we define the auxiliary process

1 1t
Vi o (T fo Sudu — K) , telo,T). (8.4.1)

Proposition 8.4.1. There exists a measurable function C on Ry x R such
that C(t,-) is C' for allt € Ry, and

S,C(t,Y;) = E l(; IOT Sydu — K)+ ‘}}] .

Moreover, the replicating portfolio for an Asian option with payoff

1 (T +
<T fo S, du — K>

is given by (8.1.3) and

= Uitef ST reds (@(t,yt)gt (8.4.2)
L+ o) (f; (é (t, 1+Y;t¢t> - é(t,m) - z'tamagé@,m)) -

Proof. With the above notation, the price at time ¢ of the Asian option
becomes .
E [e* J; TSdSST(YT)J“’]-}} .

For 0 < s <t<T, we have

1 t S,
d(5:Y:) = 74 (fo Sydu — K) = Tt
hence Sy Loes
tit U
p— 1/; —_— — .
S. + TJs 3. du

Since S, /S; is independent of S; by (8.1.2), we have, for any sufficiently
integrable payoff function H,
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1 T
E[H (SrYr) ‘ft} ~E {H (Sth +=f Sudu> ‘]—"t]
xz T S,
=E {H (xy—i— TL Stdu>]
Let C € CZ(Ry x R?) be defined as

x T S,
Ct,z,y) =K [H (a:y+ TL Stdu>} ,

O, S, Y)) = E [H(STYT) ‘ft} .

y=Yi, =5

ie.
When H(z) = max(z,0), since for any t € [0,7], S; is positive and Fy-
measurable, and S, /S; is independent of F;, u > t, we have:

E [H(STYT) ‘ft] - [ST(YT)+ -Ft:|

S\ 7T
— S E <YT) ‘}}
St
[ 1 ¢r8S, \"

1 TS, \7'
- S, E <y+TL Stdu> 1

y=Yy

with

C(t? y) =E

178,  \*

= —d .
<y+ TL S, “) ]
We now proceed as in [14], which deals with the sum of a Brownian motion
and a Poisson process. From the expression of 1/5; given by (8.1.2) we have

1 1 a?o? oy
dl=—)=—1((- +”)dt—dM>,
<St> Stf << "t ]-+O't¢)t 1+Ut¢t t

hence by (2.12.4), It6’s formula and the definition (8.4.1) of Y;, we have

oo 1 Y, o,
dY, =Y, —r+“>dt+dt—th.
! t< YT oy T 140

Assuming that H € C}(R) and applying Lemma 3.7.2 we get
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E [DtH (SrYr) )ft] — L,C(, 8, Y3)

Y
=i <0t5t820(t, S, Y;) — —7L 8,01t st,xft)) (8.4.3)
+ 0y
jt Y’tO't
4+t C(t,S—i—aS,Y —> —C(t, 8, Yim )
¢t < t ot t 1+Ut¢t ( t t )

where L; is given by (2.12.5). Next, given a family (H,,)nen of C7 functions,
such that |H,(z)| < 2% and |H/(z)] < 2, 2 € R, n € N, and converging
pointwise to # — z, by dominated convergence (8.4.3) holds for C(t,z,y) =
xC(t,y) and we obtain:

1 (T + .
D, (Tjo Sudu—K> ’]—} = i,C(t, V)01,

It A
+5 <¢t <C <t 1 +Ut¢t> (t, Yt)) —ztothaQC(t,y;O

C
+St01d4 <£; ( < 1 +Ut¢t) C(t,Y; ) - itUtY;:aQCN'(t,Y%O .

O

As a particular case we consider the Brownian motion model, i.e. ¢; = 0, for
all t € [0,7],s0 i, =1, j: = 0 for all t € [0,7T], and we are in the Brownian
motion model. In this case we have

= e Ji Teds (—Ytazé(t, v;) + C(t, Y;))

— o ST ruds (Sa < ( deu >>|z_st+é(t>yt)>
:(98:13(6 i mdsc(t( fgdu, )>>|m_st’ te[0,7),

which can be denoted informally as a partial derivative with respect to S;.

8.5 Notes and References

See e.g. [78] and [139] for standard references on stochastic finance, and [101]
for a presentation of the Malliavin calculus applied to continuous markets. The
use of normal martingales in financial modelling has been first considered
n [37]. The material on Asian options is based on [39] and [13]. Hedging
strategies for Lookback options have been computed in [16] using the Clark-
Ocone formula.
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Chapter 9
Appendix

This appendix shortly reviews some notions used in the preceding chapters. It
does not aim at completeness and is addressed to the non-probabilistic reader,
who is referred to standard texts, e.g. [74], [123] for more details.

9.1 Measurability

Given a sequence (Y;,)nen of random variables, a random variable F' on a
probability space (£2, F,P) is said to be F,-measurable if it can be written as
a function

F=f,Yy,...,Y,)

of Yo, ..., Y,, where f, : R*™! — R. This defines a filtration (F,),>_1 as

Fo= {Qa *Q}
and
Fn=0y,....,Yy), n >0,
where o(Yp,...,Y,) is the smallest o-algebra making Yy, ...,Y,, measurable.

The space of F,-measurable random variables is denoted by L°(£2, F,,,P).

9.2 Gaussian Random Variables

A random variable X is Gaussian with mean p and variance o2 if and only if
its characteristic function satisfies

. ) 2 2
]E[ezaX] — elan—a’s /2’ aeR.
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From e.g. Corollary 16.1 of [74] we have the following.

Proposition 9.2.1. Let Xi,...,X, be an orthogonal family of centered
Gaussian variables, i.e.

E[X;X;] =0, 1<i#j<n.

Then (X1, ...,X,) is a vector of independent random variables.

9.3 Conditional Expectation

Consider ({2, F,P) a probability space and G C F a sub o-algebra of F.
The conditional expectation IE[F | G] of F € L?(£2, F,P) given G can be
defined as the orthogonal projection of F on L?(£2,G,P) for the scalar product
(F,G) := E[FG], hence it satisfies

E[G(F - E[F|G))] =0, G e L*(2,G,P).

The conditional expectaction has the following properties

a) E[E[F | F||G]=E[F|G]ifGCF.
b) E[GF | G] = GE[F | G] if G is G-measurable and sufficiently integrable.

c) E[f(X,Y) | F] = E[f(X,y)]y=y if X, Y are independent and Y is F-
measurable.

Property (a) is referred to as the tower property. It shows in particular that
E[E[F | F]] = E[F] when G = {0, 2}.

Property (b) also shows that IE[F' | 7] = F' when F is F-measurable.

Property (c) shows in particular that IE[F | | = IE[F] when F is independent
of F.

The Jensen inequality states that for ¢ any convex function ¢ : RY — R? we
have

P(E[F]) < E[p(F)]. (9:3.1)
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9.4 Martingales in Discrete Time

Consider (Fy,)nen an increasing family of sub o-algebra of F. A discrete time
square-integrable martingale with respect to (F)nen is a family (M, )nen of
random variables such that

i) M, € L*(2, F,,P), n €N,

ii) E[My41 | Fu] = My, n € N.

Examples of martingales can be constructed from the tower property Prop-
erty (a) above by letting M,, := E[F | F,], n € N, where F € L*(2) is a
given square-integrable random variables.

The process
Yo+ -+ Yo)n>o0

is a martingale with respect to its own filtration defined as
Fa=A{0,2}

and
fn:U(Y07"'7Yn)> ”207

if and only if the sequence (Y;,),en satisfies
E[Y, | Foo1] =0, neN.

This property is satisfied in particular by classical random walks with inde-
pendent increments, for which (Y},),en is a sequence of independent centered
random variables.

Given F € L?({2), the tower property shows that (IE[F | F,])nen is a mar-
tingale, and we have the following proposition.

Proposition 9.4.1. Let F' € L*(2). Then (E[F | F,])nen converges to F

a.s.

Proof. This is a consequence of the martingale convergence theorem, cf. e.g.
Theorem 27.1 in [74]. O

9.5 Martingales in Continuous Time

Let (£2, F,P) be a probability space and (F;);cr, a filtration, i.e. an increasing
family of sub o-algebras of 7. We assume that (F;);cr, is continuous on the
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right, i.e.
Fo=()F, teR,.

s>t

Definition 9.5.1. A stochastic process (My)ier, such that E[|M[*] < oo,
t € Ry, is called an Fi-martingale if

E[M,|F,] =M, 0<s<t.

The martingale (M;)¢cr, is said to be square-integrable when E[[M;|?] < oo,
teR,.

A process (X;)ier, is said to have independent increments if X; — X, is
independent of o(X,, : 0<u<s),0<s<t.

Proposition 9.5.2. Ewvery integrable process (X¢)icr, with centered inde-
pendent increments is a martingale with respect to the filtration

Fri=0(Xy : u<t), telRy,

1t generates.

9.6 Markov Processes

Let Co(R™) denote the class of continuous functions tending to 0 at infinity.
Recall that f is said to tend to 0 at infinity if for all € > 0 there exists a
compact subset K of R™ such that |f(z)] < e for all x € R" \ K.

Definition 9.6.1. An R"-valued stochastic process, i.e. a family (X;)ier,
of random wvariables on (2, F,P), is a Markov process if for all t € Ry the
o-fields

Fri=o0(X, : s>t)

and
Fii=0(Xs : 0<s<1).

are conditionally independent given X;.

This condition can be restated by saying that for all A € F;" and B € F; we
have
P(ANB|X;) =P(A| X)P(B | Xy),

cf. Chung [27]. This definition naturally entails that:

i) (X¢)ier, is adapted with respect to (F)ier, , i.e. Xy is Fy-measurable,
te RJ,_, and
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i) X, is conditionally independent of F; given X, for all u > ¢, i.e.
E[f(X.) | Bl =E[f(X.) | X, 0<t<u,

for any bounded measurable function f on R".

Processes with independent increments provide simple examples of Markov
processes.

The transition kernel p,; associated to (X;)ier, is defined as
psi(x,A) =P(X; € A| Xs =1x) 0<s<t.

The transition operator (P;;)o<s<¢ associated to (X¢)ier, is defined as
Poof(2) = B[f(X0) | Xo =a] = [ f@heale.dy), R
Letting ps +(z) denote the density of X; — X we have
s i(z, A) = Lx ps(y — z)dy, A € B(R"),

and

Pouf(@) = | f@)pssly — x)dy.

Next we assume that (X¢)ier, is time homogeneous, i.e. jis; depends only
on the difference t — s, and we will denote it by p;—s. In this case the family
(Po,t)ter, is denoted by (P;)ier, and defines a transition semigroup associ-
ated to (Xi)ier, , with

Pof(2) =Elf(X) | Xo=a] = [ f@u(e,dy), ecR"

It satisfies the semigroup property

PP f(z) = B[P f(X¢) | Xo = ]
[ELf (Xeys) | Xs] | Xo = 2]
[ELf (Xegs) | Fo] | Xo = 2]
[f(Xitss) | Xo = 2]

+Sf( ) z € R™

I
S BE B3
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9.7 Tensor Products of L? Spaces

Let (X, u) and (Y,v) denote measure spaces. Given f € L*(X,u) and g €
L?(Y,v), the tensor product f®g of f by g is the function in L?(X x Y, u®@v)
defined by

(f @ g)(x,y) = f(x)g(y).
In particular, the tensor product f, ® g,, of two functions f,, € L?(X,0)®",
gm € L*(X,0)®™, satisfies

fn ®gm(x17' sy Ty Yy e e 7ym) = fn(xlv'” 7«'I;n)gm(y1,~ -~7ym)7

(1, Ty YLy - - > Ym) € XM Given f1,..., fn € L?(X, ), the symmetric
tensor product fy o---o f, is defined as the symmetrization of f1 ® --- ® f,,
ie.

(fro---ofu)(t1,... tn) = % Z fl(to(l)) cee fn(tg(n)), t1,...,ty, € X,
oceX,

(9.7.1)
where Y, denotes the set of permutations of {1,...,n}. Let now L?*(X)°"
denote the subspace of L?(X)®" = L?(X™) made of symmetric functions f,
in n variables. As a convention, L?(X)°° is identified to R. From (9.7.1), the
symmetric tensor product can be extended as an associative operation on

L2(X)On.
The tensor power of order n of L?([0,T],R%), n € N, d € N*, is
L*([0, T], R " ~ L*([0, T]", (RT)*"),

For n = 2 we have (R?)®? = R? @ R ~ M, 4(R) (the linear space of square
d x d matrices), hence

L2([0,T),RH®2 ~ L2([0, T)?, Ma.q(R)).

More generally, the tensor product (R?)®" is isomorphic to R%". The generic
element of L2([0,7],R%)®" is denoted by

f= 0ty <,

with fuein) € L2([0, T]).
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9.8 Closability of Linear Operators

The notion of closability for operators in normed linear spaces consists in
some minimal hypotheses ensuring that a densely defined linear operator can
be consistently extended to a larger domain.

Definition 9.8.1. A linear operatorT : S — H from a normed linear space S
into a normed linear space H is said to be closable on H if for every sequence

(F)nen C S such that F,, — 0 and TF, — U in H, one has U = 0.
The following proposition is proved by the linearity of T

Proposition 9.8.2. Assume that T is closable. If (F),)nen and (Gp)nen con-
verge to ' € Dom (T') and (T'F,)nen and (T'Gp)nen converge respectively to
UandV in H, then U =V.

Proof. Indeed, under the above assumptions, (T(F,, — G,,))nen converges to
U —V, hence U =V by the closability condition. O

Next we define the domain of a closable operator.

Definition 9.8.3. Given a closable operator T : S — H, let Dom (T') denote
the space of functionals F for which there exists a sequence (Fy,)nen converging
to F' and such that (TF,)nen converges to G € H.

It follows from Proposition 9.8.2 that the extension of 7" to Dom (T') is well-
defined if T is closable, as in the following definition.

Definition 9.8.4. Given T : § — H a closable operator and F € Dom (T),
we let
TF = lim TF,,

n—oo

where (Fp,)nen denotes any sequence converging to F' and such that (T F),)nen
converges in H.
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Notation

CL(R) denotes the space of continuously differentiable functions on R which
are bounded together with their first derivative.

CL(R) denotes the space of continuously differentiable functions on R which
have compact support in R.
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This volume gives a unified presentation of stochastic analysis for continuous
and discontinuous stochastic processes, in both discrete and continuous time.
It is mostly self-contained and accessible to graduate students and researchers
having already received a basic training in probability. The simultaneous
treatment of continuous and jump processes is done in the framework of
normal martingales; that includes the Brownian motion and compensated
Poisson processes as specific cases. In particular, the basic tools of stochas-
tic analysis (chaos representation, gradient, divergence, integration by parts)
are presented in this general setting. Applications are given to functional and
deviation inequalities and mathematical finance.
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