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Abstract: Graphene plasmons have received significant attention recently
due to its attractive properties such as high spatial confinement and
tunability. However, exciting plasmons on graphene effectively still
remains a challenge owing to the large wave-vector mismatch between the
optical beam in air and graphene plasmon. In this paper, we present a novel
scheme capable of exciting graphene surface plasmons (GSPs) on a flat
suspended graphene by using only s-polarized optical beams through four-
wave mixing (FWM) process, where the GSPs fields were derived
analytically based on the Green's function analysis, under the basis of
momentum conservation. By incorporating the merits of nonlinear optics,
the presented scheme avoids any patterning of either graphene or substrate.
We believe that the proposed scheme potentially paves the way towards an
efficient pure optical excitation, switching and modulation of GSPs for
realizing graphene-based nano-photonic and optoelectronic integrated
circuits.

©2015 Optical Society of America
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1. Introduction

Plasmonic structures allow electromagnetic waves to be guided, manipulated and confined to
the sub-wavelength scales, enabling wide applications in integrated photonic circuits [1-3],
light harvesting [4], to metamaterials [5] and biochemical sensing [6]. Recently, graphene
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surface plasmons (GSPs) have attracted tremendous interests due to its unique properties [7—
19]. For example, unlike conventional metal-based plasmons, GSPs can be tuned in situ by a
bias voltage applied on a field-effect transistor (FET) [20] in less than a nanosecond [21]. In
addition, it has an unprecedented spatial confinement even down to one fortieth of the free-
space wavelength, and such a spatial confinement has been verified by experiments [7, 8].
Moreover, graphene exhibits a relatively large conductivity, which translates into long optical
relaxation times (z~100 fs), and thus it could potentially provide a large plasmon wave
propagation distance [22]. These properties make graphene as a promising platform for
plasmonic applications in the infrared frequency regime.

Despite these promising GSPs capabilities, methods to efficiently excite GSPs by free-
space optical beams are on demand, where such a challenge is due to the large wave-vector
mismatch between GSPs and optical beams. In recent experimental demonstrations so far, a
sharp atomic force microscope (AFM) metallic tip that acts as a resonant optical antenna to
mimic a vertically-polarized dipole, was used for launching GSPs [7, 8, 11]. Another
approach is to use grating coupling method, for example the patterned silicon gratings placed
beneath the graphene layer [23, 24] or graphene grating created by its elastic vibration due to
the flexural wave or electrically generated surface acoustics [25, 26]. While, the vertical-
dipole method needs the AFM tip contact with graphene surface which could change the
properties of the graphene, and the grating coupler method could suffer from scattering of
plasmons on the patterned edges. Terahertz surface plasmon excitation by the nonlinear
difference frequency generation in graphene and topological insulators have been theoretical
studied [27]. Moreover, all these approaches for exciting GSPs requires the polarization state
of the incident optical field to be p-polarized incidence as is also the case for other plasmonic
materials, such as gold and silver [28]. In this case, a fundamental question of interest arises
whether it is possible to excite plasmons using only s-polarized light.

In this paper, we present a novel scheme that is capable of exciting GSPs on a flat
suspended graphene by using only s-polarized optical beams through nonlinear four-wave
mixing (FWM) process. We present the detailed theoretical derivations by using the Green's
function analysis, which enables us to obtain the required conditions of third-order
susceptibility tensors for plasmon excitation on graphene. The proposed scheme provides a
new route for graphene plasmon excitation with a potential for pure optical switching and
modulation of GSPs.

2. Scheme for exciting graphene surface plasmons using four-wave mixing

The proposed scheme for exciting GSPs using FWM process is shown in Fig. 1, where two s-
polarized optical beams (i.e. the electric field polarized along y) are with the oscillation
frequencies of w; and w,, respectively. The corresponding incident angles are denoted as 6,
and 6,, where the incident angle € is measured with respect to the surface normal direction
clockwise. The graphene layer is suspended in air and the dielectric environment surrounding
graphene in this case is denoted as &, =&, =1. Because the nonlinear FWM process involves

three incident photons, the oscillation frequencies of the resultant optical beams will be either
2mw-w; or 2w,-w,. Here, to simply the analysis, we focus on one of the oscillation frequencies
without the loss of generality, where

@, =20, ~ @, (D
Nonlinear FWM process has been used to excite surface plasmon polaritons on gold film
using two p-polarized optical beams [29, 30], where the detailed analytical expressions of the
required third-order nonlinear susceptibility is difficult to obtain due to the 3D nature of bulk
gold. In comparison, graphene has an atomic layer thickness, which simplifies the analysis
significantly. This simplification enables us to investigate the novel excitation schematic, i.e.
pure s-polarized incident condition.
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s-polarized
s-polarized

Fig. 1. Scheme for exciting GSPs by using FWM process. The incident optical beams from
free-space are having the oscillation frequencies of ®, and ®,, respectively, where the
incidence angles are denoted as ¢and 6,. The figure illustrates the resonant incident angles
(blue arrows) and the direction of GSPs propagation (purple arrow).

Figure 2 presents the dispersion curve of GSP with a Fermi energy level
of E; =0.4 eV (solid red line), where the in-plane GSP wave vector is given as

81+82 2ia)SPP . (2)
2 O-(wsw

kspp (a)spp) = 80

This expression was obtained by solving the dispersion relation of GSPs [22]. Here, O is
the optical conductivity calculated using random-phase approximation (RPA) [31], and the
detailed expression of O is given by Eq. (13) (see Appendix for details). The in-plane
dielectric constant of graphene is characterized by a dielectric function of g, =
2.5+ic(w)/(e0wt), and the out-of-plane component is €, = 2.5, which is based on the dielectric
constant of graphite [32]. We can see that the GSPs wave vector is much larger than the one
of the free-space optical beams with the same oscillation frequency. In order to excite GSPs
with free-space optical beams, the momentum mismatch has to be satisfied. Based on the
conservation of momentum as shown in Fig. 2, we have

$Re{kspp (w,

S|

)} =2k sin6, —k, sin 6, 3)

where the upper sign ofk, (@,,,) is corresponding to a solution of &, > 6, , and the lower sign

PP
is corresponding to 6, > 6, .

In order to satisfy the momentum conservation condition as specified by Egs. (1) and (3),
the relationship between 6, and @, are solved numerically as shown in Fig. 3, where the
incident optical beam has the free-space wavelengths of A =40umand
A, =25 pmrespectively. From Fig. 3, one can see that within the solutions of the angular

regions, the incident angles can be tuned by adjusting the Fermi energy levels, which
principally enable to realize the functions of ultrafast electrically controlled switches.
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Fig. 2. Dispersion curve of GSPs with the Fermi energy level of £, =0.4 eV (solid red line).

172

Dashed line represents the light line in free-space, where k, = (zn) "~ is the Fermi wave vector.

The carrier mobility used is z = 10000 cm*(V-s). The GSP dispersion curve is lying beyond
the light line, which prohibits the plasmon to be excited by a single incident beam. The
vectorial sum of three incident photons, as shown solid line in pink and purple, make it
possible to couple light into GSPs in the red line.

801
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Fig. 3. Relationship between the incident angles of 6, and 6, for exciting GSPs using FWM

with different Fermi energy levels of graphene. The incident wavelengths
are 4, =40 pm and 4, =25 pum.

3. Derivation of nonlinear optical field distribution for exciting graphene plasmon

In this subsection, we shall present the detailed analytical investigation for exciting GSPs
using FWM with only s-polarized optical beams. The electric field components for the two
incident optical beams with the oscillation frequencies of w; and w, are written as:

El , — Eleik“xeikzlze—iw[t
“ “4)

ik ,x _ik.,z —iant
E, =Ee" e e
2,y 2

>
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where £, and E, are the electric field amplitude of the incident waves. k_and k, vectors are

determined by the angle of incidence @ according
tok,,=m,sin@/candk,,, =@, ,cos6/c.

The nonlinear polarization at the FWM frequency o, i.e.Pl.(;), due to the two incident

pp ?
optical beams on graphene itself can be expressed as

P(") = Xy Er, Er B, (), (5)

where %, . denotes a component of third-order susceptibility tensor. At the FWM frequency

of 2w-w,, the beam at the oscillation frequency “®,” contributes two photons, where the
other beam at the oscillation frequency “w,” contributes one photon. Similarly, at the FWM
frequency of 2w,-w, the condition will be vice versa.

The electric field distribution at the FWM frequency can be calculated from the current

source based on the Green's function 5(;, }7') as [28]

E(r) =iy, | G(r,r)jGHdv, (6)
where the current source is given by (see Eq. (14) in Appendix for details)
J(r) =—iwP(). ()
After inserting Eq. (5) and Eq. (7) into Eq. (6), we obtain

o
= iwﬂﬂoTTTQ(i rlaz

—00 —00 —00

+ay, EE, ®)

~
+a
Y 4 (3 Gy

(3).x0
i[2k, —k.]x" i[2k, —k ! =it
x @ikl g2k ka2 g™l (21— 7 Yl dy ' dz ",

where we use d(z'- z,) here to represent the 2D dimension characteristic of graphene. a,, 4,

and g, are unit vectors along x, y and z directions, respectively. Substituting the Green's
function as shown in Eq. (17) into Eq. (8), we can obtain the analytical expression for the

GSPs field:
Mxx (kx ’ ky = O)Z(S),xyyy + sz (k\' ’ ky = O)X(S),z}yy

M » (kx ’ky = O)ZG),WW (9)
sz (kx b ky = O)Z(S),xy}y + Mzz (kx 2 ky = O)Z(3LZB’}’

i(2kg —kyp)x ik (ke ok, =0)2 2 g i@yt
Xel( xl x_)xe PP i XElEze PP

>

where M _

WM _,M_,M_ are the components of matrix M (see Eq. (18) in Appendix for
details). The optical fields generated at the FWM frequency have two sets of independent

fields:

a) One is transverse electric (TE) field component consisted of E,, H,, and /., which is
not a surface mode wave.

b) The other one is the transverse magnetic (TM) field component consisted of E,, E., and
H,, which is corresponding to the GSPs mode.
As shown in literature [22], for graphene surface plasmon field for z>0, we have
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x ik, k

ik spp g ik, X ik,
Ex = A" e ..sppZ’Ey — O,Ez = B m* o lz,sPI’Z’ (10)

withk, =0, where 4 and B are the electric field amplitude.

By comparing Egs. (9) and (10), we can obtain relation for the M matrix components in
order for the FWM process to satisfy the GSPs condition:

Mxx (kv s ky = O)l(}),x}j/y + sz (kv b ky = O)Z(S),zy}y — é — D (1 1)
sz (kx ’ k,v = 0)1(3)%”9' + Mzz (k k, = O)lﬂ).zwzv B

xo My

After submitting the M matrix components in to Eq. (11), we obtain the condition for GSPs
excitation by s-polarized beams as:

[kzzl,spp + Dkxkzl,spp ]Z(:&),x}yy = [Dkf + kxkzl,spp ]Z(:&),z}yy’ (12)

wherek =k (@,

plotted in Fig. 4 with the monolayer graphene of having different Fermi energy levels. By
introducing an elastic or plastic deformation to graphene, its symmetry class can be changed
and thus the values of the third-order susceptibility might be able to be tuned for experimental
realization of the required susceptibility values [33].

) -We can get the numerical relationship between y; . and %; ... . as

0141 [ —Er02ev
0.12 ——EF04 eV
%EEG.SGV
> 0101 | —Ero8ev
X 0.08-
3 0.06-
2
X 0.04-
*= 0.2
0.00

0 5 10 15 20 25 30
Frequency (THz)

Fig. 4. The relationship between the two components of the j;, .., and )., with different

monolayer graphene Fermi energy levels of £, =0.2 eV, 0.4 eV, 0.6 eV and 0.8 eV.

Figures 5(a) and 5(b) show the electric field wavefront distributions of E, with for the
pump lasers with the incident wavelengths of 40 pm and 25 pm, and under the incidence

angles of 50° and 25.2° respectively, where the ratio of y . over x;, ., is 0.014 as

calculated in Fig. 4. The location of the monolayer graphene is labeled by the dash lines.
Figure 5(c) shows the calculated electric field distribution of £, for the GSPs, as excited by
the FWM process. One can see that the GSPs has a wavelength of 47.8 um, which is less than
half of the wavelength of light in free space. In addition, the electric field is tightly confined
on the graphene surface.
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Z(pm)

X(pm)
50
c 2
© Aspp=46.29 um
1
£
e . 2 4l
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Fig. 5. (a)-(b) Electric field wavefront distribution of E| for the two pump lasers with incident
wavelength of 40 um and 25 pum, and incident angles of 50° and 25.2°, respectively. (c)
Electric field distribution of E, for the excited GSPs on a monolayer graphene sheet with a

Fermi energy level of E; = 0.4 eV . The ratio of X3)uw ! X3y is 0.014,

We have also investigated the third-order susceptibility tensors relation for multilayer
graphene with N>1. Here, the optical conductivity for N-layer graphene is No [34, 35]. In Fig.
6, the relationship between the two components of the y, . and g, ., for monolayer (N =
1), bilayer (N = 2), and four-layer (N = 4) graphene with a Fermi energy level
of E. =0.4eV is shown. We can see that the proposed scheme is also working for the multi-
layer graphene as well.

0.10+

0.084

0.06 1

0.04-

Xa)xyyy Xi).zyyy

0.024

0.00+

0 5 10 15 20 25 30
Frequency (THz)

Fig. 6. Relationship between the two components of %, and ., for monolayer (N=1),

bilayer (N=2), and four-layer graphene (N=4) with a Fermi energy level of £, =0.4 eV.

Lastly, we would like to mention that GSPs could also be excited by FWM at p-polarized
incidence condition, where the required conditions could be derived similarly by using the
theoretical framework as formulated in Eqgs. (4)-(9). The detailed investigation on the p-
polarized incidence condition might be beyond the scope of the current manuscript and will
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be reported elsewhere. In addition, we also would like to mention a bit on the experimental
feasibility, where the required laser power for exciting the four-wave mixing process of
graphene optoelectronics is in the level of several hundred uW [36].

4. Conclusions

In conclusion, we have proposed a scheme capable of exciting plasmons on a flat suspended
graphene through the FWM process. Based on the analytical derivations, we have shown it is
possible to excite surface plasmons on graphene sheet by only s-polarized optical beams with
certain incident angles over a broadband frequency and the graphene surface plasmon are
tunable by varying the electrical gating, or graphene doping. The proposed concept
contributes a new possibility for the study of graphene surface plasmons, and this scheme can
also be used for pure optical modulation and switching applications in the infrared regime.

Appendix

The optical conductivity of graphene can be calculated with random-phase approximation
(RPA) [31, 37]:

o(w, =ﬂm 2cosh Er
T ghi (@, +ith) 2k, T

spp B

(13)
Sl 1 ha,, —2E, i (ha,, +2E,)
+—<—+—arctan| —2—— |——1In — =1 ¢s
2 2k,T 27 | (hay,, —2E,) +(2k,T)

where k; is the Boltzmann constant, T is the temperature, 7 is the carrier relaxation time,

E, = hV,(zn)"* is the Fermi energy level, n is the charge carrier concentration, ¥, =10°m/s is

the Fermi velocity, and u is the carrier mobility in graphene. The carrier mobility used is u =
10000 cm?*/(V-s) in all calculations.
The relation between current source and the polarization components [28]

J(r) = ~icoe,[e(r) = &, (FIE()
= —iwe,Ae(r')E(r") (14)
=—i wﬁ(?’).
The detailed derivation for the electric field term in Eq. (5) is shown below:

E, E E;

2 i2k.gx i2k.,z —i2mt s —ik ,x _—ik. iyt
By, = Ere e e T X B e e el ™

— EIZE;ei[ZkXI_kXZ]xei[Zk:|_kZZ]Ze_i(zq_a)l)t (15)

— EIZE;ei[zkxl_kxz]xei[Zkgl_kzz]Ze’i”‘@pp’

By substituting Eq. (15) into Eq. (5), we obtain,

R =g, BBttt (16)
R(; .) — l(;),w EIZE;ei[Zkﬂ—kﬂ]x'ei[stl—kzz]z'e*iwgppt , (16.a)
Rv (’j’,) — Z(;)_w EIZE;ei[Zk“—k,(z]x'e[[Zk:l7kzz]z'e*iwsppt’ (16.b)
P(r)=y, B Btk glthtali g’ (16.c)

The Green's function is expressed as [28]
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o0 +oo

~ Ty l Y ik, (x=x") ik, (y=y") _—ik}P (z—z'
Gy(rur) =2 [ [ Mk ket 00 00 T die (17)
and the M matrix is given as
2 2 —
. l kl,xpp _kx 0 +kxkzl,spp
Mk k =0)= k’ 0
( ' ’ ) klzs kzl N (kx’kv = 0) b 2
o P : 1k)ckzl spp 0 kx
N (18)
MXX 0 MXZ
= 0 M, 0
MZX 0 MZZ

It can been seen that some terms in matrix M have two different signs. This sign difference
originates from the absolute values |z—zo| . The supper sign corresponds to z >z, and the
lower sign to z < z,. As graphene is an anisotropic materials, the relation of the wavevector in
both direction is given by:

2
kle +kle = (2] EE.. (19)
c
By substituting Egs. (17)-(18) in to Eq. (8), we have

oo too 4oo oo . oo foo

By =ton | [ ] ] ce | [ 00, et 0675

—00 —00 —00 —oc0 —co

A N ~ 2 i i[ 2k —hky Jx' —i@ppt ' '
XL X300 X3y T QX 3y JET g€ 2 € dlk dk ' dy

400 400 +oo .
. 1 — i ik x' ik,y kP2
— ZCU,U,UO J' j j _ZM(kx,ky )ezkxxe ik x el ;ye:kzl
o8 (20)
A A A 2 o i[ 2k —ky Jx' i@t U
X[axZG),XyW + a,v/}vlﬂ),ywy + az/?f/@),zyw ]El EZe e 27[5(k.v )dkxdkydx
400 +o0

__oul, rV; A ikex ikt kTP (kyk,=0)z
= ""ar J;:[o M(k,,k, =0)e""e "™ e

~ ~ ~ 2 i 2k —ky Jx' i@t '
X[asz),Wy + ayXB),yyyy + azZG),zyyy ]El E2e 1 e " dkxdx ’

where

[ ertele e dxt = 2782k, — ey —k, ) (21)

—co

Then, we can obtain:

+oo

T _ ikox ik (ko k, =0)z - A ~ A
_[ M(k/r’ky - O)e € [axX(S)vv’W + ayZG),yyw + azZG),Zyw]

—oo

X E}E; 278( 2k, —k, —k Je" " dk,

Ty QHY,
Er)= 4r
(22)

2ok, = 0)el Phha g7 2 ik 0z

= -%1\7(1@ =2k, —k

~ ~ ~ 2 i@t
X [axld),xyyy + ayZG),yyyy + azZB),ZyW]X El E2 € .
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By submitting Eq. (18) in to Eq. (22), we have the analytic expressions for the optical field at
the FWM frequency:

M,‘ar(kx’ky :0) 0 sz(kx’ky :0)
E(h =25 0 M, (k .k, =0) 0
sz (kx 2 ky = O) 0 Mzz (k‘c 2 k_v = O)
_ . /1,(3),1%9' )
Xe’(Zkvl‘k‘z)e’kz:ppl(kx:kal’kd*ky:O)z % 1(3),}”9) XEle;e—mw,t (23)
1(3),2)99*
QUL M (kx’ky = 0) X5y + M. (kx’ky =0) X 2
E(r)= _TO M, (ko k, =0) )00

M. (k. k, =0) 1.,

v

+M_ (k. k, =015,

X ei(Zk‘l—k‘z)eikzﬁ,[,(k“k,.:o)z X E2E*e*i‘”\pp’
1 2 .
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