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a b s t r a c t

Sweep is a natural, intuitive, and convenient 3D modeling method in computer-aided design. Sweep
surface can be obtained by extruding a 2D cross-sectional profile along a guide curve x = x(t), t ∈ [a, b].
A small segment of the sweep volume can also be understood by rotating a 2D sectorial generatrix
curve around the guide curve. We assume that sweep surfaces have a parametric form Φ = Φ(t, θ ),
where Φ([t, t + dt], θ ) defines the sectorial generatrix curve segment at the angle of θ while rt (θ ) =

Φ(t, θ ), θ ∈ [0, 2π ], defines the circumferential closed curve. Geodesic computation on sweep surfaces
is a fundamental geometric operation in many scenarios like the manufacturing process of filament
winding. In order to compute a geodesic path between two points on sweep surfaces, we propose
a variational framework that works on the 2D parametric domain, without the step of discretizing
the surface into a polygonal mesh. The solution to the objective function is a polyline curve of n
equally spaced vertices that approximates the real geodesic path, where n is a user-specified parameter
for accuracy control. We prove that the polyline approaches the real geodesic in quadratic order.
Furthermore, it can be easily extended to compute N-round geodesic helix curves. We also discuss
various configurations of rt (θ ): (1) rt (θ ) is a constant, independent of t and θ , (2) rt (θ ) depends on
only t , independent of θ , and (3) rt (θ ) depends on both t and θ . We validate the effectiveness and
high performance of our method through extensive experimental results.

© 2021 Elsevier Ltd. All rights reserved.
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1. Introduction

Geodesics, as a tool to measure the distance between two
oints on a 2-manifold Riemannian surface, encode all the intrin-
ic properties of the surface, and thus have fundamental impor-
ance in digital geometry processing. Due to the nice feature that
he geodesic curvature is zero everywhere, geodesics are useful
n many special industrial design applications. In this paper, we
onsider the geodesic problem on sweep surfaces, which is a
undamental geometric operation in the manufacturing process
f filament winding.
The distinguished feature of sweep surfaces Φ = Φ(t, θ ) lies

in that they are given by a pair of parameters and each parameter
has clear geometric meaning. Particularly, t ∈ [a, b] determines
a position of the guide curve x = x(t) while Φ(t, θ )|θ=θ0 gives
a generatrix curve when t goes from a to b. It is computation-
ally inefficient and inaccurate if one transforms the parametric
form into a polygonal mesh and then extracts a geodesic on the

∗ Corresponding authors.
E-mail addresses: xinshiqing@sdu.edu.cn (S. Xin), chtu@sdu.edu.cn (C. Tu).
ttps://doi.org/10.1016/j.cad.2021.103077
010-4485/© 2021 Elsevier Ltd. All rights reserved.
iscrete mesh surface. This motivates us to directly compute the
eodesic on the parameter domain.
In the past research, the Runge–Kutta method [1–4] is a pop-

lar choice for computing geodesic paths on a sweep surface. In
ts essence, it serves as a numeric method to solve the Euler–
agrange equations. If given ‘‘one point, one direction’’, it incre-
entally determines a sequence of points, approximating the real
eodesic path. In this case, it may produce a long geodesic helical
urve as long as one traces the path one point after the other. If
sers input two points, the Runge–Kutta method needs to solve
linear system, and thus is not easy to generate an N-round
elical curve between two given points, which limits its use in the
cenario of filament winding. Besides, it is hard to control the step
ize to achieve a guaranteed accuracy requirement. Therefore, in
his paper, we propose a new variational framework to deal with
he difficulties.

For a piecewise smooth curve γ (t), t ∈ [a, b], its length can be
easured by

(γ (t)) =

∫ b √
gγ (t)( ˙γ (t), ˙γ (t))dt (1)
a
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here g is the metric tensor defined on the Riemannian surface
and becomes identity if considered in the Euclidean space. It is
proved that the minima of the following energy functional

E(γ (t)) =
1
2

∫ b

a
gγ (t)( ˙γ (t), ˙γ (t))dt (2)

can also be used to define geodesics [5]. Furthermore, E is in-
dependent of curve parameterization, and thus guarantees exis-
tence, uniqueness, and regularity of minimizers. Here, by ‘unique-
ness’, we mean that among all the possible parameterization
configurations, only the arc-length parameterization (or scaled by
a factor) can be the minimizer of Eq. (2). Our approach for com-
puting geodesics on sweep surfaces is based on the interesting
property.

In this paper, we first discuss the parametric form of sweep
surface from a different perspective. Observing that a small seg-
ment of the sweep volume can also be understood by rotating a
2D sectorial generatrix curve around the guide curve x = x(t).
We assume that sweep surfaces have a parametric form Φ =

(t, θ ), where Φ([t, t + dt], θ ) defines the sectorial generatrix
curve segment at the angle of θ while rt (θ ) = Φ(t, θ ), θ ∈ [0, 2π ],
defines the circumferential closed curve. The definition enables
one to define x = x(t) and rt (θ ) separately. We give the definition
detailedly in Section 3.1. It is worth noting that our definition only
applies to a special class of sweep surfaces.

Suppose that the source point and the target point are given.
Initially, users can specify an arbitrary polyline as the input. By
approximating the unknown geodesic path with n + 2 vertices
(n intermediate points are variable), we use

∑n
i=0 ∥yi − yi+1∥

2 to
define the objective function, which is the same with the above-
mentioned energy functional defined in Eq. (2) but operates in the
discrete setting. Driven by the objective function, we repeatedly
evolve the path until the n points are equally spaced along the
path and minimize the total length. Besides, we have to overcome
three additional difficulties. First, we consider various configu-
rations of rt (θ ): (1) rt (θ ) is a constant, independent of t and
, (2) rt (θ ) depends on only t , independent of θ , and (3) rt (θ )
epends on both t and θ . Second, the objective function must be
epresented by θ and t so that the optimization can be conducted
n the parameter domain. Finally, we need to compute the gradi-
nts w.r.t. θ and t , and use them to speed up the optimization.
ur variational framework inherits a curve shortening technique.
herefore, it can be naturally extended to support the query of
n N-round geodesic helical curve, which is much different from
he Runge–Kutta method. It is worth noting that the base surface
f our interest is a sweep surface, instead of a general parametric
urface, since it is hard to precisely define an N-round spiral curve
n a general surface. The by-product of this framework is that the
ielding point sequence is equally spaced and able to accurately
haracterize how the real geodesic path winds along the surface,
hich is crucial to the motion planning in filament winding.
Our contributions include

1. We propose a variational framework to compute geodesics
on sweep surfaces. Different from the Runge–Kutta
method, our method inherits the spirit of curve shorte-
ning, and is able to report a geodesic path or an
N-round geodesic helical curve when users specify the two
endpoints (rather than ‘‘one point, one direction’’).

2. We formulate the energy functional in the parameter do-
main. Furthermore, we deduce the analytic gradients for
three situations of the radius function. By feeding the ana-
lytic gradients into the L-BFGS solver, our algorithm has a
super-linear convergence rate.

3. We establish a relationship between the number of inter-
mediate points and the absolute error, which facilitates
direct error control. Particularly, we observe that the ab-
solute error decreases quadratically w.r.t. the number of
inserted points.
2

2. Related works

There is a large body of literature on the geodesic problem. In
this paper, we review only the most relevant works on computing
geodesic paths. We divide them into two categories, depending
on the type of the base surface, i.e., a smooth surface with an
analytic form or a discrete polygonal surface.

2.1. Shortest paths on smooth surfaces

Available geodesic approaches on smooth surfaces can be
roughly classified into analytical and numerical. Analytical ap-
proaches [6] are computationally expensive and only just a few
types of surfaces have closed-form geodesic paths, which cannot
be extended to a general surface. Therefore, numerical methods
are more widely used than the analytical methods.

In general, the Runge–Kutta method has been widely used to
find the numeric solution to the nonlinear differential equations
of geodesic. Beck et al. [1] found a system of coupled, non-linear-
order differential equations to solve the shortest paths of bicubic
spline surfaces by using the fourth order Runge–Kutta method.
Sneyd et al. [2] described a kind of specific sweep surfaces,
named tubular surfaces, and computed geodesic paths on them
using a second order Runge–Kutta method. Chen et al. [4] treated
the surfaces as the combination of several NURBS patches. They
developed an adjustable modeling scheme to compute geodesic
paths through the surface combination which can be computed
directly by solving the geodesic equations using the Runge–Kutta
method. Kasap et al. [7] proposed a finite-difference method
which is used for governing non-linear system of differential
equations to iteratively solve the geodesic on surfaces. Panou
et al. [8] presented the geodesic equations and their numerical
method works on a triaxial ellipsoid. Numerically solving the
nonlinear differential equations of two-point geodesic is time
consuming when users specify a rigorous accuracy tolerance.

Geometric methods are also a typical kind of approaches to
compute geodesic on smooth surfaces. They are based on the fun-
damental property that geodesics are a generalization of straight
lines. Based on the previous point pi−1 and the marching direc-
tion, the next point pi can be then predicted by simple geometric
operations. Geometric methods are independent of the complex
description of the surfaces. Hotz et al. [9] introduced a geometric
method for the geodesic construction of arbitrary parametric
surfaces. Zhang et al. [10] traced a geodesic in a simple way which
is independent of the complex description of the geodesic equa-
tions. Huang et al. [11] proposed an efficient geometric approach
to compute geodesics on B-spline surfaces given a start point and
a directional vector. However, these methods cannot be used to
infer the geodesic path between two points.

There are some other methods that utilize different techniques
to compute geodesics on smooth surfaces. Maekawa [12] pro-
posed a method for solving shortest path of free-form parametric
surfaces based on a relaxation method relying on finite differ-
ence discretization. Ying et al. [13] discussed how to rapidly
construct the whole geodesic flow map which allows computing
any geodesic by straightforward local interpolation. Chen [14]
presented a method for obtaining a geodesic-like curve that
approaches to the real geodesic if the order of the curve reaches
infinity. Yu et al. [15] introduced a particle system based approach
to compute geodesics on implicit surfaces. Seong et al. [16]
computed anisotropic geodesic distances by solving a general
anisotropic Hamilton–Jacobi equation.

In this paper, we intend to achieve the following goals at
the same time: (1) two-point geodesic instead of ‘‘one point one
direction’’, (2) computationally efficient, (3) high convergence
rate, and (4) can be used to compute an N-round geodesic helical
curve.
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.2. Shortest paths on discrete surfaces

To our knowledge, there are many research works for comput-
ng geodesics and geodesic distance fields on discrete polygonal
urfaces. Generally speaking, the task of computing a two-point
eodesic path is different from computing a geodesic distance
ield. When users specify two points as the input, a typical tech-
ique is to iteratively shorten the path by local perturbation
ike shrinking a rubber band. Kanai and Suzuki [17] suggested
nitializing the path by Dijkstra’s algorithm and then proposed a
elective refinement strategy by subdividing the mesh around the
ath to repeatedly refine the up-to-date path. Martänez et al. [18]
roposed to keep down the intersection points between the path
nd mesh edges and iteratively straighten a local curved segment
etermined by three successive points. Xin and Wang [19] gave a
ast edge sequence constrained shortest path algorithm and sug-
ested updating the edge sequence if there exists a better path.
hese approaches are easy to implement, however they have
nly linear convergence rate, and their performance is highly
ensitive to initialization. Both [20] and [21] are based on energy
inimizing. Their difference lies in that the former minimizes the

otal length, while the latter is based on differential evolution
DE).

We also mention some works on computing a distance field,
hich is theoretically important since it serves as a base for
olving the other variants of the geodesic problem. We refer to
22] for a comprehensive survey. Some approaches are based on
avefront propagation. These methods [23–25] inherit Dijkstra’s
pirit to propagate discrete wavefronts from near to far. Due to
he global nature, these methods are able to find the globally
hortest path. Some approaches are based on PDE [26,27]. They
irst formulate the problem in terms of partial differential equa-
ions (PDEs) on a smooth manifold, then solve these PDEs in
he discrete setting, e.g., finite element methods (FEM) or other
umerical techniques. Some approaches take the input polygonal
esh as a graph. These methods [28–30] rely on the assumption
hen the graph is dense enough, the graph-induced distance is
ufficiently close to the real geodesic distance.
In this paper, we focus on computing geodesics on the para-

etric sweep surfaces, instead of the polygonized counterpart. On
ne hand, converting a sweep surface into a polygonal mesh is
ery tedious and inefficient. On the other hand, the surface-to-
esh conversion suffers from accuracy issues.

. Preliminaries

.1. Definition of sweep surfaces

Sweep surfaces are generally defined by moving a secti-
nal curve along a guide path, and thus can be represented by
(t, s) = x(t) + λ1(s, t)f1 + λ2(s, t)f2, where x = x(t) is the guide

path and C(λ1(s, t)f1, λ2(s, t)f2) gives the shape of the sectional
curve at the point x(t). Its geometric explanation is that the
sectional curve continuously varies with the base point on the
guide path.

In this paper, we understand the sweep surfaces from a differ-
ent perspective. Let the parametric form be Φ(t, θ ), where x =

x(t) is the guide curve. As Fig. 1 shows, Φ(t, θ )|t=t1 determines
a closed circumferential curve at x(t1). The vector (Φ(t, θ )|t=t1
x(t1)) must be perpendicular to the sweep surface:

Φ(t, θ ) − x(t)) ·
∂Φ(t, θ )

∂t
= 0. (3)

Specially, when the sweep surface degenerates to a conical sur-
face, Φ(t, θ )|t=t1 becomes a circle; and when the sweep surface
degenerates to a cylindrical surface, our definition is the same
 d

3

Fig. 1. Visualization of a sweep surface. (a) a sweep surface Φ(t, θ ) is defined by
guide curve x(t) which is shown using green curve. (b) Φ(t, θ )|t=t1 determines
a closed circumferential curve at x(t1) and varies with the parameter θ , forming
a star shape with the base point x(t1).

Fig. 2. (a) 2D sweep shapes can be defined by a central guide curve (colored in
red) equipped with a radius function. (b) d2y = d2x−d2r , where dx is the length
of a segment of the guide curve, dr is the corresponding change of radius and
dy is the length of the corresponding boundary segment of the sweep shape.

as the traditional definition. But in general cases, Φ(t, θ )|t=t1
varies with the parameter θ , forming a star shape with the
base point x(t1), which is to guarantee every angle θ produces a
unique point on the sweep surface. Note that the radius function
rt1 (θ ) := ∥Φ(t, θ )|t=t1−x(t1)∥ varies with θ . We have an addi-
tional requirement that the sweep surface cannot self-intersect,
i.e.,
∂r(t, θ )

∂t
≤ 1, (4)

for every t . The purpose of this requirement is to guarantee that
each point (t, θ ) can contribute a point on the sweep surface;
See explanation in [2]. Otherwise, the point given by (t, θ ) may
be located totally inside the sweep surface. To summarize, rather
consider all kinds of sweep surfaces, we concentrate on a special
class of sweep surfaces that can be parameterized into the above
form.

3.2. 2D sweep shapes

2D sweep shapes are much simpler than 3D sweep surfaces
but have similar properties. In 2D cases, we do not need the
parameter θ any more to define the sweep shapes. Instead, users
need to specify the guide curve x = x(t) as well as the radius
function r(t)(> 0) that measures the distance between x(t) and
the two corresponding boundary points.

We assume that there is a small segment x1x2 on the guide
urve, where r1 and r2 are the radii of points x1 and x2, respec-
ively. In the meanwhile, y1, y2 are the corresponding points on
he swept boundary. As Fig. 2 shows, the differential relation
etween them is:
2 2 2
y = d x − d r. (5)
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Fig. 3. For an infinitesimal patch whose parameters are in [t, t+dt]×[θ, θ+dθ ],
we have d2y = (d2x − d2r) + (rdθ )2 .

In the discrete setting, dx(= x′(t)dt) becomes ∥x1 − x2∥, dr
becomes |r1 − r2|, and dy becomes ∥y1 −y2∥. Therefore, we have

∥y1 − y2∥2
= ∥x1 − x2∥2

− |r1 − r2|2. (6)

Based on this, a path lying on the sweep boundary can be
approximated by a polygonal curve y0, y1, y2, . . . , yn, yn+1 whose
total length is
n∑

i=0

√
∥xi+1 − xi∥2 − |ri+1 − ri|2.

.3. 3D sweep surfaces

he 3D cases are more compli-
ated than cases in the 2D situ-
tion since they depend on both
and θ to measure the length

of a path. Geometrically speaking,
an infinitesimal segment of the
path can be roughly viewed as a
curved segment lying on a cylin-
drical surface or conical surface,
as shown in the inset figure. For
this reason, we can study the length problem by unfolding a local
part onto a 2D plane. Let x = x(t) be the guide curve. In the
ollowing, we shall build the relationship about how the length
y depends on the triple (dx, dr, dθ ), where r depends on t and
generally.
As Fig. 3 shows, we unfold an infinitesimal patch whose pa-

ameters are within [t, t + dt] × [θ, θ + dθ ] onto a plane. The
atch infinitesimal, upon unfolded, becomes a sector or simply a
ectangle. Let A = Φ(t, θ ), B = Φ(t + dt, θ + dθ ) be the two
ndpoints of the infinitesimal path. Let C be the point on the
urface with the parameters (t + dt, θ ). On the unfolded plane,

△ABC becomes a right-angle triangle. The Pythagorean theorem
indicates

|AB|2 = |AC |
2
+ |BC |

2.

BC is approximately an arc and thus has a length of r · dθ , while
AC can be inferred from the infinitesimal segment of the guide
curve and the infinitesimal change of radius:

|AC |
2

= ∥x1 − x2∥2
− |r1 − r2|2.

Therefore, the relation between dx, dr, dθ, dy can be character-
ized by

d2y = (d2x − d2r) + (rdθ )2. (7)

We further consider two problems. On one hand, the discrete
form of Eq. (7) is

∥y1 − y2∥2
= ∥x1 − x2∥2

− |r1 − r2|2 + (
r1 + r2

|θ1 − θ2|)2. (8)

2

4

n the other hand, Eq. (7) has three separate situations, depend-
ng on how r varies.

ase 1. r is a constant value. In this case, the relation degenerates
nto
2y = (x′(t))2d2t + (rdθ )2. (9)

Case 2. r depends on t , but is independent of θ . In this case, we
have

d2y = (x′(t))2d2t − (
dr
dt

)2d2t + (rdθ )2. (10)

ase 3. r depends on both t and θ . In this case, we have

2y = (x′(t))2d2t −

(
dr
dθ

dθ +
dr
dt

dt
)2

+ (rdθ )2. (11)

. Algorithm

.1. Discrete setting

As mentioned above, we intend to minimize the following
nergy functional [5]:

(γ (t)) =
1
2

∫ b

a
gγ (t)( ˙γ (t), ˙γ (t)) dt.

In the following, we discuss the formulation in the discrete set-
ting. Let y0, y1, . . . , yn, yn+1 be a sequence of points on the sweep
surface. The first point y0 and the last point yn+1 are fixed while
the other points are moveable. In fact, each point yi has a cor-
responding parameter pair (ti, θi). On the parameter domain, the
n + 2 points are connected into a 2D polyline. By mapping the
2D polyline onto the sweep surface, we can get a path totally
lying on the surface, which is the real path γ represented by
y0, y1, . . . , yn, yn+1. When the points are distributed very densely,
the length of γ is roughly equal to that of the 3D polyline
y0, y1, . . . , yn, yn+1. Therefore, we have

L(γ ) =

n∑
i=0

∥yiyi+1∥ + O(h), (12)

where h is the maximum gap between yi. Now we assume that
γ is a geodesic connecting y0 and yn+1. On one hand, y1, . . . , yn
have many different positional configurations even if each point
yi is on γ . On the other hand, there may exist a large gap in the
point sequence, making it fail to approximate the real geodesic
path γ .

Now we introduce a convex function Q = Q (s) satisfies
Q ′(s) > 0 and Q ′′(s) > 0 for s > 0. We have

Q (
L(γ )
n + 1

) = Q (
∑n

i=0 ∥yiyi+1∥

n + 1
) + o(

h
n + 1

)

≈ Q (
∑n

i=0 ∥yiyi+1∥

n + 1
)

≤

∑n
i=0 Q (∥yiyi+1∥)

n + 1
.

(13)

It can be seen that for a sufficiently large n (fixed), when∑n
i=0 Q (∥yiyi+1∥) is minimized, a necessary condition is

∥y0y1∥ = ∥y1y2∥ = · · · = ∥ynyn+1∥.

In the meanwhile, minimizing
∑n

i=0 Q (∥yiyi+1∥) makes L(γ ) also
minimized, and thus the polyline y0, y1, . . . , yn, yn+1 is able to
approximately represent the real geodesic. Inspired by [31], we
take Q (s) = s2 in this paper and consider the following objective
function

E(y1, y2, . . . , yn) =

n∑
∥yiyi+1∥

2. (14)

i=0
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hen the optimal configuration of y1, . . . , yn is found, we keep
he corresponding parameter pair (ti, θi) for yi, connect {(ti, θi)}n+1

i=0
into a 2D polyline on the parameter domain, and map the 2D
parameter polyline onto the surface.

4.2. Local rotation minimizing frame

There are two ways to define the sweep surface Φ(t, θ ). The
irst way is to transform the traditional representation Θ(t, s) =

(t) + λ1(s, t)f1 + λ2(s, t)f2 (guide curve + circumferential curve)
into Φ(t, θ ) (guide curve + radius function). The other way is to
define the guide curve x = x(t) and r = r(t, θ ) separately. Obvi-
usly, the second way is more convenient for designers to gen-
rate a sweep surface. However, we need to define the adapted
rame (e1(t), e2(t), e3(t)) at each point x = x(t).

In general, there are Frenet frame [32,33] and rotation min-
imizing frame (RMF) [34,35] as common frame forms. Although
the Frenet frame can easily be computed, its rotation about the
tangent of a general spine curve often leads to undesirable twist
in motion design or sweep surface modeling. For the rotation
minimizing frame (RMF), the normal plane vectors (e2, e3) exhibit
o instantaneous rotation about e1. Suppose that (ti, θi) is the ith
oint on the path. In order to repeatedly update θi to a better
onfiguration, one has to utilize the continuous change of the
rame (e1(t), e2(t), e3(t)) w.r.t. t . In our work, we use the double
eflection method [35], a typical rotation minimizing frame, to
ompute the RMF sequence at the parameter points {(ti, θi)}n+1

i=0 .
n fact, it is easy to infer e1(ti) by computing the tangent direction
of x = x(t). Let the initial right-handed orthonormal frame be
U0 = (o0, v0, w0) at t0, the next frame U1 = (o1, v1, w1) at t1 for
RMF approximation is obtained in the following two steps.

Step 1. Let ℜ1 denote the reflection in the bisecting plane of
the points t0 and t1 (see Fig. 4(a)). We use ℜ1 to map U0 to a
left-handed orthonormal frame UL

0 = (oL0, v
L
0, w

L
0).

Step 2. Let ℜ2 denote the reflection in the bisecting plane of
he points t1 + wL

0 and t1 + wL
1 (see Fig. 4(b)). We use ℜ2 to map

UL
0 to a right-handed orthonormal frame UL

1 = (o1, v1, w1).
In this way, the RMF at each ti can be determined. The whole

variable RMF can be taken as piecewisely linear along the guide
curve. Suppose that the two points yi, yi+1 are sufficiently close
to each other. We can map yi, yi+1 simultaneously to the frame
at ti+ti+1

2 and estimate their angle difference.

4.3. Objective function and gradients

By combining Eqs. (8) and (14), the objective function becomes

E({(yi)}ni=1) = E({(ti, θi)}ni=1)

=

n∑
i=0

∥yiyi+1∥
2

=

n∑
i=0

∥xi − xi+1∥
2
− |ri+1 − ri|2

+
1
4
|ri + ri+1|

2
|θi − θi+1|

2.

(15)

e take {(ti, θi)}ni=1 as driven variables, where xi = x(ti), ri =

(ti, θi). In the following, we discuss the gradients in three sit-
ations.

.3.1. Constant sweep radius

∇tiE = 2x′(ti)(x(ti) − x(ti−1)) + 2x′(ti)(x(ti) − x(ti+1)).

i = 1, 2, . . . , n.

5

Fig. 4. (a) The first reflection ℜ1 of the double reflection method. (b) The second
reflection ℜ2 of the double reflection method.

and
∇θiE = 2r2(θi − θi−1) + 2r2(θi − θi+1).

i = 1, 2, . . . , n.

4.3.2. Variable sweep radius r = r(t)

∇tiE = 2x′(ti)(x(ti) − x(ti−1)) − 2r ′(ti)(r(ti) − r(ti−1)) +
1
2
r ′(ti)

(r(ti−1) + r(ti))(θi − θi−1)2 + 2x′(ti)(x(ti) − x(ti+1)) − 2r ′(ti)(r(ti)

− r(ti+1)) +
1
2
r ′(ti)(r(ti+1) + r(ti))(θi − θi+1)2. i = 1, 2, . . . , n.

and

∇θiE =
1
2
(r(ti−1) + r(ti))2(θi − θi−1)

+
1
2
(r(ti) + r(ti+1))2(θi − θi+1).

i = 1, 2, . . . , n.

4.3.3. Variable sweep radius r = r(t, θ )

∇tiE = 2x′(ti)(x(ti) − x(ti−1))

− 2
∂r
∂ti

(r(ti, θi) − r(ti−1, θi−1)) +
1
2

∂r
∂ti

(r(ti, θi) + r(ti−1, θi−1))(θi − θi−1)2

+ 2x′(ti)(x(ti) − x(ti+1)) − 2
∂r
∂ti

(ti

, θi)(r(ti, θi) − r(ti+1, θi+1))

+
1
2

∂r
∂ti

(r(ti, θi) + r(ti+1, θi+1))(θi − θi+1)2.

i = 1, 2, . . . , n,

and

∇θiE = −2
∂r
∂θi

(r(ti, θi) − r(ti−1, θi−1))

+
1
2

∂r
∂θi

(r(ti, θi) + r(ti−1, θi−1))

(θi − θi−1)2 +
1
2
(r(ti, θi) + r(ti−1, θi−1))2(θi − θi−1)

+ 2
∂r
∂θi

(r(ti+1, θi+1)

− r(ti, θi)) +
1
2

∂r
∂θi

(r(ti+1, θi+1) + r(ti, θi))(θi+1 − θi)2

−
1
2
(r(ti, θi) + r

(ti+1, θi+1))2(θi+1 − θi). i = 1, 2, . . . , n.
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Fig. 5. A typical iterative process. Given an initial path (a), we iteratively minimize the objective function E. After 17 iterations (b–d), E is minimized and the
resulting path is a shortest path. As shown in the convergence plot (e), the total length decreases when E decreases. (f) shows the distributions of discrete geodesic
urvatures of our path and the exact path (discretized into a polyline.).
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u

.4. Implementation details

Suppose that the sweep surface Φ(t, θ ) is defined by a guide
curve x(t) and a radius function r(t, θ ). Let y0 and yn+1 be the
source point and the target point respectively. With the help of
explicit gradients, we find the best configuration of y0, y1, . . . , yn
based on the L-BFGS solver. The algorithm works on the param-
eter domain. The algorithmic pipeline is shown in Fig. 5.

Path initialization. First, we sample n points on guide curve
x = x(t) to generate an initial path γ0 that passes through y0 and
n+1, forming a sequence:

0, y1, . . . , yn, yn+1.

e use t to serve as the arc-length parameter of the guide curve,
nd find the parameter pair (ti, θi) for the point yi. At the same
ime, we compute the rotation minimizing frame at yi. The overall
accuracy is controlled by the number of intermediate points,
i.e., n. We shall analyze how the error is related to n later.

Refinement process. After that, we refine the point sequence
by repeatedly reducing the squared energy defined in Eq. (15).
The algorithm terminates when the length difference between
two successive iterations is less than an error tolerance ϵ. During
ach iteration, we feed the objective function E, as well as its
radients {∇tiE}

n
i=1 and {∇θiE}

n
i=1 into the L-BFGS solver to pro-

uce the next generation of point sequence. It can be seen from
ig. 5 that the path becomes shorter and shorter. For the example
hown in Fig. 5, the optimization terminates after 17 iterations. It
s worth mentioning that the objective function E is guaranteed
o monotonically decrease throughout the optimization, but the
ength L of the path may not monotonically decrease at the
eginning of the optimization. At the end of the optimization, E is
inimized and L cannot be shortened any more. We summarize

he above discussion into Algorithm 1.
Accuracy validation. In the continuous setting, an exact

eodesic path has zero geodesic curvature everywhere. Since the
esulting paths are represented by polylines, we can measure the
ccuracy of the resulting paths by computing discrete geodesic
urvatures. Let pi−1, pi and pi+1 be three successive points on the
esulting path. Then the discrete geodesic curvature for point pi
is
−−−→pi−1pi

∥
−−−→pi−1pi∥

×

−−−→pipi+1

∥
−−−→pipi+1∥

· n(pi),

where n(pi) is the surface normal at pi. In the meanwhile, we use
he fourth order Runge–Kutta method with an extremely small
tep to extract the exact geodesic path, and then discretize it
nto a polyline with the same number of points. Visualization of
he distribution of discrete geodesic curvatures shows that our
esult is highly consistent with the ground-truth, demonstrating
he high accuracy of our algorithm (see Fig. 5(f)).
6

4.5. Error and time complexity analysis

Considering that in the yielded point sequence, all the points
are equally spaced, and thus the thickness of gap is reduced to
half if the number of points is doubled. Imagine that the real
geodesic has a largest curvature κ . We will analyze how the error
reduced w.r.t. n.

Theorem 4.1. The error decreases quadratically w.r.t. n.

Proof. Without loss of generality, we assume that the real
geodesic has a curvature κ everywhere and the total length is
L. The curvature radius R is thus 1/κ . Let the gap between yi
and yi+1 be h when the number of inserted points amounts to n.
First, due to the property that the points are equally spaced, the
curved segment between yi and yi+1 has a length L

n+1 . The angle
Algorithm 1 Computing Geodesic Paths on Sweep Surfaces Using
Variational Method
Input: A sweep surface Φ(t, θ ) defined by guide curve x(t) and

radius function r(t, θ ); two points y0, yn+1 ∈ Φ(t, θ ); An error
olerance ϵ.
Output: A geodesic path on the sweep surface to connect the
ser-specified endpoints y0 and yn+1.
1: Extract a set of two-tuples {(ti, θi)}n+1

i=0 for the initial point
sequence;

2: Infer the RMF based on the current {ti}n+1
i=0 . // See more details

in Section 4.2
3: j := 0;
4: while the length difference between two successive itera-

tions is larger than ϵ do
5: Compute the objective function E as well as its gradients

with ti and θi;
6: Perform one iteration of L-BFGS, and take the resulting

point sequence as the initialization for the next iteration;
7: j := j + 1;
8: end while
9: Transform the sequence {(ti, θi)}n+1

i=0 onto the sweep surface.

between yi’s normal vector and yi+1’s normal vector is L
R(n+1) .

Therefore, we have

h = 2R sin
L

2R(n + 1)
.

Therefore, the error between the real geodesic and the polyline
should be

τ = |L − 2R(n + 1) sin
L

|.

2R(n + 1)
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Fig. 6. Computing shortest paths on various sweep surfaces.

ccording to Taylor’s expansion, we have

≈
L3

24R2(n + 1)2
,

which shows that the error decreases quadratically w.r.t. n.

As far as the time complexity is concerned, our optimiza-
tion based algorithm depends on the number of iterations and
the timing cost spent in each iteration. Obviously, during each
iteration, the required timing cost is linear to the number of
intermediate points, n. Therefore, the overall timing cost can be
estimated by O(nImax), where Imax is the maximum number of
terations.

.6. Path uniqueness

The uniqueness of geodesic path depends on the geometry.
oughly speaking, the geodesic paths connecting two points are
ot unique — different N ’s produce different N-round geodesic
aths. But it seems more interesting to discuss the path unique-
ess in each homotopic equivalence class. Image that we have
sweep surface that consists of only saddle points (negative
aussian curvature). Two curves are said to be homotopically
quivalent if one can be continuously deformed to the other
constrained on the surface). Given two points on such a surface,
he geodesic (connecting the two points) is unique in every
omotopic equivalence class. An extended observation is that if
he input is a straight or curved circular cylinder, the uniqueness
pproximately holds in each homotopic equivalence class. (The
bservation is not rigorous since a curved cylinder shape may
ontain non-saddle points.)

. Evaluation

We implemented our algorithm in Microsoft Visual C++ 2015,
ithout using any additional numeric packages. All the exper-

ments were conducted on a computer with Intel(R) Core(TM)
7-9700K CPU 3.60 GHz and 8 GB memory.

We list a set of experimental results to show that our algo-
ithm can compute shortest paths on sweep surfaces with various
uide curves; See Fig. 6. We shall evaluate the proposed algorithm
n different indicators in next subsections.
7

Fig. 7. Plot on how the timing cost and accuracy depend on the number of
inserted points. We can see that the more inserted points, the higher accuracy
we can get. In the meanwhile, the timing cost slowly grows as the number of
inserted points increases.

5.1. Error control

As mentioned above, our method can control the accuracy
using the number of inserted points. Users can set the number
of intermediate points to obtain various levels of accuracy. We
measure the relative difference |d(s, t) − d̃(s, t)|/̃d(s, t), where
d(s, t) and d̃(s, t) are the approximate and exact distances respec-
ively. Generally speaking, the exact geodesics on surfaces are not
eadily available, so we use the fourth order Runge–Kutta method
ith extremely small step size to extract the geodesic path as the
round truth. As Fig. 7 shows, the result becomes more accurate if
here n is larger. For example, when n is set to be 200, the relative
rror of path is about 0.61% and the timing cost is only 0.39 s.
In fact, there is an alternative way to roughly predict the

xact distance L using the conclusion of Theorem 4.1. Let L1 be
he approximate distance computed by setting n inserted points,
hile L2 be the approximate distance computed by setting 2n

nserted points. We have
L − L1
L − L2

= 4,

from which we can quickly predict L.

5.2. Run-time performance

The length optimization (LO) algorithm [20] takes the total
length as the objective function. Our function adopts a different
objective function and has better convergence rate. We visualize
how the path length and gradient norm decrease in Fig. 8. It
can be clearly seen that our algorithm has a higher convergence
rate than [20]. For example, our algorithm terminates after 15
iterations when the length difference between two successive
iterations is less than 1e−3. But LO requires over 60 iterations to
achieve the same level of accuracy.

In addition, higher accuracy requires more computational cost.
One of the advantage of our algorithm lies in that it is able
to achieve higher accuracy at a relatively small cost. We give
statistics on how the timing cost depends on n in Fig. 7 and
able 1. For example, when we set n to be 50, the timing cost
s about 0.13s. When n increases to 500, the timing cost is about
.62s.

.3. Quantitative comparison

Our algorithm distinguishes itself from the existing five rele-
ant methods.
Runge–Kutta method on tubular surfaces [2]. It is a compact

epresentation of tubular surfaces by specifying a centerline curve
(t) and a radius function r(θ ). Therefore, computing a geodesic
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able 1
etailed performance statistics. We compare four typical methods that are most relevant to our method. The number of inserted points, n, is set to be 50, 500, 1000
espectively.
Methods Surfaces

Performance

Ours (n = 50) Time (s) 0.129 0.206 0.219
Relative Diff (%) 1.420 1.513 1.483

Ours (n = 500) Time (s) 0.615 0.682 0.704
Relative Diff (%) 0.170 0.226 0.218

Ours (n = 1000) Time (s) 0.971 1.168 1.294
Relative Diff (%) 0.042 0.049 0.043

[14] Time (s) 0.357 0.419 0.473
Relative Diff (%) 1.810 2.107 2.411

[10] Time (s) 0.660 0.715 0.794
Relative Diff (%) 0.481 0.549 0.538

[19] Time (s) 2.07(tp) + 0.362(ts) 2.69(tp) + 0.741(ts) 3.67(tp) + 0.623(ts)
Relative Diff (%) 0.082 0.113 0.194

[20] Time (s) 2.07(tp) + 1.960(ts) 2.69(tp) + 2.713(ts) 3.67(tp) + 2.451(ts)
Relative Diff (%) 0.129 0.181 0.220

1 tp is computing time for surface meshing and ts is time of computing geodesic path.
Fig. 8. The plot on how the path length and its gradient norm decrease with
the number of iterations.

by utilizing the (t, θ )-domain is a proper choice. Traditionally,
ne can use the second-order Runge–Kutta method [2] to find
geodesic path. The differences between our approach and the
unge–Kutta method are mainly two-fold. On one hand, our
lgorithm runs faster and the required timing cost cannot climb
harply with the increasing of the resolution of the path (i.e., how
any intermediate points are used to represent the geodesic
ath). On the other hand, our algorithm is more flexible and
aturally supports the computation of N-round geodesic spirals.
Geodesic tracing on parametric surfaces [10]. As discussed

n Section 4.4, one can trace a geodesic path by enforcing a zero
eodesic curvature. Particularly, given a starting point as well as
starting direction, it is very easy to predict the points (in an
ppropriate gap) one by one. However, the tracing approach is
ard to deal with the situation of two-point geodesics. In addition,
t cannot report an N-round geodesic as the output.

Length minimizing methods [14,20]. In mathematics, a
eodesic path can be defined as a path with zero geodesic curva-
ure everywhere, e.g., an equatorial curve on the spherical surface.
owever, an equatorial curve is not stable and can be shrunk
o a much different configuration upon a slight disturbance.
n practical applications, those stable geodesics (with a length
inimum) are more useful. Therefore, there are many approaches

hat optimize the total length of the (polygonal) path until the
ength remains unchanged. Our algorithm is much different from
he existing length minimizing methods. First, our algorithm has
8

a higher convergence rate as our experimental results show. Sec-
ond, the existing length minimizing methods cannot guarantee
the uniformity of the intermediate points and thus easily shortcut
the ‘‘sinkhole’’ area.

Curve shortening methods on polygonal meshes [19]. There
are some research works that repeatedly shorten the initial curve
until the path length cannot be shortened any more. When the
input is a polygonal mesh, they alternatively perform the two
kinds of operations: (1) compute a shortest path restricted in a
face sequence, and (2) update the face sequence to a different
configuration to see if it can lead to a shorter path. Obviously, it
only applies to a polygonal mesh and cannot directly deal with a
parameterized sweep surface.

6. Applications

This section presents two interesting applications of the pro-
posed variational framework, including geodesic helix for fila-
ment winding and path evolution in animation simulation.

6.1. Geodesic helix for filament winding

In material science, filament winding
is an important fabrication technique
mainly used for manufacturing open
(cylinders) or closed end structures
(pressure vessels or tanks) [36,37]. This
process involves winding filaments
under tension over a rotating mandrel.
See inset figure for illustration. It is interesting to see if our
algorithm can be extended to solve geodesic helical curve for
filament winding.

Definition of geodesic helix. In fact, geodesic helical curves can be
viewed as an extension of the helix curve on cylinder surface. On
a cylinder surface, the circular helix H has a parametric equation:

x = r cos
t

√
r2 + s2

, y = r sin
t

√
r2 + s2

, z = ±
st

√
r2 + s2

, (16)

where r is the radius, 2sπ is the pitch, and t is the arc-length
parameter. If the outer normal of H is consistent to the cylinder
surface for all t > 0, it implies that H is a geodesic that is locally
shortest everywhere. In fact, accurately defining the N-round
geodesic helix is not easy since one has to set up the frames first.
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Fig. 9. Geodesic helical curves. (a) Users input an N-round initial curve. (b–c)
The 4-th iteration and the 8-th iteration. After 19 iterations, we get the final
geodesic spiral curve shown in (d).

Fig. 10. We compute geodesic helical curves initialized by N circles. The circle
umbers are 5, 10, 20 respectively.

n this paper, we solve the problem based on rotation minimizing
rames (RMF) so that the angle parameter θ is comparable for dif-
erent points. As Fig. 9 shows, users can input an N-round initial
urve by referring to the RMF at the source point. Then after 19
terations, our algorithm can report the final geodesic spiral curve.

omparison with existing helix algorithms. To our knowledge, Xin
t al. [38] extended circular helical curves to general tubular
hapes and proposed a method for measuring their length and
irth. Liu et al. [20] developed an optimization driven approach
n discrete surfaces to compute helical curves. Both of them work
n a polygonal mesh. For the sweep surface shown in Fig. 10,

they need 3.67 s to discretize the parametric sweep surface to
a triangle mesh with 273K faces. The former runs in 6.25 s for
a 5-round geodesic helical curve shown in Fig. 10, while the
latter requires 3.74 s. By contrast, our algorithm takes only 0.70 s
to compute geodesic helical curve, without any pre-computing,
which validates the advantages of our algorithm in terms of
performance.

Filament winding. The filament winding process lays down fibers
in alternating positive and negative orientations of the mandrel.
In order to guarantee the design mechanical properties of prod-
ucts, it is necessary to keep the fibers distributing evenly on the
mandrel. We further simulate the filament winding process using
our algorithm. Given the winding parameter N , our method can
asily generate various winding results distributing evenly on the
pecified mandrel. See filament results from sparse to dense in
ig. 11.

.2. Path evolution

In the field of animation simulation, there are some scenarios
here a 3D shape is progressively deformed by some non-rigid
ransformation techniques [39,40]. In this process, the change
f geodesic has spatial coherence. Based on this observation,
e take the deformation process as a sequence of geometrically
imilar shapes. We use the geodesic path in the previous frame
9

Fig. 11. Filament winding results using our algorithm. From (a) to (d), our
algorithm produces four results with various winding density configurations.
The timing costs are respectively 0.82 s, 1.37 s, 2.10 s and 2.85 s.

to initialize the geodesic in the next frame. Due to the spatial
coherence, our algorithm needs an inconspicuous timing cost to
accomplish the geodesic update.

Take Fig. 12 as an example where there is a sequence of
variable tubular shapes. Given two endpoints on a tubular surface,
our method requires about 100 ms to compute the geodesic path
(a polyline with 50 vertices) for the first frame. But after that,
each frame costs only about 10 ms to finish the update of the
geodesic path, which is due to the spatial coherence.

7. Conclusion

We develop a method for computing geodesic paths on sweep
surfaces. Unlike the existing discrete geodesic algorithms that
apply to polygonal meshes, we formulate a variational problem
by taking advantage of the parametric representation of sweep
surfaces. To solve the optimization efficiently, we represent the
geodesic path by a polyline with n vertices, where n is a user-
specified parameter for accuracy control. Instead of using total
length, our energy functional is the sum of squared lengths of
the polyline. Our algorithm is guaranteed to converge, and has a
super-linear convergence rate. We show that the resulting poly-
line has least total length and the n vertices are equally spaced
along the path. As a result, the limit of the polyline as n ap-
proaches infinity equals the real geodesic curve. We demonstrate
the effectiveness and high performance of our method through
extensive evaluations. We also show that our method can be
adapted easily to compute geodesic spiral curves.

Our current implementation does not support forky guide
curve due to the topology challenges. We will tackle the challenge
in the near future.
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Fig. 12. Real-time path update on a dynamic sweep surface. We use 50 intermediate points to encode a geodesic path. Thanks to the coherence, it costs only about
0 ms to update the geodesic for each frame.
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