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ABSTRACT

Computing geodesic distance on a mesh surface S efficiently and accurately is a central task in numerous
computer graphics applications. In order to deal with high-resolution mesh surfaces, a lightweight pre-
processing is a proper choice to make a balance between query accuracy and speed. In the preprocessing
stage, we build a proximity graph G with regard to a set of sample points and keep the exact geodesic
distance between any pair of nearby sample points. In the query stage, given two query points s and t,
we augment the proximity graph G by adding s and t on-the-fly, and then use the shortest path between
s and t on the augmented proximity graph to approximate the exact geodesic path between s and t. We
establish an empirical relationship between the number of samples and expected accuracy (measured in
relative error), which facilitates fast and accurate query of geodesic distance with a lightweight processing
cost. We exhibit the uses of the new approach in two applications—real-time computation of discrete

exponential map for texture mapping and interactive design of spline curves on surfaces.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Fast and accurate query of distance map [1] is central to
many computer graphics applications, such as surface segmen-
tation and edit [2,3], mesh skinning [4] and watermarking [5],
Poisson sampling [6], meshing [7], isometry-invariant shape
retrieval [8], intrinsic Voronoi tessellation [9-12], minimum-
distortion parametrization [13-15] and non-rigid correspon-
dence [16]. Also, the research topic has a close relationship with
many other research fields [ 17], such as medical imaging [ 18], and
robot motion planning [ 19], and architectural geometry [20].

In light of the fact that exact geodesic algorithms [21-27] are
time consuming and hard to be applied to large mesh surfaces,
one has to make a balance between accuracy and speed in many
real computer graphics applications. In the last decades, there is a
large body of literature on approximate geodesic computation [28-
39]. But the status quo is that it is still hard to find a suitable
geodesic algorithm in practice. A natural question arises: Can we
achieve an accurate and fast distance query with a lightweight
processing (roughly linear to the model complexity)? Furthermore,
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in many computer graphics applications, e.g., discrete exponential
map generation, we hope the reported geodesic distance is as
accurate as possible if measured with relative error. Obviously,
the existing approximation approaches cannot meet the couple of
requirements.

In this paper we shall present a fast and accurate method for
geodesic computation on a 2D manifold surface. The key idea of
the method is to use a sequence of precomputed short and exact
geodesic paths to approximate the geodesic path between any two
given points on a given base surface. Specifically, in a processing
step, we generate a set of evenly distributed sample points on
the base surface and compute the exact geodesic distance from
each sample point to those in its neighborhood of some specified
range. This produces a proximity graph of all the sample points.
In the query step, when two query points s and t are given, we
add s and ¢ to the set of sample points to generate an augmented
proximity graph and then compute the shortest path fromsto t on
this augmented graph to approximate the exact geodesic between
the two points, as illustrated in Fig. 1.

Suppose that r is the radius of the maximum empty circle,
which can be used to characterize the density of a given sample
set. The proximity of a sample point p; is defined by the set of the
sample points inside a geodesic disk of radius R > 0 centered at
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Fig. 1. Here a proximity graph is defined on 600 sample points with each sample
being connected to 19 nearest neighboring samples. Then the geodesic path from s
tot is approximated by the shortest path on the proximity graph. The relative error
of the approximate path is 0.28%.

the p;. When R > 2r, the proximity graph is connected and the
union of the radius-R geodesic disks centered at all the samples
form a coverage of the base surface. (Otherwise, let g be a point
that is not covered by the set of disks. Considering the empty circle
centered at g will lead to a contradiction to R > 2r.) Alternatively,
for a given model, the density of the samples can be controlled by
the total number of the samples, assuming an even distribution.
Similarly, in lieu of R, for each sample one may set the number of
the neighboring samples to include in its proximity to define the
proximity graph.

Our method outperforms the fast marching method (FMM) in
both time and accuracy. For example, on a 100k-face Bunny model,
we use 5000 sample points and define the proximity of each sam-
ple to be the set of its 18 nearest neighbors. The query time of our
method is 5 times faster than FMM and our approximation is more
accurate—the average relative error and the worst relative error
of our results are 0.9% and 3.2%, respectively, while the average
relative error and the worst relative error of FMM are 1.3% and
56.7%, respectively. Admittedly, this significant improvement in
efficiency and accuracy does not come free. While FMM does not
need preprocessing, our method needs to generate the sample
points and their proximity graph in a preprocessing step that costs
28 s and takes about 3 MB to encode the proximity graph. This is a
reasonably small space requirement for most geometric processing
tasks for a mesh model of this size.

The remainder of the paper is structured as follows. In Section 3
we will discuss the preprocessing step of building a geodesic
proximity graph on a given surface. In Section 4 we will present
the algorithms for processing geodesic queries with the assist of
the proximity graph. In Section 5 the properties and parameters
of our algorithms will be analyzed. In Section 6 we will present
experimental results for evaluation and comparison. Finally, the
paper is concluded in Section 7.

2. Building geodesic proximity graph

Let S be a connected Riemannian surface equipped with a
metric g. For two points s, t € S, there exists a shortest geodesic
path connecting s and ¢, denoted by I1(s, t). Let dg(s, t) denote the
geodesic distance between s and t, i.e., the length of I1(s, t). We
will also call d,(s, t) the geodesic map when s and ¢ are regarded
as two arbitrary points on S. Suppose that there is a set of evenly
distributed sample points P = {p;} on S with the radius of the max-
imum empty circle being r. For each sample point p;, we define a

geodesic disk {D(p;, R) | p; € P} centered at p; with geodesic radius
R. Assume R > 2r. Then the union of geodesic disks, UpiepD(pi, R),
form a coverage of S, that is, every point of S belongs to some
geodesic disk D(p;, R). Two distinct sample points p; and p; are
said to proximate to each other if p; € D(p;, R), or equivalently,
pi € D(pj,R). Let £ denote all the pairs of mutually proximate
samples. Then the geodesic map d,(s, t) is approximately encoded
by the proximity graph G = {P, £}.

To compute the geodesic distance between any two pointss, t €
S, we propose to approximate the geodesic path I7(s, t) on S by the
shortest path on the proximity graph g, i.e.

S—>pL—>py--—>t (1)

where the p; € P. In other words, the approximate 77(s, t) we seek
is the shortest path on the augmented proximity graph ¢*¢ which
is obtained by adding s and t, as well as their proximate samples,
to g.

There are two stages in the implementation of our approach: (1)
building the proximity graph; and (2) processing geodesic queries
using the proximity graph, as shown in Fig. 2. We will present in
this section the first stage of building a geodesic proximity graph
on a given surface, which is a preprocessing task for our method.
Building a geodesic proximity graph involves two steps. During the
first step, we need to generate a set of evenly distributed sample
points. Then we need to define a neighborhood for each sample
and use it to compute the proximity graph on the sample points.
We will elaborate on these two steps in the following, assuming
that the base surface is given as a triangle mesh surface.

2.1. Sample generation

We use the farthest distance sampling method [40,6] to gener-
ate the samples on a given base surface. The algorithm requires two
alternative operations: (1) updating the distance field according
to the newly added sample point, and (2) retrieving a new sam-
ple point where the distance field reaches the global maximum.
Furthermore, we use the fast marching method (FMM) [32] to
compute the farthest distance required in the sampling process.
However, when the mesh quality is so bad that it is challenging
for FMM to ensure accuracy required, we switch to the slower but
more reliable exact distance method [24] to ensure the uniformity
of the sample points. Note that FMM is used for sampling for all
the examples shown in this paper except for the cylinder model
in Fig. 3 where the mesh quality is too poor for FMM to give
meaningful distance estimation. The number of samples needed
is a key parameter to the sampling process—it is correlated to the
radius of the maximum empty disk, assuming the uniformity of the
sample distribution, and thus influences significantly the accuracy
of geodesic computation of the overall method. For example, to
attain the average relative error of 1%, the number of sample points
required ranges from 1300 to 15,000, depending on the number
of faces of the mesh surface model under consideration. We will
give a more detailed analysis and recommendation on parameter
selection in a later section.

Care is needed for locating a farthest point insides some trian-
gle when using the exact method [24] in the case of poor mesh
quality. Note that the exact geodesic algorithm cuts mesh edges
into segments, also called windows, such that each segment shares
the same face sequence. In Fig. 3(a), we show 3 windows that
arrive at the triangle AABC, where (x;, y;) are respectively their root
positions, i.e., the unfolded 2D coordinates of the last vertex on the
shortest path and r; is the distance from the source to the ith root.
Then locating the farthest point amounts to solving the following
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Fig. 2. Our algorithm has two stages: building the proximity graph (a-b) and processing geodesic queries using the proximity graph (c-d).

(a) Locating the farthest point inside a triangle. (b) Sample points on a

cylinder with thin and
long triangle faces.

Fig. 3. Computing the farthest point using the exact geodesic algorithm on a surface
with poor mesh quality.

systems of equations

nAVE =2y )P
=1+ /(X =) +(y — y2 )2
=13+ /(X — )2 + (y — y3)2 )

such that the straight line segment between (x, y) and (x;, y;) passes
through the interior of the ith window’s interval (the subsegment
of the last edge it arrives at). This allows us to get a correct farthest
point even in the presence of poor tessellation. See Fig. 3(b) for
an example of using the exact geodesic methods to generate well
distributed samples on a cylinder with poorly shaped (i.e. thin and
long) triangle faces.

2.2. Representation of proximity graph

To define the proximity of each sample p;, we need to specify
which samples should be included in the neighborhood of p; and
compute the exact geodesic distances from p; to these neighbor-
ing samples. Here, the exact distance from each sample to the
samples in its neighborhood is computed using the exact method
in [24]. The created geodesic proximity graph is saved in a file
that keeps the coordinates of all the samples as well as the ID
pairs of neighboring samples. In addition, we keep the geodesic
distance between each pair of neighboring samples. To facilitate
retrieving a geodesic path as part of a query, we also store the
end direction vector of the geodesic path I1(p;, p;) from p; to p;
for each pair of neighboring samples p; and p;. Note that starting
from p; and backtracing along the reverse direction of I7(p;, p;), we
can retrieve I1(p;, p;) as a polygonal line on the base surface. Thus,

the information for encoding the proximity graph is stored in the
following format.

3800

121108

1.70.10.6

142307

1 2 0.5534 0.15 0.83 0.5372
1 3 0.6625 0.37 0.51 0.7765
3800 3792 0.7293 0.64 0.77 0.3761

3. Distance query

The proximity graph computed in the preprocessing step sup-
ports two kinds of distance queries: (1) point-to-point distance
query, which is to compute the geodesic distance and path be-
tween two given points on the surface; and (2) distance field
computation, which is to compute the distance value from any
destination point of the surface to a given source point.

3.1. Point-to-point distance query

Let S denote a given base surface, represented as a triangle
mesh. Suppose that the proximity graph G of the surface has been
computed. Given two points s, t € S, there are the following three
cases when computing the geodesic distance and path between s
and t:

Case 1: both of s and t are sample points;
Case 2: one of s and t is a sample point;
Case 3: neither of s and t is a sample point.

Next we will just consider Case 3 since the other two cases are
handled in a similar and simpler manner. We first use the exact
distance method [24] to compute the geodesic distances from s to
its neighboring samples in a geodesic disk of radius R centered at
s. Then we do the same for the point t. After that, we merge s and t
into the proximity graph G to get an augmented proximity graph,
denoted G**. Finally, we find the shortest path from s to t on G**
using a meet-in-middle scheme, rather than the traditional one-
way sweeping process.
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Fig. 4. Proof to Theorem 3.1.

It is known that Dijkstra’s algorithm or its variant [41] can be
used to find a shortest path easily. But here we propose a more ef-
ficient approach to make this step faster. The idea is simple: let two
wavefronts propagate from s and t simultaneously and terminate
when the two wavefronts meet each other. This procedure is about
twice as fast as Dijkstra’s algorithm because the number of samples
that need to be visited by the two wavefronts is about half of that
by the single wavefront used by Dijkstra’s algorithm, which has to
run from s to t in a one-way style.

The termination condition of our two-wavefront procedure
needs to be established carefully to ensure correctness. In fact, the
first sample point covered by both wavefronts is not necessarily
located on the shortest path ITg(s, t)-such a counterexample is
illustrated in the right figure. Suppose that ||sp,| = ||tp»|| and two
worms move from s and t respectively at the same speed V. After a
time period of |sp,||/V, two worms reach p, simultaneously, and
thus p, is the first sample point that can be commonly swept by
both of the two wavefronts (ps is visited by only one worm at
this moment). However, ||sp2 || + ||tp2 || is not the shortest distance
between s and t. Instead, ps; is the sample point that defines a
shorter path ||sps|| + ||tps||, which can be achieved at the time point
of [Isps |l /V.

It can be shown that the correct path d (s, t) is found when
either wavefront exceeds (d/ (s,t)+ R)/2, where d (s, t) is the up-
to-date optimal path that is not shorter than the real estimate
d 4 (s, t). The correctness of this condition follows from the follow-
ing theorem (see Fig. 4).

Theorem 3.1. LetIY( ty:s—>py —> -+ —> pj--- — t bethe
shortest path on G*t. Denote its length by dg(s t). Then there exists a
link point p; on the path such that

dg(s, t)+R

max (dg(s, i), dg(pi, t)) < . (3)
pi€llg(s,t) 2

Proof. Clearly, there exist two successive sample points, say, p; and
Dj+1, 00 Hg(s t) such thatd (s,pj) < d (s, t)/2 while dg(s Di+1) =

d HER t)/2 Con51der1ng each geodesic segment is at most R, we have
either d, o(s, t)/2 —dg(s, pj) <R/2 ord (s, p]H) g(s, t)/2 <R/2
holds. Takmgl =j for the former case and i = j + 1 for the latter
yields the proof. O

The pseudo-code for this meet-in-middle procedure is shown
in Algorithm 1.

Computing geodesic path. Often one needs to compute the
geodesic path ﬁ(s, t) between the two query points s and ¢t in
addition to their geodesic distance. After computing the geodesic
distance from s to t by running the above shortest path algorithm,
we may retrieve the geodesic path by unfolding the face sequence

Algorithm 1 Querying the distance between two points s and ¢.

Input: Asurface Sands,t € S;
A sweep radius R;
A proximity graph g.

Output: The distance estimate dg(s, t).

: if s is NOT a sample point then

Link s to the graph g by finding its proximate sample points;

. end if

. if t is NOT a sample point then

Link t to the graph G similarly;

: end if

: Create an empty priority queue © and push two triples (s, 0, s), (¢, 0, t) into Q,

where the first component denotes which point is touched by the wavefront, the

second component denotes the up-to-date shortest distance of the wavefront

arriving at the point of interest, and the last one denotes which endpoint (s or
t) provides the distance; -

8: Set a distance pair (d(s D), d(p, t)) at each sample point p, where d(s, p) (resp.
d(p, t)) denotes the up-to-date shortest distance from s (resp. t) to p. Its initial
value is set to be(oco, 00);

9: Set d:, the up-to-date optimal distance between s and t, to be co;

10: while Q is not empty do

11:  Take out the top-priority element (p, d, q);

12:  ifd > (d} + R)/2 then

N U WN =

13: Break;

14:  endif

15:  if g =sthen

16: ifd < d(s, p) then

17: d(s,p):=d_

18: if d(s, p) + d(p, )< d. then

19: update d. by d(s, p) + d(p, t);

20: end if

21: for all p’ is proximate to p do

22: if d + dg(p, p') is less than p’s up-to-date distance ds( ') then
23: Push the triple (p’, d 4 dg(p, p’), s) into Q;
24: end if

25: end for

26: end if

27:  else

28: /]q = t otherwise

29: Handle the triple (p, d, q) in the same way;

30:  endif

31: end while
32: Letdg(s, t) :=d..

Fig. 5. Backtracing a shortest paths — p; — py -+ — t.

reversely from the ending point t. Suppose that we have found
the sequence of the sample points on the approximate geodesic
path, denoted s — p; — py--- — px — t.Our next task is to
compute the polygonal line connecting consecutive samples in this
sequence. Recall that the ending direction vector of the path from
Dr to t is kept, so we may use this direction to trace the polygonal
line from t back to pi, as shown in Fig. 5. Similarly, we can trace
similarly from py back to p,_1, and so on. Joining all these polygonal
lines together yields the final approximate geodesic path from s to
t, as well as the approximate geodesic distance.

3.2. Distance field computation
Next we come to discuss how to compute a distance field with

respect to a source point s on a mesh surface S with the help of
the proximity graph g. For a base surface given as a triangle mesh,
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the distance field computation problem is specifically formulated
as computing the distances from the source point, which is not
necessarily a mesh vertex or a sample point, to all the mesh vertices
of the base surface [33,36]. The computation of a geodesic distance
field takes three steps:

1. Compute the distances from s to its k-nearest samples
within a geodesic disk of radius R and use this information
to augment the proximity graph g into a proximity graph *
that also contains the source point s;

2. Compute the distance dg(s, p) from s to each sample point p
on the proximity graph G°;

3. Finally, for each triangle vertex v, we search for all its
neighboring sample points within the radius-R geodesic disk
centered at p; and choose the sample ¢t that gives the shortest
total length of the path II(s, p;) U I1(p;, v) among these
neighboring samples of v.

Our tests show that the last step is the most time-consuming
among the three steps. A better technique for the last step is to
update the distance values at vertices using those at the sample
points since it can be shown that U,,c»D(p;, R) and U,eyupD(v, R)
accommodate the same set of shortest paths if we require the
link point to be a sample point. Thus the last step can be further
converted into a multi-source geodesic distance field problem (s U
P serves as the ancestor sources). Furthermore, the implemen-
tation can be further improved by requiring that the increment
of geodesic distance between each vertex and its ancestor be not
more than R. The final approximate geodesic paths encoded by
the distance field are equivalent to those computed directly by
Algorithm 1. See more details in Section 5.2.

4. Analysis

In this section we shall present the properties of our algorithm
and study how R and r affect time/memory costs and accuracy.

4.1. Properties

First, we shall point out that the approximate geodesic distances
computed by our method induces a metric.

Theorem 4.1. Approximate geodesic distances computed using the
proximity graph induce a metric.

Proof. Positivity: Eg(s, s)=0and Eg(s, t) > 0,Vs #t.

Reflexivity: Suppose thats — p; — py--- — py — tis the
shortest path connecting s and t on the proximity graph G. Then
the patht — py — pr_1--- — p1 — s, which has the same
length, can be also found in G*'. Hence, dg(s, t) = d(t, s) holds for
each pair of points s and t.

Triangle inequality: For three arbitrary points s, x, ¢, the com-
posite path I1(s, x) U I1(x, t) is an approximate geodesic path that
is Eg(s, X) + Eg(x, t) in length. This implies that the computed
approximate path 1 (s, t) cannot be longer, that is,

dg(s, t) < dg(s, X) + dg(x, 1). (4)

Since the positivity, reflexivity and the triangle inequality are all
satisfied, we finish the proof. O

We further point out that the worst-case relative error of an
approximate geodesic path is bounded, and the bound is given by
randR.

Fig. 6. Proof to Theorem 4.2. In order to construct an approximate path, we divide

the geodesic path I1(s, t) evenly into N & [ %0

R—2r
isl & % in length. Here ¢; is a dividing point and p; is a sample point inside

D(c, 1), 1 <i<N-—-1.

7 segments, and each segment

Theorem 4.2. Let L £ dg(s, t) be the length of the exact geodesic path
between two points s, t, and L = dg(s, t) be our estimate. We have

I-1 2r

< — < .
- L T R-2r

(3)

Proof. We divide the geodesic path I1(s, t) evenly into N £ R_LZJ
segments such that each segmentis| = L/N < R — 2r in length
as Fig. 6 shows. We use cq, ¢y, .. ., cy_1 to denote the link sample
points between successive segments. Since r is the radius of the
maximum empty circle, there is at least one sample point, say,
pi € P, inside each geodesic disk D(c;, r). From | < R—2r it follows
that

dg(s,p1) <l+r <R-r,
dg(pi, Piy1) < 1+2r <R, (6)
dg(pn—1,t) <I+T1 <R—T.
Therefore can construct an approximate geodesic paths — p; —
p2> -+ — t that is not shorter than the real estimate L, where
i=1,2,...,N — 2. Summing up the above N inequalities yields
L<NR—2r

<NR—-2r)42(N - 1)r

——
L

L R
<L+ 2r = L.
R—2r R—2r

Together with L < I, the proof is completed. O

Numerical tests show that the worst relative error produced
by our approximation scheme is always much smaller than this
bound. Moreover, it is observed that the worst relative error always
occurs when the distance between the source s and the destination
t is slightly larger than the radius R of the geodesic disk for defining
proximity. In addition, enlarging the proximity of both source and
destination points should help to decrease the worst relative error.
See details in Section 4.3.

4.2. Parameters np and mp vs.Rand r

Because of the uniformity of sample distribution, instead of
using the radius r of the maximum empty circle, we may use the
total number of samples on a surface, denoted np, to reflect the
density of the sample points. The real relationship between n» and
r is complicated—np also depends on shape variations. Similarly,
in lieu of using the radius R of a geodesic disk, we may define
the neighborhood (i.e. proximity) of each sample p; by including
its k-nearest samples of p;, where k £ mp. Hence, mp can be an
alternative parameter for defining proximity. We will next discuss
the selection of the optimal values of np and mp.
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(a) Exact. (b) Approximate. (c)9.3%.

(d) 5.2%. (e) 4.3%. () 2.9%.

Fig. 7. Enlarging the proximity of the query points to reduce the worst-case relative
error. Given a 100k-face Vase model, we compute an approximate solution, shown
in (b), that has a 0.82% average relative error compared to the exact distance field,
shown in (a). Here np = 5000 and mp = 18. The worst-case relative error is
9.3%. The error map is visualized in (c). By enlarging proximity of the source and
destination points to 24, 30, 36 respectively, the worst relative error is reduced to
5.2% (d), 4.3% (e), and 2.9% (f), respectively. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

4.3. Proximity setting of the source/destination points

Experimental results suggest that the worst-case relative error
usually occurs when two points are in a distance slightly larger
than the proximity radius R. Consider the geodesic field shown
in Fig. 7 that is computed by our method. Here np = 5000 and
mp = 18, the average relative error of all the geodesic distances
is 0.82%, but the worst-case relative error amounts to 9.3%, which
happens when the destination point has a distance of about R to
the source point s. (Note that the theoretical error bound given
by Theorem 4.2 is r/R = 26% for this example.) If we increase
the proximity of the source and destination points to include 24,
30, 36 samples, respectively. Then the worst relative error will be
decreased to 5.2%, 4.3% and 2.9%, respectively (see the color-coded
difference field in Fig. 7(c)-(f)).

However, increasing the proximity of the endpoints s, t requires
a higher time cost for finding the samples proximate to s and t.
Hence, there is a tradeoff between this extra time required for
enlarging the proximity of the query points s and t and benefit of
approximation accuracy improvement. Based on numerous exper-
iments, we use the empirical rule of setting the proximity of the
query points s and t to be twice as large as that for a general sample
point.

4.4. Parameter selection of np and mp

For the 100k-face Ramses model in Fig. 8, we ran a large number
of tests with np varying from 3000 to 6000, mp from 14 to 28 to
identify the parameter values that lead to the fastest query speed
subject to the user’s accuracy requirement. Here, the average rela-
tive error is required to be less than 1%, and the worst-case relative
error is required to be less than 3.4%. With these assumptions, we

(a) Exact. (b) Approximate.

Fig. 8. Comparison of an exact geodesic field in (a) and our approximate geodesic

field in (b) with the same source point. Here np» = 5000, mp = 18, mg = 36. For
our method, the average relative error is 0.9% and the worst relative error is 3.2%.

found the best parameter values to be np = 5000, mp = 18 for
sample vertices, and mi’,[ = 36 for the two query points s and
t. With this setting of parameters, the actual average/maximum
relative errors observed are 0.9% and 3.2%, respectively, for the
model in Fig. 8.

For models with different numbers of faces, the best param-
eter settings are also different. Based on extensive experimental
results, we recommend the values of the parameters in Table 1
for models of different sizes (in the number of faces), and show
the corresponding actual average/maximum relative errors and the
query time costs. Note that the parameter setting is largely inde-
pendent of the shape of a model, according to our tests. Hence, the
parameter settings in Table 1 will be used in the next section when
comparing our algorithm with the fast marching method [32],
Saddle Vertex Graph (SVG) [35] and the heat-based method [34]
in terms of query performance and accuracy for geodesic distance
computation.

5. Experiments

In this section we shall discuss the time and space performance
of our method, compare it with several existing methods, and talk
about its robustness with surfaces of different meshing qualities.
Furthermore, we will present the extension of the method to
surfaces equipped with a general Riemannian metric.

The experiments were carried out on a computer with a 64-bit
version of Win7 system, a 3.07 GHz Intel(R) Core(TM) i7 CPU and
6 Gb memory. The coding language is C++ supported by OpenMP.
Our implementation does not require any numeric package.

5.1. Preprocessing cost

The preprocessing task includes two parts, sampling and prox-
imity computation. We made a test on the Bunny model ranged
from 50k faces to 300k faces. As is shown in Fig. 9, where np =
6000 and mp = 20, the preprocessing time is basically linear to
the number of faces, whereas the precomputed file size linearly
depends on the product of np and myp. Fig. 9 also shows that the
preprocessing step is considerably fast and the precomputed file
is portable and independent of the model complexity, generally
between 2 and 6 megabytes. Since the maximum circle radius
decreases monotonically with the progress of the farthest point
sampling, it takes much less time in distance computation to
process those samples that come later. Hence, the sampling time
remains nearly unchanged even if np doubles.
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Table 1

Parameter settings that lead to a relative error of 0.9% and a worst-case relative error of 3.2%. It outperforms the fast marching method and the heat based method whether
in performance or accuracy. Compared with SVG (their parameter K is set to 100), our algorithm has a performance advantage in the same accuracy level.

#Faces 10k 20k 50k 100k 200k 300k
Configuration np mp mp  np mp mp np mp mp  np mp mp  np mp mp  np mp  mp
1300 22 44 1500 21 42 2300 18 36 5000 18 36 10000 18 36 15000 18 36

Preprocessing time 0.6s 14s 48s 215s 80.3s 179.7 s

Ours Average error 0.8% 0.8% 0.9% 0.9% 0.9% 0.9%
Worst error 3.3% 3.3% 3.2% 3.2% 3.2% 3.2%
Query time 4.6 ms 5.9 ms 115 ms 21.2ms 40.5 ms 78.2 ms
Preprocessing time 9.7s 26.3s 58.9s 155.8 s 405.6 s 829.2s

SVG Average error 0.8% 0.9% 0.9% 0.9% 0.9% 0.9%
Worst error 10.1% 8.5% 6.7% 6.3% 6.1% 5.8%
Query time 8.2 ms 20.5 ms 132.4 ms 334.6 ms 1107.7 ms 2290.3 ms
Average error 6.38% 5.27% 5.16% 5.01% 4.43% 4.28%

Dijkstra  Worst error 34.3% 27.7% 31.8% 26.3% 25.3% 24.7%
Query time 6.3 ms 10.9 ms 37.3ms 69.5 ms 158.6 ms 251.6 ms
Average error 3.14% 2% 1.5% 1.3% 1.04% 0.88%

FMM Worst error 27.5% 28.3% 24.8% 21.7% 20.2% 21.2%
Query time 10.0 ms 189 ms 64.8 ms 112.3 ms 259.6 ms 426.5 ms
Average error 48.9% 42.5% 58.7% 56.5%

Heat Worst error 68.8% 52.5% 71.1% 70.6% Out of memory during the

preprocessing stage

Query time 11.0 ms 23.8 ms 54.1 ms 117.0 ms

5.2. Comparison with existing methods

We first compare our algorithm with four state of the art
methods on the Ramses model with various resolutions, i.e. Dijk-
stra’s algorithm, the fast marching method, Saddle Vertex Graph
(SVG) and geodesic in heat. Timing data and relative errors of the
two-point query are available in Table 1. As shown in the table, our
method significantly outperforms most of the existing methods.
For instance, for a model with 10k faces, our two-point query
algorithm runs twice faster and is much more accurate than the fast
marching method; and, for a model with 100k faces, our algorithm
is five times faster and still more accurate than the fast marching
method. Compared with SVG where their parameter K is set to 100,
our algorithm has an advantage of query speed and preprocessing
cost in the same accuracy level.

Again, taking the Ramses model for test, we compare our
method with the other four in computing a distance field and
show the comparison in the two plots of timing costs and average
relative errors in Fig. 11. The time for computing a distance field
using our algorithm is approximately linear to the number of
mesh faces. Although our method is slightly slower than the other
approaches, it is more accurate. See also Table 1 for comparison.
(Note that the heat-based method runs out of memory during the
preprocessing stage for models of more than 160k faces.) A visual
accuracy comparison of all these methods is shown in Fig. 10.

In the following, we compare our algorithm with the fast
marching method, as well as some recently proposed geodesic
algorithms, based on theoretical analysis or empirical statistics.

Dijkstra’s algorithm. It was proposed in 1959 by Dijkstra and
becomes a textbook algorithm that is widely used for comput-
ing shortest paths on graphs. It has many variant versions. For
example, by replacing the priority queue into buckets, Dijkstra’s
algorithm can be boosted [41]. However, Dijkstra’s algorithm, as
well as its variants, is not intrinsic to the geometry—the approx-
imation accuracy seriously depends on mesh triangulations and
thus cannot meet the requirements for most geometry processing
occasions.

Fast marching method (FMM) [32]. FMM is originally proposed
as an efficient numerical method for solving the boundary value
problems of the Eikonal equation on regular grids. It is extended to
computing geodesic distance on triangle meshes by Kimmel and

(a) Timing.

(b) Precomputed file size.

Fig. 9. The preprocessing time on the Bunny model with 50k to 300k faces: (a) the
preprocessing time when n» = 6000 and mp» = 20, and (b) the precomputed file
size w.r.t. np x mp. Note that the precomputed file size is independent of the model
complexity.

Sethian [32]. Due to its superior efficiency, it has widely been used
in the computer graphics. It requires a fine and dense triangula-
tion to maintain acceptable approximation accuracy. However, the
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Fig. 10. Computing a geodesic distance field on the Buddha model with 100k faces, with front and back views. The color-coded difference fields are shown in the middle
row. (a) Input surface; (b) Exact method; (c) Our approximate method (0.82% average, 3.4% worst-case); (d) the fast marching method (1.18% average, 21.6% worst-case);
(e) Dijkstra’s algorithm (5.5% average, 26.4% worst-case); and (f) the heat-based method (35.8% average, 55.9% worst-case). (For interpretation of the references to color in

this figure legend, the reader is referred to the web version of this article.)

worst-case relative error of FMM can be very large in short ranges
even with reasonable mesh quality.

Geodesic in heat [34]. This algorithm has a two-stage scheme, and
each stage requires solving a standard linear elliptic problem. If the
two coefficient matrices are pre-decomposed, then the algorithm
runs very fast; See Table 1. Our tests show that it fails to produce a
desirable estimation result for complicated models, such as the one
shown in Fig. 10. When the input mesh is quite large, the prepro-
cessing step will be out of memory due to the LDLT decomposition
of a large linear system. Furthermore, its query processing time is
longer than ours.

Earth mover’s distance (EMD) [37]. This method is based on a
smooth distances on a surface transiting from a purely spectral
distance to the geodesic distance. It is based on the theory of

optimal transportation on a discrete surface. In spite of its theo-
retical soundness, the algorithm is neither efficient nor accurate
for practical applications, as compared with the other existing
methods.

Saddle vertex graph (SVG) [35]. The SVG method is similar to our
method in that it also builds a graph, in which the so called “saddle”
vertices serve as transfer stops for the shortest paths. However, the
saddle vertices are not intrinsic to surface geometry, and the num-
ber of saddle vertices may be zero or as many as O(n), depending
on mesh triangulation. Consequently, the algorithm cannot ensure
that the accuracy of their approximate results meets a user speci-
fied tolerance. Moreover, the method requires a high preprocessing
cost (in both time and memory), since it needs to pre-compute all
the saddle-saddle and vertex-saddle relationships between all the
“saddles” and their nearby vertices. Finally, one has to compute
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Fig. 11. Taking the Ramses model for test, Comparison of time and accuracy of our method with three other methods for computing distance fields. The three methods are:
Dijkstra’s algorithm, the fast marching method and geodesic in heat. The Ramses model is used. (a): Time vs. the number of faces; (b) Average relative error vs. the number

of faces. See also Fig. 10 for a visualization of the accuracy comparison.

a very large geodesic disk to encompass the neighboring “saddle”
vertices for a general vertex.

Geometry image based approach [33]. The algorithm utilizes the
regular structure of geometry images and thus allows an efficient
FMM based implementation on parallel architectures. However,
the estimation accuracy depends on the parametrization quality
and also inherits the disadvantages of FMM. It is very hard to
obtain an accurate distance query result to meet the user-specified
tolerance.

5.3. Robustness

We use the parameters recommended in Table 1 and compute
the approximate distance fields on three versions of the Fertility
model shown in Fig. 12: (a) the 50k-face model with a regular trian-
gulation, (b) the 20k-face model with a regular triangulation, and
(c) the 5k-face model with poor triangulation. With Lo values [42]

)= Saasc
|AB|? + |BC|* + |CAP*

being the triangle quality measurement, the Lo statistics of the
three models are respectively (a) Gaverage = 0.138, (D) Gaverage =
0.107, and (c) Gaverage = 0.065. The first column shows the exact
geodesic distance fields, the middle column shows our estimated
geodesic distance fields, and the right column shows the differ-
ences in a color coding. From top to bottom, the average relative
errors are respectively 0.85%,0.92% and 0.93%, while the maximum
errors are respectively 3.11%, 3.26% and 3.34%. Note that we used
the exact geodesic algorithm for sampling for the 5k-face model,
due to poor mesh quality. This test indicates that our method
still produces accurate approximation for models with poor mesh
quality.

G(AAB

5.4. Computing geodesics on Riemannian surfaces

The Riemannian metric on a manifold surface (S, g) is induced
from an inner product (-, -) defined on the tangent space of the
surface. It requires g(X, X) > O for all tangent vectors X # 0.In the
discrete setting we enforce a simple transformation matrix for each
face, according to the dual basis of the cotangent bundle, to reset
the new edge lengths [7]. Note that the intrinsic geodesic algorithm
only depends on edge lengths, rather than vertex coordinates.
After the edge lengths are updated, our algorithm can be applied
without any modification. In Fig. 13, the left figure illustrates unit
disks under the Riemannian metric and the right figure shows the
Riemannian geodesic distance field computed by our algorithm.

Fig. 12. Our algorithm, using the parameters in Table 1, achieves a high accuracy on
models with different mesh quality (the Lo values [42] are respectively (a) Gaverage =
0.138, (b) Gaverage = 0.107, and (c) Gaverage = 0.065). From top to bottom, the
average relative errors are respectively 0.85%,0.92% and 0.93%, while the maximum
errors are respectively 3.11%, 3.26% and 3.34%.

6. Applications

In this section, we show two applications that may benefit from
the superior performance of our method: (1) real-time computa-
tion of discrete exponential maps, and (2) interactive design of
spline curves on surfaces.

6.1. Discrete exponential map

Given a smooth surface, the exponential map at a point of the
surface establishes a diffeomorphism between a neighborhood of
the point and its tangent space. The geodesic distance/direction
induces an “as-rigid-as-possible” local parametrization in a neigh-
borhood of a given point s. However, experiments show that
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(a) Riemannian metric. (b) Geodesic distance field.

Fig. 13. Our algorithm can be applied to query the distance field in the sense of
Riemannian metric.

it is non-trivial to accurately compute such parametrization in
a reasonably large neighborhood of s. The reason is twofold—
geometric variation that tampers the local diffeomorphism and
errors of numerical computation. Schmidt et al. [43] developed
an interactive method for texturing surfaces using decals using
approximate discrete exponential map computed with Dijkstra’s
algorithm. Although it is easy to implement, its inaccuracy of path
directions usually leads to conspicuous artifacts for surfaces with
rich geometric details.

Consider the test example of a 100k-face Vase model in
Fig. 14(a)-(d). Here we show the results computed using the exact
geodesic algorithm, our approximate method (np = 5000, mp =
18, mif = 36), Dijkstra’s algorithm, and the fast marching method,
respectively, to compute the discrete exponential map. Dijkstra’s
algorithm and the fast marching method result in a large distortion
because the large numerical errors in path direction. In contrast,
our algorithm for computing a geodesic distance field produces a
more accurate exponential map. Here, the distance and direction
information is converted into texture coordinates. In Fig. 14(e)-(f),
we use our method to texture the Moai model with human eyes,
eyebrows, mouths and the Bilbao building.

6.2. Spline curves on surfaces

Hofer and Pottmann [44] proposed energy-minimizing splines
on manifolds. Their method needs to project the intermediate
spline curves onto the tangent spaces of S, and requires a smooth-
ing step as the postprocessing. Nava-Yazdani and Polthier [45]

(a) Horse, 40k faces. (b) Face, 31k faces.

(a) Exact. (b) Ours. (c) Dijkstra. (d) FMM.

(e) Texture decals. (f) Moai character.

Fig. 14. (a)-(d) Using different geodesic algorithms to compute a discrete ex-
ponential map: Exact, ours, Dijkstra’s algorithm and the fast marching method.
Conventional approximation algorithms usually result in a large distortion is due to
the serious deviation of path direction, while ours cannot. (e)—(f) Interactive decal
composition with our algorithm.

investigated spline curves on manifolds, Lie group or more gen-
erally symmetric space. Their major contribution is to generalize
the ordinary de Casteljau algorithm to manifolds, requiring that
successive control points be sufficiently close to ensure the local
flow property.

In fact, the idea is helpful to interactive spline design, where
computing shortest paths is the most frequent operation. Our
algorithm can used for this purpose due to its superior efficiency
and high accuracy. Fig. 15 shows four examples, with (a) showing
some cubic Bézier curves and the others showing cubic B-spline
curves. In terms of performance, taking the 40k-face Horse model
as an example, we computed 100 points on the spline curve and

(c) Camel, 18k faces. (d) Moai, 6k faces.

Fig. 15. Spline curves on surfaces: two cubic Bézier curves (a) and three cubic B-splines (b-d). The blue curves are control polygons, while the red are spline curves. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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connected consecutive points into the final result. The total com-
putation time is about 0.6 s. Compared with the implementation
in [44] that often requires several seconds, our algorithm is more
suitable for interactive spline design on manifold surfaces.

7. Conclusions

We have proposed a proximity graph based approach for en-
coding and querying the geodesic distance map. It supports fast
and accurate distance query while requiring only a lightweight
preprocessing. The major difference between our approach and the
existing approaches lies in that our approach is capable of control-
ling the relative error, rather than absolute error, which is useful
in many occasions. We exhibit the uses of the new approach in
two applications—real-time computation of discrete exponential
map for texture mapping and interactive design of spline curves
on surfaces.
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