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This paper presents a new method for parallelizing geodesic algorithms on triangle meshes. Using the
half-edge data structure, we define the propagation dependency graph to characterize data dependency
in computing geodesics. Then, we design an active strategy such that the vertices and half-edges on
the wavefront take the initiative to collect their input data and then propagate windows and update
geodesic information in their own memory space. As a result, all the read and write operations
can be carried out simultaneously. Our method, named AWP, works for both exact (e.g., the CH
algorithm) and approximate (e.g., the fast marching method) geodesic algorithms. Our implementation
on various NVIDIA GPUs exhibit perfect linear speedup, i.e., doubling the computational power (i.e.,
FLOPS) doubles the speed. We prove that the AWP-CH algorithm runs in O(n?/min(C, n)) time, where
n and C are the numbers of faces and cores, respectively. Evaluation on GTX Titan XP shows that
AWP-CH empirically runs in n? time, p € [1.25, 1.35], for real-world models with n < 107 and
anisotropy measure t < 2.0. Thanks to its perfect efficiency and the trend of increasing the number
of processors in graphics hardware, we believe that the actual performance of AWP can be further
improved in the near future.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Computing geodesic distances on triangle meshes is a fun-
damental problem in computational geometry and computer
graphics. As proposed in Mitchell et al.’s seminal paper [1], the
discrete geodesic problem can be solved by discretizing wave-
front into a set of intervals on mesh edges, which are called
windows, and propagating them in a Dijkstra-like sweep. Given a
manifold triangle mesh with n vertices, two notable algorithms,
the Mitchell-Mount-Papadimitriou (MMP) algorithm [1] and the
Chen-Han (CH) algorithm [2], can compute exact geodesic dis-
tances in O(n®logn) and O(n?) time, respectively. However, the
high computational cost diminishes their application to large-
scale models.
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Given the importance of discrete geodesics, there has been
a considerable effort to accelerate the MMP and CH algorithms.
One typical way is to design simple rules involved only local
information to prune redundant windows, such as [3-7]. Another
approach is to develop effective ways to organize windows so
that multiple windows can be propagated at a time, e.g., [7,8].
The VTP algorithm [7], elegantly combining the two types of tech-
niques, is so far the most efficient algorithm for exact geodesics
and it also incurs the least memory usage. However, due to the
tight lower bound £2(n') of window complexity [9], none of the
algorithms in the MMP/CH family is able to run faster than O(n').
Moreover, limited by the physical bottlenecks of CPUs, the rate of
progress of CPU speed would reach saturation, implying that the
room for acceleration becomes less and less.

On the other hand, there is a growing trend of increasing
the number of processors, especially for graphics hardware. This
paper aims at improving the performance of the window propa-
gation algorithm by GPU parallelization. This problem, however,
is challenging due to 1) complicated data dependencies, such as
distance update, window clipping, and window propagation, and
2) conflicts between the order of window processing and paral-
lelism. Specifically, to maintain the best quality of wavefront, one
always processes the window which is closest to the source at a
time. On the other hand, when a large number of windows are
propagated simultaneously, the wavefront quality is often poor,
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resulting in many redundant windows which do not carry the
shortest distances at all. Therefore, one needs to find a tradeoff
between the throughput and the wavefront quality.

To our knowledge, the only parallel geodesic algorithm for
triangle meshes is the parallel Chen-Han (PCH) algorithm [10]. It
divides the classic CH algorithm into 4 phases, window selection,
window propagation, data organization, and events processing, in
which the operations have no data dependency so that they can
be carried out simultaneously. It also adopts a simple window se-
lection strategy to maintain the wavefront quality. PCH sacrifices
some of the ordered nature of wavefront propagation to process a
large number of windows at a time. However, PCH is not entirely
parallel, since the data organization phase is executed on the CPU.
Computational results show that the sequential part of PCH takes
20%-25% of the running time for models with 1 million vertices.
By Amdahl’s law [11], the speedup of a parallel program is limited
by the sequential fraction of the program. Since only 75%-80% of
PCH can be parallelized, the theoretical maximum speedup using
parallel computing would be 5, no matter how many processors
are used.

To overcome the limitations of PCH, we present an entirely
new parallelization framework, called autonomous wavefront
propagation (AWP). Using the half-edge data structure, we define
the propagation dependency graph to characterize data depen-
dency in computing geodesics. Then, we design an active strategy
such that the vertices and half-edges on the wavefront take the
initiative to collect their input data and then propagate windows
and update geodesic information in their own memory space.
As a result, all the read and write operations can be carried
out simultaneously. Thanks to its active nature, AWP is fully
parallel, and it has perfect efficiency. Moreover, AWP is a general
framework in that it works for both exact algorithm (e.g., the CH
algorithm [2]) and approximate algorithm (e.g., the fast marching
method [12]).

We prove that the AWP-CH algorithm runs in O(n?/min(C, n))
time, where n and C are the numbers of faces and cores, re-
spectively. Our implementation on various NVIDIA GPUs exhibit
perfect linear speedup, i.e., doubling the computational power
doubles the speed. Evaluation on GTX Titan XP shows that AWP-
CH empirically runs in n? time, p € [1.25, 1.35], for real-world
models with n < 107 and anisotropy measure t < 2.0. Fig. 1
shows the results of our method and popular approaches on 6.9-
million-face Gargoyle model. Thanks to its perfect efficiency and
the trend of increasing the number of processors in graphics
hardware, we believe that the actual performance of AWP can be
further improved in the near future.

2. Background and related work

There is a large body of literature in discrete geodesics. We re-
fer readers to [13-15] for comprehensive surveys. In this section,
we review the most relevant work according to their sequen-
tial/parallel nature.

2.1. Sequential algorithms

Given a source vertex s € V, imagine that we place a light at
s, and then visualize geodesic paths as light rays emanating from
s in all tangent directions. To track together groups of shortest
paths that can be parameterized atomically, the algorithm parti-
tion each mesh edge into a set of intervals called windows [3].
A window is a segment on an edge such that the geodesic path
to any point on the segment trespasses the same sequence of
faces and vertices. See Fig. 2. The last saddle vertex! (if exists) on

1 A saddle vertex is a vertex with negative Gaussian curvature.

Fig. 1. AWP enables shared-memory parallelization of popular discrete geodesic
algorithms such as the fast marching method and the CH algorithm, with perfect
linear speedup, i.e., doubling the computational power (i.e., FLOPS) doubles the
speed. The vertical axis shows the inverse of time. AWP-CH runs 2-30 times
faster than the existing exact geodesic algorithms on the Gargoyle model with
6.9 million faces. The running time of sequential algorithms (FMM, MMP, ICH,
FWP-ICH and VTP) and parallel algorithms (PCH and AWP) are measured on
cutting edge CPU (Intel i7-7700k Quad Core 4.2 GHz with 16 GB memory)
and GPU (NVIDIA Titan Xp with 3840 CUDA cores), respectively. The MMP and
FWP-MMP algorithms fail due to short of memory.

Fig. 2. A window w = (e, bo, b1, do, dq, d) is an interval associated to a half-
edge e; = (v;, vj). The pseudo source I is the last saddle vertex on the face
sequence, and d is the geodesic distance between source s and pseudo source
I. Parametrizing w to R?, we can compute the geodesic distance for any point
qgew as d(s,q)=d+ |Iq|.

the face/vertex sequence is called pseudo-source. Mathematically
speaking, a window w associated to a half-edge e; = (v;, vj) is a
6-tuple (ejj, bo, b1, do, dy, d), where by, by are the endpoints of w,
do, dy are the distances from the pseudo-source to v; and vj, and
d is the distance from the source to the pseudo-source.

Most sequential algorithms adopt a Dijkstra-like framework:
starting from the source, the algorithm gradually advances the
discrete wavefront. In each iteration, it propagates one or more
active windows across triangular faces and updates the distance
for vertices that are lit by windows. The algorithm continues until
wavefront vanishes and there are no active windows.

They differ in the way of window organization and the order
of window propagation. MMP [1] and ICH [4] maintain windows
in a priority queue, and only the window closest to the source is
propagated at a time. Due to few redundant windows produced,
they have the “smoothest” wavefront. However, since updating
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priority queue takes O(logn) time in each iteration, they have
0(n? log n) time complexity. CH [2] organizes windows in a tree
structure and processes them in a breadth-first-search order.
Again, only one window is propagated in each iteration. Although
CH has a theoretical O(n?) time complexity, its runtime perfor-
mance is not as good as those using a priority queue. FWP [8]
stores windows in a FIFO queue and adopts a label-correcting
scheme to determine the active windows.

In contrast to the above-mentioned algorithms, VTP [7] adopts
triangles instead of windows as the primitive. In each iteration,
it propagates a collection of windows from one triangle edge to
its two opposite edges. Using an exhaustive list of rules, VTP
can effectively identify redundant windows, hereby significantly
reducing computational cost and memory usage at later stages.

The fast marching method [16] is a popular numerical method
for solving the Eikonal equation. Starting from the known infor-
mation, i.e. the boundary values, it builds a solution outwards
strictly following the causality of the equation. The mesh-based
FMM [12] can be considered as a simplified CH/MMP algorithm
if taking the entire edge as a window.

2.2. Parallel algorithms

Weber et al. [17] proposed parallel marching method (PMM),
a raster scan-based version of the FMM on geometry images.
They showed that PMM has a linear time complexity and it
outperforms the sequential FMM by several orders of magni-
tude. However, such a nice parallel structure exists only in the
Cartesian grids. In practice, it is expensive to construct geometry
images for surfaces of complicated geometry and/or topology.
The PCH algorithm [10] is the only known parallel algorithm for
exact geodesic distances. As mentioned above, PCH is not fully
parallel: when mesh complexity increases, its sequential part
becomes dominant, leading to a capped speedup. There are also a
few approaches for parallelizing the fast marching method, such
as [18-20]. However, these methods are limited to regular grids.

2.3. Other algorithms

There are other methods with mixed sequential and paral-
lel features. The heat method [21] computes geodesic distances
by solving a pair of standard linear elliptic problems, which
can be pre-factored once and subsequentially solved in near-
linear time. The graph-based methods, such as saddle vertex
graph method [22] and discrete geodesic graph [23], encode
geodesic information into a sparse, undirected graph, which is
constructed in parallel, then compute geodesic distances using
Dijkstra’s algorithm.

3. Autonomous wavefront propagation
3.1. Propagation dependency graph

Denote by M a manifold triangle mesh. Let V, E and F be its
vertex, edge and face sets. We represent M by the half-edge data
structure, i.e., each edge is split into two half-edges with opposite
directions and the three half-edges that border a triangular face
form a counterclockwise loop. To simplify the presentation, we
assume that M is closed, i.e., every half-edge borders a face, and
consider the single-source geodesic distances. Our method can be
easily extended to meshes with boundaries and multiple sources.

Consider a half-edge e bordering a face f. Denote by v(e) € f
the vertex facing e, ej(e) (resp. e-(e)) the half-edge bordering the
face on the left (resp. right) side of f (see Fig. 3(a)). The geodesic
distance of half-edge e comes from the current windows on e,
the opposite vertex v(e) and the two half-edges ej(e) and e,(e)

Fig. 3. Propagation dependency of half-edges (a) and vertices (b). See the text
for explanation.

bordering f’s neighboring triangles. If one of these elements is
changed, we update the windows on e. Similarly, the geodesic
distance of vertex v is determined by its incident and opposite
half-edges (see Fig. 3(b)).

We encode the propagation dependency into a directed graph
to characterize data flow in geodesic computation. Such a graph
G, called Propagation Dependency Graph (PDG), has |V| + 2|E|
nodes and 6|E| edges, where each node is a vertex or a half-
edge, and each directed edge is one of the above-mentioned
dependencies. Note that we do not store PDG explicitly since all
the dependencies are readily available from the half-edge data
structure.

3.2, Algorithm

Algorithm 1 Autonomous Wavefront Propagation
Input: Manifold triangle mesh M = (V, E, F) and source s € V
Output: Geodesic distance for each vertex v € V

: Initialize the global variables;

: for each opposite half-edge e = (v;, vj) of s do

: Create a window w and add it to rBuffer;

1

2

3

4: rEdgeStatus[id(e)] = active;

5: rVertexStatus[i] =rVertexStatus|[j] = active;

6 rwinCnt[id(e)] = 1;

7 rWinAddr[id(e)] = sizeof(window);

8: end for

9: exclusive_scan(rWinAddr); > Call CUDA’s prefix sum to
compute the addresses of windows

10: while rBuffer is not empty do

11: parallel Allocate space in write buffer;

12: exclusive_scan(wWinAddr);

13: parallel Update distances;

14: parallel Propagate windows;
15: parallel Collect windows;
16: swap the read and write buffers;

17: end while

We call the to-be-propagated windows active windows. Af-
ter propagating, an active window becomes inactive. We call a
vertex v € V active, if it generates active window(s) in the
current iteration; We call a half-edge e active, if it contains active
window(s).

If window w C e covers some vertex, say u € V, and updates
the geodesic distance at u, we say e activates vertex u. If a vertex
v or a half-edge e generates window on half-edge e’, we say v or
e activates half-edge €'.

With propagation dependency graph, each active vertex/half-
edge takes the initiative to update geodesic distance from its
inward paths and then provides the result to nodes through the
outward paths. We maintain two separate buffers to store win-
dows, for the read and write operations, respectively. The read
buffer contains windows for the active elements, and multiple
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active elements can read the same window without conflict. Each
active element then writes the output in its own space in the
write buffer. Therefore, we can process all active elements in a
completely independent manner. Due to its autonomous nature,
we call our algorithm autonomous wavefront propagation.

AWP defines the following global variables to organize win-
dows:

e r/wWinCnt[2|E|]: the number of windows on a half-edge;

e r/wWinAddr[2|E|]: the address of the first window on a
half-edge;

e r/wEdgeStatus[2|E|]: boolean value to indicate whether a
half-edge is active;

e r/wVertexStatus[|V|]: boolean value to indicate whether a
vertex is active;

o r/wBuffer[]: memory buffer for active windows;

e LeftChn[], RightChn[]: memory buffer for left and right chil-
dren propagated from active windows.

We use the prefixes r and w to distinguish the variables for the
read and write operations. We denote by id(x) the index of an
element x (either a half-edge or a vertex).

Let s € V be the source vertex. Initially, for each half-edge e
facing s, we create a window and activate e. These active half-
edges then activate their dependent vertices. Taking these active
half-edges and vertices as initial active elements, the algorithm
enters a loop to process active elements. Each iteration consists
of the following 4 steps:

(Step 1) Edge oriented memory allocation. Each thread pro-
cesses an active half-edge e. If v(e), e(e) or e.(e), is
active, new windows will be generated on e in this
iteration. As a result, we allocate memory in the write
buffer to store them. Observe that each active vertex
produces a window for its opposite edge, and each active
edge produces a window on its left and right half-edges.
So we can estimate the maximal number of windows
generated for each half-edge. After all active half-edges
have been processed, we call CUDA’s prefix sum function
to compute window addresses.

(Step 2) Vertex oriented distance update. Each thread processes
an active vertex v. If v is a saddle vertex and its distance
is updated, we create a child window for every opposite
side of v and update the window count and address for
the write buffer.

(Step 3) Edge oriented window propagation. Each thread takes
an active half-edge e, propagates all its windows, and
adds the child windows into LeftChn and RightChn
buffers.

(Step 4) Edge oriented window collection. Each thread takes
an active half-edge e, collects its windows from e(e)’s
RightChn and e.(e)'s LeftChn, then write them into the
write buffer and activates elements for the next itera-
tion.

The algorithm continues until the read buffer is empty, i.e., no
new windows are generated. Algorithm 1 shows the pseudo-code
of AWP and Fig. 5 illustrates a typical iteration of AWP on a toy
model. Note that PDG is not loop-free, due to the dependency re-
lation between vertices and half-edges in a triangle. For example,
the loop v3 — e4; — v, — es — wv3 for the toy mesh. The
loops in PDG, however, do not lead to endless loop in window
propagation. The reason is a vertex v propagates windows only
when v is saddle and its distance has just been updated (see line
11 in function VERTEXORIENTEDDISTANCEUPDATE. If the distance
does not update any longer, the loop is then broken.

3.3. Time complexity

The core of AWP is the propagation dependency graph, which
models the discrete geodesic problem as information propagation
on directed graphs. In each iteration, AWP passes geodesic dis-
tances (carried by windows) of the current level to the next level.
For a triangle mesh with n faces, PDG has at most n levels, since
the longest geodesic may span n faces. Therefore, AWP termi-
nates in at most n iterations. For real-world meshes, the longest
geodesic is of length O(,/n), so AWP terminates in empirical ,/n
iterations. In each iteration, all active half-edges are processed
independently; therefore, windows are also propagated in a fully
parallel manner without writing conflicts.

It is worth noting that this active updating strategy is not
available to PCH. In one iteration of PCH, several windows may
light a common vertex v, so they will update the geodesic dis-
tance of v simultaneously, causing writing conflicts. Therefore,
PCH is not fully parallel.

In each iteration, there are at most n windows produced.
Note that the windows associated to a half-edge are stored in
contiguous memory, so we can divide the windows evenly to GPU
cores. Thus, each iteration takes O(n/min(C, n)) time, where C is
the number of cores. Putting it all together, AWP has a theoretical
time complexity O(n?/min(C, n)).

3.4. Window complexity

For the ith iteration, the function EDGEORIENTEDWINDOWPROP-
AGATION takes the windows generated by the (i — 1)th iteration as
input, and then filter them by the local window filters. The newly
created windows either propagate and generate child windows,
or they are deleted by the filters. Therefore, each window is
processed only once, which can guarantee that there are no more
than O(n?) windows produced by AWP (see Fig. 6).

1: function EDGEORIENTEDMEMORYALLOCATION(€)

2 wWinAddr[id(e)] = 0;

3 if rVertexStatus[id(v(e))] == active then

4 wEdgeStatus[id(e)] = active;

5: wWinAddr[id(e)] += sizeof(window);

6 wWinCnt[id(e)] = 0;

7 end if

8 if rEdgeStatus[id(e;)] == active then

9 wEdgeStatus[id(e)] = active;
10: for each window w C ¢, do > w produces child(ren)

one

11: wWinAddr[id(e)] += sizeof(window) ;
12: wWinCnt[id(e)] = 0;
13: end for
14: end if
15: Process the right half-edge e, in the same way

16: end function

4. Implementation

AWP is a general framework for parallelizing discrete geodesic
algorithms. This subsection presents the implementation details
for two popular algorithms, the CH algorithm [2] and the fast
marching method [12].

4.1. AWP-based CH algorithm
The CH algorithm [2] is a classic exact algorithm. It organizes

windows in a tree structure and propagates windows in the
breadth-first-search order. Propagating a window produces one
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Fig. 4. Window propagation. (a)-(b) Propagating a window w C e produces
child window(s) on e’s left and/or right half-edges. (c) When the distance of a
saddle vertex v is updated, we create a window for each opposite half-edge of
v, and replace the pseudo source I by v.

Fig. 5. Illustrating AWP on a 6-vertex toy mesh. Let vy be the source vertex. At
the beginning, set d(v;) = 0 and d(v;) = 00, 2 < i < 6, and create a window
to each opposite half-edge. Now there are 3 active half-edges e;, 1 < i < 3
and 4 active vertices v;, 2 < i < 5. Then, we illustrate one iteration of AWP.
Each active vertex updates its distances from its parent half-edges and writes
their windows into the write buffer (step 2). Next, each active half-edge e;,
1 < i < 3 propagates its windows to neighboring faces (step 3). For simplicity,
we skip memory management (steps 1 and 4) in the description and show only
the most important half-edges in this figure. Color scheme: red — initialization;
green — the current iteration; purple — the next iteration.

Fig. 6. Each edge/vertex thread gets its input from the read buffer (gray), and
then writes its output in its own space in the write buffer. Since there is no
write conflict, all threads can be carried out in a fully parallel manner. The white
rectangles are windows.

or two child windows (see Fig. 4(a) and (b)). To avoid exponential
explosion in the tree, Chen and Han [2] adopted a simple one-
angle-one-split window filter: if two windows light a vertex, only
one can have two children. See Fig. 7(a). Since there are at most
0O(n) windows in each level and the depth of the tree cannot
exceed the number of faces of M, the CH algorithm runs in O(n?)
time. Also, it stores only the O(n) key windows that light vertices,
leading to an O(n) space complexity.

1: function VERTEXORIENTEDDISTANCEUPDATE(v)

2 Updated = false;

3 for each half-edge e on which v depends do
4 for each window w € e do

5: if w provides a shorter distance to v then
6 Update v’s distance;

7 Updated = true;

8 end if

9 end for

10: end for

11: if v is saddle and Updated == true then

12: for each v’s opposite half-edge e do

13: Create a window w for the entire half-edge e;

14: wBuffer[wWinAddr[jl+wWinCnt[j] x s] = w;

15: wWinCnt[j] ++; > j = id(e); s = sizeof(window);
16: end for

17: end if

18: end function

1: function EDGEORIENTEDWINDOWPROPAGATION(€)

2 LeftWinCnt=RightWinCnt=0;

3 for each window w C e do

4 Propagate w; > j = id(e); s = sizeof(window);
5: for each child window w’ do

6 if w’ belongs to the left half-edge e, then

7 LeftChn[rWinAddr[j]+s x LeftWinCnt]= w’;

8 LeftWinCnt ++;

9

: else
10: RightChn[rWinAddr[j]+s x RightWinCnt]= w’;
11: RightWinCnt ++;
12: end if
13: end for

14: end for
15: end function

1: function EDGEORIENTEDWINDOWCOLLECTION(e)

2: if rEdgeStatus|id(e;(e))] == true then

3: for each window w € LeftChn do > j = id(e);
s = sizeof(window);

4 wBuffer[wWinAddr[j]+s x wWinCnt[j]]= w;

5 wWinCnt[j] ++;

6 if w updates the distance of e’s endpoint p then
7: wVertexStatus[id(p)] = true;

8 end if

9 end for
10: end if
11: Process the right half-edge e,(e) in the same way

12: end function

Xin and Wang [4] observed that the majority of windows
produced in the CH algorithm do not contribute to the shortest
distance. To prune the redundant windows, they proposed a
simple yet effective “checking with vertex” rule (see Fig. 7(b)).
Consider a window w = (I, A, B, dg, d1,d) < (vg, v1) generated
by its parent window on half-edge (vq, v;). Let g; be the current
shortest distance for vertex v;, i = 0, 1, 2. Denote by ¢ > 0 the
accuracy parameter. Window w can be removed, if one of the
following inequalities holds,

d+ [lIBl| + & = go + llvoBll,
d+ Al +¢& = g1 + lviAll,



166 X. Ying, C. Huang, X. Fu et al. / Computer-Aided Design 115 (2019) 161-171

Fig. 7. Window pruning in the CH algorithm. (a) The “one-angle-one-split” filter
[Chen and Han [2]]. Although both windows w; and w, occupy vertex v,, only
the one who provides shorter distance to v, has two children. (b) The “checking
with vertices” rule [Xin and Wang [4]] can effectively prune redundant windows
using local information stored at vertices. See the text for explanation.

d+ |IBll +& = g + [[v2B].

The parameter ¢ controls the accuracy: the algorithm is exact if
e = 0 [4], and it becomes approximate otherwise [5]. In practice,
Xin and Wang [5] suggested ¢ = AE, where E is the average edge
length and X € [0, 1] controls the accuracy.

Qin et al. [7] proposed an exhaustive list of rules for pairwise
window cross checking, which is highly effective to remove re-
dundant windows. Among them, cases 1, 2 and 3 do not involve
data dependency, hereby can be used in AWP.

Since all the above-mentioned window pruning strategies are
based on local information only, they can be easily added to func-
tion EDGEORIENTEDWINDOWPROAGATION. In function EDGEORIENT-
EDWINDOWCOLLECTION, we check all windows on a half-edge. If
two windows overlap, we adopt MMP’s window clipping strat-
egy [1] to partition them.

4.2. AWP-based FMM

The fast marching method [16] is a numerical method for
solving boundary value problems of the Eikonal equation on 2D
regular grids. The algorithm is similar to Dijkstra’s algorithm and
uses the fact that information only flows outward from the seed-
ing area. The FMM can be extended to triangulated surfaces [12],
unstructured meshes [24] and broken meshes [25].

Imagine that we set a “prairie fire” at the source at time t = 0.
The fire evolutes towards directions where the surface has not yet
been “burnt out”. The FMM computes the time values t for each
vertex at which the advancing fire front reaches it. It maintains a
priority queue Q of all non-source vertices sorted by their times
of arrival. The basic operation of fast marching is the update step,
which computes the time of arrival of the wavefront to a vertex
based on the times of arrival to its neighbors.

There are two common update strategies, based on planar
wavefront approximation [12] and spherical wavefront approx-
imation [26]. For the former, a vertex is updated by simulating a
planar wavefront propagating inside the triangle, then the values
of the two supporting vertices allow to compute the front direc-
tion. For the latter, a vertex is updated with its Euclidean distance
from a virtual point source, whose coordinates are estimated from
the times of arrival to the two supporting vertices.

To parallelize FMM in the proposed AWP framework, we take
each half-edge as a window, which is called edge window. Then
the window w = (ej;, d;, d;) is simply a 3-tuple, where e; = (v;, vj)
is an oriented half-edge, and d; and d; are the geodesic distances
from s to v; and v;, respectively.

There are two major differences between FMM and CH. First,
propagating a window in FMM produces exactly two edge win-
dows; Second, saddle vertices in FMM do not propagate windows.
Keeping these differences in mind, we modify Steps 2 and 3 in the
AWP framework to tailor FMM.

1: function FMM_VERTEXORIENTEDDISTANCEUPDATE(v)

2 for each opposite half-edge e; do

3 if (e, d;, d;) provides v a shorter distance then
4: Update v’s distance;

5 end if

6 end for

7: end function

1: function FMM_ORIENTEDWINDOWPROPAGATION(€;;) > ejj
borders face fij = {vi, vj, vi}

2: Compute the distance for the opposite vertex vy using d;
and d;; > s = sizeof(edge_window);

3: LeftChn[rWinAddr[id(ey;)] + s] = (ey, dk, d;);

4: RightChn[rWinAddr[id(e;,)] + s]= (e, d;, di);

5: end function

5. Results & comparison

We implemented AWP-CH (exact), AWP-CH (approximate)
and AWP-FMM in CUDA 8.0 (see the supplementary material) and
tested our programs on 3 NVIDIA GPUs, including

o GTX 970 with 1664 CUDA cores and 2.44 Tflops,

e GTX Titan X (Maxwell) with 3072 CUDA cores and 7.0 Tflops,
and

e Titan Xp with 3840 CUDA cores and 12 Tflops.

We compare our methods with popular discrete geodesic algo-
rithms, MMP? [3], ICH> [4], PCH* [10], FWP° [8], and VTP® [7].
The timing of the sequential algorithms were measured on a
cutting-edge CPU, Intel i7-7700k Quad Core 4.2 GHz with 32 GB
memory. This section reports the time performance, efficiency,
window and time complexities.

Performance & memory usage. Table 2 in the supplemen-
tary material reports the mesh complexity, runtime performance,
peak memory (excluding the memory for storing meshes), and
the number of window propagations of the testing algorithms.
Since the performance of geodesic algorithms is sensitive to the
location of source point, we repeat each test with 100 randomly-
selected sources and then report the average.

We observe that AWP-CH runs 8-30 times faster than the
classic MMP and ICH algorithms, 3-10 times faster than FWP, 1-2
times faster than VTP which is the state-of-the-art.

VTP produces the least number of windows and incurs the
least memory usage due to its highly effective window pruning
strategy. Rather than controlling the window complexity, AWP-
CH aims at improving the time complexity by parallelization.
Thanks to its fully parallel nature, AWP-CH is able to process a
large number of windows simultaneously. However, the price to
pay for such a large throughput is the high number of redundant
windows. We observe that AWP-CH propagates 5-10 times more
windows than VTP.

The reason that AWP does not show significant advantage over
VTP is the difference of computational power of individual CPU
core and GPU core. Take the Nvidia Titan Xp and Intel i7-7700k
CPU 4.20 GHz as an example. A CPU core is able to process 2.97
million windows per second, whereas a CUDA core can process
only 0.072 million windows per second.

2 https://code.google.com/p/geodesic/.

3 https://sites.google.com/site/xinshiqing.

4 http://acm.tju.edu.cn/yingxiang.

5 http://cg.cs.tsinghua.edu.cn/people/~Yongjin.

6 https://github.com/YipengQin/VTP_source_code.
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Fig. 8. Window and time complexities of AWP-CH. We show 3 representative models with different anisotropy measures . Each model is subdivided into multiple
resolutions with ¢ unchanged. We evaluate both window complexity and time complexity with respect to the growth of resolution. The dashed curves are the fitted

O(nP) curves.

As a member of the CH family, AWP-CH processes at most
O(n) windows in an iteration and it is guaranteed to stop after |F|
iterations. As a result, the peak memory of AWP-CH is comparable
to ICH and FWP-CH. As shown in Fig. 9, the peak memory cost
of AWP-CH grows linearly with respect to the growth of mesh
resolution (see Fig. 8).

Complexity. We measure the time and window complexi-
ties of the testing algorithms. As shown in [9], there are at
least £2(n'>) windows of a triangle mesh. The lower bound is
tight, which happens only when the input mesh is completely
isotropic. As a result, none of the exact sequential algorithms is
able to break the O(n!®) time complexity. In practice, real-world
meshes have window complexity O(n”), where the exponent p €
[1.5, 2.0] depends on the degree of anisotropy. The higher the
degree of anisotropy, the closer p to 2.0.

Similar to [8], we define t(f) = —f= the quality measure of a

2./3S
triangular face f, where S and H are the area and perimeter of f.

Then we define t = w to measure the anisotropy degree
of mesh M. Obviously, T > 1 for all triangle meshes. 7 = 1

for isotropic meshes. In general, the larger the value of 7, the

Fig. 9. The peak memory cost of windows for different models with different
resolutions.

higher the degree of anisotropy, hereby the more the number of
windows produced.

As shown in Section 3.3, AWP-CH has a worst-case time com-
plexity O(n?/min(C, n)) when a geodesic path spans O(n) faces.
For real-world meshes, the longest geodesic path crosses only



168 X. Ying, C. Huang, X. Fu et al. / Computer-Aided Design 115 (2019) 161-171

Fig. 10. AWP-CH algorithm can also compute exact geodesic paths.

Fig. 11. AWP-FMM runs 3-8 times faster than the sequential FMM. The
horizontal and vertical axes show the mesh resolution and the ratio of execution
time of FMM to AWP-FMM.

0(/n) faces, so AWP-CH runs in an empirical O(n'>/min(C, n))
time. For the ideal case when C is sufficiently large (e.g., > n),
propagating the wavefront once takes only O(1) time. With n iter-
ations, the wavefront sweeps all mesh vertices and the algorithm
stops. Evaluation on GTX Titan XP shows that AWP-CH empiri-
cally runs in n? time, p € [1.25, 1.35], for real-world models with
n < 107 and anisotropy measure t < 2.0 (see Fig. 15(b)(d)(f)).
We also observe that AWP-CH produces no more than O(n?)
windows (Fig. 15(a)(c)(e), which matches our theoretical analysis
in Section 3.4.

Geodesic paths. As the other exact algorithms, AWP-CH can also
compute exact geodesic paths. By “one-angle-one-split” rule, each
angle in a triangular face is associated one window w, which
allows us to back-trace the path to w’s pseudo-source. Storing
those windows takes only O(3|F|) space. Given an arbitrary vertex
v € V, to compute the geodesic path y(s, v), we unfold the
sequence of windows starting from the one providing v’s shortest
distance until reaching the source s. See Fig. 10 for two examples
of geodesic paths.

Approximation algorithms. The priority queue based FMM runs
in O(nlogn) time, due to the O(logn) overhead of each iteration.
Although there exist faster implementations of FMM, e.g., the
linear-time algorithm [27], the highly scalable massively parallel
FMM [20], they work only for 2D regular grids. We observe
AWP-FMM runs 3-8 times faster than the sequential FMM. We
also parallelize the approximate CH algorithm [5] using our AWP
framework. The approximate CH and exact CH algorithms differ in
an error term & = AE in the “checking with vertices” rule, where
E is the average edge length and A € [0, 1]. Setting A = 0 and
A = 1, we obtain the exact CH algorithm and Dijkstra’s algorithm,
respectively. As Fig. 12 shows, approximate AWP-CH consistently
outperforms its sequential counterpart by a factor of 4-9 for all
A € [0.01, 0.2]. Fig. 14 reports the root mean square error of the
approximate AWP-CH algorithm (see Figs. 11, 13 and 16).

Fig. 12. Performance of approximate AWP-CH and approximate ICH. The hori-
zontal axis shows the accuracy parameter A. Our AWP algorithm runs 4-9 faster
than its sequential counterpart.

Fig. 13. Large-scale models. The accuracy parameter for the approximate
AWP-CH algorithm is A = 0.1.

Efficiency. To quantitatively measure the efficiency, we test
AWP-CH and AWP-FMM on NVIDIA GPUs with increasing Tflops.
Since our algorithm is fully parallel, the more powerful the GPU,
the faster the algorithm, hereby its running time is inversely
linearly proportional to the computational power of GPU. Com-
putational results confirm that our method has perfect efficiency
(see Fig. 15(a)-(b)).

We also measure the efficiency of PCH [10]. As an “upgraded”
version of ICH [4], PCH can propagate a large number of win-
dows in one iteration. At the same time, it uses k-selection to
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Table 1

Model complexity and performance comparison with the state-of-the-art geodesic algorithm on running time, peak memory and total number of windows

propagations. |F| is the number of faces.

Models Performance Algorithms
MMP ICH FWP-MMP FWP-CH VTP PCH AWP-CH
Bunn Time (s) 423 5.52 1.40 2.33 0.745 1.04 0.46
v Peak memory (MB) 219.08 2.19 320.54 2.19 1.4 8.73 54.40
(|F|:144k) Window count 4,173,450 6,708,539 6,106,040 6,268,906 4,836,790 19,454,764 21,713,401
Golf ball Time (s) 13.46 30.98 4.13 9.59 1.75 3.68 0.94
Peak memory (MB) 642.78 2.75 598.23 2.75 2.15 10.04 94.50
(|F|:244k) Window count 19,334,362 27,825,888 17,994,177 22,735,411 13,214,211 71,234,273 55,264,195
Armadillo Time (s) 6.98 8.41 2.65 4.67 1.75 1.95 1.37
Peak memory (MB) 586.74 5.27 510.14 5.28 1.73 18.23 120.08
(|F|:346k) Window count 11,089,425 10,543,826 9,641,604 10,005,269 7,998,976 36,159,081 53,212,243
Sphere Time (s) 197.71 1540.29 239.5 224.09 40.20 270.17 6.22
P Peak memory (MB) 8062.98 20 6825.30 20.01 28.67 106.22 452.95
(|F|:1M) Window count 148,072,389 852,275,198 125,343,035 470,679,673 299,924,498 340,059,807 411,274,370
Santa Time (s) 87.59 236.82 44.53 65.76 14.47 64.12 6.92
Peak memory (MB) 8075.51 18.5 7022.19 18.6 9.7 72.38 433.97
(|F|:1.2M) Window count 153,767,085 165,532,008 133,710,509 127,128,734 101,800,145 465,125,728 464,688,161
Cargovle Time (s) 1398.78 339.97 79.61 55.05
oy Peak memory (MB) 85.44 85.44 28.43 1919.58
(|F]:5.6M) Window count Out of 699,045,508 Out of 587,544,410 465,322,440 Out of 1,516,012,094
Luc Time (s) memory 5983.11 memory 1608.25 341.61 memory 186.62
y Peak memory (MB) 220.70 220.7 70.76 4996.05
(|F|:14.4M) Window count 3,106,980,366 2,663,347,390 1,911,210,881 17,278,093,986
Table 2

Fig. 14. Root mean square error of the AWP-CH (approximate) algorithm. The
horizontal axis shows the accuracy parameter A.

maintain wavefront quality, hereby controlling the total number
of windows. Therefore, PCH is a tradeoff between the order and
the parallelism of window propagation. However, PCH is not fully
parallel, since data organization runs on the CPU. For meshes with
1 million vertices, the sequential part of PCH takes 20% to 25% of
the total running time, implying that the speedup of PCH has a
maximal x5 theoretical speedup by Amdahl’s law [11]. Fig. 15(c)
shows that the efficiency curve of PCH tends to reach saturation.
In sharp contrast, AWP-CH is fully parallel and we observe perfect
efficiency on all testing models.

Profiling. The memory bandwidth of NVIDIA TitanXP is 547.7
GB/s. Take Stanford Bunny with 144k faces as an example. As
shown in Table 1, there are totally 21,713,401 windows generated
in AWP-CH. Since one window takes 27 bytes, there are approx-
imately 560M data and the time for reading/writing is 0.001 s.
As a result, data reading and writing is not the bottleneck of our
algorithm. Also note that in order to achieve perfect parallelism,
we use the prefix sum to organize the data. Table 2 reports the
time for each stage. It can be seen that as the size of the model
increases, the ratio of the core stages in AWP to the total time
increases.

Anisotropic meshes. Our current implementation does not han-
dle skinny or degenerate triangles, because of numerical prob-
lems in the floating point computation. AWP is a type of exact
algorithm, and its dependency to triangulation quality is not

Profiling. Timings are measured in seconds.
Models Stage

Total time Core/Total

Windows Prefix  Edge  Vertex Init.

collection sum event event
FF”lriml’ aqc 01909 01495 00614 00427 00111 04557  6476%
&‘Tflﬁik 04857 02779 0.1364 0.1158 00183 1.0341  71.36%
f}ﬂ“iagiféi 07579 02849 0.1764 0.1307 00234 13734  77.55%
lsﬁrfrfM 36806 10053 07638 0.6762 0.0354 6.1613  83.11%
Santa o
Fle12v 36706 09557 07818 09685 00348 64115  8455%
lcFalr_g"syéeM 327327 45813 47626 7.99567 0.052350.1246 90.76%
|LFU|CX 144y 1146697 233288 23.111428.19890.1313 189.4401 87.62%

as high as approximate algorithms, such as the fast marching
method. In the paper, we evaluated AWP on models with low and
middle degrees of anisotropy t € [1, 2]. As shown in Figs. 17 and
18, the timing of AWP on anisotropic models does not change
much.
Comparison with sequential algorithms. The priority queue
based algorithms, such as MMP and ICH, can propagate one
window at a time, producing wavefronts of the best quality. Their
best and worst-case window complexities are O(n'?) and 0(n?),
respectively [9]. Although priority queue is inherently sequen-
tially, we borrow ICH’s “checking with vertices” filter and MMP’s
window clipping to AWP-CH for pruning redundant windows.

FWP [8] organizes windows in an FIFO queue and can prop-
agate a large number of windows in an iteration. It uses a
label-correcting scheme to find a tradeoff between through-
put and wavefront quality. However, due to strong data depen-
dency within each iteration, it is non-trivial to parallelize FWP
algorithms.

VTP [7] is the state-of-the-art for exact geodesics. Based on an
exhaustive list of scenarios where one window can make another
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Fig. 15. Efficiency of various parallel algorithms.

Fig. 16. Results of AWP-CH. Images are rendered in high resolution, allowing zoom-in examination.

Fig. 17. Performance of AWP-CH for isotropic and anisotropic triangulation
models.

window partially or completely redundant, VTP simultaneously
propagating a collection of windows from one triangle edge to
its two opposite edges. Computational results show that VTP can
effectively identify redundant windows, hereby propagating the
least number of windows among all exact algorithms. However,
VTP adopts a priority queue to maintain wavefront, making it
difficult to parallelize.

We observe that FWP, VTP and AWP-CH have the same theo-
retical window complexity O(n?) and empirical window complex-
ity O(n?), 1.5 < p < 2, depending on the anisotropic degree. Since
FWP and VTP are sequential algorithms, their time complexities
are the same as the window complexity. AWP-CH is fully parallel,
hereby its time complexity depends on both window complexity
and the number of CUDA cores.

Our implementation of AWP-CH on NVIDIA Titan Xp runs 1-2
times faster than VTP on the cutting edge CPU i7-7700k 4.2 GHz.

Fig. 18. Performance of AWP-CH, ICH, VTP and FWP-CH for different degrees of
anisotropic.

The reason that AWP does not show a significant advantage over
VTP is the difference in computational power of individual CPU
core and GPU core. A CPU core is able to process 2.97 million
windows per second, whereas a CUDA core can process only 0.072
million windows per second. Since the rate of CPUs progress
has already reached saturation, with an increasing number of
GPU cores we believe that AWP can outperform VTP to a large
extent in the next few years. Moreover, AWP has the potential to
extend to distributed systems, which is certainly an interesting
and promising direction for future research.

6. Conclusion & future work
Autonomous wavefront propagation is a novel framework for

parallelizing discrete geodesic algorithms on triangle meshes.
Using the half-edge data structure, we define the propagation
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dependency graph to characterize data dependency in comput-
ing geodesics. Then, we design an active strategy such that all
active elements (vertices and half-edges) take the initiative to
collect their input data and then propagate windows and update
geodesic information in their own memory space. As a result, all
the read and write operations can be carried out simultaneously.
AWP works for both the exact algorithm (the CH algorithm) and
approximate algorithm (the fast marching method). We prove
that the AWP-CH algorithm runs in O(n?/min(C, n)) time, where n
and C are the numbers of faces and cores, respectively. Evaluation
on GTX Titan XP shows that AWP-CH empirically runs in n? time,
p € [1.25,1.35], for real-world models with n < 10’ and
anisotropy measure < 2.0. Thanks to its perfect efficiency
and the trend of increasing the number of processors in graphics
hardware, we believe that the actual performance of AWP can be
further improved in the near future. The source code of AWP is
available at https://github.com/openawp/awp.

For future work, we plan to extend AWP-FMM to tetrahedral
meshes using the half-face based PDG. We will also parallelize
other discrete geodesic algorithms, such as the MMP family, and
extend AWP to distributed systems, which is another promising
and challenging direction.
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