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Abstract—Poisson disk sampling has excellent spatial and spectral properties, and plays an important role in a variety of visual

computing. Although many promising algorithms have been proposed for multidimensional sampling in euclidean space, very few

studies have been reported with regard to the problem of generating Poisson disks on surfaces due to the complicated nature of the

surface. This paper presents an intrinsic algorithm for parallel Poisson disk sampling on arbitrary surfaces. In sharp contrast to the

conventional parallel approaches, our method neither partitions the given surface into small patches nor uses any spatial data structure

to maintain the voids in the sampling domain. Instead, our approach assigns each sample candidate a random and unique priority that

is unbiased with regard to the distribution. Hence, multiple threads can process the candidates simultaneously and resolve conflicts by

checking the given priority values. Our algorithm guarantees that the generated Poisson disks are uniformly and randomly distributed

without bias. It is worth noting that our method is intrinsic and independent of the embedding space. This intrinsic feature allows us to

generate Poisson disk patterns on arbitrary surfaces in IRn. To our knowledge, this is the first intrinsic, parallel, and accurate algorithm

for surface Poisson disk sampling. Furthermore, by manipulating the spatially varying density function, we can obtain adaptive

sampling easily.

Index Terms—Parallel poisson disk sampling, intrinsic algorithm, unbiased sampling, GPU, geodesic distance
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1 INTRODUCTION

POISSON disk sampling distributes all samples that are
uniformly and randomly located. It requires that the

samples are as dense as possible but are at a minimum
distance apart from one another. Due to its excellent spatial
and spectral properties, Poisson disk sampling is widely
used in computer graphics and visualization, such as
antialiasing, global illumination, nonphotorealistic render-
ing, remeshing, texture synthesis, vector field visualization,
and so on. Dart throwing, proposed by Dippé and Wold [2],
is the first accurate approach to generate Poisson disk
patterns in IRn. However, this brute-force approach is
impractical and inefficient, since a large number of samples
are involved in the attempt but only a small percentage of
them are eventually inserted into the distribution. Since
then, many approaches have been proposed to improve the
performance, for example, jittered sampling [3], spatial data
structures [4], [5], procedure tiling [6], [7], [8], and
hierarchical sampling [9], [10].

While tremendous efforts have been focused on the
multidimensional sampling in euclidean space, very few
studies have been reported on generating Poisson disk
patterns on curved surfaces. A very natural research
direction is to extend the key ideas and data structures of
the existing 2D sampling algorithms to curved surfaces.
However, this extension is usually technically challenging
due to the following reasons: first, a surface is a 2D manifold

that has arbitrary topology and complicated geometry, and is
embedded in IR3 or even higher dimensional space. Second,
the generated samples should be randomly and uniformly
distributed on surfaces, and exhibit the blue noise pattern
without bias. Third, the algorithm can be parallelized and
implemented on modern graphics hardware easily. Fourth,
the algorithm should be intrinsic to the geometry and
insensitive to the mesh resolution and tessellation. Last but
not the least, the exact geodesic distance should be used to
enforce the minimum distance constraint between any pair
of samples.

Recently, Wei [11] pioneered the phase group technique,
which subdivides the sample domain into grid cells and
then draws samples concurrently from multiple cells that
are sufficiently far apart so that their samples cannot conflict
one another. The phase group technique is very intuitive,
inherently parallel, and highly efficient for Poisson disk
sampling in euclidean space of arbitrary dimension. Wei’s
algorithm can be extended to generate Poisson disks on 3D
surface by creating the phase groups in its embedding space
[12]. However, due to its dependence of the ambient space,
it is difficult to apply the phase graph method [12] to
surfaces with complicated geometry/topology or em-
bedded in high-dimensional spaces. Furthermore, as
pointed out in [5], the phase group algorithm is approximate
in that the generated distribution is not fully random.

In this paper, we present a new method for parallel
Poisson disk sampling. Rather than the phase group method
that explicitly partitions the sampling domain to generate
the samples in parallel, our approach assigns each sample
candidate a random and unique priority that is unbiased
with regard to the distribution, and organizes the samples by
their indices. Hence, multiple threads can process the
candidates simultaneously and resolve conflicts by checking
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the given priority values. Our algorithm is accurate as the
Poisson disks are uniformly and randomly distributed
without bias. Our algorithm also distinguishes itself from
the existing approaches by its intrinsic feature, since all the
computations are purely based on the intrinsic metric. This
embedding-space-independent feature allows us to generate
Poisson disk distribution on arbitrary surfaces in IRn. To our
knowledge, this is the first intrinsic, accurate and parallel
algorithm for generating Poisson disk samples on arbitrary
surfaces. Furthermore, by manipulating the spatially vary-
ing radius function, we can obtain adaptive sampling easily.
The spectrum analysis shows that the proposed algorithm is
accurate and the generated Poisson disk distributions
faithfully exhibit blue noise patterns.

2 RELATED WORK

2.1 Poisson Disk Sampling in IRn

Dart throwing [3] is a classical algorithm that generates
isotropic blue noise samples sequentially one by one.
Dunbar and Humphreys [4] presented a spatial data
structure in IR2, called scalloped region, which efficiently
represents arbitrary boolean operations on 2D disks. Thus, it
can be used to encode the regions of space where the
insertion of samples is allowed. However, it is unknown
whether their data structure can be extended to three or
higher dimension. Gamito and Maddock [5] presented an
efficient and accurate Poisson disk sampling algorithm for
euclidean space of arbitrary dimension. Performing a
subdivision refinement of the allowable space for the
insertion of new samples, their algorithm has Oðn lognÞ
space and time complexity, where n is the number of
samples. Furthermore, the resultant distribution is maximal
in the sense that no further samples can be inserted at the
completion of the algorithm. Jones and Karger [13] presented
a linear algorithm that optimizes the dart throwing using a
spatial data structure. Their algorithm partitions the sam-
pling domain into a uniform grid such that each grid can
contain at most one sample and maintains a bucket of
regions where a point will be generated. At each step of the
algorithm, a region is taken from the bucket, a new point is
inserted in that region, and nearby regions are updated and
possibly added to the bucket. The bucket is only empty when
no more points can be added. Ebeida et al. [14] presented an
algorithm for distributing Poisson disks in nonconvex
domain with guaranteed maximal property. Their algorithm
first generates a near-maximal covering of the domain and
then generates the polygonal approximations to the voids.
Finally, it places the unbiased samples over these voids by
calculating the connected components of the remaining
uncovered voids. Although the theoretical time complexity
is Oðn lognÞ, they showed that nearly OðnÞ performance for
both time and memory is achieved in practice. Using the
implicit “flat quadtree,” Ebeida et al. [15] presented a
practical algorithm for generating maximal Poisson disk
sampling in IRd with low memory cost.

There are also many approximate algorithms which
improve the speed by compromising the sampling quality.
The hierarchical approaches [10], [9] allow several Poisson-
disk distributions with different radii to be generated from
a single run of the algorithm. The tile-based approaches
[16], [6], [7], [8] generate infinite nonperiodic tilings on the

plane at runtime by carefully designed rules. Dunbar and
Humphreys [4] presented a fast approximation algorithm
with linear time complexity by sacrificing the uniform
distribution property. Recently, Wei [11] pioneered a
parallel Poisson disk sampling algorithm by subdividing
the sample domain into grid cells and drawing samples
concurrently from multiple cells that are sufficiently far
apart to avoid conflicts. Wei [17] further extended blue
noise sampling to multiple classes where each individual
class as well as their unions exhibit blue noise character-
istics. Using constrained farthest point optimization, Chen
and Gotsman [18] presented a parallel algorithm to
generate uniformly distributed point patterns with good
blue noise characteristics.

Fattal [19] formulated the blue noise sampling problem
using a statistical mechanics interacting particle model. This
new formulation generates high-quality point distributions,
supports spatially varying spatial point density, and runs in
time that is linear in the number of points generated. Balzer
et al. [20] presented capacity-constrained point distribution,
where each point has a capacity determined by the area of
its Voronoi region weighted with a given density function.
Demanding each point has the same capacity, the generated
distribution possesses high-quality blue noise characteris-
tics and adapts precisely to the underlying density function.
Feng et al. [21] modeled anisotropic noise as nonoverlap-
ping ellipses whose size and density match a given
anisotropic metric and used a generalized anisotropic Lloyd
relaxation to distribute samples evenly. Li et al. [22]
generalized the traditional isotropic dart throwing and
relaxation for the anisotropic setting, and introduced
warping and sphere sampling-based approaches to extend
Fourier spectrum analysis for adaptive and/or anisotropic
samples. Wei and Wang [23] presented differential domain
analysis, which allows quantitatively measurement of the
spatial and spectral properties of various nonuniform
sample distributions.

2.2 Poisson Disk Sampling on Surfaces

The majority of the surface Poisson disk sampling algorithms
adopt some spatial data structure that either explicitly
partitions or subdivides the surface (and its embedding
space) or maintains the not-yet-sampled region where the
new samples can be drawn. Fu and Zhou [24] extended
Dunbar and Humphreys [4]’s scalloped regions to curved
surface. Their method is approximate in that samples are not
free to be placed anywhere on the surface with equal
probability. By using the fast marching method [25] with
spherical wavefront to approximate the geodesic distance,
Cline et al. [26] proposed the optimized dart throwing
algorithm to generate maximal Poisson disk point sets on 3D
surface. Their approach efficiently excludes the areas of the
domain that are already covered by existing darts and works
directly on surfaces of various types, for example, mesh,
subdivision, parametric, and implicit surfaces. However,
their method requires sequential computation and thus is not
suitable for real-time applications involving large-scale
objects. Corsini et al. [27] proposed constrained Poisson disk
sampling, which allows generating customized set of points
with generic geometric constraints. Bowers et al. [12]
presented a parallel algorithm for direct sampling on
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arbitrary surfaces. They used grid cell structure in IR3 [11] to
efficiently manage the samples and derived a closed-form
formula to approximate the geodesic distance by finding the
length of a curve smoothly interpolating the normals of the
two end points. They also extended the radial means and
anisotropy to curved surfaces using manifold harmonic
basis, which provides a way to directly evaluate the spectral
distribution quality of surface samples without mesh
parameterization. Bowers et al.’s approach [12] is fully
parallel and highly efficient, however, it is extrinsic and
heavily depends on the embedding space.

There are also some numerical approaches to generate
Poisson disk patterns. Using capacity-constrained surface
triangulation, Xu et al. [28] proposed a relaxation algorithm,
which iteratively alternates the optimization between the
points’ location and their connectivity. Adopting contin-
uous capacity-constrained Voronoi tessellation, Chen et al.
[29] proposed a variational framework generating point
distributions precisely adapting to given density functions.
Both Xu et al. [28] and Chen et al. [29]’s algorithms are able
to generate point distributions with high-quality blue noise
characteristics on surfaces. However, as these approaches
are based on the numerical solver on a global energy
function, their performance is much slower than the non-
numerical techniques, such as [26], [12]. Also, it is very hard
to parallelize these approaches.

Our method is fundamentally different than the existing
approaches. First, our method neither partitions the given
surface into small patches nor uses any spatial data
structure to maintain the voids in the sampling domain.
Thus, our method is very easy to implement. Second, our
method is intrinsic and independent of the embedding
surface. As a result, it works for arbitrary surfaces in IRn.
Third, our method is accurate in that the generated samples
are distributed uniformly and randomly without bias. The
exact geodesic distance also guarantees the samples are free
of conflicts. Fourth, our method is parallel in nature and can
make full uses of the available threads. The detailed
comparison and discussion are provided in Section 6.

3 ALGORITHMIC OVERVIEW

3.1 Notations

The notations used throughout this paper include:

. M ¼ ðV ;E; F Þ: the input triangle mesh, where V , E,
and F are the set of vertices, edges and faces;

. A: the area of M;

. S: the set of Poisson disk samples;

. N : the number of Poisson disk samples, i.e., N ¼ jSj;

. P: the set of dense points representing M;

. T : the total number of threads;

. dðp; qÞ: the geodesic distance between points p and q;

. r: the radius of the Poisson disk, so dðp; qÞ � 2r for
arbitrary two Poisson disk samples p and q;

. Dðp; rÞ: the geodesic disk of radius r centered at
point p 2M;

. �: radius statistics measuring the packing density of
Poisson disks. The ideal range for 2D Poisson disk
distribution is between 0.65 and 0.85, as suggested
in [30].

3.2 Motivation

The dart throwing algorithm generates the Poisson disk

distribution by repeatedly drawing a random point on the
surface, checking the point’s distance with existing samples,
and accepting it if no violation is found. Due to its
sequential nature and high computational cost, the brute

force algorithm is not practical for interactive applications
involving large-scale models. Wei [11] pioneered a parallel
dart throwing algorithm that starts by partitioning the
domain into grid cells such that the diagonal of each cell is

2r. For each cell, Wei’s algorithm makes up to k trials to
draw a random point that satisfies the minimum distance
requirement with existing samples in the neighboring cells.

To achieve parallelism, the cells are organized into subsets
such that all cells in a subset are separated by at least a
distance of 2r from each other, and thus can be processed in
parallel without causing conflicts. Although the sampling

inside each group is random, the sequence of groups visited
for every resolution level follows a predetermined order,
which violates the uniform sampling condition.

Our algorithm is based on a different strategy. It is

observed that samples have a uniform random position and a
uniform random birth time in the sequential dart throwing
algorithm. As time progresses, samples are accepted or

rejected based on their distance from the samples that have
already been born. We parallelize the classic dart throwing
algorithm by assigning a unique random value to each sample,
which represents the priority or order of the sample. The

candidate samples can be processed by multiple threads
simultaneously. Each thread checks the collision of the
processed sample against its neighbors. When conflicts

occur, the samples with the higher priority win and are
accepted as Poisson disks.

3.3 Data Structure

Our data structure is as follows:

enum SampleStatus{

IDLE, //not processed

ACTIVE, //being processed by a thread

ACCEPTED, //accepted as a Poisson disk

REJECTED, //rejected

};

struct Sample {

SampleStatus status;

//random number between 0 and 1

float priority;

//point coordinates

vector3d pos;

//the corresponding mesh triangle

int face_id;

};

Each sample has a time-dependent status and a unique
random number to represent its priority. During the runtime,

each thread takes one active sample. Let pi be the active
sample that is being processed by the ith thread. To ensure
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that no two active samples have the same priority, the
priority of pi is given by

priorityðpiÞ ¼
randðÞ � T þ i

RAND MAX � T ;

where T is the total number of threads, and the function
rand() returns a pseudorandom integer number in the range
0 to RAND_MAX-1.

We follow Osada et al. [31]’s algorithm to generate
random points with respect to the surface area, which are
unbiased and insensitive to mesh tessellation. For each
triangle, we computed its area and stored it in an array
along with the cumulative areas of triangles visited so far.
Then, we selected a triangle with probability proportional
to its area by generating a random number between 0 and
the total cumulative area and performing a binary search
on the array of cumulative areas. For each selected triangle
with vertices ðv1; v2; v3Þ, we constructed a random point
ð1� ffiffiffiffi

�
p Þv1 þ

ffiffiffiffi
�
p ð1� �Þv2 þ

ffiffiffiffi
�
p

�v3, where �; � 2 ½0; 1� are
two random numbers.

3.4 Geodesic Distance

To enforce the minimal distance constraint between any
two Poisson disks, we need to compute the exact geodesic
distance. Among the many classical discrete geodesic
algorithms, we choose the improved Chen-Han (ICH)
algorithm [32] mainly because of its linear space complexity
and high performance. The ICH algorithm partitions each
mesh edge into a set of intervals, called windows, which are
maintained in a priority queue according to the distance
from the source. These windows are propagated across the
mesh faces: pops a window from the queue and then
computes its children windows which can add, modify, or
remove existing windows, and updates the queue accord-
ingly. The original ICH algorithm computes the geodesic
distance for all mesh vertices (i.e., the “single-source all-
destination” problem) by propagating the windows across
all faces. As Poisson disk sampling needs only to compute
geodesic discs, we slightly modify the ICH algorithm to
allow the early termination whenever the wavefront
exceeds 2r, i.e., twice the Poisson disk radius. We imple-
ment the ICH algorithm on CUDA 4.2. The priority queue is
realized as a conventional heap which supports the window
propagation from near to far on GPU threads. The mesh is
encoded in the half-edge structure and stored in the GPU’s
global memory in a “read-only” manner. Each GPU thread
maintains its own data (i.e., the source point, the wavefront
windows and the priority queue) in its own memory pool.
Even though two geodesic disks may overlap, the corre-
sponding GPU threads do not have any data conflicts.
Therefore, our framework allows us to compute a large
number of geodesic disks simultaneously.

3.5 Resolving Conflicts

For each active sample pi, the corresponding GPU thread
computes a local geodesic disk Dðpi; 2rÞ of radius 2r
centered at pi and collects the active and accepted (if any)
samples in Dðpi; 2rÞ. See the pseudocode of function
DetectCollision in Algorithm 1. We then use the function
CheckStatus (see the pseudo code in Algorithm 1) to check
whether pi can be accepted. If there are no active samples

with priority higher than pi’s, pi is accepted immediately.
Otherwise, the function CheckStatus recursively checks
whether conflicts occur among the nearby active samples. pi
is rejected if there is any accepted Poisson disk in Dðpi; 2rÞ.
Since there are only limited active samples within Dðpi; 2rÞ
and the predefined priority of each sample is unique, such
recursive check will terminate in finite (in practice, only a
few) steps. See Fig. 1 for an example of our recursive strategy
to resolve conflicts and Table 1 for the statistical analysis of
its performance.
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Fig. 1. Illustration of PDTS with five available threads. s1 is an accepted
Poisson disk sample. Each thread handles one active sample pi, which
has a unique and random priority value. PDTS accepts p2, p4, and p5,
and rejects p1 and p3.
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4 PARALLEL POISSON DISK SAMPLING

ON SURFACES

To facilitate our explanation, we first propose a simple
algorithm of parallel dart throwing on surfaces (PDTS) in
Section 4.1. PDTS is an accurate algorithm in that it
generates randomly and uniformly distributed samples on
surfaces at runtime. However, PDTS is not efficient, since it
throws a large number of darts, but only accepts a small
percentage of them. Then we present an improved
algorithm, parallel sampling from dense points (PSDP), in
Section 4.2. PSDP first converts the input mesh into a set of
dense points P, and then randomly selects the samples from
P and processes them in a similar fashion as PDTS. Once a
sample is accepted, all the samples within the geodesic disk
of radius 2r are rejected. The algorithm terminates when all
predefined points have been processed. PSDP is an accurate
and efficient algorithm that works for arbitrary surfaces. We
present PDTS only for explanation purposes, since the
strategy of conflict resolving in PDTS is similar to that of
PSDP. Note that all the experimental results reported in
Section 5 are actually based on PSDP.

4.1 Parallel Dart Throwing on Surfaces

Starting from an empty set S, our PDTS algorithm iteratively
updates the Poisson disk samples. For each iteration, PDTS
randomly generates T samples on surfaces, where T is the
number of threads. Each sample is marked as active and is
given a unique random number for the priority. Let pi
denote the ith active sample that is being processed by the
ith thread. For each pi, the corresponding thread computes
the geodesic disk Dðpi; 2rÞ by the CUDA-based ICH
algorithm. When the wavefronts propagate, the thread
collects the active and accepted samples. The ICH algorithm
terminates when the wavefront touches a point with
geodesic distance of more than 2r. If an accepted sample
has been found inside this geodesic disk, the current active
sample pi is rejected immediately, since it conflicts with an
existing Poisson disk. Otherwise, the thread recursively
checks the conflicts among pi and its nearby active samples.
The one with the highest priority wins and is added to the
Poisson disk sample set S. It should be noted that all the
threads proceed in parallel, and the accepted samples are
independent of the order of the threads.

Fig. 1 shows an example of PDTS. Assume the current
Poisson disk sample set S contains one accepted sample s1

and there are five threads available. PDTS generates five
active samples, pi, i ¼ 1; . . . ; 5, at random locations, each of
which has a unique and random priority value. All circles in
Fig. 1 are of the radius r. The ith thread computes a
geodesic disk Dðpi; 2rÞ centered at pi with radius 2r and

collects the active samples inside Dðpi; 2rÞ. Let A½i� (resp.
D½i�) denote the list of active (resp. accepted) samples
colliding with pi. Then, D½1� ¼ fs1g, D½2� ¼ � � � ¼ D½5� ¼
A½1� ¼ ;, A½2� ¼ fp3g, A½3� ¼ fp2; p4; p5g, A½4� ¼ fp3g, and
A½5� ¼ fp3g.

The sample p1 is immediately rejected since it collides
with an accepted sample s1, i.e., D½1� 6¼ ;. Both p2 and p5 are
accepted, because they do not have conflicted neighbors
with higher priority. To determine p3’s status, the third
thread invokes CheckStatus(p3) and checks all elements in
A½3� which have higher priority than p3. Thus, it will
recursively call CheckStatusðp2Þ or CheckStatusðp5Þ, and
accepts p2 or p5, depending on which element appears
earlier in A½3�. For either case, p3 is rejected. To determine
p4’s status, the fourth thread invokes CheckStatus(p4),
which will recursively call CheckStatusðp3Þ, since p3 has
higher priority than p4. However, since p3 is rejected, the
fourth thread accepts p4.

Here, we should mention that the final accepted samples
are independent of the order of the threads. To illustrate
this, let’s consider the third and fourth threads. Depending
on their order, there are three cases:

. Case 1: thread 3 is executed before thread 4. Thread 3
sets p3’s status to REJECTED. Then thread 4 invokes
CheckStatusðp4Þ, which will call CheckStatusðp3Þ,
since p3 2 A½4� has higher priority than p4. As p3 has
already been rejected, CheckStatus(p4) set p4:status
to ACCEPTED.

. Case 2: thread 4 is executed before thread 3. Thread 4
invokes CheckStatus ðp4Þ, which will call CheckStatus
ðp3Þ, since p3 has higher priority than p4. The function
CheckStatus(p3) will reject p3, since its priority is
lower than that of p2 and p5. Thus, CheckStatus ðp4Þ
sets p4:status to ACCEPTED. Later, when the third
thread calls CheckStatusðp3Þ again, the function
simply returns, since p3 is not active any more.

. Case 3: thread 3 and thread 4 are executed
simultaneously. Thread 3 invokes CheckStatusðp3Þ
directly and thread 4 invokes CheckStatusðp4Þ
which in turns calls CheckStatus(p3). Both threads
reject p3, i.e., p3:statu is set to REJECTED twice.1

Then p4 is accepted.

Thus, even though each thread may be executed at different
time frames, the accepted samples are totally determined
by their priority values and independent of the order of
the threads.

4.2 Parallel Sampling from Dense Points

PDTS randomly throws darts on surface in parallel, and
abandons the darts that are within 2r distance of existing
darts. This is not efficient for two reasons: first, PDTS has to
compute the geodesic disk for every sample; second, a large
number of trials does not contribute to the results.

To improve the performance of PDTS, we adopt a
different strategy for parallelizing the sampling process in
PSDP: given a mesh model M, PSDP converts it to dense
point clouds by randomly and uniformly throwing a large
number of darts on the surface. To obtain a high-quality
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Statistics of the Number of Recursive Calls for

CheckStatus() on Gargoyle

Columns show the percentage of the number of function calls.

1. The read/write operation of a sample’s status is atomic.
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distribution, we require that the presampled points should
be at least 10 times the number of Poisson disks, i.e., jPj �
10N (see more discussions in Section 5). Each generated
point is initialized as an idle sample. For each iteration in
the runtime, PSDP randomly picks T idle samples and
updates their status to ACTIVE. Similar to PDTS, each
thread takes one active sample, say pi, computes a geodesic
disk Dðpi; 2rÞ and finds the active and idle samples inside it.
The status of pi is determined by CheckStatus(), which
recursively checks the conflicts among the active samples
inside Dðpi; 2rÞ. If pi is accepted, then all the idle samples
inside Dðpi; 2rÞ are rejected. PSDP repeats the iterations
until all idle points have been processed. PSDP is more
efficient than PDTS, since each accepted sample will result
in the removal of all idle samples within geodesic distance
2r. Therefore, no active sample conflicts with the accepted
samples in PSDP (see Fig. 2).

As shown in Fig. 6, the entry in the array PointIndex is a
pointer to the dense point clouds P. To ensure the accepted
samples are randomly and uniformly distributed on M, we
randomly shuffle the array PointIndex, and then partition
PointIndex into T equally sized groups, which allows

parallel processing by T threads. It should be noted that
that our partition is not spatial dependent in that the points
in each group are not spatially related, i.e., they are located
randomly on M. This distinguishes our algorithm from the
existing parallel sampling algorithms [11], [12], which
explicitly partition the spatial domain.

4.3 Correctness

We show that our algorithms, PDTS and PSDP, are
accurate, i.e., the generated samples are randomly and
uniformly distributed in the domain.

Given a sample domain D, Poisson disk sampling is a
set X ¼ fxi 2 D; i ¼ 1; 2; . . . ; Ng of N samples having the
properties:

8xi 2 X; 8M � D : P ðxi 2MÞ ¼
Z
M

dx; ð1Þ

8xi; xj 2 X : kxi � xjk � 2r; ð2Þ

where P ð�Þ is a conditional probability.
The first condition states that a uniformly distributed

random sample xi of X has a probability of falling inside a
subset M of D that is equal to the hypervolume of M. The
second condition requires that any two samples are 2r apart
from each other.

An accurate Poisson disk sampling algorithm must
satisfy both conditions. Clearly, our approaches satisfy the
second condition, since exact geodesic distances are used.
Next, we will show the first condition also holds in PDTS
and PSDP.

Let S ¼ fs1; . . . ; skg be a set containing k Poisson disk
samples generated by the brute-force dart throwing algo-
rithm. Let pi, i ¼ 1; . . . ; T , be points that are uniformly and
randomly distributed on D. If we randomly shuffle the
indices f1; . . . ; Tg, and then add the shuffled T points
sequentially into S by checking the minimal distance
constraint, the resultant set is obviously a Poisson disk
set, since the process is the same as a sequential dart
throwing. Observe that each trial has a unique order, which
is the index of the point.

In PDTS, we assign each sample pi a unique and random
priority value, which is equivalent to randomly shuffle the
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Fig. 2. Comparison between PDTS (left) and PSDP (right). Assume s1 is
an accepted sample. In PDTS, each thread generates one active
sample at a random location. Thus, it is likely that the active samples
collide with the accepted samples. For example, p1 and p2 are rejected
due to the collision with s1, and p3 is accepted since it does not conflict
with any accepted and active samples. Although being parallel, this
strategy is not efficient, since two geodesic disks must be computed for
p1 and p2, respectively. However, p1 and p2 do not contribute to the
results. By contrast, PSDP randomly picks samples from the predefined
dense points P. When s1 is accepted, PSDP rejects all the idle samples
(in yellow) inside Dðs1; 2rÞ. Therefore, in the future iterations, PSDP will
pick only the samples (in green) that are outside Dðs1; 2rÞ. In other
words, no active samples collide with the accepted samples in PSDP.
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indices f1; . . . ; Tg. Therefore, PDTS can make T trials
simultaneously, and the resultant set S contains uniformly
and randomly distributed Poisson disks.

In PSDP, we construct a dense point clouds P, such that
the points are randomly and uniformly distributed on D. If
we randomly choose T points pi 2 P, i ¼ 1; . . . ; T , and make
T trials simultaneously, this is equivalent to PDTS algo-
rithm. Note that PSDP randomly shuffles the point indices
f1; . . . ; jPjg and then partitions them into T equally sized
groups. During the runtime, each thread picks one index
from each group. Thus, we only need to show this selection
is unbiased.

Let gi be the number of available idle samples in ith group,
and I ¼

PT
i¼1 gi be the total number of available idle samples

in all groups. Without the group partition, the probability for
any idle sample being selected is 1=I. With the group
partition, the probability for an arbitrary idle sample q being
located in the ith group is gi=I. Also, the probability for q
being selected by the ith thread is 1=gi. Therefore, the
probability for q being selected is also equal to 1=I, which
implies that the partition based selection is unbiased.

Putting it altogether, PSDP is also accurate which
distributes Poisson disks randomly and uniformly on D.

5 EXPERIMENTAL RESULTS AND DISCUSSIONS

5.1 Performance

We implemented our PSDP algorithm on CUDA 4.2, which
supports recursion for device function. We tested it on a PC
with an Intel Xeon 2.66-GHz CPU and 12-GB memory. The
graphics card is an NVIDIA GTX 580 with 512 cores and
1.5-GB memory. Our PSDP program allows the user to
specify the Poisson disk radius r and the number of
presampled points L ¼ jPj. The program terminates when
there is no active samples.

We observed that the sampling speed depends on the
number of Poisson disk samples N (see Fig. 5a). Among all
the functions in PSDP, DetectCollision() is computationally
expensive, since it computes a geodesic disk of radius 2r
using the ICH algorithm [32] with time complexity
Oðn2 lognÞ, where n is the number of mesh vertices in the
geodesic disk. When N is small, the Poisson disk radius r is
big, thus, it takes a longer time for DetectCollision() to
compute the geodesic disk. Conversely, it takes less time to
compute the geodesic disk when N is big and r is small.
Thus, the sampling speed increases when N is increasing.
However, when N is comparable or exceeds the number of
mesh vertices jV j, the radius of the geodesic disk is similar to
or less than the average edge length. As a result, the time for
computing the geodesic disk is insignificant and remains
roughly constant. Hence, the sampling speed does not
depend on N anymore. We also observed that the sampling
speed is closely related to the ratio jPj=jSj (see Fig. 5b), since
the greater number of predefined points in P, the greater
number of idle samples collided; thus, the more time taken
for function DetectCollision() to collect the idle samples.

5.2 Quality

We calculated the radius statistics � ¼ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
ffiffiffi
3
p

N=A
q

, which
is a widely used criteria to measure the packing density
(thus, the quality) of Poisson disk distribution in IR2 [30].

Such measurement is also adopted in other surface
sampling papers [12] [22] [28]. In all cases, our � values
fall between 0.70 and 0.76, which is within the ideal range
of 0:65-0:85 recommended by Lagae and Dutre [30]. As
shown in Fig. 5c, the radius statistics � of our distributions
depends on the number of presampled points jPj. Specifi-
cally, the more points in jPj, the larger pool of samples we
can choose from, thus, then the higher value of � and more
Poisson disk samples we can obtain. But the radius
statistics � grows very slowly when jPj=jSj > 80. See also
Fig. 14 for the plot of � in a 2D distribution. As the sampling
speed is inversely proportional to the ratio jPj=jSj, we
usually set jPj=jSj ¼ 20 in our experiments for the tradeoff
between quality and performance.

Using our geodesic program, we can easily visualize the
Poisson disks on surfaces (see Figs. 9 and 3), which allows
us to visually check the sampling quality. We compared
our method with the state-of-the-art technique [12]. Our
algorithm measures the exact distance between two
samples, while Bowers et al. [12] approximate the geodesic
distance by a smooth curve interpolating the normals of
two endpoints. They derived a closed form formula that
produces exact geodesic distances for the plane and sphere,
which works well for smooth surfaces, such as Bunny.
However, for surfaces with rich details, such as Gargoyle
and Lion, their approximation has larger errors, such that
some samples violate the minimal distance constraints in
the generated distribution (see the highlighted boxes in
Fig. 9). Our method, in contrast, is guaranteed to generate
conflict-free Poisson disk distributions.

5.3 Spectrum Analysis

We applied the spectrum analysis method in [12] to verify
our method. As required in [12], we tessellated each model
to jV j ¼ 100,000 vertices and then computed the first 10,000
eigenvectors of the Laplacian matrix. For comparison, we
generated 300-500 samples on surfaces by using our
method, [12] and the brute-force dart throwing, which is
considered as the ground truth. We then evaluated the
radial means and anisotropy2 of the samples power
spectrum averaged over 10 runs. Our algorithm is accurate
in that it distributes Poisson disks randomly and uniformly
on surfaces. As expected, the plots of both the radial mean
and anisotropy of our method are highly consistent with
the brute-force dart throwing in all examples (see Fig. 4).
Bowers et al. [12] embed the surface into IR3 and partitions
the domain into grid cells of size 2rffiffi

3
p , which are organized

into phase groups such that all cells in a phase group are
separated by at least a distance of 2r from each other. This
allows sampling in parallel without causing conflicts.
Although the sampling inside each group is random, the
sequence of groups visited follows a predetermined order.
Therefore, the generated distribution violates the uniform
sampling condition because samples within a group cannot
be placed until all previous groups have been sampled. We
tested our method and the phase group method [12] by
using the exact geodesic [32] and the approximate geodesic
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2. As in [12], the generated anisotropy plots are centered around the
�7:0 dB line instead of the �10 dB line, since the basic functions in manifold
harmonics transformation are the real forms of the analytic Fourier basis,
which causes a factor 2 of the variance of the power spectrum.
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used in [12]. As shown in Fig. 5, the spectra of our method
are consistent with the blue noise patterns in all examples.
In contrast, the anisotropy plots of phase group methods
(with and without the exact geodesics), deviate from the
ground truth, which implies that such deviation in the
anisotropy of the phase group method does not come from
the distance metric used.

5.4 Efficiency of Our Conflicts Resolving Strategy

Function CheckStatus() plays a key role in our parallel
Poisson disk sampling algorithm, since it converts the
sequential dart throwing process into a parallel collision
detection. Each thread will invoke CheckStatus() for the
corresponding active sample, say pi. If there is an accepted
sample inside its geodesic disk Dðpi; 2rÞ, pi is rejected
immediately. Otherwise, CheckStatus() recursively checks
whether conflicts have occurred among its active neighbors.
The recursive function stops when a winner is identified.

Consider the worst case that the priorities of all samples
are in ascending order, i.e., pi:priority < piþ1:priority and pi

conflicts with piþ1, i ¼ 1; . . . ; T � 1. Then the ith thread
invokes CheckStatus(pi), which will recursively call
CheckStatus(piþ1; . . . , until CheckStatus(pT ) to identify the
winner pT . Therefore, the number of calls of CheckStatus()
for each thread is of complexity OðT Þ. However, the
probability of such a scenario is extremely low in practice.
In fact, the number of calls of CheckStatus() depends on
the number of samples N and the number of active
samples T . The bigger value of N , the smaller radius r, the
smaller probability of conflicts among active samples. Let c
be the average number of calls of CheckStatus() for each
thread. Our statistical results show that c ¼ 1:09 when
N=T ¼ 20, and more than 91 percent function calls returns
immediately, since there are no active samples collided
(see Table 1). We observed the value of c remains roughly
the same for all models, since PSDP converts all models to
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Fig. 3. Experimental results. For each model we generate three density levels, at approximately 1K, 5K, and 10K sample points. The images are
generated at high resolution to allow for zoom-in examination.

Fig. 4. We applied the manifold harmonics transformation [12] for
spectral analysis on surfaces. The horizontal axis is the basis frequency,
the vertical axes are the radial mean and the anisotropy. We tested both
phase group method and our priority based parallelization with
approximate and exact geodesic, respectively. The spectra of our
method are consistent with the blue noise patterns in all examples, while
the anisotropy plots of the phase group methods (with the exact
geodesic [32] and the approximate geodesic [12]) deviate from the
ground truth (in green). This implies that such bias of the phase group
method does not come from the distance metric used. Fig. 5. Performance and quality of our algorithm.
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dense point clouds before sampling, thus the performance

is nearly uniform regardless of the mesh complexity.

5.5 Intrinsic Algorithm

Our algorithm is intrinsic in the sense that it depends on the

metric rather than the surface embedding, since all

distances are measured intrinsically by the exact geodesic

algorithm [32]. In contrast, [12] is an extrinsic approach,

since it partitions the ambient space IR3 to form the phase

groups and approximates the geodesic distance by comput-

ing a curve that smoothly interpolates the normals of two

end points. Furthermore, our partition method is purely

based on the surface area and does not require each

partitioned group to be connected, which is fundamentally

different from the space or surface segmentation strategies

used in other surface sampling algorithms [12], [24].

Therefore, our algorithm works for surfaces in the arbitrary

dimension. Fig. 10 shows examples of intrinsic sampling on

surfaces in IR4.
Fig. 10 (row 2) also shows two poses of a lion model,

which have the same mesh connectivity and are nearly

isometric. As our method is intrinsic to the geometry, we

can distribute Poisson disks on one pose and the shape

correspondence naturally induces the sampling on the other

pose, which is guaranteed to be valid, i.e., uniformly

distributed and free of conflicts.

5.6 Mesh Size Dependence

It is also worth noting that our algorithm maintains the
input mesh only for computing the exact geodesic distance.
Since the performance of the discrete geodesic algorithm
[32] depends on mesh size, so does our algorithm. For
applications where the geodesic accuracy is not a top
priority, one could adopt Bowers et al.’s [12] closed-form
formula to approximate the geodesic distance. As a result,
the input mesh can be discarded once the dense points P
are generated, and then the performance of our algorithm
becomes independent of the mesh size.

5.7 Robustness

Our method converts the input model into a dense point
clouds by Osada et al. [31], which randomly generates
points with respect to surface area, i.e., the number of points
on a mesh triangle is proportional to its area. Moreover, the
exact geodesic distance algorithm [32] is intrinsic to the
shape geometry and insensitive to mesh resolution and
tessellation, so is our algorithm. See Fig. 8 for sampling on
Bunny model with various resolutions.

5.8 Adaptive Sampling

Our algorithm can be easily extended for adaptive
sampling, where the Poisson disk radius r is guided by a
spatially varying function g : V ! ½0; 1� on the surface,
where 0 means dense sampling (small radius) and 1 means
sparse sampling (large radius). Let rmax be maximal radius
of a Poisson disk, specified by the user. Therefore, the
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Fig. 6. Data structure of PSDP. The array P contains the dense points,
each point has a random location on M. To speed up the data access by
the geodesic algorithm, we insert each sample pi into the triangle
containing it. The array PointIndex is a random permutation of
f1; . . . ; jPjg, which is partitioned into T equally sized groups.

Fig. 7. For the samples near the self-intersection, the extrinsic approach
[12] may report “false” conflicts between valid samples since their spatial
distance is small. Our method can accurately check the conflicts using
the intrinsic geodesic distance, thus, resulting in the valid distribution.

Fig. 9. Sampling quality. We generate samples by using the state-of-the-
art technique [12] and our method. To visualize the results, we compute
the geodesic disks centered at each sample with radius r. Due to
the approximate geodesic distance in [12], some samples violate the
minimal distance constraints, as highlighted in the black boxes. Our
method measures the exact geodesic distance, thus, can guarantee that
the generated distribution is free of conflicts.

Fig. 8. Our method is insensitive to the mesh resolution and tessellation.
From left to right: distributing 700 Poisson disks on Bunny with 1.4K,
14K, and 144K faces, respectively.
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Poisson disk centered at p has radius gðpÞrmax. Two samples
p; q 2M conflict if their geodesic distance dðp; qÞ < ðgðpÞ þ
gðqÞÞrmax. For each active sample pi, we compute a geodesic
disk Dðpi; ðgðpiÞ þ 1ÞrmaxÞ centered at pi and with radius
ðgðpiÞ þ 1Þrmax. Note that this radius is conservative to
ensure all the conflicted samples are included. Then for
each active/idle sample q 2 Dðpi; ðgðpiÞ þ 1ÞrmaxÞ, we detect
the collision by checking dðpi; qÞ < ðgðpiÞ þ gðqÞÞrmax. Fig. 11
shows the adaptive sampling guided by user-specified
radius function.

5.9 Sampling in IRn

Our algorithm also works for euclidean space of arbitrary
dimensions. Given a unit hypercube H in IRn, we maintain
a grid structure of hypercells, each has side length 2rffiffi

n
p . Then

we randomly generate points in each hypercell to make the
dense point set P. During the runtime, for each active
sample pi, our algorithm detects the collision of pi in its

neighboring cells. Similar to [12], the predefined points P
are stored in a hash table. The geodesic distance in function
DetectCollision() is simply the euclidean distance in IRn. See
Fig. 12 for results in IR2 and IR3.

6 COMPARISON AND DISCUSSIONS

The existing algorithms are clearly divided into groups of
surface and euclidean space sampling, due to the difference
between the segmentation of IRn and curved surfaces, which
also results in different spatial data structures. Table 2
compares our method and the existing Poisson disk sampling
algorithms. In the following, we elaborate the key difference
between our technique and the existing approaches.

6.1 Comparison to the Phase Group Method
[11], [12]

The phase group method, pioneered by Wei [11], is the first
technique for parallel Poisson disk sampling. By subdivid-
ing the sampling domain into grid cells, darts can be
thrown concurrently into multiple cells that are sufficiently
far apart to avoid conflicts. The phase group method is
highly efficient and can be applied to euclidean space of
arbitrary dimension, which makes it very attractive in
practice. However, as pointed out in [5], the Poisson disk
distribution generated by the phase group method is
approximate since the sequence of processing the phase
groups follows a predefined order. Although such bias can
be reduced by increasing the grid resolution, it will
increase the computational cost as well. Our method is
proven to be equivalent to the classical dart throwing. As a
result, it guarantees to generate Poisson disk distribution
without bias. Furthermore, our method does not require
the explicit space partitioning. This intrinsic feature makes
our method flexible and can be applied to both euclidean
space IRn and arbitrary surfaces easily.

Bowers et al. [12] extended the phase group method to
curved surface by subdividing the embedding space.
Although their method works fairly well for general models
in graphics community, this space depending property
may reduce their performance and compromise the quality.
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Fig. 10. Our algorithm is independent of the surface embedding. Row 1:
two examples of Poisson disk sampling on 4D surfaces. For rendering
purpose, the surfaces are projected into IR3; Row 2: we distribute
Poisson disks on one pose and the shape correspondence induces the
sampling on the other pose. The intrinsic property of our algorithm
guarantees the induced Poisson disk distribution is uniformly distributed
and free of conflicts.

Fig. 11. Adaptive sampling on Caesar model. Left: the spatially varying
function specified by the user, where red means dense sampling (small
radius) and green means sparse sampling (large radius); Right: the
adaptive sampling result.

Fig. 12. Our algorithm also works for euclidean space of arbitrary
dimensions. (a) 2D case, r ¼ 0:0147, # samples ¼ 787. (b) 3D case,
r ¼ 0:023, # samples ¼ 6064. (c) Cut view of (b). (d)-(f) The average
power spectrum for a 2D case with r ¼ 0:00268 and 21,886 samples, the
radial power spectrum and the anisotropy spectrum.
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For example, if the input model has very complicated
geometry, the uniform space partition does not lead to a
uniform partition of the points inside each cell, i.e., some
cells may have significantly larger points than others. Such
unbalance would reduce the performance. Our method
does not require the space partition. Instead, it simply
organizes the sample points by their indices.

Fig. 7 shows another scenario where the input surface is
self-intersected. The phase group method may organize
spatially-close-but-topologically-far points (imagine the
points near the intersection and are on different sheets)
into the same cell. Due to the “false” conflicts, Bowers
et al.’s method results in fewer samples near the intersected
region than our method.

We observed that computing the exact geodesic distance
is the bottleneck of our surface sampling framework, while
Bowers et al. [12] adopted a simple closed-form formula to
approximate geodesics. To make a fair comparison of the
performance, we tested our priority based parallelization
with the approximate geodesic distance [12]. As shown in
Fig. 13b, the performance of our priority-based paralleliza-
tion is about 85-95 percent of the phase group method,
which demonstrates that our method is fairly efficient.

We also compared the performance of our algorithm to
Wei’s algorithm [11]. Our implementation on NVIDIA GTX
580 is able to generate 13M 2D samples/second and 1.5M
3D samples/second, while Wei’s algorithm produces 15M
2D and 1.7M 3D samples/second, respectively.

6.2 Comparison to the Optimization-Based
Techniques [28], [29]

From quite a different perspective, Chen et al. [29] and Xu
et al. [28] formulated the Poisson disk sampling on surface
into an optimization problem. Both approaches are intrinsic
and independent of the ambient space. Although the
spectrum analysis shows the patterns generated by Chen
et al. [29] and Xu et al. [28] exhibit blue noise characteristics,
these approaches are only approximate, since the samples
not distributed in a fully random and uniform manner.
Furthermore, both approaches are computational expensive
due to solving the centroidal Voronoi tessellation [29] and
computing capacity-constrained triangulation. Further-
more, it is unclear whether [29] and [28] can be implemented

in parallel. Our method is simple and robust, and

significantly faster than [29], [28].

6.3 Comparison to Hierarchical Dart Throwing [27]

Corsini et al. elegantly extended the hierarchical dart

throwing [33] to 3D surface by subdividing the 3D space to

reduce the sampling domain during the sample generation.

Both our method and theirs adopt the presampling strategy,

i.e., pre-generate a suitable set of samples on the mesh and

then remove samples from the pool. The difference is

fourfold: first, their approach requires an explicit partition
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TABLE 2
Comparison to Other Surface Sampling Algorithms

Fig. 13. (a) To make a fair comparison of the performance to [12], we
adopt the approximate geodesic distance into our framework, and
observe a significant boost the performance when N is small. However,
such speedup is not significant when the sample number is very high,
since each geodesic disk becomes very small. (b) The relative
performance of our priority-based parallelization to the phase group
method [12]. Our method is about 5-15 percent slower than their
method due to the fact that some computing samples may be rejected
in our approach.
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of the 3D space, so it is extrinsic, while ours is intrinsic and
can be applied to surfaces in IRn. Second, their approach does
not support parallel computing, while our method does.
Third, their method is very flexible to generate constrained
Poisson disk distribution, but our method cannot. Last, once
pregenerated the samples on the mesh, their method then
discards the mesh completely. They follow Bowers et al’s
closed form formula to approximate the geodesic distance
between two samples. As a result, the time complexity of
their approach is independent of the mesh size. Our method
still maintains the mesh to compute the exact geodesic
distance, thus, the runtime performance of our method
depends on the mesh complexity, especially when the
number of Poisson disks S is small. However, such
dependence becomes very loose when S is large, due to the
small radius of the Poisson disk, i.e., the geodesic algorithm
quickly stops if the covered area is beyond the Poisson disk
radius r. See also the performance curve plot in Fig. 5a.

6.4 Comparison to Maximal Poisson Disk
Sampling [15]

Ebeida et al. [15] presented a simple yet effective method to
generate maximal Poisson disk sampling in IRn in a parallel
manner. Their idea is to maintain an implicit flat quadtree
data structure to keep track of uncovered regions of the
domain. The grid cells are further refined (subdivided)
during the iteration. A cell is discarded if it is fully covered
by a sample. The algorithm terminates when no more active
cells remain. Ebeida et al.’s algorithm is theoretically sound
and also practical in dimension d up to 5 (serial) and 3
(parallel).

Our method is different than [15] in two aspects. First,
although Ebeida et al. [15] work well for euclidean space, it
would be very difficult to extend their idea to curved
surfaces, since there is no natural way to maintain such grid
cells as well as quadtree tessellation on arbitrary surfaces.
One may argue to adopt the strategy used in [12] which
converts the surface sampling problem into a special case of
space sampling. However, as mentioned above, such
conversion is extrinsic and space dependent, which may
fail for models with complicated geometry/topology and is
not suitable for surfaces in high-dimensional space either.

Second, the main advantage of their algorithm with respect
to our is the guaranteed maximal property of the generated
Poisson diskdistribution.Weappliedouralgorithm to IR2 and
computed the radius statistics � to measure how far our
distribution is from the maximal distribution. To obtain the
ground truth, we applied their program to a unit square with
r ¼ 0:005 and run it for 10 times. We found the values of � fall
in the range ½0:778; 0:780� with average 0.7791. Then we
applied our program with various number of presampled
points jPj. For each configuration, we also run our program 10
times and obtained the average �. As shown in Fig. 14, the
value of our � (the blue curve) tends to approach the ground
truth (the red line) when increasing jPj. This result is not a
surprise, since the more number of predefined samples, the
larger pool our algorithm can choose from, thus, more closer
the generated distribution to the maximal distribution.

6.5 Limitations

First, although it can make full use of all the available GPU
threads to obtain maximal performance, our algorithm has
to synchronize all threads three times for each iteration.

Our experimental results show that each synchronization

usually takes 0.04-0.05 milliseconds. Note that this overhead

is independent of the number of threads T . The number of

iterations for PSDP to terminate is in the range of

½jSj=T; jPj=T �. Therefore, the total number of synchroniza-

tion is between 3jSj=T and 3jPj=T . The number of synchro-

nization required for [12] is gl, where g is the number of phase

groups (e.g., 3� 3� 3), and l is the number of trials in each

phase group (e.g., 10). Thus, the overhead in [12] is

independent of the sampling complexity and GPU config-

uration, and much less than ours. Second, our method

converts the input model to dense point clouds on surfaceM.

To obtain high-quality sampling, we usually require the ratio

jPj=jSj � 20, which results in high memory costs. Thus, our

method is limited by the available physical memory of the

graphics card. Third, as mentioned before, our method does

not generate maximal distribution at the completion of the

algorithm and it is difficult to control the exact number of

samples generated.

7 CONCLUSION

This paper presents an accurate and parallel algorithm for

Poisson disk sampling. Our contributions are threefold.

First, we propose a new technique for parallelizing the dart

throwing. Rather than the conventional approaches that

spatially partition the sampling domain to generate the

samples in parallel, our approach assigns each sample

candidate a random and unique priority that is unbiased

with regard to the distribution, and organizes the samples

by their indices. Hence, multiple threads can process the

candidates simultaneously and resolve conflicts by check-

ing the given priority values. Second, our algorithm is

accurate as it distributes the Poisson disks without bias.

Third, our framework is general since it works for both

euclidean space of any dimension and arbitrary surfaces

embedded in IRn, and all computations are based on the

intrinsic metric and independent of the embedding space.

By manipulating the spatially varying density function, we

can obtain adaptive sampling easily. To our knowledge, this

is the first intrinsic, accurate and parallel algorithm for

generating Poisson disks on arbitrary surfaces.
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Fig. 14. The distribution generated by our method is not maximal. For
the Poisson disk sampling on a unit square with r ¼ 0:005, the radius
statics � of the maximal sampling algorithm [15] is very stable, all values
fall in the range [0.778, 0.780] with an average 0.7791. Our � depends
on the dense-points-to-Poisson-disks ratio jPj=jSj.
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