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APPENDIX

A. Summary of Notation

Table II summarizes the notation used in the paper.

TABLE II
SUMMARY OF NOTATION∗

Symbol Definition

S original signal energy emitted by the target
µ, σ2 mean and variance of noise energy
δ peak signal-to-noise ratio (PSNR),δ = S/σ

k path loss exponent
w(·) signal decay function,w(x) = Θ(x−k)

di distance from the target
si attenuated signal energy,si = S · w(di)

ni noise energy,ni ∼ N (µ, σ2)

yi signal energy measurement,yi = si + ni

PF / PD false alarm rate / detection probability
α / β upper / lower bound ofPF / PD

H0 / H1 hypothesis that the target is absent / present
ρ network density
l grid side length of regular network

F(p) the set of sensors within fusion range of pointp

N(p) the number of sensors inF(p)

ǫ upper bound of target localization error
∗ The symbols with subscripti refer to the notation of sensori.

B. Optimal Value Fusion Rule

Suppose there areN sensors taking part in the data fusion.
The optimal decision rule that minimizes the average cost (i.e.,
Bayesian decision) is given by the likelihood ratio test:

p(y1, . . . , yN |H1)

p(y1, . . . , yN |H0)

H1

≷
H0

P0(C10 − C00)

P1(C01 − C11)
.

whereP0 = P(H0), P1 = P(H1), andCij is the cost that
we decideHi when the ground truth isHj . The left-hand
side is the likelihood ratio and the right-hand side is the
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optimal Bayes threshold. As the sensors’ measurements are
independent Gaussians assumed in Section III-A, we have

p(y1, . . . , yN |H1)

p(y1, . . . , yN |H0)
=

N
∏

i=1

p(yi|H1)

p(yi|H0)
= e

∑N
i=1

2siyi−2µsi−s2i
σ2 .

Accordingly, the likelihood ratio test becomes

N
∑

i=1

si
σ

· yi
H1

≷
H0

1

2

N
∑

i=1

2µsi + s2i
σ

+
σ

2
ln

P0(C10 − C00)

P1(C01 − C11)
.

Therefore, the optimal fusion statistic for Bayesian decision
is
∑N

i=1
si
σ · yi where si

σ is the received signal-to-noise ratio
(SNR) of sensori.

C. Proofs

C.1. Proof of Lemma 1

Proof: We first discuss the necessary and sufficient con-
dition thatp is (α, β)-covered. When no target is present, all
sensors measure independent and identically distributed (i.i.d.)
noises and henceY |H0 =

∑

i∈F(p) ni ∼ N (µN(p), σ2N(p)).
Therefore, the false alarm rate isPF = P(Y ≥ T |H0) =

Q

(

T−µN(p)

σ
√

N(p)

)

, whereT is the detection threshold. AsPD

is a non-decreasing function ofPF [1], it is maximized
when PF is set to be the upper boundα. Such a scheme
is referred to as the Constant False Alarm Rate detector [1].
Let PF = α, the optimal detection threshold can be derived
asTopt = µN(p) + σQ−1(α)

√

N(p).
When the target is present,Y |H1 =

∑

i∈F(p) si + ni ∼
N (µN(p) +

∑

i∈F(p) si, σ
2N(p)). Therefore, the detection

probability at p is given by PD(p) = P(Y ≥ T |H1) =

Q

(

T−µN(p)−
∑

i∈F(p) si

σ
√

N(p)

)

. By replacing T with Topt and

solving PD(p) ≥ β, we have the necessary and sufficient
condition thatp is (α, β)-covered:

∑

i∈F(p) si
√

N(p)
≥ σ

(

Q−1(α)−Q−1(β)
)

. (13)

As the random network is stationary, the fraction of covered
area equals the probability that an arbitrary point is covered by
the network [2]. Therefore, the(α, β)-coverage of the network
is given by (5).

C.2. Proof of Lemma 2

Proof: We first prove that the{si|i ∈ F(p)} are i.i.d. for
given p and derive the formulas forµs and σ2

s . As sensors
are deployed uniformly and independently,{di|i ∈ F(p)} are
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i.i.d. for given p, wheredi is the distance between sensori
and pointp. To simplify our discussion, we now temporarily
assume that there is no localization error,i.e., ǫ = 0. Therefore,
{si|i ∈ F(p)} are i.i.d. for given p, assi is a function ofdi
(i.e., si = S · w(di)). Suppose the coordinates of pointp and
sensori are (xp, yp) and (xi, yi), respectively. The posterior
probability density function of(xi, yi) is f(xi, yi) = 1

πR2

where (xi − xp)
2 + (yi − yp)

2 ≤ R2. Hence, the posterior
cumulative distribution function (CDF) ofdi is given by
F (di) =

∫ 2π

0 dθ
∫ di

0
1

πR2 · xdx =
d2
i

R2 where di ∈ [0, R].
Therefore, we have

µs =

∫ R

0

sidF (di) =
2S

R2
·
∫ R

0

xw(x)dx,

σ2
s =

∫ R

0

s2idF (di)− µ2
s =

2S2

R2

∫ R

0

xw2(x)dx − µ2
s.

A straightforward approximation is to replace
∑

i∈F(p) si
in (5) with its meanµsN(p). However, doing so ignores
the distribution of

∑

i∈F(p) si. We approximate
∑

i∈F(p) si as
a Gaussian random variable according to the Central Limit
Theorem (CLT), i.e.,

∑

i∈F(p) si ∼ N (µsN(p), σ2
sN(p)).

Note that here we treatN(p) as a constant. When the target is
present,Y |H1 =

∑

i∈F(p) si+
∑

i∈F(p) ni. As the sum of two
independent Gaussians is also Gaussian,Y |H1 follows the nor-
mal distribution,i.e., Y |H1 ∼ N (µsN(p)+µN(p), σ2

sN(p)+
σ2N(p)). Therefore, the detection probability at pointp is

given byPD(p) = P(Y ≥ T |H1) ≃ Q

(

T−µsN(p)−µN(p)√
σ2
s+σ2·

√
N(p)

)

.

By replacing T with the optimal detection thresholdTopt

(derived in the proof of Lemma 1) and solvingPD(p) ≥ β, the
condition thatp is (α, β)-covered is given byN(p) ≥ γ(R).
The approximate formula of(α, β)-coverage is then given by

c ≃ P(N(p) ≥ γ(R)) = 1− FPoi(γ(R)|ρπR2), (14)

where FPoi(·|λ) is the CDF of the Poisson distribution
Poi(λ). WhenρπR2 is large enough, the Poisson distribution
Poi(ρπR2) can be excellently approximated by the normal dis-
tribution N (ρπR2, ρπR2). Therefore, Eq. (14) can be further
approximated by (6).

C.3. Proof of Lemma 3

Proof: For any pointp,
∑

i∈F(p) si ≥ S · w(R + ǫ) ·
N(p), as si ≥ S · w(R + ǫ) for any sensori in F(p). If
S·w(R+ǫ)·N(p)√

N(p)
≥ σ

(

Q−1(α) −Q−1(β)
)

, Eq. (13) must hold.

Therefore, by solvingN(p), the sufficient condition thatp
is (α, β)-covered isN(p) ≥ Γ(R). Moreover, asN(p) ∼
Poi(ρπR2), we have

c = P(point p is (α, β)-covered)

≥ P(N(p) ≥ Γ(R))

= 1− FPoi(Γ(R)|ρπR2).

Therefore, the lower bound ofc is given by (7). WhenρπR2

is large enough, the normal distributionN (ρπR2, ρπR2)
excellently approximates the Poisson distributionPoi(ρπR2).
Therefore, Eq. (7) can be approximated by (9).

C.4. Proof of Theorem 1

Proof: As ρf is large to provide a high level of cov-
erage under the fusion model, the lower bound of(α, β)-
coverage,cL, is given by (9) according to Lemma 3. We
defineh1(ρf ) =

Γ(R)√
πR

· 1√
ρf

, h2(ρf ) =
√
πR · √ρf and hence

cL = Q(h1(ρf )−h2(ρf )). Whenρf → ∞, h2(ρf ) dominates
h1(ρf ) as lim

ρf→∞

h1(ρf )
h2(ρf )

= 0. Hence,c ≥ cL = Q(−h2(ρf )) =

Q(−√
πR·√ρf) whenρf → ∞. Definex = Q−1(c). We have

ρf ≤ 1
πR2 x

2 whenc → 1.
Under the disc model, by replacingc = Q(x) = 1 − Φ(x)

in (3) and solvingρd, we haveρd = − 1
πr2 lnΦ(x), where

Φ(x) is the CDF of the standard normal distribution. Hence,
we have

lim
c→1

ρf
ρd

≤ lim
x→−∞

1
πR2 x

2

− 1
πr2 lnΦ(x)

= − r2

R2
lim

x→−∞

x2

lnΦ(x)
.

As lim
x→−∞

x2

ln Φ(x) = −2 (derived in Appendix C.10), we have

lim
c→1

ρf

ρd
≤ 2r2

R2 . Therefore, the asymptotic upper bound ofρf

is given by (10).

C.5. Proof of Theorem 2

Proof: We chooseR by

ξ

π
· Γ(R)

R2
= ρf , (15)

whereξ is a constant andξ > 1. It is easy to verify that the
chosenR is order-optimal for the lower bound of coverage
(i.e., cL). Moreover, it is easy to verify that both the chosenR
andΓ(R) increase withρf . By replacingρf in (9) with (15),

cL is given bycL = Q
((

1√
ξ
−√

ξ
)

·
√

Γ(R)
)

= 1−Φ(ηz),

whereη = 1√
ξ
− √

ξ is a constant andz =
√

Γ(R). Hence
we havec ≥ cL = 1 − Φ(ηz). According to (3), the network
density under the disc model satisfiesρd = − 1

πr2 ln(1− c) ≥
− 1

πr2 lnΦ(ηz). Hence, the ratioρbf/ρd whereb is a positive
constant satisfies

lim
c→1

ρbf
ρd

≤ lim
R→∞

(

ξ
π

)b

· Γb(R)
R2b

− 1
πr2 lnΦ(ηz)

= − ξbr2

πb−1
· lim
z→∞

z2

lnΦ(ηz)
· lim
R→∞

Γb−1(R)

R2b

=
2ξbr2

πb−1η2
· lim
R→∞

Γb−1(R)

R2b
.

Note that lim
z→∞

z2

ln Φ(ηz) = − 2
η2 (derived in Appendix C.10) in

the above derivation. Asw(x) = Θ(x−k) and ǫ is constant,
Γ(R) = Θ(1/w2(R + ǫ)) = Θ((R + ǫ)2k) = Θ(R2k) and
henceΓb−1(R) = Θ(R2kb−2k). Therefore, lim

R→∞

Γb−1(R)
R2b =

lim
R→∞

R2kb−2k−2b. If b ≤ k
k−1 , lim

R→∞

Γb−1(R)
R2b is a constant

and hencelim
c→1

ρb
f

ρd
is upper-bounded by a constant. Hence, we

have (11). We note that although the chosenR is not optimal
for c, the upper bound given by (11) still holds ifR is optimal
for c.
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C.6. Proof of Corollary 1

Proof: As w(x) = Θ(x−k), w−1(x) = Θ(x−1/k).
According to (2), the sensing ranger = Θ(δ1/k). As lim

c→1

ρf

ρd
≤

2r2

R2 = Θ(δ2/k), we haveρf

ρd
= O(δ2/k) whenc → 1.

C.7. Proof of Lemma 4

Proof: As proved in Lemma 3, the sufficient condition
that an arbitrary pointp is (α, β)-covered isN(p) ≥ Γ(R),
whereΓ(R) is given by (8). Moreover, it has been proved
in [3] that if the grid side length is chosen to bel =

√
2R√
Γ(R)

,

there will be at leastΓ(R) grid points within the disc of radius
R centered at any point. Hence, the network density of1

l2

is sufficient to guarantee full coverage of regular networks.
Therefore, the minimum network densityρf for achieving full
coverage is upper-bounded by1l2 = Γ(R)

2R2 . By replacingΓ(R)
with (8), we have (12).

C.8. Proof of Theorem 3

Proof: The upper-bound ofρf is given by (12) andρd
is given by (4). If the localization errorǫ is insignificant such
that ǫ ≪ R, we can considerw2(R + ǫ) ≃ w2(R) in (12).
Hence, the ratio of network densities satisfies

ρf
ρd

≤
(

Q−1(α)−Q−1(β)
)2 · r2

δ2 ·R2 · w2(R)
.

By letting R = r = w−1
(

Q−1(α)−Q−1(β)
δ

)

, we haveρf

ρd
≤ 1.

C.9. Proof of Corollary 2

Proof: For fixed fusion rangeR, the grid side lengthl
must satisfyl ≤

√
2R to ensure at least one sensor within

the fusion range. When the SNR is sufficiently high, only
one sensor within the fusion range is enough to meet the
performance requirementsα andβ. Therefore, we can choose
the grid side lengthl =

√
2R and the minimum network

density is given byρf = 1
l2 = 1

2R2 . Hence,ρf

ρd
= r2

R2 = O(r2).
Moreover, asr = Θ

(

δ1/k
)

(proved in Corollary 1), we have
ρf

ρd
= O

(

δ2/k
)

.

C.10. Two Limits Used in the Proofs of Theorems 1 and 2

Denote φ(x) as the probability density function of the
standard normal distribution,i.e., φ(x) = 1√

2π
e−x2/2. Note

thatΦ′(x) = φ(x) andφ′(x) = −xφ(x). For constantη < 0,

we have

lim
z→∞

z2

lnΦ(ηz)

(*)
= lim

z→∞

2z
1

Φ(ηz)φ(ηz)η
=

2

η
lim
z→∞

Φ(ηz)z

φ(ηz)

(*)
=

2

η
lim
z→∞

φ(ηz)ηz+Φ(ηz)

−η2zφ(ηz)
= − 2

η3

(

η+ lim
z→∞

Φ(ηz)

zφ(ηz)

)

(*)
= − 2

η3

(

η + lim
z→∞

φ(ηz)η

φ(ηz)− η2z2φ(ηz)

)

= − 2

η3

(

η + lim
z→∞

η

1− η2z2

)

= − 2

η2
,

where the steps marked by (*) follow from the l’Hôpital’s rule.
Note that forη<0, lim

z→∞
Φ(ηz)z=0 and lim

z→∞
zφ(ηz)=0. By

replacingz=−x andη=−1, we have

lim
x→−∞

x2

lnΦ(x)
= −2.

D. Extended Mobile Relocation Strategies

This appendix provides the illustration of the two extended
mobile relocation strategies discussed in Section VII-B. The
illustration is in Fig. 8.

r

ld

p

(a)

R

lf

p

(b)

Fig. 8. Extended mobile relocation strategies, where soliddots represent
mobile sensors. (a) Under the probabilistic disc model, forany pointp, there
is at least one sensor within the circle of radiusr given by (2), where the
grid side lengthld =

√
2r; (b) Under the data fusion model, for any pointp,

there are at leastΓ(R) sensors within the fusion range ofp, where the grid
side lengthlf =

√
2R√
Γ(R)

.

E. Discussions

In this section, we discuss how to extend several theoretical
results derived in this paper to address other noise models,
signal decay laws and fusion models. We then discuss the
detection latency of data fusion.

1) Noise Models: In the proofs of Lemma 1, Lemma 2 and
Lemma 3, the fusion statisticY has a component

∑

i∈F(p) ni.
According to the CLT, this component approximately follows
the normal distribution if{ni} are i.i.d.. Therefore, the as-
sumption ofi.i.d. Gaussian noises made in Section III-A can
be relaxed toi.i.d. noises that follow any distribution, when the
number of sensors taking part in data fusion is large enough.
In practice, the accuracy of this approximation is satisfactory
whenN(p) ≥ 20 [4]. In particular, the distribution of noise
will not affect the asymptotic scaling laws in Section VI, as
N(p) is large in the asymptotic scenarios wherec → 1.
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2) Signal decay laws: The main objective of this paper
is to explore the fundamental limits of coverage based on
data fusion model in target surveillance applications, in which
sensors measure the signals emitted by the target. The proofs
of Lemma 1-4, Theorem 1 and 3 are not dependent on the form
of the signal decay functionw(·). Therefore, these results hold
underarbitrary bounded decreasing functionw(·). However,
Theorem 2, Corollary 1 and 2 are only applicable for the
applications where the target signal follows the power law
decay, i.e., w(x) = Θ(x−k). We acknowledge that most
mechanical and electromagnetic waves follow the power law
decay in propagation. In particular, in open space, inverse-
square law (i.e., k = 2) [5] applies to various physical signals
such as sound, light and radiation. In our future work, we
will extend our analyses to address other decay laws such as
exponential decay in diffusion processes [6].

3) Data fusion models: Theorem 1-3 and Corollary 1-2 give
the upper bounds of network density under the fusion model
presented in Section III-B. If more efficient fusion models are
employed, the coverage performance will be further improved.
Therefore, more efficient fusion model can reduce the network
density for achieving a certain level of coverage. As a result,
the upper bounds of network density derived in this paper still
hold. Exploring the impact of efficiency of fusion models on
network density is left for future work.

We now briefly discuss how to extend our analysis frame-
work to address decision fusion [7]. This discussion provides
insights into the impact of sensor quantization on the asymp-
totic results presented in previous sections. In the decision
fusion model, each sensori makes a local decisionIi by
camparing its measurementyi against alocal threshold λ.
If yi ≥ λ, Ii = 1; otherwise,Ii = 0. Let Y denote the
number of positive local decisions,i.e., Y =

∑

i∈F(p) Ii. The
cluster head makes a system detection decision by a threshold
testing,i.e., given asystem threshold θ ∈ [0, 1), if Y

N(p) > θ,
the cluster head decidesH1; otherwise, it decidesH0. Such a
decision fusion model has been widely employed in previous
analytical studies [1], [7]–[9] and real systems [10]. We have
derived the approximate system detection performance of this
decision fusion model in [11]. Specifically, the system false

alarm rate isPF ≃ Q

(

(θ−α0)·N(p)√
(α0−α2

0)·N(p)

)

, whereα0 is the

local false alarm rate of a sensor given byα0 = Q
(

λ−µ
σ

)

.
We can solve the local thresholdλ from PF = α. Moreover,
as shown in [11], the system detection probability can be

calculated byPD = Q

(

θ·N(p)−
∑

i∈F(p) P
i
D

√

∑

i∈F(p)(P i
D
−(P i

D
)2)

)

, whereP i
D

is the local detection probability of sensori that is given by
P i
D = Q

(

λ−µ−si
σ

)

. It has been shown in [11] that thePD

increases with
∑

i∈F(p) P
i
D with high probability. Therefore,

PD ≥ Q
(

γ
√

N(p)
)

, whereγ =
θ−Pmin

D√
Pmin

D
−(Pmin

D
)2

andPmin
D is

the lower bound ofP i
D given byPmin

D = Q
(

λ−µ−S·w(R)
σ

)

.
As a result, the lower bound of coverage can be derived
as cL = P

(

Q
(

γ
√

N(p)
)

≥ β
)

= P (N(p) ≥ Γ(R)) =

1 − FPoi(Γ(R)|ρπR2), whereΓ(R) =
(Q−1(β))

2

γ2 . This result

is consistent with Lemma 3. Accordingly, it is easy to verify
that the asymptotic results for fixedR, i.e., Theorem 1 and
Corollary 1 are applicable to the decision fusion model.
However, the proofs of other theorems and corollaries highly
depend on the formula ofΓ(R). As theΓ(R) for the decision
fusion model is very complex, the extensions of other results
to decision fusion model are still open issues.

In the above decision fusion model, the sensor reading is
quantized into one bit. In the general quantization scheme
[7], the sensor reading can be quantized into multiple bits.
Intuitively, the sensing performance of the decision and value
fusion models adopted in this paper lower-bounds and upper-
bounds that of the general quantization scheme, respectively.
In our future work, we plan to extensively investigate the
trade-off between communication overhead and coverage per-
formance of fusion-based wireless sensor networks (WSNs)
with quantization.

4) Detection Latency of Data Fusion: We leverage the
results presented in [12] to analyze the detection latency and
guide the design of the data aggregation algorithm to minimize
the latency. If the fusion rangeR is small such that each
sensor inF(p) can directly communicate with each other, the
best strategy is that the sensors communicate with the cluster
head sequentially, leading to an average detection latencyof
Θ(ρR2). If the fusion rangeR is large such that a multi-hop
cluster is needed to aggregate the sensor readings, the average
detection latency isΘ(log(ρR2)). As shown in [12], to achieve
this bound, the communication range of each sensor should be
√

2 log ρ
ρ . Moreover, the routing tree rooted at the cluster head

is formed by grouping sensors according to a tessellation of
the deployment region into square cells. More details of the
optimal routing algorithm can be found in [12].
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Fig. 9. Trade-off between detection latency and coverage (δ = 5000, R =
100m).

Fig. 9 plots the numerical result showing the trade-off
between detection latency and(α, β)-coverage under the value
fusion model. The tight bound of the optimal communication
range is also plotted in the figure. We can see from the figure
that a higher level of coverage is always achieved at the price
of longer detection latency. Moreover, the detection latency
and the coverage have an approximate linear relationship
when the coverage is within[0.05, 0.95]. Note that if random
media access control protocol (e.g., CSMA/CA) is used, the
detection latency will be larger than the above bounds because
of the communication contention and backoffs. The further
study on the fusion-based coverage problem that incorporates
communication constraints such as connectivity and limited
energy budget is left for our future work.
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