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APPENDIX

A. Summary of Notation

Table Il summarizes the notation used in the paper.

TABLE Il
SUMMARY OF NOTATION*

[ Symbol | Definition

* The symbols with subscript refer to the notation of senseér

B. Optimal Value Fusion Rule
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where Py = P(Hy), P = P(H,), and Cj; is the cost that
we decideH; when the ground truth ig7;.
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Accordingly, the likelihood ratio test becomes
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Therefore, the optimal fusion statistic for Bayesian deadis
is ZN 2 . y; where 2 is the received signal-to-noise ratio

i=1 o

S § original S|gnal.energy em'med by the target (SNR) of Sensot.
U, o mean and variance of noise energy
§ peak signal-to-noise ratio (PSNR),= S/o
k path loss exponent C. Proofs
w(-) signal decay functiomw(z) = ©(x~F)
d; distance from the target C.1. Proof of Lemma 1
S; attenuated signal energy; = S - w(d;) ) ) o
P noise energyn; ~ N (i, 02) Proof: We first discuss the necessary and sufficient con-
Vi signal energy measurement, = s; + n; dition thatp is («, 8)-covered. When no target is present, all
Pr | Pp | false alarm rate / detection probability sensors measure independent and identically distribiet)(
al B upper / lower bound of’r / Pp noises and henc&é|H _ Z N 2
Hy | H, | hypothesis that the target is absent / t i€F (p)
o 5 L n)éilc\;oris(insiy © 1arge’ 15 absen’ 7 presen Therefore, the false alarm rate Br = P(Y > T|Hy) =
I grid side length of regular network Q (M) whereT is the detection threshold. A&
F(p) the set of sensors within fusion range of pajnt ] oy/N(p) ] ) o o
N(p) the number of sensors B (p) is a non-decreasing function aPr [1], it is maximized
€ upper bound of target localization error when Pr is set to be the upper bound. Such a scheme

is referred to as the Constant False Alarm Rate detector [1].
Let Pr = «, the optimal detection threshold can be derived
as Topt = N (p) + Q™" (@)y/N(p).

When the target is present;|H; = ZieF(p) S; +mny o~

. . ~ N(uN(p) + DieR( )Si,O'QN(p)). Therefore, the detection
Supppse ther<_e ng sensors tgk_lng part in the data ,fus'onprobability atp is %iven by Pp(p) = P(Y > T|Hy) =
The optimal decision rule that minimizes the average daest (

Bayesian decision) is given by the likelihood ratio test:

T_MN(P)_EiEF(p) Si

) a4/ N(p) o
solving Pp(p) > /3, we have the necessary and sufficient
condition thatp is («, 5)-covered:

ZiGF(p) Si o (0O~ —
e 2 (Q (o)

>. By replacing T' with 7, and

Q7H(B)- (13)

The left-hand ag the random network is stationary, the fraction of covered

side is the likelihood ratio and the right-hand side is thg. equals the probability that an arbitrary point is cestdry
the network [2]. Therefore, th@y, 3)-coverage of the network
is given by (5). |
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i.i.d. for given p, whered; is the distance between sensor

and pointp. To simplify our discussion, we now temporarily

assume that there is no localization erra@, ¢ = 0. Therefore,
{sili € F(p)} arei.i.d. for givenp, ass; is a function ofd;
(i.e, s; =S -w(d;)). Suppose the coordinates of poinand
sensori are (z,,y,) and (z;,y;), respectively. The posterior
probability density function of(z;,y;) is f(zi,y:) = —f=
where (z; — z,)? + (y; — yp)? < R% Hence, the posterior

C.4. Proof of Theorem 1

Proof: As p; is large to provide a high level of cov-
erage under the fusion model, the lower bound(af3)-
coverage,cp, is given by (9) according to Lemma 3. We

efinehs(py) = % : \/Lp_f, ha(py) = VTR - /py and bence
cL = Q(h1(pg) — ha(py)). Whenpy — oo, ha(py) dominates
hi(py) as hm h

1Epf§ =0.Hencec > ¢, = Q(—ha(py)) =

cumulative d|str|but|on function (CDF) ofi; is given by (- \/_R \/—) whenp; — oo. Definez = Q~1(c). We have

F(d;) = [77d0 [5 Ly ade = % whered; € [0,R]. py < —ky2® whenc — 1.
Therefore, we have Under the disc model, by replacing= Q(z) = 1 — ®(x)
R 9g R in (3) and solvingpy, we havep,; = —#lnq)(x), where
s = / s;idF(d;) = -5 / zw(zr)de, ®(x) is the CDF of the standard normal distribution. Hence,
0 = Jo we have
azz/RszdF(d-)—/LQ: 2—52/Rxw2(x)d:v—,u2. pf T r? 2
s 0o ! 5 RZ? s lim = < lim i =7 zgrbm PEIEE

c—=1 pg T——00 —ﬂ_—ln(I)( )
A straightforward approximation is to replatglGF

in (5) with its meanu,N(p). However, doing so |gnoresAS hm ™ q)(m)

the distribution ofy_, ., s;- We approximate_, ., s; as Pf

a Gaussian random varlable according to the Central Lmtnt»
glven by (10)

—2 (derived in Appendix C.10), we have

==. Therefore, the asymptotic upper bound gf
[ |

Theorem (CLT),i.e, > ,cpysi ~ N(usN(p),oIN(p)).

Note that here we tredf (p) as a constant. When the target is

presentY |Hy =3 ;cp(,) Sit+ 2 icp(p) M- AS the sum of two  C 5, Proof of Theorem 2

independent Gaussians is also Gaus&ari; follows the nor-

mal distribution,i.e., Y|H; ~ N (usN(p)+uN(p),o2N (p)+ Proof: We choosef? by

02N (p)). Therefore, the detection probability at poiptis § T'(R) o (15)
iven by Pp(p) = P(Y > T|H, (T 1N ”N"” o R

) Y olr) ( =@ Voitedy N where¢ is a constant and > 1. It is easy to verify that the

By replacing T with the optimal detection thresholﬁfopt
(derived in the proof of Lemma 1) and solvid, (p) > £, the
condition thatp is («, 5)-covered is given byV(p) > v(R).

The approximate formula dfo, 3)-coverage is then given by
o f) i c1. is given byer = Q ((ﬁ - \/z) : ,/F(R)) =1-®(12),
¢=P(N(p) 2 (R) =1 = Froi(y(R)lpr ), (14)  \ypare, — Jz — v is a constant and = /T(R). Hence
where Fpoi(-|\) is the CDF of the Poisson distributionwe havec > ¢, = 1 — ®(nz). According to (3) the network
Poi(\). WhenprR? is large enough, the Poisson distributiolensity under the disc model satisfigs= ——1; In(1 — ¢) >
Poi(prR2) can be excellently approximated by the normal dis= —= In ®(1z). Hence, the ratig)} /ps whereb is a positive
tribution NV (pm R2, pr R?). Therefore, Eq. (14) can be furtherconstant satisfies

chosenR is order-optimal for the lower bound of coverage
(i.e, cr). Moreover, it is easy to verify that both the choden
andI'(R) increase withps. By replacingpy in (9) with (15),

1—

approximated by (6). | p (é)b . F;(Qf)
hH% —f < Rhm TFT
c— —00 ———
C.3. Proof of Lemma 3 pd n®(12)
) é-b 2 ) 22 bel(R)
Proof: For any pointp, > ;cp,) si = S - w(R +¢€) - =T Zlingo md(y2) ros R
N(p), ass; > S - w(R + ¢) for any sensor in F(p). If 212 ro-1(R)
S-w(R+¢€)-N(p) -1 —1 _ .
Sy e >0 (Q 7 (a) —Q7(B)), Eq. (13) must hold. - qunz .1%1_1307.
Therefore, by solvingN(p), the sufficient condition thap
is (a, 3)-covered isN(p) > I'(R). Moreover, asN(p) ~ Note that hm o @(nz) 772—2 (derived in Appendix C.10) in

Poi(prR?), we have ~k) and e is constant,

— O(R2)
(R _
P

the above der|vat|0n As(z) = O(x
I'(R) = O(1/w?(R+¢€)) = O((R + ¢)%)
hencel*~(R) = O(R2kb—2k), Therefore,Rlim

—00
R2kb—2k—2b

¢ P(point p is («, B)-covered

P(N(p) = T'(R))

1 — Fpoi(T(R)|pmR?).

Therefore, the lower bound efis given by (7). Wherpr R?
is large enough, the normal distributioN (pm R?, pr R?)

excellently approximates the Poisson distributiewi(pr R?).
Therefore, Eq. (7) can be approximated by (9). [ |

Y

Ify < I (R is a constant

lim T hm

R—oo
and hencdm% ok is upper-bounded by a constant. Hence, we
have (11). We note that although the chogers not optimal

for ¢, the upper bound given by (11) still holds/f is optimal
for c. [ |



C.6. Proof of Corollary 1 we have

Proof: As w(z) = O(z %), wi(z) = O Y*). lim A Jim # _ 2, 2m2)2
According to (2), the sensing range= ©(5'/%). As lim 4 < eoeln®(nz)  =oee grusd(nz)n n e (n2)
c—
22 = 0(57/F), we have’l = O(6*/*) whenc —+1.  m 02y, G2t omz) 2 (n+ iy 2012) )
nz=ee —n2zg(n2) Uk 200 2¢(1)z)
0 _2 ( . ¢(m2)n )
=——(n+ lim
C.7. Proof of Lemma 4 n3 200 ¢(nz) — n222¢(n2)
. 2
Proof: As proved in Lemma 3, the sufficient condition - B (77"‘ Zli{{}o m) = 2k

that an arbitrary poinp is («, 8)-covered isN(p) > I'(R), . e
whereT'(R) is given by (8). Moreover, it has been provea,\\l/herer:hefsteps (r)nalr.kedq)by( )finl(l)ow fdrolm the | Hop_ngl SI‘B‘EU
in [3] that if the grid side length is chosen to be- —~2& ote that fory <0, e (n2)z=0 an zi{{oloz¢(nz)_ g

. _ ) " — VI(®  replacingz = —z and77:—1, we have
there will be at leasF'(R) grid points within the disc of radius

R centered at any point. Hence, the network density;of lim 2 3
is sufficient to guarantee full coverage of regular networks z—oo In®(z)

Therefore, the minimum network densjty for achieving full
coverage is upper-bounded By = 1;331%2)- By replacingl'(R) b Extended Mobile Relocation Strategies
with (8), we have (12). |

This appendix provides the illustration of the two extended
mobile relocation strategies discussed in Section VII-Be T

C.8. Proof of Theorem 3 illustration is in Fig. 8.

Proof: The upper-bound opy is given by (12) andv, e | el S

is given by (4). If the localization erraris insignificant such o ‘/i RS
that e < R, we can considetv?(R + ¢) ~ w?(R) in (12). s SR
Hence, the ratio of network densities satisfies 73/7'" et
N
L &
P (Q o) — Q_l(ﬁ))2 7 fﬁf’%———\—#—;—%i——%z

pd 62 R2 - w2(R) ' ‘ ‘ ‘ ‘ ‘

Fig. 8. Extended mobile relocation strategies, where sdtits represent

mobile sensors. (a) Under the probabilistic disc modelafoy pointp, there

: 1 Q- (B) rr is at least one sensor within the circle of radiugiven by (2), where the

By Iettlng R=r=uw ( 0 , We havepd <1 grid side length; = +/2r; (b) Under the data fusion model, for any pojnt
B there are at least(R) sensors within the fusion range pf where the grid

side lengthl; = \/F%.

C.9. Proof of Corollary 2

Proof: For fixed fusion rangeR, the grid side lengti E. Discussions
must satisfyl < V2R to ensure at least one sensor within | s section, we discuss how to extend several theotetica

the fusion range. When the SNR is sufficiently high, onlysgyits derived in this paper to address other noise models,

one sensor within the fusion range is enough to meet thyn5| decay laws and fusion models. We then discuss the
performance requirementsand 3. Therefore, we can chooseyetection latency of data fusion.

the grid side length = /2R and the minimum network

T ST A o g2 ) 1) Noise Models: In the proofs of Lemma 1, Lemma 2 and
density is given by = iz = 57z Hencef = 7z = O(®). | emma 3, the fusion statisti’ has a component, g, -
Moreover, as- = © (6'/*) (proved in Corollary 1), we have According to the CLT, this component approximately follows
5L =0 (8°%). B the normal distribution if{n;} arei.i.d.. Therefore, the as-

sumption ofi.i.d. Gaussian noises made in Section IlI-A can

be relaxed ta.i.d. noises that follow any distribution, when the
C.10. Two Limits Used in the Proofs of Theorems 1 and 2 number of sensors taking part in data fusion is large enough.

In practice, the accuracy of this approximation is satisfgc

Denote ¢(x) as the probability density function of thewhen N(p) > 20 [4]. In particular, the distribution of noise

standard normal distributioni,e., ¢(z) = —

ﬁe_ﬁ/g. Note will not affect the asymptotic scaling laws in Section VI, as
that ®’(z) = ¢(x) and¢’'(x) = —xzé(x). For constant) < 0, N(p) is large in the asymptotic scenarios wheres 1.



2) Sgnal decay laws. The main objective of this paperis consistent with Lemma 3. Accordingly, it is easy to verify
is to explore the fundamental limits of coverage based dhat the asymptotic results for fixeH, i.e., Theorem 1 and
data fusion model in target surveillance applications, imolw  Corollary 1 are applicable to the decision fusion model.
sensors measure the signals emitted by the target. Thesprdédwever, the proofs of other theorems and corollaries kighl
of Lemma 1-4, Theorem 1 and 3 are not dependent on the fodepend on the formula df(R). As theT'(R) for the decision
of the signal decay functiow(-). Therefore, these results holdfusion model is very complex, the extensions of other result
underarbitrary bounded decreasing functian(-). However, to decision fusion model are still open issues.

Theorem 2, Corollary 1 and 2 are only applicable for the In the above decision fusion model, the sensor reading is
applications where the target signal follows the power laguantized into one bit. In the general quantization scheme
decay,i.e, w(z) = O(x~*). We acknowledge that most[7], the sensor reading can be quantized into multiple bits.
mechanical and electromagnetic waves follow the power lawtuitively, the sensing performance of the decision anldeva
decay in propagation. In particular, in open space, inversasion models adopted in this paper lower-bounds and upper-
square lawi(e., k = 2) [5] applies to various physical signalsbounds that of the general quantization scheme, resphctive
such as sound, light and radiation. In our future work, wi our future work, we plan to extensively investigate the
will extend our analyses to address other decay laws suchtrgle-off between communication overhead and coverage per
exponential decay in diffusion processes [6]. formance of fusion-based wireless sensor networks (WSNs)

3) Datafusion models. Theorem 1-3 and Corollary 1-2 givewith quantization.
the upper bounds of network density under the fusion model4) Detection Latency of Data Fusion: We leverage the
presented in Section I1I-B. If more efficient fusion modets a results presented in [12] to analyze the detection latencly a
employed, the coverage performance will be further impdoveguide the design of the data aggregation algorithm to mizgmi
Therefore, more efficient fusion model can reduce the nétwahe latency. If the fusion rang® is small such that each
density for achieving a certain level of coverage. As a tesusensor inF(p) can directly communicate with each other, the
the upper bounds of network density derived in this pap#r stbest strategy is that the sensors communicate with theeclust
hold. Exploring the impact of efficiency of fusion models omead sequentially, leading to an average detection lateficy
network density is left for future work. O(pR?). If the fusion rangeR is large such that a multi-hop

We now briefly discuss how to extend our analysis frameluster is needed to aggregate the sensor readings, thegaver
work to address decision fusion [7]. This discussion presid detection latency i® (log(pR?)). As shown in [12], to achieve
insights into the impact of sensor quantization on the asymhis bound, the communication range of each sensor should be
totic results presented in previous sections. In the datisi M Moreover, the routing tree rooted at the cluster head

. . . P
fusion model, each sensarmakes a local decisiod; by s formed by grouping sensors according to a tessellation of
camparing its measuremept against alocal threshold A\ the deployment region into square cells. More details of the

If yi > A Ii = 1; otherwise,/; = 0. Let Y’ denote the gptimal routing algorithm can be found in [12].
number of positive local decisionse., Y = 3", g, 1i- The

: «icF(p) °t
cluster head makes a system detection decision E)y a theeshol 4.85 , , 0323

testing,i.e., given asystem threshold 6 < [0, 1), if ﬁ >0, E;:‘ 447'2 i Communiion iatency — Aosi H
the cluster head decidd$;; otherwise, it decide$l. éuch a E: a7k Lo g
decision fusion model has been widely employed in previous £ 4;‘62: -
analytical studies [1], [7]-[9] and real systems [10]. Wevdna g‘i 455 7 1% £
derived the approximate system detection performancei®f th & 45 H0283
decision fusion model in [11]. Specifically, the system dals 55 02 o'.4ﬁ 06 08 1 @
alarm rate isPp ~ Q M) where aq is the (o Preovemee
V(@o—ag)-N(p) Fig. 9. Trade-off between detection latency and coverage 6000, R =

local false alarm rate of a sensor given by = Q (A%‘) 100 m).

We can solve the local threshoMfrom Pr = «. Moreover,

as shown in [11], the system detection probability can be Fig. 9 plots_the numerical result showing the trade-off
6N (D)3 pi between detection latency afd, 5)-coverage under the value
V\P)72.ier(p) 'O

: , , where P},  fusion model. The tight bound of the optimal communication
. . \/ZT‘%F@)(PB*(PB,)Z) L range is also plotted in the figure. We can see from the figure
|s_the Iocai detection probability of sens_othat is given by that a higher level of coverage is always achieved at thespric
Pp=Q (#) It has been shown in [11] that thep  of |onger detection latency. Moreover, the detection layen
increases WichieF(p) P}, with high probability. Therefore, arrl1d thr? coverage haveha[;; appro>§imate Iirrllear]c relz?jtionship

/N (1) _ o—Pp™ min i« When the coverage is withif.05, 0.95]. Note that if random
Fo2Q (7 N(p))' wherey VPR —(PER)? andPp™ is media access control protoca.d., CSMA/CA) is used, the
the lower bound ofP}, given by PR = @ M . detection latency will be larger than the above bounds sxau
As a result, the lower bound of coverage can be derivédl the communication contention and backoffs. The further
asc, = P (Q (VW) > 5) — P(N(p) >T(R)) = study on the fusion-based coverage problem that incorgerat

a2 communication constraints such as connectivity and lighite

1 — Fpoi(T'(R)|pmR?), wherel'(R) = %- This result energy budget is left for our future work.

calculated byPp = @
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