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ABSTRACT

Geodesic offset curves are important for many industrial applications, such as solid modeling, robot-path
planning, the generation of tool paths for NC machining, etc. Although the offset problem is well studied
in classical differential geometry and computer-aided design, where the underlying surface is sufficiently
smooth, very few algorithms are available for computing geodesic offsets on discrete representation, in
which the input is typically a polyline curve restricted on a piecewise linear mesh. In this paper, we
propose an efficient and exact algorithm to compute the geodesic offsets on triangle meshes by extending
the Xin-Wang algorithm of discrete geodesics. We define a new data structure called parallel-source
windows, and extend both the “one angle one split” and the filtering theorem to maintain the window
tree. Similar to the original Xin-Wang algorithm, our extended algorithm has an O(n) space complexity
and an O(n? log n) asymptotic time complexity, where n is the number of vertices on the input mesh. We
tested our algorithm on numerous real-world models and showed that our algorithm is exact, efficient

and robust, and can be applied to large scale models with complicated geometry and topology.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Geodesic offsets or parallels are a set of points on the surface,
which are at a constant geodesic distance from the generator
curves. Computation of geodesic offsets plays an important role
in many applications of computer-aided design, such as solid
modeling [1,2], robot path planning [3], generation of tool paths
for NC machining [4-6], etc.

Although the offset problem is well studied in classical
differential geometry and computer-aided design, where the
underlying surface is sufficiently smooth (e.g., [7-9]), very few
algorithms are available for the computation of discrete geodesic
offsets. Given a polygonal mesh 4 and a set of points and polylines,
denoted by U, that are restricted on 4, the distance-d geodesic
offset consists of the points on 4§ that are at a geodesic distance
d from U.

Holla et al. [10] proposed an incremental approach to ap-
proximate polyline-source offsets based on an assumption that
the offset to a polyline on the surface is still a polyline. Chen
et al. [11] computed approximate offsets by taking the samples on
the source curve as source points. Bommes and Kobbelt [12] ex-
tended Mitchell et al.’s algorithm [13] to compute the polyline-
source geodesic distance field. However, these algorithms are
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either approximate or computationally expensive/memory ineffi-
cient, which are hard to apply onto large-scale real-world models.

In this paper, we propose an efficient and exact algorithm to
compute geodesic offsets on triangle meshes. Our algorithm ex-
tends the Xin-Wang algorithm of “single-source-all-destination”
discrete geodesics [14] to the general geodesic offset problem
where the generator is a set of points and polylines restricted on
the input triangle mesh. Our algorithm has an O(n) space complex-
ity and an O(n? log n) asymptotic time complexity, where n is the
number of vertices on the input mesh. Numerous experimental re-
sults show that our offset algorithm runs very fast in practice. As
shown in Fig. 1, it takes 3.2 s and 3.06 MB memory to compute ex-
act geodesic offsets on the Happy Buddha with 100K vertices.

The rest of the paper is organized as follows. Section 2 reviews
the related work in discrete geodesics and geodesic offsets.
Section 3 briefly describes the Xin-Wang algorithm of “single-
source-all-destination” discrete geodesics. Section 4 documents
the extension of Xin-Wang algorithm for computing geodesic
offsets on triangle meshes, followed by experimental results and
discussions in Section 5. Finally, Section 6 concludes the paper.

2. Related work

Point-source geodesic distance field. Geodesic offsets are closely
related to the computation of point-source geodesic distance field
from which the geodesic offsets can be easily extracted. Sharir and
Schorr [15] pioneered an algorithm to compute “single-source-
all-destination” discrete geodesics on convex polyhedra with an
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(a) Front view. (b) Back view.

Fig. 1. User specifies 4 generator points and 3 generator curves (drawn in yellow)
on the Happy Buddha with 100K vertices. Our algorithm computes the exact
geodesic offsets in 3.2 s with 3.06 MB memory usage. The timing is measured on
a DELL Workstation with a Xeon 2.66 GHz CPU and 4 GB RAM. (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

0(n®logn) time complexity. Later, Mitchell et al. [13] (MMP)
improved the time complexity bound to O(n®logn) by using
the “continuous Dijkstra” technique. Chen and Han [16] (CH)
suggested building a binary tree to encode all the edge sequences
that can possibly contain a shortest path, thereby improving
the time complexity to O(n?). Surazhsky et al. [17] extended
the MMP algorithm to compute approximate geodesics with
bounded error. Recently, Xin and Wang [14] improved the CH
algorithm by exploiting a filtering theorem. Their improved
algorithm outperforms both the MMP and CH algorithms. Besides
the exact algorithms, there are also many algorithms [18-27] to
approximate the discrete geodesic distance field. Among them, the
fast marching method [23], with an O(nlogn) time complexity,
is a numerical method for solving boundary value problems of
the Eikonal equation and has been widely used in the research
community.

Geodesic path. Geodesic offsets are also related to geodesic
paths since geodesic paths are perpendicular to geodesic offsets
with the same source set. The e-approximation algorithms
[28-30] are well studied to compute an approximate path at most
(1 + €)d(s, t) in length, where d(s, t) denotes the exact geodesic
distance between two points s and t on the input polyhedral
surface. These algorithms make a trade-off between computation
cost and accuracy. Polthier and Schmies [31] introduced discrete
geodesic curvature on polyhedral surfaces and defined discrete
straightest geodesics that allow a unique geodesic of the initial
value problem. Later, they developed a method to compute the
evolution of distance circles on polyhedral surfaces using geodesic
flow [32]. Xin and Wang [33] presented a fast algorithm to
compute a locally exact geodesic between two distinct vertices on

Fig. 2. All the shortest paths from s to any point p € [a, b] pass through the same
edge sequence (eq, €y, .. ., ex). Therefore we can use a funnel-like interval window
to encode all such shortest paths.

a polyhedral surface. Recently, Xin et al. [34] proposed an efficient
iterative method for computing exact geodesic loops within finite
iterations.

Geodesic offsets. There is a rich body of literature of computing
geodesic offsets on parametric surfaces. We refer the readers
to the comprehensive surveys [35-37]. However, very few
algorithms are available for computing discrete geodesic offsets on
polygonal meshes. Holla et al. [10] computed offsets at distances
dq,ds, ..., d from the source curve, where d; < di;q, i =
1,2,..., k. For any input d € [d;, dj;], the geodesic offset can
be reported by interpolating the offsets at d; and dj;,. However,
their algorithm heavily depends on the assumption that the offset
to a polyline is still a polyline. In fact, the assumption only holds
on conveXx polyhedral surfaces. Chen et al. [11] took a set of sample
points on the source curve as source points and then computed the
geodesic offset at a given distance. Both [10,11] are approximate
algorithms that require interactive detection and correction of
global self-intersections. Bommes and Kobbelt [12] extended the
MMP algorithm [13] onto the polyline-source geodesic offset
problem. However, due to the high memory cost O(n?), their
method is not applicable for large-scale models.

3. The Xin-Wang algorithm of discrete geodesics

This section briefly describes the key concepts and techniques
in the Xin-Wang algorithm of “single-source-all-destination”
discrete geodesics [14], which will be extended to solve the
discrete geodesic offsets in the next section. We begin with several
definitions for edge sequences and windows followed by the outline
of the Xin-Wang algorithm.

3.1. Edge sequences and windows

Face sequences, edge sequences and windows are fundamental
concepts in discrete geodesic algorithms [13-17].

A face sequence ¥ is an ordered list of faces, say f1, f2, . . ., fix1,
such that each pair of consecutive faces, i.e., f; and fi,, share a
common edge, say e;. The associated list of shared edges, say & =
(e1, ez, ..., ey), is called an edge sequence. We say that & is simple
if it contains no repeated edges. Fig. 2 gives an example of edge
sequence.

Planar unfolding is a widely used technique for computing
shortest paths on polygonal meshes. A face sequence ¥ can be
unfolded in this way: rotate f, around e; to make f; and f, coplanar;
rotate f3 around e, to make f, and f3 coplanar; and repeat this until
all faces are coplanar. Obviously, this process takes O(k) time. The
detailed technique is available in [17].

Mitchell et al. [13] observed that any shortest path passes
through an alternating list of vertices and edge sequences.
Surazhsky et al. [17] used a structure window to encode the points
whose shortest paths share the same vertex-edge sequence. In
Fig. 2, the last vertex v in this vertex-edge sequence is called a root
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or pseudo-source, which is crucial to define a window since d(s, p)
equals to the sum of d(s, v) and the straight-line distance between
the unfolded image point of v and p, where d(-, -) returns the
geodesic distance. We can further classify windows into pseudo-
source windows that end at a vertex and interval windows that end
at a non-empty interval of an edge.

3.2. Window derivation

Unlike the graph-based shortest path problem, the discrete
geodesic problem on a polyhedral surface is continuous in essence.
The key to discretize the geodesic problem is to encode the
shortest paths sharing the common vertex-edge sequence into a
window and then take care of the derivation of windows. Most
of the existing exact geodesic algorithms [13,14,16] compute the
children of an existing window w in a similar fashion (see Fig. 3):

If w is a pseudo-source window at vertex v with geodesic
distance d
If v is a saddle vertex (see Fig. 3(a))
For each adjacent vertex, compute a pseudo-source window;
For each opposite edge, compute an interval window;
Else [*v is a convex vertex*|
No children need to be computed;

Else [*w is an interval window. Suppose w covers an
interval [a, b] of the edge v1v,. Let v be the vertex opposite
to v1v; and I be the unfolded image of the last vertex passed
through by w.*|
If the line segment Iv is right to the interval [a, b] (see Fig. 3(b))
Compute the only interval-window child on edge v1v;

Elseif the line segment Iv is left to the interval [a, b] (see
Fig. 3(c))
Compute the only interval-window child on edge vv,;
Else [*Tv intersects the interval [a, b] at some point
(see Fig. 3(d)).”/
Compute two interval windows as the children, one on
edge viv and the other on edge vuv,;
Compute a pseudo-source window at vertex v.

3.3. Two key observations

The existing geodesic algorithms [13,16,14] differ in the
techniques to avoid the combinatorial explosion of the number
of windows. The MMP algorithm [13] transforms each edge into
a covering of a set of ordered windows. Chen and Han [16] (CH)
observed an important fact called “one angle one split”, with which
they built an O(n?) tree to encode the windows that possibly
determine a shortest path. Xin and Wang [14] observed that the
majority of windows created by the CH algorithm are useless
and presented a filtering theorem that significantly reduces the
number of windows.

One angle one split. As shown in Fig. 4(a), w; and w, are two
interval windows that cover the same angle Zv;vv,. According
to the window derivation algorithm in Section 3.2, both w; and
w, may have two children, which leads to four new windows
w], w?, wj, w3. However, Chen and Han's “one angle one split”
theorem [16] states that at least one of the four children does not
help when determining shortest paths. That is to say, among all the
windows covering the same angle, at most one of them can have
two children that possibly determine a shortest path. Thus, one
associates each angle with a “winning” window, by which one can
check the validity of new windows. The CH algorithm guarantees
that the window tree is O(n?) in size and O(n) in depth.

Filtering theorem. Xin and Wang [ 14] observed that the majority
of windows created by the CH algorithm [16] are useless. Therefore

they proposed a filtering theorem to remove those useless
windows. As shown in Fig. 4(b), w is an interval window on the
edge v1v; and the unfolded image of w’s root is located on the plane
of Avqv,vs. The filtering theorem asserts that w is useless if one of
the following conditions holds:

- The shortest path from s to v; and then to B is shorter than what
w can give;

- The shortest path from s to v, and then to A is shorter than what
w can give;

- The shortest path from s to v3 and then to A is shorter than what
w can give.

3.4. Algorithm review

Besides the two key observations, the Xin-Wang algorithm [ 14]
also suggested maintaining a priority queue throughout the
algorithm such that the “nearest” window can be handled first. In
the following, we review the Xin-Wang algorithm using pseudo-
code.

Initialization: (1) Set the geodesic distance of the source points to
be zero and that of other vertices to be infinity; (2) Create a priority
queue @ to contain the pseudo-source windows rooted at the
source points; and (3) For each directed edge, we associate it with a
NULL interval window for the purpose of calling “one angle one
split”.
While @ is not empty
Pop out the head elementw in @;
If w is a pseudo-source window at v with distance d
If d is less than the current distance estimate at v
Update the geodesic distance of v to be d;
If v is a saddle vertex
[*Let wqiq be old pseudo-source window at v.*/
Delete the subtree rooted at wyyq;
Associate v with w;
For each vertex neighboring to v,
Create a child pseudo-source window;
Push it into @;
For each edge opposite to v
Create a child interval window;
Push it into @;
Else [*w is an interval window at edge e. Let v, be the vertex
opposite to e and woy be the old window associated with e.*|
If w covers v, and can provide a shorter distance for v, than woq
Update wyq to be w;
Delete one subtree of wo;
Compute w’s two children wy and ws;
Check w1 and w,, with the filtering theorem;
Push the children into @ if they passed check;
Update the distance at v, if w can provide v, with a shorter
distance;
Else [*w can have only one child.”/
Compute the only child;
Check it with the filtering theorem;
Push the child window into @ ifit is valid.

Numerous experimental results show that the Xin-Wang
algorithm [14] outperforms the MMP algorithm [13] and the
CH algorithm [16] in both time and space. This motivates us to
extend the Xin-Wang algorithm onto the general geodesic offset
problem.
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Fig. 3. Computing the children of a window: (a) A pseudo-source window at a saddle vertex v may have children both on opposite edges and at adjacent vertices; (b-d) An
interval window w on edge vyv; may have one or two interval-window children, depending on how the line segment Iv intersects w'’s interval.

Fig.4. Section 3.3—Two key observations in the Xin-Wang algorithm [14]: (a) Chen and Han’s “one angle one split” [ 16] states that at most one of the windows covering the
same angle can have two children; and (b) Xin and Wang's filtering theorem [ 14] asserts that an interval window is useless if it cannot provide a shorter geodesic distance

than one of the neighboring vertices.

Fig. 5. Three types of windows, i.e., pseudo-source windows, interval windows
and parallel-source windows are required to compute the general offset problem.
(a) Taking the line segment AB as the source, we need to construct three parallel-
source windows initially. (b) We also need to construct 6 interval windows rooted
at the endpoints A and B.

4. Extending the Xin-Wang algorithm to the general geodesic
offset problem

This section details our algorithm to compute the general
geodesic offset on triangle meshes. The key components of our
algorithm are to define a new type of windows called parallel-
source windows and then extend Chen and Han’s “one angle one
split” and Xin and Wang's filtering theorem (see Fig. 4).

4.1. Parallel-source window

Consider the source set U including a collection of source points
and polyline curves. After computing the geodesic distance field,
we can backtrace the discrete geodesic, for any destination point
p, which is actually the shortest path from p to U. We use § to
represent the family of backtraced discrete geodesics and © the
family of offset curves. In the continuous setting, the offset curves
are iso-distance curves and the backtraced geodesics follow the
gradients of the geodesic distance field. Thus, each curve in § is
orthogonal to a curve in 0, i.e,VC; € §, C; € O, C1 LC,.

On triangle meshes, the above condition implies that each of
the four angles around the intersection point between Gy and G,
is greater than or equal to /2. Specially, for the case of Fig. 5(a)
where the source is the line segment AB, we need to consider the
geodesics orthogonal to AB besides the geodesics rooted at A or
B. Therefore, we define another window type, i.e., parallel-source
windows for purpose of encoding a set of shortest paths that share
the same edge sequence and are orthogonal to the source segment.

Fig.6. Extended “one angle one split”: if the parallel-source window w can provide
a shorter distance to v5 than the existing winning window, then we allow w to have
two children. Otherwise, we remove either wq (see (a)) or w; (see (b)).

Taking Fig. 5 as an example, we need to push 3 parallel-source
windows (see Fig. 5(a)) and 6 interval windows rooted at A and B
(see Fig. 5(b)) into a priority queue when initializing the Xin-Wang
algorithm [14].

4.2. Extending Chen and Han'’s “one angle one split”

Chen and Han’s “one angle one split” [ 16] states that at most one
of the windows covering the same angle can have two children (see
Fig. 4(a)). Inimplementation, we need to keep a “winning” window
that can provide the up-to-date shortest geodesic distance for the
opposite vertex. In this subsection, we discuss how to extend “one
angle one split” onto the general offset problem.

As shown in Fig. 6, we assume that v is the last vertex passed
through by the existing shortest geodesic path between s and vs,
and the unfolded image of v is R. Since any window encodes a set of
shortest paths sharing the same edge sequence, there is no vertex
enclosed in the yellow area in Fig. 6(a). Therefore, R must be outside
of the yellow area. Then we consider the following cases in the
extended “one angle one split”:

Extended “one angle one split”:

Case 1. If p € ABcan give a shorter distance to vs to than the existing
winning window w4, then the parallel-source window w is
allowed to have two children; and the winning window of v
is set to be w.

Case 2. If p € AB cannot give a shorter distance to vs,

Case 2.1. If Rus is left to AB, then we remove the left child w1;
see Fig. 6(a).
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Fig. 7. The parallel-source window cannot contribute to determining a shortest
path if v; gives a shorter distance than ||BD||, or v, gives a shorter distance than
IIAC||, or v3 gives a shorter distance than ||AC]|.

Case 2.2. If Ruvs isright to AB, then we remove the right child
wy; see Fig. 6(b).

Remarks. (1) Note that if Rvs intersects AB at an interior point g,
it can be shown that the new window can give a shorter distance
than w4, which belongs to Case 1. (2) If wgyq is also a parallel-
source window, then the root of w, is defined to be the point in
the source segment of w4 that is nearest to vs.

4.3. Extending Xin and Wang's filtering theorem

As shown in Fig. 7, the side boundaries AC and BD of a
parallel-source window are orthogonal to the source segment AB.
Therefore, A (resp. B) is nearer to C (resp. D) than any other
point in AB. This motivates us to extend Xin and Wang’s filtering
theorem [14]:

Extended filtering theorem. Suppose the parallel-source window w
arrives at the face Av,v,v3, entering from v,v, and exiting from v{vs
(see Fig.7). Let AB be the unfolded image of the source segment and CD
be the interval in vyv3 covered by w. Then the parallel-source window
w can be filtered out (i.e., it does not help to determine a shortest

path) if

d(U, v1) + llviDIl < |IBDl, (1)
or

d(U, v3) + [lvsCll = [IAC], (2)
or

d(U, v2) + [lv2Cl < IACH, (3)
where d(U, v;) is the geodesic distance from v; to the nearest point in
U, while || - || denotes the straight-line distance.

Proof. We consider three cases:
Case 1. If vq can provide a shorter distance for the point D, i.e.,

d(U, v1) + llv1DIl < |IBDl,
then for any point p € CD, the geodesic distance given by v, is
d(U, v1) + llvipll,

while the geodesic distance given by the parallel window w is
llpp’|l, where p’ is the projection point on the segment AB (see
Fig. 8). Considering

IBD|| — llpp’ll < lIpDIl
we have
d(U, v1) + [lvipll = d(U, v1) + [lv1D]l — |IpD]|
< (IIBDI)) = (|IBDIl — lipp'Il)
= |pp'll. (4)

Observing that inequality (4) holds for any p € CD, we can show
that the parallel-source window w is useless and can be filtered
out.

Fig. 8. Case 3.

Case 2. If v3 can provide a shorter distance for C, i.e.,
d(U, v3) + [lvsCll = |AC]|,

we can prove that the window w is filtered out in a similar fashion
as Case 1.

Case 3. If v, can provide a shorter distance for C than that of the
parallel-source window w, we can easily show that both v, and C
are on the same side of the straight line AB (as shown in Fig. 8). We
construct a parabola € R? such that

d(U, v2) + [Ix — vall = [IxXl,

where x is a moving point on the plane of Avjv,vs and X’ is the
projection point of x on the straight line AB. Obviously, C is located
in the interior of > due to the assumption

d(U, v2) + [lv2C]| < [|AC].

Then we show that D must be in the interior of » by
contradiction. Assume D is outside of #. D must be on the right
of the axis of & because

(i) Disright to C along AB, i.e., AB - CD > 0;
(ii) D is above the straight line vyv, (BD intersects viv, at one
interior point), where v, is the focus of .

But on the other hand, D cannot be right to the axis of J because
the window w enters the triangle Av;v,v3 from vyv, and leaves it
from vqvs.

With the fact that D is in the interior of &, the entire segment
CD is in the interior of & due to the convexity. This implies

d(U, v2) + llv2pll < lIpp'll

for any p € CD, where p’ is the projection point of p onto AB.
Therefore, the parallel-source window w can be filtered out.
Putting all the three cases together, we complete the proof. O

4.4. Complexity analysis

Our extended Xin-Wang algorithm applies to the general
geodesic offset problem, where the generators include both points
and polylines. For simplicity, we assume that the generator points
form a subset of the mesh vertices' and each mesh triangle
contains at most one line segment of the generator curves
(polylines), whose endpoints serve as the entry point and the exit
point respectively. It is clear that we have O(m) parallel-source
windows initially, where m is the number of faces (m =~ 2n for
triangle meshes). The property “one angle one split” guarantees

1 For the general case where the generator point is inside a triangle but not a
mesh vertex, one can simply split the triangle into three sub-triangles such that the
generator point becomes a mesh vertex.
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Fig. 9. Experimental results. The generator curves are drawn in yellow. Cold (resp. warm) colors mean small (resp. large) geodesic distances. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 10. Our geodesic offset algorithm is intrinsic to the geometry and insensitive to the mesh resolution and triangulation. Left: the Moai model with 11K vertices; Right:

the Moai model with 3K vertices.

that the number of windows on each level can be bounded by O(m)
when building the window tree [16]. Since the window tree cannot
exceed m levels (a shortest path intersects every face at most once),
the total number of windows is O(m?). Note that we only need to
maintain the bottom level (i.e., leaves) of the windows tree and all
branch nodes. Therefore, the extended algorithm has still an O(n)
space complexity and an O(n? log n) asymptotic time complexity
as the original Xin-Wang algorithm [14].

5. Experimental results

This section documents the experimental results and demon-
strates that our algorithm is efficient, exact, intrinsic and robust.
We implemented the extended Xin-Wang algorithm in C++ on
Windows 7. Our experiments were carried out on a DELL Worksta-
tion with a Xeon 2.66 GHz CPU and 4 GB RAM.
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Table 1
Timing statistics are measured in seconds on a workstation with a Xeon 2.66 GHz
CPU and 4 GB RAM.

Models #vertices Timing (s) Memory (MB)
Armadillo (Fig. 9) 173K 13.385 5.29
Buddha (Fig. 1) 100K 3.224 3.06
Bunny (Fig. 9) 75K 8.537 2.23
Dragon (Fig. 9) 750K 77173 22.90
Gargoyle (Fig. 9) 352K 31.840 10.76
Laurana (Fig. 14) 10K 0.733 0.33
Lucy (Fig. 11) 263K 26.114 8.04
Moai (Fig. 10 left) 11K 0.655 0.34
Moai (Fig. 10 right) 3K 0.06 0.08
Two kids (Fig. 13) 42K 3.931 1.29

Fig. 11. Given the generator curve on the waist, we compute the geodesic distance
field of the Lucy model. Here we show the set of offset curves with spacing of 0.06
(left) and 0.025 (right) respectively. The model is normalized to a unit cube.

5.1. Performance

We tested our algorithm on numerous commonly-used models
in graphics and geometric modeling community. Due to the O(n)
space complexity and O(n? log n) time complexity, our algorithm
works efficiently and effectively for large scale models (see Table 1
for the statistics). Taking the Dragon model (with 750K vertices)
as an example, our algorithm computes the geodesic offsets for

Fig. 12. Taking the salient features (e.g., eyes, forehead, nose and mouth) and
shortest paths between them as generators, we compute the geodesic offsets, which
can be used for face segmentation.

the “SPM11” logo within only 77 s and costs 23 MB memory.
Fig. 11 shows the geodesic parallels on the Lucy model with various
spacings. Fig. 12 demonstrates the geodesic offset on the 3D
scanned human face model, which usually contains artifacts (such
as disconnected components, holes, etc.) near the face boundary.
Computing the geodesic offset based on the generator curves of
some facial features (e.g., eyes, nose and mouth) leads to a good
segmentation.

5.2. Robustness

The geodesic computation is intrinsic to the geometry and
insensitive to the mesh resolution and tessellation. As shown in
Fig. 10, we tested our algorithms on the Moai model with different
resolutions and triangulations. The generator curves, specified by
the same cutting plane, are the same for both experiments. Our
algorithm is stable and robust, which produces consistent resultant
geodesic offsets.

5.3. Exactness

The proposed geodesic offset algorithm is exact in the sense that
the geodesic distance from each vertex to the generator curve(s)
is accurate. As a result, the integral curves of the gradient of the
geodesic distance field are exact geodesics. As shown in Fig. 14,
the (blue) geodesics are orthogonal to the (green) offset curves
everywhere.

To demonstrate the exactness of the proposed algorithm, we
also compared our algorithm with Dijkstra’s algorithm [38] and the
fast marching method [23], which are approximation algorithms for
geodesic offsets. As shown in Fig. 13, the approximation algorithms
usually result in poor quality geodesic offsets on models with
complicated geometry and topology, while our result is much
better. This is because the geodesic offsets are G! continuous
except at conjugate points (that have at least two different shortest
paths to the source). We must point out that the overhead for
the exactness is the high computational cost: both Dijkstra’s
algorithm [38] and the fast marching method [23] are of time
complexity O(n log ), while ours is O(n? log n).

5.4. Discussions

Holla et al. [10] and Chen et al. [11] used a traditional approach
to compute geodesic offsets, where the offsets are computed
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(a) Dijkstra [38] 0.078 s.

(b) Fast marching [23] 0.31 s.

(c) Our method 3.93s.

Fig. 13. Comparison to Dijkstra’s algorithm [38] and the fast marching method [23]. Note that our algorithm is able to compute the exact geodesic offsets while the others

compute only the approximate geodesic offsets (see the artifacts in (a) and (b)).

Fig. 14. Geodesics (drawn in blue) starting from the generator curves (drawn
in yellow) are orthogonal to the offset curves (drawn in green) everywhere. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

segment by segment followed by local and global trimmings. It
is known that this kind of approach is computationally expensive
and can hardly be used for meshes with more than a few thousand
vertices. Furthermore, it is technically challenging to fix global
intersections. Usually, manual inspection and correction of self-
intersections are required.

Bommes and Kobbelt [12] extended the MMP algorithm [13]
onto the polyline-source geodesic offset problem. Similar to our
algorithm, the extended MMP algorithm can compute the exact
geodesic offset on polygonal meshes. Although working well for
small and medium sized meshes, their approach is impractical
for large scale models due to its high space complexity 0(n?).
For example, their algorithm failed on a mesh with 200K vertices
by running out of memory on a PC with 2 GB RAM. By contrast,

our algorithm successfully computed the exact geodesic offsets
by using only 6 MB memory. To our knowledge, our algorithm
is the first one that is able to compute exact geodesic offsets
on large scale polygonal meshes. Besides, the MMP algorithm
suggests transforming each edge into a covering of windows,
which makes windows become very narrow during derivation. The
proposed algorithm by Bommes and Kobbelt [12] also inherits the
disadvantage and thus is error prone.

In addition, we observe that the mesh complexity is not the
only factor for determining the time cost. Generally speaking, the
multiple-source version of the Xin-Wang algorithm runs faster
than the single-source version. Long running time is required for
models with a concentrated configuration of conjugate points.
Even if running the single-source Xin-Wang algorithm on the same
model, different source settings will report different time costs.
Anyway, complicated topology and complicated geometry do not
imply high computation costs.

6. Conclusion and future work

We proposed an efficient algorithm to compute exact geodesic
offsets on triangle meshes. Our algorithm extends the Xin-Wang
algorithm of discrete geodesics by introducing parallel-source
windows and generalizing both “one angle one split” and the
filtering theorem, which are the key components in the original
Xin-Wang algorithm. The extended algorithm has an O(n) space
complexity and an O(n? log n) asymptotic time complexity, where
n is the number of vertices on the input mesh. Our algorithm
outperforms the existing discrete geodesic offset algorithms in
both timing and memory usage. We tested the proposed algorithm
on numerous real-world models. The promising experimental
results showed that our algorithm is exact, efficient, intrinsic and
robust.

We believe that the proposed algorithm has great potential in
real-world problems. We will investigate various applications in
the near future. It would also be interesting to develop a GPU-based
algorithm to further improve the performance.
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