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1. Introduction

The story began with three classical theorems. Let X be a compact Hausdorff space. The theorems of
Banach-Stone [10,39], Kaplansky [31] and Gelfand-Kolmogorov [21] show that the space X is completely
determined by either the isometric structure, or the order structure, or the ring structure of the space
of continuous functions C'(X). Generalizations of these results abound. In the case of linear isometries,
one can refer to Behrends [11] and the two volume monograph of Fleming and Jamison [19]. For order
isomorphisms on spaces of real valued functions, refer to the authors’ paper [35], which was preceded and
motivated by [13-15], among others. With regard to rings of continuous functions, refer to [24] and the
subsequent classic monograph [22]. These strands of investigations can be tied together by considering
disjointness preserving operators. These are bijective mappings between spaces of functions so that two
functions are disjoint if and only if their images are disjoint. For instance, Araujo [5] showed that a linear
isometry between certain spaces of bounded vector-valued continuous functions or uniformly continuous
functions are disjointness preserving; the recent paper [34] showed that the same holds for a linear isometry
between certain spaces of vector-valued differentiable functions. It was shown in [36] that order preserving
maps between many sublattices of spaces of continuous functions are also disjointness preserving. Copious
research has been devoted to the study of disjointness preserving maps on various function spaces, such as
spaces of continuous, uniformly continuous, Lipschitz and differentiable functions; see, e.g., [2-4], [6-9], [12],
[20], [23-30], [33]. All of these papers are concerned with linear or additive maps between vector spaces of
functions. Since additive bijective maps are Q-linear, such maps are not far removed from the linear world.
In [18], X. Feng studied nonlinear disjointness preserving maps, but stayed within the context of vector
spaces of functions. As far as the authors know, the first investigation of disjointness preserving maps in a
truly nonlinear setting is due to Cordeiro [17]. In the paper, the sets of functions involved need not carry any
algebraic structure (e.g., as a vector space or a group). However, the paper [17] only deals with functions
whose domains are locally compact Hausdorff spaces. In the present paper, we focus our attention on sets of
functions defined on and with values in complete metric spaces, in particular, sets of uniformly continuous
functions and sets of Lipschitz functions. Also, inspired by the recent paper [38], we consider disjointness
preserving relations instead of mappings. Let X;, F/; be complete metric spaces. Under the assumption that
the range spaces E; are arc length spaces that are locally uniformly contractible (see §4 for definitions),
we completely characterized the L-isomorphisms (i.e., disjointness preserving relations; see §2) between the
sets of uniformly continuous functions U (X1, E1) and U (X3, Ez). A similar analysis is also carried out for
sets of Lipschitz functions. Our results are valid in particular if F; are complete convex sets in normed
spaces or compact connected Riemannian manifolds.

Let us give an overview of the content of the paper. In §2, we recall the definition of 1-isomorphism
from [17,37], as well as the fundamental characterization of L-isomorphisms from [37] (Theorem 2.1). In §3,
Theorem 3.2 gives a sufficient condition for when the Boolean isomorphism associated with a | -isomorphism
induces a homeomorphism of the underlying domain spaces. Starting from §4, we specialize to sets of uni-
formly continuous functions or Lipschitz functions. The notions of uniformly as well as Lipschitz locally
contractible metric spaces and are introduced. These turn out to provide the right contexts in which sub-
sequent work can be carried out. Moreover, they are sufficiently general to include all (convex sets in)
normed spaces as well as all compact connected Riemannian manifolds. In §4, many kinds of constructions
of uniformly continuous and Lipschitz functions are given. These are all important for applications in the
subsequent sections. Theorem 5.2 in §5 gives a representation for 1-isomorphisms in the settings of uni-
formly continuous or Lipschitz functions. It paves the way for the characterizations of such 1-isomorphisms
given in Theorems 6.6 and Theorem 7.6. Moreover, Theorem 6.6 is applied to give a result on automatic
continuity in the case of uniformly continuous functions (Theorem 6.7). In the final section, we prove the
Lipschitzness (with respect to modified metrics) and the continuity (on a large subset) of the functions ¢
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and ® associated with a L-isomorphism between Lipschitz spaces (Theorems 8.2 and 8.10). Both of these
results require the use of the Baire Category Theorem at some point.
The cardinality of a set A is denoted by |A|.

2. L -isomorphisms

Let X, F be Hausdorff topological spaces. Denote the space of continuous functions from X into E by
C(X,E). Given f,h € C(X, E), define

[f # bl ={z e X: f(z) #h(x)} and on(f)=int[f # h].

A subset A(X, E) of C(X, E) is h-weakly regular if
Ep=A{on(f) : f € AX, E)}

is a basis for the topology of X. If f, g, h € C(X), say that f and g are disjoint with respect to h, f Ly, g, if
[f # hlN[g # h] = 0. Note that f L, g if and only if oy, (f) Non(g) = 0.

Assume that X;, E; are Hausdorfl topological spaces and h; € C(X;, E;), i = 1,2. A relation R C
C(X1,Er) x C(X2, E) is a Ly, p,-tsomorphism if for any (f1, f2),(91,92) € R, fi Ln, g1 if and only if
f2 Ln, g2. Let m; be the projection from C(X71, Eq) x C(Xs, E2) onto the i-th factor. R is (hq, ha)-weakly
regular if A(X;, F;) := m;(R) is h;-weakly regular in C(X;, E;), i =1,2.

A set U in X; is regular open if U = int U. Denote the set of all regular open sets in X; by RO(Xj;).
Then RO(X;) is a Boolean algebra with the operations Uy A Uy = Uy NUsz, Uy V Uy = int Uy UU; and
-U = int(U°). Moreover, RO(Xj;) is complete in the sense that every nonempty subset of RO(X;) has a

supremum.

Theorem 2.1. [37, Theorem 2.4] Let R be (h1, he)-weakly reqular. Then R is a Ly, p,-isomorphism if and
only if there is a Boolean isomorphism 0 : RO(X1) — RO(X32) such that for any (f1, fo) € R and any
U € RO(Xy), fi = h1 on U if and only if fo = he on 6(U).

Suppose that (hi,he) € R C C(X1, Eq) x C(Xa, F3). A homeomorphism ¢ : X1 — X5 is associated with
(R, h1, ho) if for any (f1, f2) € R and any U € RO(Xy), f = hy on U if and only if fo = hy on ¢(U). In
general, a L, p,-isomorphism need not have a homeomorphism associated with it.

3. _L-isomorphisms in the metric setting

For : = 1,2, let X;, E; be complete metric spaces. In view of Theorem 2.1, one may ask if a Boolean
isomorphism 0 : RO(X;) — RO(X3) always induces a homeomorphism ¢ : X; — X,. This turns out to
be false. Indeed, in the proof of [17, Corollary 1.25], it was shown that RO([0, 1]) and RO(S?) are Boolean
isomorphic, where S denotes the unit circle in R?. Furthermore, J. Cabello Sanchez has shown that (in
the case of complete metric spaces) RO(X;) and RO(X32) are Boolean isomorphic if and only if there is
a complete metric space Z so that Z is homeomorphic to dense subspaces of X; and Xs respectively; see
[16, Theorem 2.14]. Therefore, additional properties have to be imposed on a L-isomorphism in order to
guarantee that the associated Boolean isomorphism gives rise to a homeomorphism. This is the main result
of the section (Theorem 3.2). Assume that R C C(Xy, Ey) x C(X1, E2) and set A(X;, E;) = m;(R). Set

Ar = {(h1,h2) € R: R is a (h1, he)-weakly regular L, j,-isomorphism}.

Definition 3.1. Assume that (hq, hz), (k1, k2) € Ag. Say that (ki k2) < (hy, ha) if
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(1) For any U € RO(X1), = ¢ U, there exist (f1, f2) € Rand U’ € RO(X7) so that # € U’ and that f; = h;
on U and f; = k; on U’.

(2) For any V € RO(X2), y € V, there exist (g1,g2) € R and V’ € RO(X2) so that y € V' and that go = ho
onV and go = kg on V.

(3) Given a separated sequence (z,) in X, there are infinite subsets I, J of N, a sequence (Up)nerus in
RO(X31) and (f1, f2) € R so that x, € Uy, foralln e TUJ, f = h; on U, for alln € I and f; = k1 on
U, for alln € J.

(4) Given a separated sequence (y,) in Xs, there are infinite subsets I, J of N, a sequence (V,,)nerus in
RO(X3) and (g1,92) € Rso that y, € V,, foralln € TUJ, go = hg on V, for all n € I and g2 = ks on
V, for alln € J.

Theorem 3.2. Assume that (h1,he) € R and that R is a (h1, he)-weakly regular Ly, p,-isomorphism. Suppose
that for any x € X1 andy € Xo, there exist (k1, k2), (l1,12) < (h1, he) and that k1(x) # hi(z), l2(y) # ha(y).
Then there exists a homeomorphism ¢ : X1 — Xo associated with (R, hq, hs).

Proof. By Theorem 2.1, there is a Boolean isomorphism 6 : RO(X;) — RO(X32) such that for any (f1, f2) €
R and any U € RO(X4), f1 = hy on U if and only if fo = hy on §(U). Let zyp € X;. By assumption, there
exists (k1,k2) < (hi, ha) so that k1(zo) # h1(xo).

Claim. ({0(U) : xg € U € RO(X1)} contains exactly 1 point.

Let (U,) be a sequence in RO(X7) so that xg € U, for each n and that diam U,, — 0. Pick y,, € 0(U,,)
for each n. Suppose that (y,) has a separated subsequence. By Definition 3.1(4), there are infinite subsets
I,J of N, a sequence (V;,)nerus in RO(X2) and (g1, g2) € Rso that y, € V,, foralln € TUJ, go = ha on V,
for all n € I and gy = ko on V,, for all n € J. Thus g; = hy on 6~(V,,), n € I, and by [37, Proposition 2.7],
gi=kion 0 YV,),neJ IfnecluUlJ,y, €0U,) NV, and thus U, N0~1(V,,) # 0. Let x,, be a point in
the intersection. As I, J are infinite sets, ¢ € U, and diam U,, — 0, (z,,)ner and (z,,)nes both converge to
xo. However, g1(z,) = hi(x,), n € I, and ¢1(x,) = k1(zy), n € J. In the limit, hy(z9) = g1(z0) = k1(x0),
contrary to the choice of k;. We thus conclude that (y,) has an accumulation point. Denote it by yo. If
xo € U € RO(X1), then U,, C U for all but finitely many n. It follows that yo € 6(U). This proves that
N{6(U) : zo € U € RO(X,)} is nonempty.

Suppose, if possible, that there are distinct points y1,y2 € ({OU) : ©o € U € RO(X;)}. Choose
Vi € RO(X5) so that y; € V; and that yo ¢ Vi. With (ky, ko) as above, we have (ki,ks) < (hy,hs).
Hence there exists (g1,92) € R and an open set Vo € RO(X3) so that yo € Vi, g2 = hy on V; and that
g2 = ko on Vo. If zp € U C RO(Xy), then V; N O(U) # 0 and thus 6= 5(V;) N U # 0, i = 1,2. Hence
zo € M_, 0(V;). By choice of 6, g1 = hy on §~1(V1). Also, by [37, Proposition 2.7], g1 = ky on 8~ (V4).
Therefore, hy(zg) = g1(xo) = k1(x0), contrary to the choice of k;. This completes the proof of the claim.

Define ¢ : X7 — X5 and ¢ : X5 — X7 so that

{o(a)} = ({O0) : 2 € U € RO(X)}.
{6(y)} = (8 (V) :y € V € RO(Xa)}.

¢ and 1 are well defined by the claim and symmetry. If ¢(z) =y and y € V € RO(X3), then VN O(U) # 0
if z € U € RO(Xy). Thus ~1(V)NU # (. Hence z € §=1(V). This proves that 1 (y) = . By symmetry, ¢
and v are mutual inverses.

Next, we show the continuity of . Continuity of ¢ follows by symmetry. Suppose that (z,,) is a sequence
in X; converging to x. We can choose a sequence (U,) in RO(X;) so that zg,z, € U, for each n and

that diam U,, — 0. By definition, ¢(z,) € 8(U,,). Pick y, € 6(U,) so that d(y,,p(z,)) — 0. By the first
paragraph of the proof of the Claim, ¢(x) is an accumulation point of the sequence (y,) and thus an
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accumulation point of the sequence (¢(x,)). Apply the argument to any subsequence of (z,) to see that
every subsequence (z),) of (z,) has a further subsequence (/) so that (p(z))) converges to ¢(x). Thus
(p(zy,)) converges to ¢(z), as required.

Finally, if U € RO(X,), it follows from the definition of ¢ that p(U) € 6(U). Since p(U) is open and
O(U) is regular open, o(U) C 0(U). By symmetry, ¢~ *(6(U)) C U. Hence 0(U) C ¢(U). It follows that ¢ is
associated with (R, hy, h2). O

4. Construction of uniformly continuous or Lipschitz functions

Let X, E be metric spaces. For simplicity, the metric on any given metric space will be denoted by the
same symbol d unless stated otherwise. A (continuous) path in E is a continuous function ~ : [a,b] — E,
where [a, b] is a closed bounded interval in R. In this case, we say that v goes from 7y(a) to v(b). The length
of v is

I(v) = sup{z d(y(ti—1),v(#:)) :neNja=ty < -+ <t, =b} €[0,00].

E is finitely path connected if for any u,v € E, there exists a path v that goes from u to v with [(y) < occ.
In this case, we define the arc length metric d; on E by

di(u,v) = inf{l(7) : v is a path in E that goes from u to v}.

E is an arc length space if it is finitely path connected and d(u,v) = d;(u,v) for any u,v € E. Suppose
that u,v are points in an arc length space E. There is a path v in E from u to v so that I(y) < 2d(u,v).
Reparametrize v by arc length to assume without loss of generality that « : [0,1(y)] — FE is a 1-Lipschitz

path that goes from u to v. Define 7 : [0,d(u,v)] — E by F(t) = 'y(d((u)v)) Then 7 : [0,d(u,v)] = E is a

2-Lipschitz path that goes from u to v.
For any f: X — E, define its modulus of continuity to be wy : [0,00) — [0, o], where

wf(t) = Sup{d(f(l‘l),f(fﬂz)) 1T, T2 € Xa d(xlaxZ) S t}

Obviously, wy is a nondecreasing function. f is uniformly continuous (f € U(X,FE)) if and only if
lim; o wy(t) = 0; it is Lipschitz (f € Lip(X, E)) if and only if there exists C' < oo so that wy(t) < Ct.
For f € Lip(X, E), the smallest C such that wy(t) < Ct is the Lipschitz constant of f, denoted by Lip(f).

Let Q be the set of nondecreasing functions w : [0, 00) — [0, 0] such that lim;jgw(t) = 0. E is uniformly
locally contractible (in E) (with parameters w and M) if there exist w € Q and M > 0 with w(M) < oo so
that for any 0 < » < M and any u € E, there is a function H : [0,w(r)] x B(u,r) — E so that

wg <w, H(0,v) = v and H(w(r),v) = u for all v € B(u,r).

(To be specific, we take the metric on [0,w(r)] x B(u,r) to be the sum of the metrics on the components.)
If there is a constant C' < oo so that w(t) < Ct, then E is said to be Lipschitz locally contractible (in E).

Example 4.1.

(1) If E is a convex set in a normed space, then it is an arc length space. The space E is Lipschitz locally
contractible.

(2) If E is a compact connected Riemannian manifold (with the arc length metric), then it is Lipschitz
locally contractible. For definitions and results on Riemannian manifolds, refer to [32].
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Proof. (1) is clear.
In order to prove (2), we first make a claim. Denote by B the set {x € R* : ||z||» < 1}.

Claim. Let E be a Riemannian manifold. Then every point p in E has an open neighborhood that is Lipschitz
homeomorphic to B C R¥, where k is the dimension of E.

Let p€ E and let £ = (z1,...,2%) : V — £(V) C R* be an admissible chart so that p € V and &(p) = 0.
The Riemannian metric g can be written as g = g;;dz’ ® dz? (summation convention) on the set V, where
gij are smooth function on V and A, := (gi;(q))s,; is a positive definite matrix for any ¢ € V. By shrinking
V if necessary, we may assume that there exists 1 < ¢ < 0o so that % < (Agu,u) < c||ul3 for any g € V
and any u € R¥. Here (-, ) is the usual inner product on R¥. Suppose that v : [a,b] — V is a smooth path.
Then /(t) = (' ©7)'(t)0yi|()- Thus, for any t € [a,b],

()3 Y () >
— S w0 1),7 1) = (Ayeul),ult)) < cllu@)l,

where u(t) = ((z* 0)'(t)); € R¥. Then

b
1@27) <10) :/ 9oy (Y (£),7/(t)) dt < cl(§ o).

Choose r > 0 so that B(p,5r) C V, where the ball B(p, 5r) is taken with respect to the arc length metric.
If ¢1,q2 € B(p,r), there is a piecewise smooth path ~ of length at most 2d(qy, ¢2) < 4r that goes from ¢ to

q2- If g is a point on +, then

d(q,p) <d(q,q1) +d(q1,p) <l(y)+r < 5r.

Thus the path v lies in B(p,5r) C V. By the above, o is a piecewise smooth path in R from &(qy) to &(gz)
so that [(€07) < cl(y) < 2¢d(q1, g2). Thus [[€(q1) —&(g2)|l2 < 2¢d(q1,42). So & : B(p, ) — &(B(p,7)) € R¥ is
Lipschitz. Since £(p) = 0, there exists s > 0 so that W := {z € R* : ||lz||s < s} C &(B(p,r)). If 21,20 € W,
let T be the straight line path in R* connecting 1 to xo, with [(I') = ||z1 — 2||2. Then v := £t oI is
a piecewise smooth path in B(p,r) connecting £ ~1(z1) to £~1(z2). By the above, I(y) < cl(£ o) = cl(T).
Hence d(¢71(x1), £ (22)) < () < ¢|l1 — 22||2- This proves that €1 is Lipschitz on W. Since ¢ is Lipschitz
on Y(W) C B(p,r), £: U := ¢ 1(W) — W is a Lipschitz homeomorphism. Since all open balls in R* are
Lipshcitz homeomorphic, the claim follows.

Now let E be a compact connected Riemannian manifold. By the claim, for each p € F, there is an
open neighborhood U, of p and a Lipschitz homeomorphism ¢, : U, — B. For each p, choose R, > 0
so that B(p,2R,) C U,. There are pi,...,pm so that E = [J;-, B(pi, Rp,) By the Lebesgue Covering
Lemma, there exists 6 > 0 so that for any v € E, B(u,d) is contained in some B(p;, Rp,), 1 < i < m.
Choose M so that 0 < M < min{d,R,,,..., Ry, }. Let L = max{Lip(&,),Lip(&,!) : 1 < i < m} and let
w(t) = L*t. Assume that u € F and 0 < r < M. Choose i such that B(u,d) C B(p;, R,,). If v € B(u,r),
then d(v,p;) < r+d(u,p;) < 2R,,. Hence B(u,r) C U, and thus §,,(B(u,r)) C B. Therefore, the function
H :[0,L%r] x B(u,r) — E given by

H(t,0) = (1 = 23065, (0) + 5=, ()

is well defined. Clearly, H(L?r,v) = u and H(0,v) = v for any v € B(u,r). Suppose that (t1,v1), (t2,v2) €
[0, L?r] x B(u,r). Then



D.H. Leung, W.K. Tang / J. Math. Anal. Appl. 565 (2027) 130925 7

[1€p: (H (t1,v1)) — &p, (H (t2,v2))2

t t1 —1©
= 110 = 736 (1) = &, (02) + =15 (6 (02) = & ()2
Ld
< e (1) = Epu (w2l + 11 — 1 02 )
< Ld(vy,v9) + @

< L(d(v1,v2) + [t1 — ta]), since L > 1.
Hence

d(H(tl, ’Ul), H(tz, ’UQ)) S L2(d(’l)1, ’UQ) + |t1 — t2|)
That is, wg (t) < L?t. This completes the proof of (2). O

The local contractibility properties introduced above are crucial for our purposes because they allow

for various constructions of uniformly continuous or Lipschitz functions. The basic prototype of such a
construction is given in the next lemma.
Lemma 4.2. Assume that E is an arc length space that is uniformly locally contractible with parameters w
and M. Let g € X, s> 0,0<r <M and let h; : B(xo,7s) = B(hi(zo),r) C E, i=1,2. If v € B(xo,7s),

set |x| = d(x,zq). Also let a = d(hi(xg), ha(xo)) and b = w(r). There is a function f : B(xg,7s) — E such
that

(a)

S ha(@) iflz[€]0,s),
fle) = {hg(m) if || € [65,7s).

(b) If x € B(xo,Ts), then
d(f(x), ha()) < 2(w(b) + a) + wh, (55).

(¢) If 1,22 € B(xo,7s) and ¢ = d(x1,x2), then

df (@), §(z2) §4w[% A b+ wh, () +wh,(c)] + 4(% Aa)

+ 3wh2 (50).

Proof. There is a 2-Lipschitz path 7 : [0,a] — E that goes from hi(xg) to he(zg). There are functions
H; : [0,b] x B(hi(zg),r) = E so that wy, < w,

H;(0,v) = v and H;(b,v) = hi(x¢) for all v € B(h;(zq),r).

Let o : [0,3s] — [0,b] be the function a(t) = b[(£ — 1) A1]*. Thus « is a continuous function that is

equal to 0 and b respectively on [0, s] and [2s, 3s| respectively, and affine on [s,2s] with slope %. Define

f: B(xg,7s) = E by
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Hi(a(|z]), h1(x)) if |z| < 3s,
f(@) = ¢ v(%a(|z| — 25)) if 25 < |z| < 5s,
Hy(b— a(|z| — 4s), ho(x)) if ds < |z| < 7s.

It is easy to check that f is well defined and that f satisfies (4.1).

(b) |z| € [0, 3s), then
hi(x) = H;(a(s), hi(x)) and h;(zo) = Hi(a(2s), hi(z)),i = 1,2.
Hence

d(f (), ha(x)) < d(Hi(e(|z]), ha(x)), Hi(c(2s), ha(x))) + d(h1(x0), ha(20))+
+ d(Ha(a(25), ho(x)), Ha(a(s), ha(x)))
< wn, (b) + a+wm,(b)
<2w(b) + a.

If |z| € (4s,7s), then

d(f (@), he(2)) < d(H2(b — af|z| = 45)), ha(2)), Ha(b — c(25), ha(x)))

< wp, (b) < w(b).
Finally, if |z| € (2s,5s), then

A(f(). ha(@)) = d(y(G 2] —25)),7(a)) + d(ha(x0), ha ()

<U(Y) + why ([2]) < 20 + why (55).

(c¢) We will repeatedly use the fact that
b .
|Oé(t1) — a(t2)| < g'tl - t2| Abif ty,ty € [0,38]
Suppose that |z1], |z2| € [0,3s). Then |a(|z1]|) — a(|zz2|)| < % A b. Hence
be be
A (), £(02)) < i (2 A+ d(ha(a), a(22)) < (%S Ab -+, (6).
If |21], |z2| € (2s,55), then |a(|z1|—2s) — a(|z2] —25)| < % Ab. Hence, keeping in mind that ~ is 2-Lipschitz,

d(f(21), f(22)) < 2(* A a).

S

If |z1], |z2| € (45, 7s), then |o(|z1| — 4s) — a(|w2| — 45)] < 2 Ab. Hence

A1), £(22)) < (S A b+ dlhan), ha(22)) < (2 Ab -+, (0))

This proves (c) if |z1], |z2| both belong to one of the intervals [0, 3s), [2s, 5s) or (4s, 7s). Otherwise, we must
have s < d(x1,x2) = ¢. Using (b), we have
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d(f(z1), f(x2)) < d(f(x1), ha(x1)) + d(ha(1), ha(z2)) + d(h2(x2), f(22))
S 4(w(b) + CL) + 2wh2 (58) + d(hg(ibl), hg(xg))
< 4w(b) + 4a + 3w, (5¢).

In the present case, b = b—sc Aband a= 2 Aa. Thus (c) holds. O

Proposition 4.3. Assume that E is an arc length space that is uniformly locally contractible with parameters
w and M. Let (zn)ner be a finite or infinite sequence of distinct points in X. Suppose that

(a) (sn) is a positive sequence so that r, := w(8s,) < M and that the sets B(x,,8s,) are pairwise disjoint;
(b) hy : B(xn,Tsn) = E,nel, and k: X — E are functions so that wp,, ,wr < w.

Set ap, = d(hp(xy), k(zy)) and by, = w(ry). Then there is a function f: X — E so that
(1)

{hn(:r) if 0 < d(z,zyn) < sy, for some n,
k(z) ifx ¢ U,cr B(wn,6sy).

(2) For any z1,29 € X, let ¢ = d(z1,22). Then

d(f(21), f(z2)) < 4s%p{w[? Abn + 2w(c)] + (% Aan)} + 3w(5c).

n

Proof. For each n, apply Lemma 4.2 with the pair of functions h,, and k on the set B(z,,7s,). We obtain
a function f,, : B(xy, 7s,) — E so that

fol) = ho(x) if d(z,2,) < Sp,
A k(z) if 6s, <d(z,z,) < Tsy

and that for 21, 29 € B(xp, 7sn),

A1), K1) < 200) + ) + (550), 42)
A1), S22)) < 4225 A b+ 2]+ 4(2E Aa) 43)
+ 3w(5¢),

where ¢ = d(z1, 22). Define f : X — E by

| fal=) ifz € B(wn,7sy,) for some n,
f( ) N {k(x) if z ¢ UB(l‘n,'?Sn).

Condition (1) of the proposition holds by definition of f.
Let us check condition (2). Let 21,20 € X and ¢ = d(z1, 22).

Case a. 21,22 ¢ U,,c; B(zn,6s,). We have

d(f(z1), f(22)) = d(k(21), k(22)) < w(c)-
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Thus (2) holds.
For the remaining cases, we may assume without loss of generality that z; € B(z,, 6,,) for some m.

Case b. z1 € B(m,6s,,) for some m and 2o ¢ (J,,c; B(@n,7sn). Then ¢ > s, and thus bme A p = b,, and

Sm

AmC A Gy = Ay NOW

Sm

d(f(z1), f(22)) = d(fm(21), k(22)) < d(fm(21), k(21)) + d(k(21), k(22))
< 2(w(bm) + ) +w(55m) + wl(e) by (42)
< 2w(bm) + 2am + 3w(5c).
Hence (2) follows.

Case c. z1 € B(xm,68y) and 29 € B(x;,7s;), m # . Employing (4.2) with n = m and n = [ respectively,
d(f(21),f(22)) < d(fm(21), k(z1)) + d(k(21), k(22)) + d(k(22), fi(22))
< 2((br) + @) +w(55m)] + 2((br) + ar) + w(5s1)] + wl(c).
Since B(%,88m) N B(x,8s) =0, ¢ > s,V sp,. Thus

bnC A, C bie aic
L/\bm:bm,l/\am:am,—/\bl:bl,—/\al:al.
Sm Sm Si S1

Hence (2) holds in this case.

Case d. z1 € B(Zm,68m) and 2o € B(Xm, 78y,). Then f(z;) = fin(2:), i = 1,2. So (2) follows from (4.3). O

Corollary 4.4. Let the notation and assumptions be as in Proposition /.35.

(1) If (sn), (bn) and (an) are all null sequences, then f € U(X, E).

(2) If (z—z) and ($*) are bounded sequences, then f € U(X, E).

(3) Assume that there exists C' < oo so that w(t) < Ct and that the sequence (¢*) is bounded. Then
feLlip(X,E).

Proof. (1) For any € > 0, there exists N € N so that b,,,a, < e if n > N. Then

b, n
4 sup {w[s—c A by + 2w(c)] + (? Aan)} < dw(e + 2w(c)) + 4e.
n>N n n

By (2) of Proposition 4.3, limsup,qwy(c) < 4w(e) + 4e. Thus lim.jowy(c) = 0 and so f € U(X, E).

(2) Let A be such that b, a, < As,. By Proposition 4.3,
wy(e) < 4w(Ac+2w(c)) + Ac] + 3w(5e).

Thus f € U(X, E).

(3) Note that b, = w(w(8s,)) < 8C?s,. As in (2), choose A so that a,, < As,. Then by Proposition 4.3
wy(c) < 4[w(8C%c + 2w(c)) + Ac] + 3w(5c¢).

So f € Lip(X,E). O
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Corollary 4.5. Assume that E is an arc length space that is uniformly locally contractible. Let k € U(X, E)
and let (z,)ner be a finite or infinite separated sequence in X . Suppose either

(1) h € U(X, E) and that sup,¢; d(h(zy), k(zy)) < co; or
(2) (un)ner C E satisfies sup,, ¢ d(un, k(x,)) < .

For any n > 0, there exist 0 < s <n and f € U(X, E) so that

. h, respectively u,, on B(xy,s) for each n,
k outside | J,,c; B(2n,1).

Moreover, if E is Lipschitz locally contractible and h, k are Lipschitz functions, then f can be chosen from
Lip(X, E).

Proof. There are w and M so that F is uniformly local contractible with parameters w and M and that
wh,wi < w. Choose 0 < s < n/6 so that w(8s) < M and that the sets B(x,,8s), n € I, are pairwise
disjoint. Apply Proposition 4.3 with s, = s and hy, = h|p(a, 7s), respectively, h,, = u, on B(z,,7s), n € I.
It follows from (1) of Proposition 4.3 that f = h, respectively u,, on B(z,,s) for each n and that f = k
outside |J,,; B(wn,n). By definition, b, = w(w(8s)) for all n and hence (ls’—z) = (@) is bounded. Also,
an = d(h(zn), k(zy)), respectively, d(un, k(zy)). Thus (§2) = (%*) is bounded by assumption. The desired
conclusions follow from Corollary 4.4(2) and (3) respectively. O

Corollary 4.6. Assume that E is an arc length space that is uniformly locally contractible. Let k € U(X, E)
and let (xn)neN be a separated sequence in X . Suppose that (z))nen C X satisfies 0 < d(xp,2)) — 0 and
that (uy,) is a sequence in E. If d(uy, k(x,)) — 0, then there exists f € U(X, E) and an infinite set I C N
so that f(xzn) = u, and f(x)) = k(z),) for all n € I. Furthermore, if E is Lipschitz locally contractible,
k € Lip(X, E) and (w) is bounded, then f can be chosen from Lip(X, E).

d(@n,T],)

Proof. Let w and M be the parameters for uniform local contractibility of E. We may assume that wy < w.
Let s, = d($+xl") By removing a finite number of terms, we may assume that the sets B(x,,8s,), n € N,
are pairwise disjoint and that r, := w(8s,) < M. Apply Proposition 4.3 with h,, = w, on B(z,,7s,)
to obtain f : X — F such that f(z,) = hn,(x,) = u, and that f(2]) = k(z}). In the notation of the
proposition, b, = w(w(8s,)) — 0. By assumption, a,, — 0. Hence f € U(X, E) by Corollary 4.4(1).
Suppose that E is Lipschitz locally contractible, k € Lip(X, E) and (%W) is bounded. Then there
exists C' < 0o so that w(t) < Ct. Furthermore (¢*) is bounded. Hence f € Lip(X, E) by Corollary 4.4(3). O

Corollary 4.7. Assume that E is an arc length space that is uniformly locally contractible. Let (x,)nen be a
sequence of points in X\{xo} that converges to xo € X. Suppose that h,k € U(X, E) with h(zg) = k(zo),
respectively, suppose that k € U(X, E) and (uy,) is a sequence in E converging to k(xzo). Then there exist
infinite sets I, J C N and f € U(X, E) so that

f= h, respectively, u, on a neighborhood of x,,, n € I,
k on a neighborhood of x,,, n € J.

Furthermore, if E is Lipschitz locally contractible, and h,k € Lip(X, E), respectively, sup w < o0

T, Z0)
and k € Lip(X, E), then f can be chosen from Lip(X, E).
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Proof. Let w and M be the parameters for uniform local contractibility of E. We may assume that wp, wy <

d(xn,To)

w. Replace z,, by subsequence to assume that 0 < 3d(xn11,20) < d(xn,x0) for all n. Set s, = =2

Then
1 3
d(xp, o) — 88y = Ed(xn,mo) > §d(:r:n+1,ac0) =d(Znt1,%0) + 8Snt1-

Hence the sets B(x,,8s,), n € N, are pairwise disjoint. Since s, — 0, we may also assume that r, =
w(8s,) < M for all n. Apply Proposition 4.3 to the sequence (x2,) with h,, = h|p(s,, 7s,,), respectively,
hy = ug, on B(ay, 7s2,). We obtain f : X — E so that f = h, respectively f = usa,, on a neighborhood
of za,, and f = k on a neighborhood of za,_; for all n. Also, b, = w(w(s2,)) — 0. Moreover,

. {d<h<x2n>,k<xzn>> - {d<h<x2n>,h<xo>>+d<k(xo>,k<x2n»
" \d(un, k(20))  d(uan, k(o)) + d(k(x0), k(z2n))

- {Qw(d(azgn,xo))
| d(ugn, k(xo)) + w(d(zan, z0)).

Thus a, — 0. Hence f € U(X, E) by Corollary 4.4(1).

Finally, in the Lipschitz case, there exists C' < 0o so that w(t) < Ct and that d(un, k(o)) < Cd(zy, o).
From the above a, < 20d(22n, 7o) = 32Cs2, in both cases. Thus ({) is bounded. By Corollary 4.4(3),
felip(X,E). O

Fix vg € F and define |v| = d(v,vg) for any v € E.

Lemma 4.8. Let E be an arc length space. Assume that (uy), (v,) C E so that |uy| < |v,| and 2|v,—1] < |vy|
for any n € N. There exists a Lipschitz function g : [0,00) — E so that g(|v,]) = un if n is odd and
9(|vn]) = vn if n is even. Consequently, the function & : E — E given by &(u) = g(|u|) is a Lipschitz
function that satisfies £(vy) = uy, if n is odd and £(vy,) = v, if n is even.

Proof. For simplicity, set w,, = u,, if n is odd and w,, = v,, if n is even (including 0). For each n € N, there

exists a 2-Lipschitz path v, : [0,a,] — E so that v,(0) = w,—1 and v, (a,) = wy, where a,, = d(wp—1,wy).
Define

an(t — [vp-1])
an:[|vn71‘7‘vnu_>R by an(t): ‘7} |—‘7} 1‘ :
n n—
Note that

0 < ap < |wp—i| + [wn] < Jvp—1] + vp] < 3(|vn] = [vp-1]).

Hence v, is a nonnegative Lipschitz function with Lipschitz constant < 3 for any n € N. Define g : [0, 00) —
FE by

9(t) = vnlan(t)) if t € [lop_1];[vnll

g is well defined since for t = |v,],

'Yn(an(t)) = 'Yn(an) = Wn = 'Yn-‘rl(o) = 'Yn+1(04n+1(t))-
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Let us show that ¢ is Lipschitz. Assume that 0 < ¢; < t3. Choose m < n so that t1 € [|[vm—1],|vml];
ta € [[vn-1],|vn|]- If m = n, then

d(g(t1), g(t2)) = d(ym(cum(t1)), Y (am(t2)))
< 2(Joum(t1) — aum(t2)]) < 6[t1 — tof-

On the other hand, if m < n, then

d(g(t1), 9(t2)) < d(g(t1), g(Jom|)) + d(g(|vml), g(|vn-1])) (4.4)
+ d(g(|vn-1), 9(t2))
=d(g(t1), 9(|vm|)) + d(wm, wp—1)
+ d(g(|vn-11), 9(t2)).

As above,

d(g(t1), 9(Joml)) < 6(fvm| —t1) < 6(t2 —t1),
d(g(Jvn-11),9(t2)) < 6(ts — [on-1]) < 6(t2 —t1).

Furthermore, if m =n — 1, then d(wy,, w,—1) =0. If m <n — 1, then
d(Win, Wn—1) < V| + |[vn—1] < 4(Jvp-1] = |vm]) < 4(t2 —t1).
Therefore, it follows from (4.4) that

d(g(t1),g(t2)) < 16(ta —t1).
This proves that g is Lipschitz By definition, g(|v,|) = w, for any n. The assertions for £ follow easily. O

Corollary 4.9. Assume that E is an arc length space that is uniformly locally contractible. Let (zy)neN be
a separated sequence in X. If hyk € U(X, E), then there exist infinite sets I,J C N and f € U(X, E) so
that f = h on a neighborhood of x,, for each n € I and that f = k on a neighborhood of x,, for eachn € J.
Moreover, if E is Lipschitz locally contractible and h,k € Lip(X, F), then f can be chosen from Lip(X, E).

Proof. Assume that E is uniformly locally contractible with parameters w and M, with wp,wr < w. By
taking a subsequence, we may assume that |h(x,)| < |k(z,)| for all n. Choose > 0 so that B(z,,n),
n € N, are pairwise disjoint.

Assume that (k(x,)) is bounded in E. Then sup,, d(h(zy), k(z,)) < co. Apply Corollary 4.5(1) with the
sequence (z2,). There exists 0 < s <n and f € U(X, E) so that f = h on |J,, B(x2n,5) and f = k outside
U,, B(x2n,n). In particular, f = h on a neighborhood of x2, and f = k on a neighborhood of ,,_; for all
n. Moreover, by the same corollary, f can be chosen from Lip(X, E) provided h,k € Lip(X, E) and FE is
Lipschitz locally contractible.

Now suppose that (k(z,)) is unbounded. Let u, = h(z,) and v, = k(z,), so that |u,| < |v,| for all
n. By taking a further subsequence, we may assume that 2|v,_1| < |v,| for all n. By Lemma 4.8, there
is a Lipschitz function £ : E — FE such that {(v,) = u, if n is odd and £(v,) = v, if n is even. Let
l:X — E begiven by l = £ok. Then | € U(X, E) or Lip(X, E), with the second alternative holding
whenever k € Lip(X, E). Furthermore, I(x,,) = h(z,) if n is odd and I(z,) = k(x,) if n is even. Apply
Corollary 4.5(1) with the sequence (z2,—1) and functions h and [ to obtain 0 < s < n and g € U(X, E),
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respectively, Lip(X, E), so that g = h on |J B(z2n,-1,$) and g = [ outside |J B(z2,—1,7n). Note that g = h
on a neighborhood of 3,1 and g(za,) = l(x2,) = k(z2,). Apply Corollary 4.5(1) again with (z2,), k& and
g to obtain 0 < s’ < s and f € U(X, E), respectively, Lip(X, E), so that f =k on | B(za,,s’) and f =g
outside |J B(x2n, s). Thus f = h on a neighborhood of each 3,1 and f = k on a neighborhood of each
Ton. O

5. | -isomorphisms on sets of uniformly continuous and Lipschitz functions

Let X;, F;, i = 1,2, be complete metric spaces. To avoid trivialities, we will always assume that | X;|, |E;| >
1. Let A(X;, E;) be either U(X;, E;) or Lip(X;, F;). Furthermore, we assume that F; is an arc length space
that is uniformly locally contractible if A(X;, E;) = U(X;, F;), respectively, Lipschitz locally contractible if
A(X;, E;) = Lip(X;, E;). Let R C A(X4, E1) X A(Xa2, Es) be a relation so that m;(R) = A(X;, E;), i = 1,2.
Assume that R is a L-isomorphism, i.e., R is a Lp, p,-isomorphism for any (hi, hs) € R.

Proposition 5.1.

(1) For any (h1,h2) € R, R is a (hy, he)-weakly regular Ly, p,-isomorphism.
(2) Let (hl, h2)7 (k‘l,kg) € R. Then (khkg) < (hl,hg),

Proof. (1) Let (h1,h2) € R. By assumption, R is a Lp, p,-isomorphism. We show that R is (hq, hg)-
weakly regular. Assume x € U, where U is an open set in X;. Since |Ey| > 1, there exists u € E; such
that u # hi(x). Let k be the constant function on X; with value u. Obviously k € A(X;, Eq). Choose
n > 0 so that B(x,2n) C U. Apply Corollary 4.5(1) with the sequence consisting of the single term z.
We obtain 0 < s < n and f € A(Xy,Eq) so that f = k on B(z,s) and f = hy on (B(z,n))¢. The set
on, (f) := int [f # h1] is an open neighborhood of = that is contained in B(z,n) C U. This proves that
A(Xq, E7) is hi-weakly regular. Similarly, A(Xa, Fs) is ho-weakly regular.

(2) Suppose that U € RO(X;) and = ¢ U. Choose 1 > 0 so that B(z,2n) N U = ). Apply Corollary 4.5(1)
with the single term z. We obtain 0 < s < n and f € A(X;, E1) so that f =k on B(x,s) and f = hy on
[B(z,n)]¢. Thus f = hy on U and f; = k; on U’ := int B(z,s) € RO(X7). This verifies Definition 3.1(1).
Definition 3.1(3) follows immediately from Corollary 4.9. Items (2) and (4) of Definition 3.1 follows by

symmetry. 0O

Theorem 5.2. R is a bijective map from A(X1, E1) onto A(Xs, Es). There are a homeomorphism ¢ : X1 —
X5 and a map @ : Xo X By — E5 so that

Rf(y) = ®(y, f(p~'(v) for any | € A(X1, B1) and y € Xo. (5.1)
Furthermore, ®(y,-) : By — Fs is a bijection for any y € Xs.

Proof. Let (h1,h2) € R. By Theorem 2.1 and Proposition 5.1(1), there is a Boolean isomorphism 6y, 5, :
RO(X;) — RO(X3) such that for any (f1, f2) € R and any U € RO(X1), f1 = hy on U if and only if
fa = ho on O(U). By Proposition 5.1 and [37, Proposition 2.7], 0p, n, = O, k, for any (ki1,k2) € R. Denote
the common value by 6. If (f1, f2),(91,92) € R and f1 = g1, then fo = g5 on 0(X;) = X5. This shows that
the relation R is a function. By symmetry, R is injective. Since ma2(R) = A(Xz2, E2), R is onto. Thus R is a
bijection from A(X;, Ey) onto A(Xs, Es).

Let (h1,he) € R, x € X7 and y € Xs. Since |E;| > 1, there are constant functions u € A(X;, E;) and
v € A(Xao, Ey) so that u(x) # hy(z) and v(y) # ha(y). By Proposition 5.1(2), (u, Ru), (R~ v,v) < (hy, ha).
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It follows from Theorem 3.2 that there is a homeomorphism ¢y, p, : X1 — X2 associated with (R, hq, ha).
That is, for any (f1, f2) € R and any U € RO(X3), f1 = hy on U if and only if fo = ho on ¢p, 4, (U).

We claim that ¢, k, = @y h, for any (ki,k2) € R. Suppose on the contrary that there exists x € X,
so that g, k, () # ©ny ., (x). First consider the case where ki(x) # hi(x). Choose V' € RO(X3) so that
Y= Ok k() € V and @p, p,(x) € V. As (k1,k2) < (h1, h2) by Proposition 5.1(2), we can apply (2) of
Definition 3.1 to obtain (g1,g92) € R and V' € RO(X3) so that y € V'’ and that go = hy on V and gy = ko
on V'. Then g; = hy on 30}:11,h2 (V)>x and g1 = k1 on @,le’kz (V') 5 x. But this means that hy(x) = k1(z),
contrary to the assumption. Thus ¢k, k, () = @n, h,(x) provided that hi(z) # ki(z). If hi(z) = ki(x),
choose I; € A(X1, E1) so that I3 () # hi(z). By the previous case, ©p, h, (T) = @1, .1, (%) = @k, ks (x). So the
claim is proved.

Denote the common value of all ¢p, n, by . For any u € E;, denote the constant function on X; with
value u by the same symbol. Define @ : Xo x £y — Es by ®(y,u) = Ru(y). Let f € A(X1, Eq) and zg € X;.
Set u = f(zo) and yo = @(x0). If ¢ is an isolated point in X;, then U := {x0} € RO(X;) and f = u
on U. Hence Rf = Ru on ¢{xo} = {yo}. Thus Rf(yo) = Ru(yo) = P(yo,u). Now suppose that z( in
not an isolated point in X;. Choose a sequence (z,,) in X; with pairwise distinct terms that converges to
xo. By Corollary 4.7, there are infinite sets I,J C N, sets U,, € RO(X1), n € I U J, so that x,, € U, if
nelUJ and g € A1(X1,E1)sothat g= fon U, ifneland g=uon U, if n € J. Thus Rg = Rf on
©(Un) 2 ¢(xy,) if n € I and Rg = Ru on ¢(Uy,) 3 ¢(x,) if n € J. By continuity of ¢, Rg, Rf and Ru, we
see that Rf(yo) = Rg(yo) = Ru(yo) = ®(yo, ). This completes the proof of (5.1).

Determine ¥ : X7 x Ey — Ey by ¥(x,v) = R~!v(z). Applying the preceding argument to R~! shows
that R~tg(z) = ¥(z,g(¢(z))) for any g € A(Xo, E3) and x € E;. Easy calculations using R~!Ru = u and
RR v = v for any u € E1,v € Ey shows that U(z,-) is the inverse of ®(¢(x),-) for any x € E;. Thus
®(y,-) : E1 — FE5 is a bijection for any y € E». O

6. Characterizing ¢ and ®: uniformly continuous functions

In this section, for i = 1,2, let X;, E; be complete metric spaces with | X;|, |E;| > 1. Assume that E; is
an arc length space that is uniformly locally contractible. Fix a L -isomorphism R C U(X;, E1) x U(Xa, E2)
so that m;(R) = U(X;, E;). By Theorem 5.2, R : U(X1,E1) — U(Xz, Es) is a bijection; there are a
homeomorphism ¢ : X; — X5 and a map ® : Xy X E; — E5 so that R has the representation (5.1).
Furthermore, for each y € X, ®(y,-) : E1 — FE3 is a bijection. Denote its inverse by ¥(p~!(y),-). The aim
of this section is to characterize the maps ¢ and ®. The following fact will be used repeatedly below. In a
complete metric space, every sequence has either a convergent subsequence or a separated subsequence.

Proposition 6.1. The map ¢ : X1 — X5 is a uniform homeomorphism.

Proof. By symmetry, it suffices to show that ¢ is uniformly continuous. Suppose otherwise. There are
sequences (z,,), (z),) in X; so that 0 < d(zp,x),) — 0 and that there exists n > 0 with d(y,,y,,) > n for
all n, where y, = p(z,) and y), = @(z}). If either (z,,) or (y,) has a convergent subsequence, then there
exists an infinite set I C N so that (z,,)ner converges to some xg € X7. This (2], )ner converges to xg; hence
(Yn)ner and (Y, )ner both converge to ¢(x), which is absurd. Similarly, neither (/) nor (y/,) can have
convergent subsequences. Using the observation preceding the proposition and dropping to subsequences,
we may assume that (x,,), (z),), (yn) and (y,,) are all separated sequences. Since d(yn,ys,) > n > 0, we may
further assume that (y,) U (y,) is separated. To proceed, we consider three cases.

Case 1. There exists r > 0 and an infinite set I C N so that B(y,,r) = {yn} for any n € I.
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Let u,u’ be distinct points in E;. Define g : Xo — Fs by

ey u) ity é{y,:nel},
9(y) =

D(yp,u) if y =y, for some n € I.

Then g € U(X2, F») and thus R~'g € U(X1, Ey). However, d(z,,, ) — 0 and R™'g(x,) = u, R~ 'g(z}) =
u', contrary to the uniform continuity of R~!g.

Now suppose that for any r > 0, |[{n : B(yn,r) = {yn}| < co. By taking a subsequence, we may assume
that there exists (y//) C X3 so that 0 < d(yn,y!)) — 0. Let 2/ = o= (y/)).

Case 2. d(zy,zlh) — 0.

Pick distinct points v,v" € Ea. Since (y,) U (y),) is separated, there exists > 0 so that the sets B(yn,n),
n € N, are pairwise disjoint and that y,, ¢ U,, B(yn,n) for any m. Let k be the constant function with value
v'. By Corollary 4.5(2), there exist 0 < s < n and g € U(Xq, E2) so that g(y,) = v and ¢(y,,) = k(y,,) =’
for all n. Let u,, = R~g(z,,). Note that R~1g(z/,) = R™'k(z!)). Since 0 < d(x,,, ) — 0,

d(un, R k(wn)) < d(R™'g(z0), R g(27,)) + d(R™ k(zy,), R k(24)) — 0.

By Corollary 4.6, there exists h € U(Xy, E1) so that h(z,) = u, and h(z])) = R~ 'k(z!) for infinitely
many n. Then Rh(y,) = g(yn) = v and Rh(y)]) = k(y)) = v’. This is impossible since Rh € U(X3, Es),
A(Yn,yp) = 0 and v # v'.

Case 3. d(zy,zll) /4 0.

Since (yn) U (y,,) is separated and d(yy,,y)) — 0, we may assume that (y},) U (y,/) is separated. Thus,
without loss of generality, both (z,,) and (/) are separated. With the case assumption, we may assume that
(@) U (2)) is separated as well. Let v’ and v” be distinct points in Eo and let k be the constant function
on X, with value v’. Since sup d(v”, k(y)))) = d(v",v") < 0o, by Corollary 4.5(2), there exists g € U(Xa, E2)
so that g(y2) = v" and g(y.,) = k(y.,) = v’ for all n. Then R~'g(z},) = R~'k(z],). Since d(z,,z}) — 0,

d(R™ k(wn), R g(x0)) < d(R™ k(xn), R K(a,))
+d(R™g(x,), R g(n)) — 0.
By Corollary 4.5, there exists h € U(X1, E1) so that h(z,) = R™'k(z,) and h(x!) = R~g(z!) for infinitely
many n. But then Rh(y,) = k(y,) = v' and Rh(y!!) = g(y/) = v”, which is impossible since v’ # v and
d(Yn,yn) = 0. O
Denote the set of accumulation points of X; by X/

Proposition 6.2. The map ® is continuous at any (yo,up) € X4 x Ej.

Proof. Let ((yn,un))n be a sequence converging to (yo, ug). It suffices to produce a subsequence such that
D (Yny s Uny, ) — P(yo,uo). In the first case, assume that y,, # yo for all n. Set x, = o~ (yn), z0o =~ *(y0).
Then (z,) converges to xzo and xz,, # zo for all n. Resorting to a subsequence, we may assume that (z,,)
consists of pairwise distinct points. By Corollary 4.7, there exists f € U(X, F) and infinite sets I, J C N so
that f(z,) = uy if n € I and f(z,) = up if n € J. In particular, f(xzg) = ug. Thus

Rf(yn) = ©(Yn, f(2n)) = ®(Yn,un) ifn el and Rf(yo) = (yo,uo)-

Hence @ (y,,u,) = P(yo,up) (after taking a subsequence).
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In the second case, we may assume that y, = yo for all n. Since yy is an accumulation point
and Ru, is a continuous function, there is a sequence (y,) converging to yo, vy, # yo for all n, so
that d(Run(yn), Run(y,)) — 0. By the first case, Ru,(y,,) = ®(y,,un) — ®(yo,uo). It follows that
Q(Yn, un) = Run(yn) — ®(yo,u0). O

Given r > 0, define d, : X; x X; — [0, 00] by

dr(p,q) = inf{> d(w;_1,2;): ; € Xi 20 = p,zn = g,
=1
d(zj_1,2;) <r,1<j< n}

Here we take inf() = oo. Note that d.(p,q) > d(p,q), with equality when d(p,q) < r. Call a sequence
((Tn,un))S2; in X1 X By a u-sequence if (x,,) is separated and there are r > 0 and 1 < C < oo so that

d(um, upn) < Cdy(pm, xy) for any m,n € N.

u-sequences in Xy X Fy are defined similarly. The next two lemmas give a connection between u-sequences
and uniformly continuous functions.

Lemma 6.3. If ((x5, 1)) is a u-sequence in X1 X Ey, then there is a function f € U(Xy, E1) such that
f(zn) = uy for infinitely many n.

Proof. Let » and C' be as in the definition of u-sequence. Define an equivalence relation ~ on X; by 21 ~ 2z
if d,(z1,22) < oo. If the sequence (x,) is not contained in the union of finitely many equivalence classes,
then exists an infinite set I C N so that d,-(z,, x,) = co whenever m,n € I, m # n. Define f : X; — E; by
f(x) = uy if x ~ x, for some n € I and f(x) = uy otherwise. If p,q € X; and d(p,q) < r, then p,q belong
to the same equivalence class. Thus f(p) = f(q). Hence f € U(Xy, E1). Clearly, f(z,) = u, if n € I.

In the second case, the sequence (z,) is contained in the union of finitely many equivalence classes. By
taking a subsequence, we may assume that x,, ~ x, for all m,n. Let k be the constant function on X,
with value uy. If (u,) is bounded, since (z,,) is separated, it follows from Corollary 4.5(2) that there exists
feU(Xy,Ey) so that f(x,) = u, for any n. Finally, assume that (u,) is unbounded. Let |u| = d(u,u;) for
any u € F;. By taking a further subsequence, we may assume that max{2|u,|,2Cd,(x,,z1)} < |upst1] if
n € N. Apply Lemma 4.8 with v,, = u,, to obtain a Lipschitz function g : [0,00) — E; so that g(|u,|) = un,
for any n. For any n € N,

2Cd, (Tpn, 1) < |upt1] < Cdpr(@py1,21).
Hence d,(zn,x1) < %dr(xnﬂ,xl). Thus
‘Un+1| - ‘un‘ < |Un+1| < 2C(dr(zn+1ax1) - dr(ifnal’l))-

It follows that the function « : [0,00) — [0, 00) whose graph interpolates the points (d, (2, 1), |un|), n € N,
by straight line segments is a Lipschitz function. Let Xo = {z € X7 : © ~ 21}. Define f : X; — E; by

fz) =

(goa)(dq(z,x1)) ifxe€ Xo
Uy otherwise.

Assume that p,q € X; and that d(p,q) = ¢ < r. Then either p, ¢ both lie in X or both are outside Xj. If
p,q € Xg, then
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\d,(p, 1) — dr(q,21)| < dr(p,q) = d(p,q) = c

Hence

d(f(p), f(a)) = d((g o @)(dr(p, 1)), (9 © @) (dr(g,21))) < wWgoa(c)-

Otherwise, p,q ¢ Xo and f(p) = u1 = f(g). This proves that w; < wgoq on the interval [0,7] and hence f
is uniformly continuous. Since z,, € Xq for all n,

flan) = (g o a)(dr(zn, 21)) = g(lun|) = un,
as desired. O
Lemma 6.4. If f € U(X1, E1) and (z,,) is a separated sequence in X1, then ((zn, f(2,)))52, is a u-sequence.

Proof. There exists © > 0 so that d(zy,,z,) > 2r if m # n and that d(f(p), f(¢)) < 1if d(p,q) < r. Set
un = f(x,). Let m,n be distinct points in N. If d, (2, z,) = 00, then d(um,u,) < Cdy(Tm,x,) for any
1 < C < 0. Now assume that d,(zm,,x,) < co. Given n > 0, choose a9 = zp,,...,ar = x, such that
d(aj_1,a;) <r,1<j <k, and that 25:1 d(aj—1,a;j) < dp(@Tm, zpn) + 1. Since d(xp,, x,) > 2r, k > 2. By
dropping some terms if necessary, we may also assume that d(a;_1,a;) + d(a;,aj41) > rif 1 < j < k. Thus

(k: - r

k
77+d xmvxn ZZ (l] 17a‘j 2

. Therefore,

Taking n | 0 gives d,- (T, xn) > @

um»“n a] 1 'dr(mmawn)~

n M»
b
S~—
S~—
IN
Pl
IA

—

.
| [N}
| =

L
-

It follows that d(um, u,) < %dr(mmmcn). O

For simplicity, let ® ® ¢ : X1 X Eq; — E3 be the function defined by (® ® ¢)(z,u) = ®(p(z),u). Define
U o ! similarly.

Proposition 6.5. The map ® ® ¢ : X1 x By — FE5 is u-continuous, i.e., if ((zn,u,))2, is a u-sequence in
X1 x En, then for any € > 0, there exist 6 > 0 and N € N so that d(®(¢(z),u), P(p(Tn), un)) < € whenever
n>N,0<d(z,z,) <0 and d(u,u,) <9.

Proof. Otherwise, there exist € > 0, n1 < ng < --- and (x},u}) € X1 X E1, k € N, so that 0 < d(z},, zn, ) =
0, d(u},, upn,) — 0 and that

d(2(p(xt), up), D(p(n, ), tn, ) > € for all k. (6.1)
Since ((@n,,, Uny, )52 is a u-sequence, by Lemma 6.3, there exists f € U(X7, E1) so that f(z,,) = uy, for

infinitely many k. We may in fact assume that the last equality holds for all k. Note that (z,, ) is separated,
d(z},, zn,) — 0 and that

d(up, f(ay)) < d(up, un,,) + d(f (2n, ), f(2})) = 0.
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By Corollary 4.6, there exists g € U(X1, E1) so that g(z},) = u), and g(z,,) = f(z,,) for infinitely many k.
Since Rg € U(X3, E3) and ¢ : X; — X5 is a uniform homeomorphism,

lim inf d(®(¢(z},), u),),®(p(Tn,), Un,))
= liminf d(Rg(¢(z})), Rg((2n,))) = 0,

contrary to (6.1). O

Theorem 6.6. Let X;, E; be complete metric spaces with |X;|,|E;| > 1. Assume that E; is an arc length
space that is uniformly locally contractible. Let R C U(X1, F1) X U(Xa, Es) be a L-isomorphism so that
mi(R) = U(X;, E;). Then R has the representation (5.1). Let ¥ : X1 x Ey — Ey be the map so that ¥(x,-)
is the inverse of ®(p(x),-) for any x € Xy. Then

(1) ¢: X1 — Xo is a uniform homeomorphism.
(2) ® is continuous on X, x Ey, U is continuous on X{ X Fs.
(3) ®© ¢ and ¥ O v~ are u-continuous.

Conversely, if ¢, ® and U satisfy conditions (1)-(3), then (5.1) defines a L-isomorphism from U(Xy, E1)
onto U(X3, Eg).

Proof. Given R as described above, then (1)-(3) hold by Propositions 6.1, 6.2 and 6.5 respectively. Con-
versely, assume that ® and U satisfy (1)-(3). Define R on U(X1, E7) by (5.1). We claim that Rf € U(Xa2, E»)
for any f € U(Xy, E1). Assume that the claim has been proven. If g € U(Xq, E5), define Sg : X1 — E; by
Sg(z) = ¥(p(x),g(p(z))). By symmetry to the claim, we see that Sg € U(X1, E4) for any g € U(Xz, E2).
Direct calculation shows that S and R are mutual inverses. Thus R is a bijection from U(X;, Ey1) onto
U (X3, E5). The formula (5.1) shows that R is a L-isomorphism.

We will now prove the claim above. Let f € U(X1, E1) and let (yy,), (y),) C Xa so that d(y,,y,,) — 0. We
need to show that d(Rf(y.), Rf(y,)) — 0. Otherwise, by taking a subsequence and setting z,, = ¢~ (y,)
and u, = f(z,), u), = f(z!,), we may assume that there exists € > 0 so that

d(®(p(xn), un), ®(@(z),),ul,)) > € for all n. (6.2)
We may further assume that (z,) is a sequence of distinct points and that x,, # 2}, for all n. If (z,) has
a subsequence convergent to some xg, then zg is an accumulation point and (u,), (u,,) both converge to
f(zo). Thus ¢(x) is an accumulation point in X5. By condition (2), ®(p(zy), un) = ®(¢(x0), f(zo)) and
D(p(xh),ul) = ®(e(x0), f(0)). Thus (6.2) cannot hold. Otherwise, () is a separated sequence. Further-

n

more, as f € U(X1, E1), ((2n,un))52, is a u-sequence by Lemma 6.4. Since ¢ is a uniform homeomorphism,

0 < d(zpn,x)) — 0. Thus d(uy,,u,) — 0 as well. By u-continuity of ® ® ¢,
A(®(p(xn), un), B(p(xy,), up)) — 0,
contrary to (6.2). O
6.1. Automatic continuity
In this subsection, we apply Theorem 6.6 to show an automatic continuity result for L-isomorphisms

between sets of uniformly continuous functions. If X, E' are metric spaces, f,g : X — FE are uniformly
continuous functions and S C X, let
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ds(f,g) = sup{d(f(z), g(x)) : x € S} € [0, 00].

Theorem 6.7. Let X;, E; be complete metric spaces with |X;|,|E;| > 1. Assume that E; is an arc length
space that is uniformly locally contractible. Let R C U(X1, F1) X U(Xa, E3) be a L-isomorphism so that
mi(R) = U(X;, B;) and let ¢ : X1 — X5 be the homeomorphism associated with R from Theorem 5.2.
Assume that S is a set of accumulation points of X1. For any f € U(X1, E1) and any € > 0, there exists
0 >0 so that dyg)(Rf, Rg) < € whenever g € U(Xy1, E1) and ds(f,g) < 0.

Proof. Assume that S is a set of accumulation points of X; and f € U(X1, Ey). Suppose that there exist
e > 0and g, € U(Xy, E1) so that ds(f, gn) — 0 but dysy(Rf, Rgn) > € for all n. Choose (x,,) C S so that

d(Rf(p(xn)), Rgn(p(xy))) > € for all n. (6.3)

By taking a subsequence, we may assume that either (z,,) is a separated sequence or that (z,) converges in
X1. In the latter case, (z,,) converges to some accumulation point ¢ of X;. Since ¢(xg) is an accumulation
point of X5, by Proposition 6.2, ® is continuous at (¢(xg), f(xo)). Now

d(gn(7n), f(z0)) < d(gn(xn), f(zn)) +d(f(2n), f(T0))
< ds(f,gn) +d(f(zn), f(z0)) = 0.

Hence

Rgn(p(zn)) = @(p(20), gn(0n)) = @(p(20), f(70)) = lim Rf (p(zn)),

contradicting (6.3).
Finally, consider the case where (z,,) is a separated sequence. By Lemma 6.4, (z,, f(x,)) is a u-sequence.
By Theorem 6.6(3), ® ® ¢ is u-continuous. Thus there are > 0 and N € N so that

d(®(p(x),u), B(o(zn), f(2n))) <

whenever n > N, 0 < d(z,z,) < § and d(u, f(z,)) < 6. Choose n > N so that ds(f,g,) < 6. Then
d(f(xn), gn(zn)) < d. By continuity of g,, there exists 8’ > 0 so that d(f(z,), gn(z)) < ¢ if d(z,z,) < 6. If
0 < d(z,z,) <min{d,¢'}, and d(gn(z), f(z,)) < 6 and hence

d(®(p(x), gn(2)), @(p(xn), f(2n))) <€

by choice of § and N. Since x,, is an accumulation point and ®, ¢, g,, are continuous functions, upon taking
T = Ty

d(Rgn(@(zn)), Rf (0(24))) = d(@(p(2n), gn(T0)), (p(2n), f(20))) <,
contrary to (6.3). O
7. Characterizing ¢ and ®: Lipschitz functions

Let X, E be complete metric spaces with |X|,|E| > 1. Assume that F is an arc length space that is
Lipschitz locally contractible, with parameters w and M. The following is an analog of u-sequences in the
Lipschitz setting. One of the main goals of this section is to uncover the relationship between L-sequences
and Lipschitz functions.
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Definition 7.1. A sequence (@, ), u,,u,,)%%; in X? x E? is an L-sequence if there exists C' < co so that
for any m,n € N, d(up, un) < Cd(zy, xm), d(u,,ul,) < Cd(z),,x],) and d(tm,, u),) < Cd(xm, ).

ns Ym nr*m
If (X, Tn, Un, un)n is an L-sequence, we abbreviate it by saying that (2,,u,), is an L -sequence.

Proposition 7.2. If (xy,, Uy, )n is an L-sequence in X x E then there exists f € Lip(X, E) so that f(x,) = uy
for infinitely many n.

Proof. By dropping to a subsequence if necessary, we may assume that either (z,,) converges to some xg or
that (x,,) is separated. Let C be the constant from Definition 7.1. If (z,,) converges, then it is Cauchy and
hence so is (uy,). Thus (u,) converges to some ug. Let k be the constant function on X; with value ug. For
any n € N,

d(tn, k(x0)) = imd(ty, ) < lim Cd(z,, 2m) = Cd(x,, 20).

By Corollary 4.7, there exists f € Lip(X, E) so that f(z,) = u, for infinitely many n.

Now suppose that (z,,) is separated and that (u,) is bounded. Let k : X; — E; be a constant function
and apply Corollary 4.5(2). We obtain f € Lip(X1, E1) so that f(z,) = u, for all n.

Finally, suppose that (z,,) is separated and that (u,) is unbounded. Since Cd(z,,, 1) > |up| := d(un, u1),
(d(2n, 1))y is also unbounded. Take a subsequence to ensure that 2|u,| < |up41| and that 2d(x,,z1) <
d(2p41,21) for all n. By Lemma 4.8, taking v,, = u,, we obtain a Lipschitz function g : [0,00) — F so that
g(Jun|) = u, for all n. Now

|Un+1| - |un| < |Un+1| < C’d(xn+1,x1) < QC(d($n+17x1) - d(xnaxl))'

It follows that the function « : [0,00) — [0,00) that interpolates the points (d(zn,x1), |unl), n € N, by
straight line segments is Lipschitz. Define f : X — E by f(z) = (g o @)(d(z,z1)). Then f € Lip(X, E) and
f(zn) = gla(d(zn,x1))) = g(|un|) = up for alln. O

Lemma 7.3. Let B,, := B(z,,m,), n € N, be a sequence of balls in X so that d(xpm,2n) > 2(rm + ra) if

m # n. Assume that u; € E, C < 0o and for each n, vy, : [0,r,] = E is a Lipschitz function with Lipschitz
constant at most C' so that v, (r,) = u1 Define f: X — E by

(d(x,x,)) if x € By, for some n,

fz) = ,
Uy otherwise.

Then f € Lip(X, E).

Proof. Let z1,20 € X. If 21,29 ¢ B, then f(21) = f(22). If there exists n so that 21,29 € B,, then
d(f(z1), f(z2)) < Cd(z1, z2) by choice of f. Suppose that z; € By, for some n and z3 ¢ |J,,, Bm- Then

d(z1, 22) > d(22,2,) — d(21,2,) > 1n — d(21, 20),
while

d(f(z1), f(22)) = d(ym(d(z1, 2n)), 1 (rn)) < Crn — d(21,20)).

Finally, suppose that z; € B, and 25 € B,,, m # n. Then
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d(z1,22) 2 d(Xm, xn) — d(z1, ) — d(22,2y)

= d(xm;xn) —Tn —Tm 2 T'm + Tn.

V

On the other hand, since v, () = 1 = Yim (rm),

d(f(z1), f(22)) < d(yn(d(21,20)), Y (Tn)) + AV (7m); Y (d(22, Tm))
< Clrp —d(z1,20) + T — d(22,2))
< C(rp +rm) < Cd(z1,22).

Thus f € Lip(X,E). O

Proposition 7.4. Assume that (x,) U (x}) is a separated set in X so that d(z,,x1),d(x), 1) = oco. If
(@, Thyy U, Ul i an L-sequence, then there exists f € Lip(X,E) and an infinite set J C N so that
f(zn) = un, f(z)) =ul, forallneJ.

Proof. Let C be as in Definition 7.1. By taking a subsequence, we may also assume that 0 < d(z!,,21) <

d(zpn, 1) < 3d(x),, 1, 21) for all n and that a := lim,, z((fczi‘)) exists (possibly infinite).

Case 1. a > 0.
Let r, = % d(ay, 1) and ), = %gLd(z],,21). We may assume that

(a A D)d(zp, 1)

d(zn,xl) > 5

> dr, > 2(ry, + 1)) for all n.
We claim that

ATy Tn) > 2(rn + 1), d(zh,,20) >2(rl, +7l) if m #n, and (7.1)

d(Tm,xl) > 2(rm + 1) for all m,n. (7.2)

Let us prove the first inequality in (7.1). The rest are similar. Without loss of generality, suppose that
n > m. Then

ATy ) > d(Tp, 1) — d(Tm, 1)

d(xzp, 1) + d(xm, 1)
4

> > 2(rp + ).

Note that there is a constant C’ < oo so that d(un,u1) < C'r,, and d(u,,,u1) < C'r},. Since E is an arc
length space, for each n, there are 2C’-Lipschitz functions v, : [0,r,] — F, v/, : [0,7]] — E so that

Yn(0) = tn, 7, (0) =y, Y (rn) = 75, (r7,) = w1

Set B, = B(zp,r,) and B], = B(z], ;1) By (7.1) and (7.2), Lemma 7.3 applies to the sequence of balls
(B,)UJ(B!) and the functions (v,)J(7,,). Hence we obtain a Lipschitz function f : X — F so that

f(zn) = 70 (0) = u, and f(z!) =+, (0) = u!, for all n.

Case 2. a = 0.
We may assume that d(z,,, #},) < 15d(zn,z1) for all n. Let r,, = w and B, = B(Zyn,m,). As in Case
1, we find that d(@m, zn) > 2(r, + rm) if m # n. Also,
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d(um u%) < Cd(xm m:z)v

d(uy,,ur) < Cd(zy,, 21) < C(d(),, ) + d(2n, 1))

< 2Cd(zy,x1) = 18Cry,
< 180C (ry, — d(zp,xh)).

Since F is an arc length space, there are paths

v, 210, d(xy, z,)] — E that goes from u,, to u;, and

v ld(xy,, 2, 1] — E that goes from ul, to ug,

with Lip(7') < 2C and Lip(y”) < 360C. Concatenate these curves to obtain a 360C-Lipschitz curve
Yn; [0,70] = E so that v,(0) = up, yn(d(xn,z),)) = u), and that v(r,) = u;. By Lemma 7.3, we obtain a
function f : X — E so that f(z,) = .(0) = u,, and f(z),) = v (d(z),, z,)) = ul,. O

We now arrive at the main characterization theorem for L-sequences.

Proposition 7.5. A sequence (xp, 2!, un,ul,)%, in X? x E? contains an L-subsequence if and only if there
exist f € Lip(X, E) and an infinite set I C N so that f(z,) = u, and f(z]) = ul, for alln € I.

Proof. The “if” case is clear. Conversely, we may assume that (x,, 2z, u,,u, )52, is an L-sequence. Since
(Zp,Un)n is an L-sequence, by Proposition 7.2, there are an infinite set I/ C N and g € Lip(X, E) so that
9(xn) = uy, for all n € I. Similarly, there exist an infinite set J C I and h € Lip(X, F) so that h(z]) = ul,
for all n € J. After relabeling, we may assume that g(x,) = u, and h(z!) = u, for all n € N. By taking a
further subsequence, we may also assume that each of (z,,) and (7)) is either convergent or separated. Let
C be the constant from Definition 7.1. Without loss of generality, suppose that wy(t),wp(t), w(t) < Ct. We
divide the rest of the proof into several cases.

Case 1. (z,,) converges to xg and (,) does not converge to .

Choose > 0 and an infinite set I C N so that =, & B(x,n) for all n € I. Apply Corollary 4.5(1) with
the single point xg and the functions g and h. We obtain 0 < s < n and f € Lip(X, F) so that f = g on
B(xo,s) and f(x],) = h(z]) for all n € I. Hence there is an infinite set J C I so that f(x,) = g(xn) = un
and f(z,) = h(z),) = u, for all n € J.

Of course, the same argument applies if (z,) converges to zg but (x,) does not.

Case 2. (zy,) and (z),) both converge to zg.

If either z], = x,, or ), = x¢ for infinitely many n, then the result follows from Proposition 7.2. Otherwise,
by taking a further subsequence, we may assume that x}, # x,, xo for all n and that d(z,,z¢) > d(z,,x0) >
3d(xp11, o) for all n. Note that

d(zp, ) < d(zp,20) + d(2),, 20) < 2d(2p, T0).

Set s,, = d(xgiéx;% so that 8s,, < %d(xn,xo). Then it is easy to check that B(x,,8s,), n € N, are pairwise
disjoint and that ], ¢ |, B(zn,6s,) for any m. Since (s,) is a null sequence, we may also assume that
w(8s,) < M for all n. Apply Proposition 4.3 with h, = ¢|g(s, 7s,) and k = h. We obtain f : X — E so

that f(z,) = g(x,) = up and f(2,) = k(x!,) = u, for all n. Then
d(g(xn), M(zn)) < d(un,ul,) + d(h(z)), h(z,)) < 2Cd(zp, z),) = 64Cs,,.

In the notation of Proposition 4.3, (=) is bounded. Thus f € Lip(X, E) by Corollary 4.4(3).
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Case 3. (zy,) and (z},) are both separated and d(z,,z!,) — 0.

Choose n > 0 so that B(z,,n) are pairwise disjoint. We may assume that 8d(z, z,) < n for all n. Set
Sp = d(%’x;). Then w(s,) < M for all sufficiently large n, B(x,,8s,), n € N, are pairwise disjoint and
z,, ¢ U,, B(xn,6sy) for any m. Apply Proposition 4.3 with h, = g|p(s, 7s,) and k = h to obtain f: X — E
so that f(z,) = g(zn) = up and f(z),) = k(z),) = h(z],) = u), for all n. In the notation of Proposition 4.3,

an = d(g(wn), h(n)) < dlun, 1) + d(h(al,), hlz,)) < 20d(n, ).

Hence (¢*) is bounded. Thus f € Lip(X, E) by Corollary 4.4(3).

Case 4 . (x,) and (z)) are both separated and d(x,,z.,) # 0.

In this case, we may assume that (z,) U () is separated. If (z,) has a bounded subsequence, then we
may assume that the sequences (g(x,)) and (h(z,)) are bounded. Choose 1 > 0 so that the sets B(xy,n),
n € N, are disjoint and that z;,, ¢ (J,, B(z,,n) for any m. By Corollary 4.5(1), there exist f € Lip(X, E) so
that f(z,) = g(x,) = u, for each n and that f = h outside |J,, B(xy,n). Thus f(xz],) = h(z},) = uj, for each
n. The result follows by symmetry if (z]) has a bounded subsequence. In the final case, assume that neither
(x,) nor (z,) have bounded subsequences. By taking a further subsequence, we may assume that (x,)U(z},)

n
is separated and that d(x,,x1),d(z,,,21) — co. The desired conclusion follows from Proposition 7.4. O

Let X;, E; be complete metric spaces so that |X;|,|E;| > 1, ¢ = 1,2. Assume that F; is an arc length
space that is Lipschitz locally contractible. Fix a 1-isomorphism R C Lip(Xy, E) x Lip(Xa, F3) so that
m;(R) = Lip(X;, F;), i = 1,2. By Theorem 5.2, R is a bijection from Lip(Xy, Ey) onto Lip(Xa, E3); there
are a homeomorphism ¢ : X1 — X3 and a map ® : Xy x E; — Es so that R has the representation (5.1).
Furthermore, for each y € Xs, ®(y,-) : E1 — FEs is a bijection. Denote its inverse by ¥(p~1(y),-). Let
(p-®): X? x E? — X2 x E? be the map

(- @)(x, 2", u, ) = (p(2), o), 2((x), u), ®(p(2"), u')).

The map ¢ - ® is an L-preserver if (z,, 2}, Un, Uun)n in X2 x E? contains an L-subsequence if and only if
((p - ®)(zp, 2, un, u)))y, contains an L-subsequence.

Theorem 7.6. Let R C Lip(Xy, E1) x Lip(Xa, E2) be a L-isomorphism so that 7;(R) = Lip(X;, E;), i = 1,2.
In the notation above, @ - ® is an L-preserver.

Conversely, suppose that ¢ : X1 — Xa is a homeomorphism; ® : Xo x Ey — FE5 is a map so that
D(y, ) : Ey — E is a bijection for each y € X5 and that ¢ - ® is an L-preserver. Define R by (5.1). Then
R is a L-isomorphism from Lip(X1, E1) onto Lip(Xa, Es).

Proof. Let R C Lip(Xi, E1) x Lip(Xa, F3) be a L-isomorphism so that m;(R) = Lip(X;, E;), i = 1,2.
Determine ¢ and @ as in the preceding paragraph. Suppose that (2, },, un, U, ), contains an L-subsequence.
By Proposition 7.5, there exists f € Lip(X1, F1) and an infinite set I C N so that f(x,) = u, and f(z}) =
up, for all n € I. Then Rf(p(x,)) = P(o(xn), f(zn)) = ®(p(zn), un) and Rf(o(x])) = ®(¢(z,),ul,) for all
n € I. Since Rf € Lip(Xa, F»),

/

(0 @) (@, 2, tn, ) Iner = (9(2n), @(2,), 2(0(2n), un), R(p(27), up)Iner
is an L-sequence. A similar argument shows that (z,,),un,u!), contains an L-subsequence if ((¢ -
D) (zp, T, Un, ul,))n contains an L-subsequence.

Conversely, assume that ¢ and ® are as given in the statement of Theorem 7.6. For any f € Lip(Xy, E1),
define Rf : Xo — Eo by Rf(y) = ®(y, f(¢~(y))). If Rf fails to be Lipschitz, there are sequences (y,,), (y,)
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so that d(Rf(yn), Rf(y),)) > nd(yn,,yl,) for all n. Let z,, = o~ (yn), 2/, = o1 (y,), un = f(z,) and v/, =
f(x},). Then (x,,, 2}, un, ul,)y, is an L-sequence. Note that Rf(yn) = ®(yn, un) and Rf(y),) = (v, ul,). By
assumption, (yn, Y., Rf (yn), Rf(y))) has an L -subsequence. Without loss of generality, there exists C' < co
so that d(Rf(yn), Rf(y),)) < Cd(yn,y,,) for all n € N, contrary to the choices of (y,) and (y},). This shows
that Rf € Lip(Xo, E2). If g € Lip(Xao, E2), then let f : X3 — Ey be given by f(z) = U(x, g(¢(x))), where
U(x,-) is the inverse of ®(p(x),). By a similar argument to the above, f € Lip(Xi, F1). Clearly Rf = g.
Thus R : Lip(X1, F1) — Lip(Xs, E2) is onto. It follows easily from the properties of ¢ and ® that R is a

1 -isomorphism. 0O
8. Further properties of ¢ and ®
8.1. Lipschitzness of ¢

Guided by analogy with the case of uniformly continuous functions, one might conjecture that ¢ is a
Lipschitz homeomorphism. However, this turns out to be true only in the case where both X; and X5 are
given bounded metrics. In fact, we will see that ¢ is a Lipschitz homeomorphism with respect to certain
metrics that are topologically equivalent to the original metrics on X;. The modified metrics are suggested
by [35]. In turn, they trace their ancestry to [40].

Two metrics on a set X are topologically equivalent if they generate the same topology on X. If F is a
bounded metric space, then Lip(X, E) = Lip(X’, E) as sets, where X' is the set X with the metric d A 1.
Here d is the original metric on X and d A 1 is topologically equivalent to d. With this in mind, we will
always assume additionally that the metric on X is bounded whenever the metric on E is bounded.

Suppose that X is a complete metric space with a distinguished point zg. Let |p| = d(p,zo) for any
x € X. Define p: X x X - R by

__dp.q)

Proposition 8.1. [35, Proposition 5.1] There is a complete bounded metric d' on X that is topologically
equivalent to d and that p(p,q) < d'(p,q) < 3p(p,q) for any p,q € X.

In this subsection, assume that X;, E;, i = 1,2, are complete metric spaces with | X;|,|E;| > 1. Assume
that F; is an arc length space that is Lipschitz locally contractible. Choose distinguished points zy € X3
and yg € X3 and define p on X; x X; with respect to the respective distinguished points. (We use the same
symbol p for i = 1,2.) Let R C Lip(X;, E1) x Lip(Xs, E2) be a L-isomorphism so that m;(R) = Lip(X;, E;),
1 = 1,2. Determine functions ¢ : X7 — X5 and ® : Xo x E; — FE3 as in Theorem 7.6. The aim of this
subsection is to prove that ¢ : X; — X5 is a p-to-p homeomorphism.

Theorem 8.2. The map ¢ is a Lipschitz homeomorphism from (X1, p) onto (Xa,p).
The proof of Theorem 8.2 contains several cases, which are discussed in the propositions below.

Lemma 8.3. Let (x,,) be a p-separated sequence in X1 and let uw € Ey. Then there exist f € Lip(X1, E1) and
ca > c1 >0 so that ci|zy,| < d(f(xn),uw) < calxy| for infinitely many n.

Proof. We may assume that inf |z,| > 0. Since E; is path connected and we assume that E; is unbounded
if X is unbounded, there exist ¢ > ¢; > 0 and a sequence (u,,) in E; so that ¢1|z,| < d(un,u) < col|z,].
Let > 0 be such that p(x,, x,) > n if m #n. Set r, = @ for each n. Then r,, > 0 and
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4
2rp + 1) < E”(|xn| V [2m| V1) € =d(zn, Tm)-

(S9N

Furthermore, as d(uy,u) < 5”2% for all m, there exist C' < oo and Lipschitz functions v, : [0,7,] — Ej
with Lipschitz constants at most C' so that 7,(0) = u, and ~,(r,) = u. By Lemma 7.3, there exists
f € Lip(X;.Ey) so that f(z,) = v,(0) =u, foralln. O

Proposition 8.4. Let (x,,), (2),) be sequences in X1 and let y, = @(xy), v, = p(x)). If (yn) and (y),) are
p-separated and inf p(yn,yl,) > 0, then (M) is bounded.

p(xn,z],)

P(Yn,Y2,)
p(zn,x},)
quence. By taking subsequences, we may assume that the set (y,)U (y),) is p-separated and that |z, | > |z

Proof. Since the assumptions pass to subsequences, it suffices to show that ( ) has a bounded subse-

nl
for all n. In this case, (z,) cannot have a convergent subsequence and hence we may also assume that it is p-
separated. Fix u € E;. By Lemma 8.3, we may assume that there exist f1 € Lip(X1, E1) and ¢2 > ¢; > 0 so
that ¢ |z, | < d(f1(zn), u) < ca|zn|. Let fo : X1 — Ej be a constant function with value u. Set v, = Rf1(yn)
and v}, = Rfa(y},) for all n.

We claim that the sequence (yn, ., vn, v, )n is an L-sequence. Indeed, since Rf; and Rf, are Lipschitz
functions, (yn, vn)n and (y),, v, )n are L-sequences. Let

C = Lip(Rf1) + d(Rf1(vo), Rf2(yo)) + Lip(Rf2).

For any m,n € N,

d(vm,vy,) < d(Rf1(ym), Rf1(yo)) + d(Rf1(yo), Rf2(yo))
+d(Rfa(yo), Rf2(yp))
< Lip(Rf1)|ym| + d(Rf1(yo), Rfa(yo)) + Lip(R f2)|yn|
< Clyml Vlynl v 1).

However, there exists n > 0 such that p(ym, y,) > n for any m,n. Thus

C
d(vm,vy) < Clym| V |y, V1) < ﬁd(ym,y;)'

This completes the proof of the claim.

From the claim and Proposition 7.5, we may assume that there exists g € Lip(Xs, E2) so that g(y,) =
vn = Rfi(yn) and g(y),) = v), = Rf2(y.,) for all n. Now h = R™1g € Lip(Xy, E1) and h(z,) = fi(z,),
h(z!) = fo(x]) = u for all n. Thus

c1lan| < d(fi(zn),u) = d(h(zn), h(z,)) < Lip(h)d(zn, 7,). (8.1)
Since () is p-separated, we may assume that inf |2,| = r > 0. Then |z, |V |2},| V1 = |z, V1 < |2, [(1V 1).
So (8.1) implies that p(s,27,) > tpmyive=r- Since p is a bounded metric on X3, it follows that (z((i’zi’z%)))

is bounded. O

Lemma 8.5. Assume that Ey is an arc length space. Let y € Xo, v,0 € By, ¥ = ¢~ 1(y) and let u,u € Ey be
such that ®(y,u) = v, ®(y,u) = v. Suppose that k € N. Then there exist a1,as € Eq so that

d(u, ) 2d(v, )

d(ay,az) > A , d(br,b2) <

and d(b;,v) < 2d(v,v),

where by = ®(y,a;), 1 = 1,2.
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Proof. Let t = d(v,v). Since E is an arc length space there exists a 2-Lipschitz path « : [0,t] — E5 so that
~(0) = v and «(t) = v. Define v; = 7(%), 0 < j <k, and determine u; € E; by ®(y,u;) = v;. Since vg = v
and vy = v, ug = u and ug = u. Thus

k
E, Uj—1,1y)-

Hence there exists jo so that d(uj,—1,u;,) > @. On the other hand

. t _ 2d(v,v)
d(vjy—1,vj,) < Lip(7) - ST

Moreover, d(vj,—1,v),d(vj,,v) < 2t. The lemma is proved by taking a1 = u;,—1 and az = uj,. O

Proposition 8.6. Let (x,,), (z]) be sequences in X1, x, # x,, for all n, and let y, = o(xy), y, = p(z)). If
(yn) and (yl,) are p-separated and p(yn,y,) — 0, then (%) is bounded.

Proof. As before, it suffices to show that ( %) has a bounded subsequence. Since ¢ is a homeomorphism,

neither (x,) nor (z/,

that |z,| > |2, V7, |ynl, [yhL] = r and that © < p(Yn, Ym), 2(Yh, Yin)s 2(Yn, Yl ) Whenever n # m. Moreover,

) can have convergent subsequences. Hence we may assume that there exists r > 0 so

d(Yn, Yn)

_— — 0.
Gl g VI = P ) =

Thus }Z?} — 1. Thus we may also assume that |y,| < 2|y.,| for all n. Let v € F;. Apply Lemma 8.3 and

take a subsequence to find f € Lip(Xy, E1) and ¢3 > ¢; > 0 so that ¢1|z,| < d(f(zn),u) < ca]ay,| for all n.
Define u, = f(xn), vn = ®(yn,w) and v, = ®(yn, ur). Let g be the constant function with value wu.

Case 1. d(vy,vy,) > d(yn,y,,) for all n.
Let k, € N be the smallest number such that k,d(yn,y),) > d(vn,v,). By the case assumption, k,, > 2
and thus £2d(y,,y,) < d(v,,v,). By Lemma 8.5, for each n, there are a7, a3 € E; with

d(u, uy,)
kn,

2d(vp, vn)
kn

d(at,ay) > , d(bT,b5) < and d(b,v,) < 2d(vn,vy),

i =1,2, where b = ®(y,,al").

Claim. The sequences (Yn, yl,, b7, b1 )n and (yn, yh,, by, b)), are L-sequences.
For any m,n € N and 4,5 = 1,2,

d(bi',b7") < d(bj', vn) + d(vn, vim) + d(b], vim)
< 2d(Vn, V) + d(Vp, Uy) + 2d(Vpny U )-

Since v, = P (yn,u) = Rg(yn),
d(vn, vpm) < Lip(Rg) d(Yn, yYm) < Lip(R)(|yn| + [Yml)
for any m, n. Also,

d(Vn,vn) = d(Rf(yn), Rg(yn)) (8.2)
< (Lip(Rf) + Lip(Rg))|yn| + d(Rf (o), Rg(yo))-
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So there exists K < oo so that

(b7, 07") < K(lyn| V lym| V1), i = 1,2, m,n € N. (8.3)
From (8.3), we also obtain
(b}, 07") < 2K (|yn| V [yp| V1), 2K (Jy, | V [y, | V1), i =1,2, m,n € N. (8.4)

On the other hand, if n # m, v < p(Yn, Ym), P(Yns Ym)s P(Yn, Yy,)- That is,

d(Yn, Ym) Ay Yrn) d(Yn, Yh,)
Yl VYml VU ynl VYV L | VY| V1

Combining (8.3). (8.4) and (8.5) gives

K 2K .
d(v, b7") < —d(Yn, ym), —d( Yn» Yrm)s . —d(Yn, y,) if m #n.
Finally, for any n,

4d(vy, vy,)

'3 7 <
d(l?b2)— kn

< 4d(yYn, yp,)-

This completes the proof of the claim.

For each n, choose d™ € X; so that ®(y,,,d™) = b}. Then

(ynvy:wb;l?b?) = (90 : (I))(:Envx,nvajllvdn) and
(Y Yn, b3, 07) = (¢ @)(2n, 27, a3, d").

By the claim and Theorem 7.6, there exists an infinite set I C N so that both (x,,z/,,al,d"),er and
(Xp, ), 0, d")per are L-sequences. Hence there exists Cy < 0o so that for any n € I,

clzn|  d(u,uy)

il < B0 < oy, af) < d(af, d") + d(d", a) < Cad(wa, 7))

On the other hand, by (8.2)

Fend(Ynyn) < 2d(vn, vy) < 2(Lip(Rg) + Lip(Rf))|yn| + 2d(Rg(yo), Rf (yo))-
Thus there exists C3 < oo so that

|yn|v‘yn|\/1 k C1 |xn‘

P(Yn,yp) = for any n € I.

Since |z, | > |2}, | Vr by choice of the subsequence, there is a constant Cy < oo so that % < Cyp(xp, )

for all n. Thus (%)ng is bounded. This completes the proof in Case 1.
Case 2. d(vn,vy,) < d(yn,y,,) for infinitely many n.

We may assume that d(vy,, vy,) < d(yn, y,,) for all n. Furthermore, if inf p(z,,, x],) > 0, the result is obvious
since p is a bounded metric on Xo. Thus we may assume that p(x,,z,) — 0. If m # n, then
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d(n, Rg(y,,)) < d(Rf(yn), Rf (o)) + d(Rf(y0), Rg(yo))
+ d(Rg(y0), Rg(y,))
< M([yn| V1V [y,,])

for some constant M independent of m,n

!
< Md(yn,y,,)

since p(Yn, Yp,) > 7
r

Also,

d(vn, Rg(yy,)) < d(vn,vn) + d(Rg(yn), Rg(yy,)) < Kd(yn,y,,)

for some constant K < co and Rf and Rg are Lipschitz functions. Thus the sequence (yn, ¥}, Un, Rg(y},))n
is an L-sequence. By Proposition 7.5, we find h € Lip(Xs, F3) and an infinite set I C N so that h(y,) = v,
and h(y,) = Rg(y.,) for all n € I. Hence R~'h(z,) = u,, and R~'h(z!) = g(x,) = u for all n € I. Thus

c1|zn| < d(tn,u) < Lip(R™'h) d(z,, 2),).

Recall that |z,| > |z]| V r for all n, where we may assume that 0 < r < 1. Then |z,| > r(|z,| V |z}]| V 1).
Hence

 d(zy, ) rcy
|zl V]#,| V1 T Lip(R71h)’

p(@n, @)
contradicting the fact that p(x,,2) — 0. O

Lemma 8.7. Suppose that (y,) and (y.,) are sequences in Xo convergent to y, with d(y.,,y) > d(yn,y) and
Yn # Yy, for all n. For any v € Es, there exists k = k(v) € N so that if n > k, d(v,v") < d(yn,y,,) and
(Yns Yny 0,0") = (¢ - ®)(Tp, 2l u,u'), then d(u,u’) < kd(zp,xl).

Proof. We may assume that either y, # y for all n or that y, = y for all n. By taking a subsequence, we

may also assume that 2d(y;,,1,v) < d(y,,,y); even 2d(y,,1,y) < d(Yn,y) if yn # y.

If the lemma fails, we can find v € Ea, ny < ng < --- and (v},) C E3 so that d(v,v;,) < d(yn,,y,, ) and
d(ug,uy,) > kd(Tn,, v ) for all k, where (yn,, Yp,, v, v),) = (@ - @) (Tn,, 77, , Uk, ).
Claim. (Yn,,Yn, >, V})k is an L-sequence.

It is required to find a constant K < oo so that for any j, k,

(1) d(vvv) < Kd(ynjaynk)a
(2) d(v},vy,) < Kd(y;,,, yp, ), and
(3) d(v,vy) < Kd(yn,,yp,)-

(v}, v) + d(vi, v) < d(Yn;s Yp,) + Yy Y,
< d(Yny»y) +d(Yn,»y) + d(Yny, y) +d(Yn, . y)
< 2d(yp,.y) +2d(yn, . y) < 4d(y,,, ).

(
(

On the other hand,
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1

Thus (2) holds with K = 8.
For item (3), if y,, = y for all n, then

d(v,v3,) < d(Ynys Yn,) =AY, Yn,) = dYn;s Yn,)-

Suppose that y,, # y for all n. If j = k, then (3) holds with K = 1. Assume that j # k. We have

d
AWn, s Yny) 2 1dWYn,, y) — A, y)| =
( ) > ld( ) = d(Yn,> V)| Ay, ) >k

SIS

> —d(yn,,Y)-

RNy

Since

d(v,v},) < dWny Y, ) < AYnysy) +dWn,»y) < 2d(Y), ,Y),

item (3) holds with K = 8. This completes the proof of the claim.

By the claim and Theorem 7.6, (xn,, 2, , ux, u,)r has an L-subsequence. This contradicts the choice that
d(ug,uy,) > kd(zn,, vy ) for all k. O

Proposition 8.8. Let (), (x!,) be sequences in X1 and let y, = ¢(xy), y,, = (). Assume that (z,) and

1) are both convergent to the same x € X1 and that z,, # x), for all n. Then (Zg:iz%) is bounded.

(x

Proof. Since ¢ is continuous, (y,) and (y,,) both converge to y = ¢(z). We may assume that d(y,,y) >
d(yn,y) for all n. For each v € Es, let k(v) be obtained from Lemma 8.7. Let F) be the set of all v € Ey
such that k(v) = k. By Lemma 8.7, |J, Fi. = E». By the Baire Category Theorem, there exists kg € N so
that F, has nonempty interior.

Choose v € Fy and 7 > 0 so that B(v,2r) C Fy,. By path connectedness, there exists v € B(v,r), v # v.
Since d(yn,y),) — 0, we may assume that d(y,,y.,) < 2d(v,v) for all n. For each n, let k, € N be such
that 2d(v,v) < knd(yn,y),) < 4d(v,v). Determine wu,, u, by (¢ - ®)(x), z), Un, wn) = (Yh, yh, v, V). Apply
Lemma 8.5 to find af, a5 € E; so that

d(tn, Un)
ky,

2d(v,)
kn,

d(a%,ay) > , d(b7,b5) < and d(b},v) < 2d(v,v),

where b = ®(y),,al*). Note that

d(by,by) < d(yn,y,) and b} € B(v,2r) C F,.
Hence there exists e € Fy, so that d(e™,b}') < d(yn,y,), i = 1,2. Let ¢” be such that ®(y,,c") = ™. Since
k(e™) = ko and d(e™, b)) < d(yn,y,,), i = 1,2, d(c™,a}) < kod(zy,x}) if n > ko. Therefore,

d mny ,\;l
% < d(a¥,al) < 2kod(z),, z).

However, d(yn,y),) < 4d1(€':5). Thus
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8kor d(xy, )

8ko d(v, v
d(yn,yy,) < d(v;2) i i)

———— 2 d(xn, 2]
S dm i) (Tp,x;,) <

Consider the constant functions with values v and v on X5, which we denote by the same symbols v and v.
Then u,, = R~ (z,) and u,, = R~'9(x/,). Hence (u,,) and (u,,) converge to u := R~1v(z) and @ := R~10(z)
respectively. Since ®(y,u) = v # v = ®(y,u) and D(y,-) is a bijection, d(uy,,u,) — d(u,u) # 0. It follows
that (%) is bounded. Finally, |y,| V Jy,| V1 — |y| V1 and |z,| V |2),| V1 — |z] V 1. Thus we see that

( ny¥n
(522223) is bounded. D

Proof of Theorem 8.2. It suffices to show that ¢ : (X1, p) — (X2, p) is Lipschitz. The result then follows
by symmetry. Suppose that ¢ fails to be p-to-p Lipschitz. Then there are sequences (z,), (z,,) in X; so
that p(yn,ys,) > np(xn,, z),) for all n, where y,, = ¢(z,,) and y,, = (). Since p is a bounded function on
Xo, p(zp,x)) — 0. As p is within a multiple of a metric topologically equivalent to d, convergence with
respect to p and d are the same. If one of the sequences (y,) or (y,,) has a convergent subsequence, then
(x,) or (z}) has a convergent subsequence, since ¢ is a homeomorphism. As p(z,,x}) — 0, there exists

an infinite set I C N so that (z,)ner and (2)))ner are both convergent to the same x € X;. In this case,

P(Yn )
(P(Im%)
hand, if neither (y,) nor (y/,) have convergent subsequences, then we may assume that both (y,) and (y.,)

are p-separated sequences. A combination of Propositions 8.4 and 8.6 show that (£ ((i"z:,”))) has a bounded

)ner is bounded by Proposition 8.8, a contradiction to the choices of (x,) and («],). On the other

subsequence, reaching yet another contradiction. O
8.2. Continuity of ®

Let X;, FE;, i = 1,2, R, ¢ and ® be as in the previous subsection. It is known that the map ® need not
be continuous. In fact, [1, p. 190] gives an example of a L-isomorphism R : Lip(X,R) — Lip(X,R), where
X = [0, 1] with the Holder metric d(z,y) = |z — y|*, 0 < a < 1, so that the associated map ®(y,-): R - R
is not continuous for some y € X. Nevertheless, we will show that ® is continuous at almost all points in
the sense of Baire category.

Lemma 8.9. Let (z,u) € Xy x Ey. There exists k = k(z,u) € N so that

d(u,u) < d(a’,z) < - = d(®(p(a’),u'), (p(2), u)) < kd(p(z"), p(x)).

En

Proof. If the lemma fails, we can find a sequence (2}, u},)r in X1 x Ey so that d(uj,,u) < d(z},,2) < &, but
d(vy,v) > kd(y,,y), where y;, = p(x}), y = ¢(x), v;, = ®(y),u}) and v = ®(y,u). Note that z) # z for
all k. Apply Lemma 8.7 with the sequence () and the constant sequence (z3) = (x) in X; instead of X,.
Since d(uj,u) < d(z},x) for all k, we obtain kg € N so that if & > ko, then d(v},v") < kod(y},y). This
contradicts the choice of (z},,u),)r and completes the proof of the lemma. 0O

Theorem 8.10. Let R C Lip(Xy, E1) x Lip(Xa, E3) be a L-isomorphism so that m;(R) = Lip(X;, E;), i = 1,2,
where X;, B; are complete metric spaces. Suppose that ® is the associated map given by Theorem 5.2. There
is a dense open set O in X1 X Ey so that the map (z,u) — ®(p(z),u) : X1 X By = Es, is continuous at
(x,u) if x is an accumulation point of X1 and (z,u) € O.

Proof. For any (z,u) € E1, let F, = {(z,u) € X1 X E1 : k(z,u) = k}. By Lemma 8.9, J Fx, = X; X Ej.
Hence it follows from the Baire Category Theorem that O := [ Jint F}, is a dense open set in X; x Fj.
Assume that (z,u) € O and that z is an accumulation point. To prove the theorem, it suffices to show that if
(T, un) — (,u) in X1 x By, then (®(p(z,),u,)) converges to ®(p(x), u). Choose kg so that (x,u) € int Fy, .
Fix 7 > 0 so that (z,u') € Fy, if d(u’,u) < r. For each n, let u,, denote the constant function with value
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un on Ej. Then ®(p(2),u,) = Run(p(z)) is a continuous function of z. If z,, = x, then since z is an
accumulation point, there exists z,, so that 0 < d(zp,z,) — 0 and d(P(p(z), un), ®(¢(zn), urn)) — 0. Thus,
without loss of generality, we may assume additionally that x, # z for any n. Let ¢ > 0 be given. There
exists z such that 0 < d(z,z) < kio and that

d(p(2), p(x)), d(@(p(2),u), ®(p(x),u)) <e.

Choose N € N so that d(u,,u) < d(z,z) Ar and d(z,,z) < k—lo if n > N.If n > N, then (z,u,) € Fj,
and d(un,u) < d(z,z). Hence there exists (z,u,) € Fy, so that d(u,u,) < d(z,z) < k—lo and d(up, up) <
d(xp,x) < % By definition of Fj,,

d(D(p(2),u), D(p(x), un)) < kod(p(2), p(x)) < koe
d(@((2n), un), B(p(x),un))) < kod((zn), o (2)).

Therefore,

A((p(wn), un), B(p(x),u)) < €+ koe + kod(p(2n), p(x)).
As ¢(z,,) = @(x) and € is arbitrary, ®(p(xy,), un) = ®(p(z),u). O

Final remark and acknowledgment.

In the latter parts of the paper, we consider arc length spaces with uniform/Lipschitz local contractibility.
If £’ is a complete metric space that is uniformly homeomorphic to an arc length space E that is uniformly
locally contractible, then the spaces U(X, E’) and U (X, E) are naturally |-isomorphic. So all results in the
paper pertaining to U(X, E) also apply to U(X, E’). A similar remark holds for the Lipschitz case.

We thank an anonymous referee for the suggestion to formulate the results in arc length spaces. It makes
for cleaner arguments and is more general than our original formulation.
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