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Abstract—Geodesics measure the shortest distance (either locally or globally) between two points on a curved surface and serve as a

fundamental tool in digital geometry processing. Suppose that we have a parameterized path y(t) = x(u(t),

x = x(u,v) Wlth y(0) =

fo (IIxu'(

H(e)*(’2

v(t)) on a surface

pand y(1) = ¢q. We formulate the two-point geodesic problem into a minimization problem
) +x,v/(t)||)dt, where H (s) satisfies H(0) = 0, H'(s) > 0and H”(s) > 0fors > 0. In ourimplementation, we choose
- 1 and show that it has several unique advantages over other choices such as H(s) = s> and H(s) = s. Itisalso a

minimizer of the traditional geodesic length variational and able to guarantee the uniqueness and regularity in terms of curve
parameterization. In the discrete setting, we construct the initial path by a sequence of moveable points {z;};_; and minimize

2imt H(|;

— z;11]]). The resulting points are evenly spaced along the path. It's obvious that our algorithm can deal with parametric

surfaces. Considering that meshes, point clouds and implicit surfaces can be transformed into a signed distance function (SDF), we
also discuss its implementation on a general SDF. Finally, we show that our method can be extended to solve a general least-cost path
problem. We validate the proposed algorithm in terms of accuracy, performance and scalability, and demonstrate the advantages by

extensive comparisons.

Index Terms—Variational method, shortest paths, geodesics, least-cost paths

1 INTRODUCTION

COMPUTING discrete geodesics [12] is a fundamental task in
computational geometry and has diverse applications
ranging from computer graphics [48], [49] to computer
vision [36]. Given a curved surface in 3D, a shortest path
(locally or globally) between two given points can be com-
puted by minimizing the total length using calculus of

o Na Yuan, Wenlong Meng, and Shiging Xin are with the School of Com-
puter Science and Technology, Shandong University, Ji Nan Shi, Shan
Dong Sheng 250100, China. E-mail: {yuanna_sdu, longwuya}@163.com,
xinshiqing@sdu.edu.cn.

o Peihui Wang is with ArcSoft, Hangzhou, Zhejiang 310012, China.

E-mail: peihui_wang@163.com.

o Shuangmin Chen is with the School of Information and Technology, Qing-
dao University of Science and Technology, Qingdao, Shandong 266101,
China. E-mail: csmqq@163.com.

o Jian Xu is with the Ningbo Institute of Materials Technology and Engi-
neering, Chinese Academy of Sciences, Beijing 100045, China.

E-mail: xujian@nimte.ac.cn.

e Ying He is with the School of Computer Science and Engineering,
Nanyang Technological University, Singapore 639798. E-mail: yhe@ntu.
edu.sg.

o Wenping Wang is with the Department of Computer Science, The Univer-
sity of Hong Kong, Hong Kong. E-mail: wenping@cs.hku.hk.

Manuscript received 4 February 2021; revised 30 November 2021; accepted 8
December 2021. Date of publication 14 December 2021; date of current version
28 February 2023.

This work was supported in part by the National Key R&D Program of China
under Grant 2021YFB1715900, in part by the National Natural Science Founda-
tion of China under Grants 62002190, 62272277, 52075526, and 91860204, in
part by the NSF of Shandong Province under Grant ZR2020MF036, in part by
the Singapore Ministry of Education under Grants RG20/20 and T2EP20220-
0014, and in part by the Strategic Priority Research Program of the Chinese Acad-
emy of Sciences under Grant XDA21010205.

(Corresponding author: Shiging Xin.)

Recommended for acceptance by P. Sander.

Digital Object Identifier no. 10.1109/TVCG.2021.3135021

variations. When the input is a polygonal mesh, the shortest
path problem is also known as the discrete geodesic problem [35].

In this paper, we focus on the “single-source-single-des-
tination” shortest path problem. Let p and ¢ be two fixed
points on a 3D surface S and y be an initial path connecting
them. In the usual way, one solves the two-point shortest
path problem by repeatedly shortening yp until its total
length remains unchanged. Most of the existing geodesic
algorithms [27], [32], [34], [55], [59] support only mesh sur-
faces as the geometric domain and operate on a certain
edge/face sequence, causing a very restricted use, which
motivates us to decouple computation of geodesics from
geometric domains so that users don’t need to care about
the surface representation type.

In fact, the two-point geodesic problem can be under-
stood from a variational perspective. Given a parametric
surface x = x(u, v) as well as a family of curves x(u(t), v(t))
with p = x(u(0),v(0)) and ¢ = x(u(1),v(1)), the geodesm
between p and ¢ can be found by minimizing fo Ix,u' (t) +
Xy '(t)|dt. There is an 1nterest1ng observation [21] that
f Ix, ' (t) + x,0/(t)[°dt, or even f( (%' () + x,2' ()])dt,
serves as an alternative variational form for length minimi-
zation, where the kernel function H = H(s) satisfies
H(0)=0,H'(s) > 0and H"(s) > 0 for s > 0. The different
variational framework naturally leads to existence and reg-
ularity (in terms of curve parameterization), and owns nicer
properties than the original variational formulation.

In this paper, our approach is based on the above obser-
vation. In implementation, we approximate the real geode-
sic by a sequence of points {x;};_, that are constrained to
move on the surface and minimize > H(||z; — zi1]))
instead of the total length 3 ||z; — 2;41]|. The point sequence
yielded by our approach is evenly spaced along the path
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while approximating the real geodesic path. Our tests show
that H = ¢* — 1 is a better choice than H = s2 and H = s.
The biggest advantage of this framework lies in that it can
operate on a signed distance function (SDF) representation
that encodes the geometry of a 3D shape regardless of the
geometric domain. Furthermore, we give an easy-to-use
strategy to generate an initial path that fits the surface
closely. Extensive experimental results show that the pro-
posed algorithm outperforms the existing two-point geode-
sic algorithms in terms of accuracy, performance and
scalability, which is validated on meshes, point clouds,
implicit surfaces and parametric surfaces. Finally, we use it
as a hammer to solve many variant geodesic problems
including the least-cost path problem. Our contributions are
three-fold:

1) We propose a new variational framework to find
geodesics and discuss various choices of the convex
kernel function. It can not only naturally lead to a
geodesic path but also guarantee that the optimal
points are evenly spaced when the algorithm
converges.

2) Based on the observation that SDF decouples the
geometry representation from geometric domains,
we devise a SDF based geodesic algorithm that can
work across various geometric domains. At the same
time, we give different initialization strategies for
different geometric domains.

3) Based on the powerful geodesic solving framework,
we discuss some variant geodesic problems and
extend our algorithm to the least-cost path problem.

The remaining of the paper is organized as follows. Sec-

tion 2 reviews related works on discrete geodesics and
least-cost paths. Sections 3 and 4 respectively give the for-
mulation and our algorithm, followed by the evaluation on
performance/accuracy in Section 5. In Section 6, we talk
about some extensions of our algorithm as well as some
potential applications. Finally, we conclude this paper in
Section 7.

2 RELATED WORK

In this section, we review the existing geodesic(either locally
or globally) algorithms on various geometric domains.
Besides, we shall introduce some related research works on
variant geodesic problems and the least-cost path problem
as well.

2.1 Shortest Paths on a Polygonal Mesh
2.1.1 Discrete Shortest Geodesic Distance Field

Given a polygonal mesh, computing a discrete shortest geo-
desic distance field rooted at some given source point is the-
oretically important since it serves as a base for solving the
other variants of the geodesic problem. There is a large
body of literature on this problem; See [7], [17] for a survey.
Wawvefront Propagation. Like that Dijkstra’s algorithm opti-
mizes the distance to reach the goal, the spirit of wavefront
propagation is widely used to compute the shortest geode-
sic geodesic distance field on a polygonal mesh [8], [17],
[33], [35], [38], [56], [58], [61]. To our best knowledge, most
of the existing exact shortest geodesic algorithms are based
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on wavefront propagation. Based on the observation that
the edge sequences helpful for determining a shortest path
are finitely many, one can arrange the possible shortest
paths by windows. The key to design an exact shortest geo-
desic algorithm lies in enumerating all possible windows
while effectively filtering out those useless windows. For
exact shortest geodesic algorithms, the required timing cost
climbs sharply with regard to the mesh complexity.

PDE Based Approaches. PDE is also a useful tool for report-
ing an approximate discrete shortest geodesic distance field.
Crane et al. [12] proposed a heat equation based method
that initializes the source point with a unit of heat, diffuses
it in a very short time and finally rebuilds the shortest geo-
desic distance field by normalizing the gradients of the heat
field.

Solomon et al. [47] showed that the optimal mass trans-
port between a Dirac delta distribution and a uniform distri-
bution reflects how a particle of unit mass undergoes
geodesic motion. In addition, the fast marching method [42]
is a numerical solution to the Eikonal equation but the algo-
rithmic paradigm is closer to a wavefront propagation
algorithm.

Graph Based Approximation. Another kind of approxima-
tion approaches is graph based. The rationale behind is that
a sufficiently dense graph is able to well approximate the
real intrinsic distance.

Aleksandrov ef al. [3] suggested adding a logarithmic
number of Steiner points along each edge of the mesh,
which are placed in a geometric progression along an edge.
Then it takes O(mnlog(mn)+ nm?) time to compute a
(1 + ¢)-approximation geodesic path, where n is the mesh
complexity and m is the total number of Steiner points. Xin
et al. [57] adopted a different strategy by adding m (speci-
fied by the user) uniformly distributed auxiliary points on
the mesh. Then they constructed a graph with O(m? + n)
edges in O(mn?log (n)) time. Ying ef al. [60] proposed a pre-
computed data structure, named by saddle vertex graph
(SVG), which supports a divide-and-conquer distance
query. Wang et al. [50] developed a discrete geodesic graph
(DGG), which enables direct error control. Recently, Adiku-
suma et al. [1] developed a new method for constructing the
DGG in a direct and efficient manner based on an accuracy
aware window propagation scheme.

Smooth Distance Fields. Although speed and accuracy are
two commonly used measurements of evaluating a discrete
shortest geodesic algorithm, one may desire a smooth dis-
tance metric on some occasions. There are several research
works belonging to this category, such as commute dis-
tance [20], diffusion distance [11], biharmonic distance [31]
and heat diffusion induced distance [12]. For example, the
above mentioned heat method [12] formulates the geodesic
problem using only standard differential operators and
solve a pair of standard linear elliptic problems to report a
smooth distance field. Cao ef al. [7] used quadratic program-
ming to seek for a balance between the accuracy and the
smoothness.

2.1.2 Two-Point Shortest Path Problem

There are some occasions where one needs to query the geo-
desic distance, and possibly the corresponding path as well,
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between a pair of fixed points p and ¢. Rather than compute
the p-rooted distance field or the g-rooted distance field, the
commonly used way is to shrink an initial path until it can-
not be shortened any more. Kanai and Suzuki [27] sug-
gested initializing the path by Dijkstra’s algorithm and then
repeatedly refining the initial path based on a selective
refinement strategy. Martinez et al. [34] proposed to keep
down the intersection points between the path and the edge
sequence, followed by iteratively straightening a local
curved segment given by three successive points. Xin and
Wang [55] developed a fast edge sequence constrained
shortest path algorithm and suggested updating the edge
sequence if the nearby edge sequence is able to induce a
shorter path. Liu et al. [32] considered the geodesic path
problem from the perspective of optimization and proposed
to minimize the total length > ||z; — ;41| using the L-BFGS
solver. Later, Ye ef al. [59] developed a differential evolution
(DE) based method by energy minimizing. Very recently,
Sharp et al. [44] introduced an edge-flip technique. The algo-
rithm repeatedly flips the connections between vertices
until all the destinations are connected to the source point
using a geodesic path. To summarize, most of the existing
two-point geodesic algorithms [27], [32], [34], [55], [59] are
devised for a certain kind of geometric domain, causing a
restricted use. The goal of this paper is to decouple geodesic
computation from geometric domains such that users don’t
need to care about the specific surface representation (mesh,
point cloud, implicit surface and parametric surface). Even
when the input is a mesh, we hope that the timing cost is
almost independent of the mesh complexity.

2.2 Shortest Paths on Point Cloud or
Implicit Surface

Mémoli and Sapiro [18] suggested enclosing the input point
cloud with an offset band and approximating the real short-
est geodesic distance in that band. The above-mentioned
heat method [12] can also deal with a point cloud as the input
as long as the graph based differential operators can be
defined. Yu et al. [62], [63] proposed to generate a Cartesian
grid such that the geodesic computation can be directly per-
formed on the grid based implicit representation. Seong et al.

[41] developed a bounded 3D Hamilton-Jacobi (H-]) equa-
tion solver to compute curvature tensor-based anisotropic
geodesic distance on parametric and implicit surfaces.

In fact, it’s more flexible to approximate a geodesic as a
sequence of nearly evenly spaced 3D points and keep refin-
ing the path until it cannot be shortened any more. Based
on the observation, Hofer and Pottmann [22] extended
splines from euclidean spaces to a curved manifold surface,
where they used Y ||zis1 — #;||* to drive the optimization.
Ruggeri et al. [39] introduced an additional term to constrain
the moveable points on the surface. In fact, fol H(|x,u' (t) +
x,V'(t)|)dt is a more general variational form for finding the
geodesic, where H = H(s) satisfies H'(s) > 0 and H"(s) >
0 for s > 0. The research work of this paper is based on this
observation.

2.3 Geodesic Paths on Parametric Surface

Due to the correspondence between the original surface and
the parameterization plane, the task of finding a shortest
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geodesic on the original surface can be reduced to the
parameterization plane instead. For example, Beck et al. [5]
suggested computing geodesic paths on a bicubic spline
surface by using the fourth order Runge-Kutta method,
while Sneyd and Peskin [46] proposed a numerical imple-
mentation based on a second order Runge-Kutta method.
Both of the approaches operate on the parameterization
plane. Jin ef al. [26] presented the geodesic spectra in the
sense of conformal structures based on an observation that
under the uniformization metric, each homotopy class of
closed curves has a unique geodesic.

2.4 Variant Versions of the Geodesic Problem
Although the shortest geodesic path is of most interest in
the majority of cases, one may need to find other types of
geodesics sometimes.

Geodesic Loops. Closed geodesic paths, also named geode-
sic loops [10], [54], can be used to measure the shape thick-
ness from the intrinsic perspective. On one hand, they are
helpful for interactive shape segmentation. On the other
hand, Dey and his co-authors [13], [14], [15] proposed a
series of research works on computing geodesic handle
loops and tunnel loops that are able to characterize the topo-
logical features.

Non-Shortest Geodesics. From the perspective of differen-
tial geometry, a path is said to be a geodesic if the geodesic
curvature vanishes at every point. Take the initial-value
geodesic problem [9], [23], [24], [37] for example. The task of
geodesic marching is to repeatedly extend the initial curve
into a long zero-geodesic-curvature curve. Another example
about non-shortest geodesics is to find a geodesic spiral [53]
like that achieved on a cylindrical surface. In this paper, we
propose to shorten an initial curve into a geodesic - gener-
ally the resulting curve and the initial curve are still homo-
topy equivalent.

Surfaces With Isotropic/Anisotropic Metrics. A Rieman-
nian 2-manifold surface embedded in 3D is equipped with a
tensor T'(z) € R*? at each point z, where T is a positive
symmetric matrix. The length of a piecewise smooth curve
7(s), s € [0,1], can be measured by

L) = [y T s o

When T'(x) has a form of A(z)I, the Riemannian metric is
reduced to be isotropic. Computing geodesics on surfaces
with isotropic/anisotropic metrics [6] is very necessary in
many applications.

2,5 Least-Cost Path

The least-cost path problem [2], [4], [28] can be viewed as an
extension of the geodesic problem. It aims to find the opti-
mal path in a cost equipped domain. Even if the least-cost
problem has no analytic solution, our algorithm still works
well.

The cost function can be distance, time cost, potential
energy, etc. Some typical least-cost path problems include
the Brachistochrone curve problem [25], the Catenary curve
problem [45], the motion planning problem [43] and the tra-
jectory planning problem [40]. In this paper, we directly
compute a sequence of intermediate states to approximate
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the least-cost path, where the intermediate states are equally
spaced in terms of the cost difference. Take the Brachisto-
chrone curve problem [25] for example. The goal is to find
the optimal curve that can minimize the total travel time. In
implementation, we minimize ) H(Cost(s; ~ s;41)), where
s; ~ s;+1 denotes the transition from the ith configuration to
the (i + 1)th configuration, and Cost(s; ~ s;;1) is the corre-
sponding cost.

3 FORMULATION

3.1 Geodesic Functional
Given a differential Riemannian manifold .#, the length of a
continuously differentiable curve y : [0,1] — Sis defined by

1
L(y) = / 1Y (0], @

where p def y(0) and ¢ dlef y(1) are the source/target points.
Given a convex function H = H(s) satisfies H'(s) > 0 and
H"(s) > 0fors > 0, we shall show the following variational

E(y) = / H(lY ()l])dt, 3)

has the same critical points with L, up to reparametrization.
According to Jensen’s inequality, we have

aw) =a( [ 1 ol) < [ H0Y 0he=E0).

The equality holds if and only if the path y(¢) travels at
constant speed. The first variation of E(y) can be defined by

0
SE(Y)(#) = g7 1o E( + 1), (5)

whose critical points are precisely the geodesics. Based on
this, Gorodski [21] proved the equivalence between mini-
mizing E(y) and minimizing L(y) for H(s) = s2. In fact, the
proof can be naturally extended for a convex function
H = H(s) that satisfies H'(s) > 0 and H"(s) > 0 for s > 0.
As pointed out in [21], the minimizer of L(y) doesn’t own
the uniqueness and regularity - generally arbitrary repara-
meterizations are allowed. In contrast, the minimizer of
E(y) is able to unify those reasonable functions within each
isotopy class into a unique function.

Choice of H. In the past literature [22], [39], H(s) = s* is
used to approximate a geodesic. In this paper, we mainly
consider three choices of H, i.e., (a) H(s) = s, (b) H(s) = s?
and (c) H(s) = ¢ — 1. We shall explain why H(s) = e’ — 1
is a good choice in Section 4.3.

Curved Surface. Imagine that we have a parametric sur-
face x = x(u,v), then for a curve y = y(u(t),v(t)),t € [0,1],
we have y/(t) = x,u/(t) + x,v/'(¢). In this case, the objective
function becomes fol H(|x,u'(t) + x,/(t)])dt.

3.2 Discrete Setting

In the discrete setting, we use a strictly convex and monotoni-
cally increasing function H. Suppose that zo(=p),z1, 2,
-+, &, Tny1(= q), are points sampled from the path y(p,q).
Then the length |y(p,q)|| can be approximated b
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Fig. 1. Overview. Our method is a universal computational framework
that works for various geometric domains, such as polygonal meshes,
point clouds, implicit and parametric surfaces. Different from conven-
tignal length shortening, we minimize > H(|ziziqi]]), where H(s) =
e’ — 1. “N.A.” means the step may not exist.

> \lwizita]l as long as zy,x2,- -, z, are sufficiently dense,
ie., & £max;||x;z;11|| is sufficiently close to 0.

Hl —=)=H iTi
(n+1> (nHanHH)ﬂ(nH)

1
< Y Hllmsal o ). ©

or

When the equality holds, it implies: (1) the point sequence
nearly defines a geodesic path, and (2) the intermediate
points are equally spaced, ie., |zozi] = [|zi122] = -+ =
|ZnZni1||. This observation motivates us to minimize
> H(||zizi1]|) instead of the total length > ||z;z41]|

. def
Minimize, yn | E(z1, 29, -, xp) = ZH(HzLleH),
X, €S

subject to Ty, T, -

4 ALGORITHM

4.1 Algorithm Overview

Based on the formulation in Section 3, we propose an opti-
mization driven approach for computing the shortest path
between two given points. We first give an overview of our
algorithm in Fig. 1. It mainly includes two steps, (a) path ini-
tialization and (b) path optimization; See Algorithm 1 for
the pseudo-code. In the following, we shall detail the two
constituent steps, followed by discussing the implementa-
tion for each separate geometric domain.

4.2 Path Initialization

Without doubt, the easiest way to take the straight-line seg-
ment between p and ¢ as the initial path, as Fig. 2a shows.
However, even if we sample a large number of points from
the straight-line segment, we observe that the resulting path
may be still trapped by a “sinkhole” (see Fig. 2b) although
the objective function reaches a local minimum at this
moment (we will explain the failure later). For this case, the
resulting point sequence is not equally spaced, and there is
a long segment [ as shown in Fig. 2b.
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Initialized by
(a) a straight-line segment (b) Resulting path of (a)

Initialized by
(c) a carefully designed path (d) Resulting path of (c)

Fig. 2. If we use the straight line segment between the two endpoints as
the initialization (a), the optimization process may be trapped by a
curved shape variation (b). Therefore, in this paper, we use a carefully
designed path as the initialization instead (c), it is able to lead to a mean-
ingful shortest path (d).

Algorithm 1. Computing a Shortest Path on Various
Domains

Input:

A 3D model M that facilitates the projection operation;

A source p and a destination g;

An initial path ) (p, q).

Output:

An approximate shortest path y*(p, ¢) lying on the surface M;

1:  Extract a set of samples {xﬁo)};‘zl from the initial path
v (p. q);

2: Compute the objective function E(.r<10>, ,r(;)), e

as its projected gradient vE(zgo),xéﬂ), e

tangent plane);
3: while ||vE(z}, 25, 2))| ,|| > e do

Pro%ect each point of {z'}"_ onto the surface of M to get

L)), as well

V)| , (onto the

7 n

A S _
5: Compute E(xy"| 425" | 4. a)| 4);
6:  Compute the gradient of E as well as the projected gra-
; () () )| .
dients VE(QT] |,///7 Ty |,///? > Ly |//) |%/’

7:  Perform one iteration of L-BFGS according to E and vE| ,,
yielding {z{""}1_,;

end while

Transform the resulting point sequence such that it is com-

patible with the original geometric domain.

o ®

4.2.1 Find an Initial Path

If the input is a parametric surface, the initial path can be
found in the 2D parameterization plane. If the input is a
mesh surface, the initial path can be given by Dijkstra’s
algorithm. In the following, we mainly talk about how to
find an initial path assuming that the input is a general
implicit function or signed distance function.

1955

(c) 2D

(d) 3D

Fig. 3. Path initialization. (a) Add a valid new node into the tree.
(b) Refuse an invalid node. (c) Run RRT for the 2D implicit function
flz,y) = 2 + 9> + 3zy + 3sinzcosy — 1 = 0. (d) Run RRT for a 3D
sphere.

One may hope that the algorithm has better not depend on
the initial path. However, there may exist multiple geodesic
paths between two points (possibly with different lengths). In
practice, we need to find an initial path that is as close as possi-
ble to the target geodesic path. For an implicit representation,
however, it is hard to directly predict a rough path due to lack
of the knowledge about global shape variation if without any
precomputation. In the following, we talk about a rapidly-
exploring random tree (RRT) [30] based initialization tech-
nique. We take f(z,y,2) = 0and f(z,y, z) = e as two obstacles,
followed by finding a path in the sandwiched space.

Fig. 3 gives a 2D example and a 3D example for initializ-
ing the path. In implementation, we first initialize the tree
with the starting point p. We then randomly generate a
point y in the sandwiched space given by f =0 and f =e.
Let 2 be the nearest node on the up-to-date tree. We move y
to i such that ||zy||" has a length of § (a small constant). As
shown in Fig. 3a, we accept a new node ¥/ if f(y/) < 0. Oth-
erwise, if ¢ is outside of the sandwiched space, we refuse v/;
See Fig. 3b. The overall search process terminates until 3/ is
in a distance of less than § to the destination point g. Finally,
we project the path onto the surface (see Fig. 3d), finishing
path initialization.

4.2.2 Check the Validity of an Initial Path

Suppose that we obtain a point sequence p,x1, 22, -, Zpn, q
that cannot be shortened any more (when the optimization
terminates). We keep down the value of the objective func-
tion, i.e., E;. After that, we find the middle point of each seg-
ment and insert the n + 1 points back into the sequence and
the sequence becomes

PsY1,%1,Y2, 22,y Tny Yn+1s Tnt1, G-
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Taking it as the initial path, we can get another short-
ened point sequence whose corresponding value of the
objective function is E;. It is observed that when
D,T1,2, ,Ty,q are equally spaced on the surface (no
artifact exists),

E; _

E . tim nx H(L/n) H(s)
Ey  n=oo2n x H(L/(2n))

= H(s/2)” ®

where L is the total length and Sdgf L/n. Based on
L'Hopital’s rule, we discuss E—l in the following three
situations.

(1) H(0) # 0: E;/Ey =~ 1/2 when the number of points is
doubled, and E — +o00 as n approaches infinity.

(2) H(0) = 0 but H'(0) # 0: E;/E2 ~ 1 when the number
of points is doubled, and E approaches the real geodesic dis-
tance when n is sufficiently large.

(3) H(0) =0,H'(0) =0 but H"(0) # 0: E,/Ey ~2 when
the number of points is doubled, and E — 0 as n approaches
infinity.

Therefore, we can utilize the above observation to check
if the resulting point sequence is able to well approximate a
real geodesic path. When the resulting path may be trapped
by a “sinkhole”, there always exists a long segment that can-
not be shortened any more. It's observed that if we select a
function H belonging to the third situation, i.e., meeting
H(0) =0,H'(0) =0 but H"(0) # 0, it is very easy to detect
the bad path initialization. To be more detailed, E; /E ~ 2
in normal situation while E; /E, is far less than 2 when the
initial path doesn’t fit the surface well.

We must point out that some convex functions like
H(s)=e*,H(s) = e, H(s) =e® —1, belonging to the first
or second situation, can also be used to shorten the initial
path, but cannot be used to check the validity. That's why
we recommend H(s) = s> or H(s) = e — 1 in this paper.
As Fig. 4 shows, H(s) = ¢ — 1 has a better convergence
rate than the other convex functions.

4.3 Path Optimization
4.3.1 Gradients

Let xg dgf p and 1 dgf q be respectively the fixed source
and target points. Recall that the objective function is

n
E(x1, @2, 20) = Y H(|lwivs — ), 9
=0

whose gradients w.r.t. z;,1 <14 < n are

Ti — Ti1
v, B = H (|xjp — ;]]) ——+1
T (H i+1 7“) ||xi+l — Iz”

Ti — Tj—1

+ H'(lzi — i) (10)

lzi — x|

Specially, for different choices of H: (a) H(s) = s, (b) H(s) =
s?, and (c) H(s) = e — 1, the gradients w.r.t. z; are

respectively
(a) vME Ti—Tit]

— [ |
i1 —ill

i1 —aill 7

(b) ViE=2(x; —xip1) +2(x —xio1),

© V,E= 2ellei=zintl® (z; — zi41) + 2elomil (z; — 2;4)
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Fig. 4. Testing the kernel convex functions on a 2D plane: (1) H(s) = s,
(2) H(s) = 5%, and (3) H(s) = ¢ — 1, where the number of intermediate
points is 200. In order to make the comparison fair, the vertical axis of (f)
shows how the relative error of the total length decreases during the opti-
mization. It can be seen that H(s) = s> and H(s) = ¢ — 1 can achieve
better convergence rate than H(s) = s; Furthermore, H(s) = e’ —1is
slightly better than H(s) = s°.

When the input is a parametric surface such that z; can
be written as x; = (u;,v;), then we have
Vi, E =V, E- V|

Ui

and

v, E=V,E- V2l

Ui, V5 °

4.3.2 Projection Operation

In our algorithm, the intermediate points {z1, zs,- -, x,} are
moveable but constrained on the underlying surface. There-
fore, we need a projection operation to facilitate the running
of our algorithm. To be more specific, there are two occa-
sions where one needs to project a point/vector onto the
surface. First, each time when an arbitrary point z; is
updated to a new position, it needs to be projected onto the
surface. Second, we need to guarantee that the gradients w.
r.t. z; are located on the tangent plane at x; such that v, E is
transformed into v, E| ,:

def

v B| & v, E - Dot (v, E, ) 7, 11

where 7 is the unit normal vector of the tangent plane at ;.
We shall explain how to implement the projection operation
for various geometric domains in later subsections.

4.3.3 Optimization

With the support of gradients, we use the L-BFGS solver to
minimize E. The termination condition is || v,,E| .|| < 107%.
In Fig. 4, we set up a two-point geodesic algorithm on the
2D plane to test the kernel convex functions: (a) H(s) = s,
(b) H(s)=s?, and (c) H(s)=e" —1. It's observed that
H(s) = e’ — 1 outperforms the other two functions and
achieve an accuracy of 107® after 300 iterations. As shown in
Table 1, we test the kernel convex functions on different 3D
models. It can be seen that H(s) = e’ —1 requires less itera-
tions to achieve an accuracy level of 1073
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TABLE 1
Testing the Kernel Convex Functions on 3D mzodel: (1) H(s) = s,
(2) H(s) =s*,and (3) H(s) = ¢ — 1

H(s) =sH(s) = s*H(s) =e’ 1

Duck(179 vertices) Fig. 8 212 101 80
Dragon(201 vertices) Fig.9a 249 92 85
Neptune(504 vertices) Fig.9a 431 223 215
Squid(62 vertices) Fig. 9a 274 58 51

From the statistics about the number of iterations, it can be seen that
H(s) = ¢* — 1 requires less iterations to achieve an accuracy level of 1073.
(The number of vertices past through by the initial path is also included in the
table.)

4.4 Running on Various Geometric Domains

Based on the above discussion, there are three kinds of
plugin operations, including initialization, projection and
path postprocessing, to facilitate the running of the algo-
rithm framework when one uses it to deal with a specific
geometric domain. Table 2 summarizes the required opera-
tions for different geometric domains, where ”"-” means
unnecessary operations.

4.4.1 |Initialization

As mentioned in the previous section, one can simply con-
nect the source point p and the target point ¢ using a
straight-line segment, and then take a set of sample points
from the segment. However, even if the number of sample
points is very large, the resulting path may be trapped by
the highly curved shape variations.

Initialization on mesh or point cloud. For meshes or point
clouds, Dijkstra’s algorithm can provide an appropriate ini-
tial path.

Initialization on implicit surface. One needs to use the RRT
based technique proposed in Section 4.2.1 to refine the ini-
tial path.

Initialization on parametric surface. Imagine that we have a
parametric surface x = x(u,v). For this type of geometric
domain, we conduct initialization/optimization directly on
the parameter domain. The objective function becomes

E(uhu?a sy Up iU, V2,0 'aUIL)

= 3 H(Ix(1,000) = X )] 12
=0

Given a source point positioned at (ug, vp) and a target point
positioned at (w,1,vn+1), we connect them into a straight-
line segment in the parameter plane and extract n equally
spaced points from the segment. When the objective func-
tion E cannot be reduced any more, we check whether the
points are equally spaced.

4.4.2 Projection

Recall that our algorithm framework requires that each
moveable point z € S moves in the tangent plane at z. In
order to constrain the path on the surface throughout the
optimization, we need to repeatedly project z onto S each
time the position of z is updated.

Projection on mesh. When the geometric domain is a mesh,
PQP [29] is commonly used choice for this purpose.

1957
TABLE 2
Three Plugin Operations on Various Geometric Domains
Initialization ~ Projection Post-
processing
Meshes Dijkstra’s PQP [29] *
algorithm
Point clouds Dijkstra’s MLS [19] -
algorithm
Implicit surfaces RRT algorithm * *
Parametric * - -
surfaces

Projection on point cloud. When the input is a point cloud,
MLS [19] becomes a desirable choice.

Projection on implicit surface. If the input is an implicit sur-
face f(z) = 0, one needs a projection operation to guarantee
that the points move on the surface. We can project « onto
the surface along the reverse direction of V, f. Let z* be the
projection point. By taking = — «* = uV, f into

0= f(@") ~ f(a) + (V) (" — ) a3
we get
w=F@)/IV.SIP, (4
and
o =a— (F@)/IV:fIP) Vst a5

The accuracy can be enhanced by repeatedly performing the
projection operation.

Projection on parametric surface. When the input is a
parametric surface, the optimization is conducted directly
on the parameter domain, and thus there is no need to per-
form projection operations.

4.4.3 Path Post-Processing

Path post-processing on mesh. In fact, for most application occa-
sions, it suffices to report a polygonal curve as the output.
However, sometimes one may have a special requirement - the
geometric representation of the final path must be compatible
with the input geometric domain. Take meshes for example. If
we simply connect the point sequence yielded by our algo-
rithm into a polygonal curve, then the path is not totally lying
on the mesh surface - it’s better to find the corresponding edge
sequence and report the intersection points with the edges.

It's worth noted that the resulting path yielded by the
optimization can only guarantee that each point in the point
sequence is located on the surface. But the segments
ziTit1,t =0,1,2,---,n are not completely lying on the sur-
face generally. Sometimes there is a need to find the edge
sequence past by the path. In the following, we shall use a
fast projection technique to achieve this purpose.

For the trivial case that the two endpoints x;,2;;1 are
inside the same triangle, we directly connect them; See
Fig. 5 (Case #1). Otherwise, we first project the point x;;;
onto the plane of the triangle A ABC containing z;, yielding
a projection zj, ,; See Fig. 5 (Case #2). Generally z} , is
located outside AABC' By connecting x; and «}, ,, it is very
easy to compute the exit point y; where the path leaves
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Fig. 5. Path projection. If the two endpoints z;, z;, are inside the same trian-
gle, we directly connect them. Otherwise, we project the direction z;z;, onto
the plane of the triangle A ABC containing z;, producing a ray rooted at ;.
Suppose that the ray intersects the boundary of AABC at y,. We further
consider how to project the segment y, ;.1 onto the neighboring triangle
A BCD. Finally, we get the complete projected path.

AABC and enters the adjacent triangle. All the edge points
past through by the path can be found in turn by repeating
the process; See Fig. 5 (Case #2).

The algorithm works well except the following case: the
projection point z;_, is located inside A ABC, causing failure
in inferring the exit point for AABC. Based on our experi-
ence, the rare case happens when (a) the number of points, n,
is too small, and (b) there is a huge variation of normal vec-
tors along the path. We can find a plane II containing x; and
z;11 and trace the sub-path between z; and z;;; by intersect-
ing the surface with II. The plane equation is

n; + Njt1

(m_xi)'( 2

where n;,n;;; are respectively the normal vectors at z; and
zit1, and “x” represents the cross-product operation.
Finally, we skip the face interior points and output the edge
points as well as the corresponding edge sequence.

Path post-processing on point cloud. When the input is a point
cloud, there is no need to conduct further path post-processing.

Path post-processing on implicit surface. On most occasions, it
suffices to return a sequence of points as the approximate short-
est path for an implicit surface as the geometric domain. If users
require the output path must be completely lying on the implicit
surface, each straight-line segment ;2;1, upon being projected
on the surface, becomes a curved segment. Similarly with the
mesh case, we can represent the curved segment by the intersec-
tion between the base surface and the following plane

X (@i — iEz)) =0,

i + Nyl

(x—mj).( : (16)

X (.’E,jJrl — I,)) =0.
Recall that the point sequence is dense enough to encode the
real geodesic path (see Section 4.2.2). When our algorithm ter-
minates, the segment x;x;; is short enough such that the dif-
ference between the straight-line segment w;z;i; and the
corresponding geodesic path between them is inconspicuous,
which implies that z; and z;1; cannot be on different
components.

Nit1
N ,ll Plane
4
'I A~
P i
1
\
—
N; %i
Surface
"

~

Fig. 6. Path post-processing for implicit surface: each segment can be
obtained by intersecting the implicit surface with a plane.
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(b)

Fig. 7. Anisotropic geodesic paths. The red path in (b) is a geodesic
under the normal metric, while the blue path is computed under the ani-
sotropic metric shown in (a).

Path postprocessing on parametric surface. When the input is
a parametric surface, it is enough to conduct the optimi-
zation directly on the parameter domain. There is no need
to project the resulting path back to the surface.

4.5 Anisotropic Geodesic Paths

For many computer graphics occasions, the input surface
may be equipped with anisotropic metrics. In the discrete
setting, one can assign each face with a 2 x 2 matrix to
denote the anisotropic metric operator 7. Here we show
that the proposed geodesic algorithm can be easily extended
to this situation. The only change is to evaluate the length of
Jwiaial| using || F L (@] — o, ), where i, are
respectively the corresponding 2D coordinates w.r.t. the
two orthogonal directions at ‘%*; i+l and T(m"'HZT @it1) denotes
the average metric operator. Fig. 6a shows the configuration
of anisotropic metrics, while Fig. 6b shows two paths, where
the red path is a geodesic under the normal metric and the
blue path is computed under the anisotropic metric.

5 EVALUATION

In this section, we evaluate our approach in terms of initiali-
zation, run-time performance, accuracy, as well as the most
significant feature of our algorithm, i.e., high scalability w.r.
t. various geometric domains. We implemented our algo-
rithm in Microsoft Visual C++ 2017, and our implementa-
tion does not require any additional numeric package. All
the experiments were conducted on a computer with Intel
(R) Core(TM) i5-8400K CPU 2.80GHz and 16GB memory.

5.1 Existing Methods
To demonstrate the effectiveness of our algorithm, we com-
pare it with three classes of existing algorithms.

Exact algorithms that compute the globally shortest paths on
manifold triangle meshes, including the Chen-Han (CH) algo-
rithm [8], the improved Chen-Han (ICH) algorithm [56], and
the vertex-oriented triangle propagation (VIP) algorithm [38].

Approximate global algorithms that compute the single-
source-all-destinations geodesics, including Dijkstra’s algo-
rithm (Dijkstra) [16], the fast marching method (FMM) [42],
and the heat method (Heat) [12].

Approximate local algorithms that compute the single-
source-single-destination geodesics, including the selective
refinement of the discrete graph method (SR) [27], the local
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Fig. 8. Trade off between accuracy and computational cost. More sample
points lead to higher accuracy but cost more computational resources. In (a),
the blue path is obtained by Dijkstra’s algorithm and the path passes through
33 vertices. It's observed in (b) that if we equalize the number of sample
points and the number of vertices past through, the relative error can be con-
trolled at a level of about 0.1% generally; in the meanwhile, the overall optimi-
zation takes fewer iterations and less computational time.

straightening method (LS) [34], the Differential-Evolution-
Based Method (DE) [59], the square length optimization
(SLO) [22], [39], and the LBFGS-based length minimization
(LLM) method [32].

Experimental setting of our algorithm. If the input surface is a
parametric surface or implicit surface, we directly use a
straight-line segment to initialize the path. But when the
input surface is a point cloud or mesh, there exists a different
initialization strategy. Without doubt, if we use more sample
points to approximate the real geodesic, it can lead to higher
accuracy but require more computational cost at the same
time. On one hand, it is optional for users to set the number
of intermediate points for obtaining various levels of accu-
racy. On the other hand, it's observed in Fig. 7 that if we
equalize the number of sample points and the number of ver-
tices past through by Dijkstra’s algorithm, the relative error
can be controlled at the level of 0.1% generally; in the mean-
while, the overall optimization requires less iterations and
less computational time. Therefore, for meshes and point
clouds, Dijkstra’s algorithm becomes a default choice.

5.2 Quantitative Comparison

In this subsection, our discussion focuses on meshes since it
is the most popular geometric domain. (We shall discuss
other types of geometric domains in the Section 5.3) Here
we divide the existing algorithms into three kinds and dis-
cuss them kind by kind. For purpose of comparison, we
subdivide the Duck model into different resolutions; See
Fig. 8. It's worth noting that the mid-point subdivision is
used to keep the different versions with the same geometry.

5.2.1 Comparison With Exact Algorithms

It's no wonder that our algorithm runs many times faster than
the available exact algorithms, among which the VTP algo-
rithm [38] is the state-of-the-art exact algorithm, to our best
knowledge. As shown in Fig. 8b, when the number of vertices
of the Duck model amounts to about 100k, the VTP algorithm
requires about 3.2 seconds to compute the red path, while our
algorithm costs only 0.42 seconds, which exhibits a big advan-
tage of performance. Note that the termination condition of
our algorithm is that the (projected) gradient norm is less than
1e-8. When the algorithm finishes, the relative error of our algo-
rithm for this case is 0.01%.
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Fig. 9. Results on the Duck model under various resolutions. We subdi-
vide the Duck model into different resolutions. We use the Duck model
to compare our algorithm with various existing approaches in perfor-
mance (b-d) and the accuracy (e-f).

5.2.2 Comparison With Approximate Global Algorithms

Dijkstra’s algorithm, the Heat algorithm and the FMM algo-
rithm, due to the high performance, are very popular on
geodesic approximation in the research community.
Although they are generally used to compute a geodesic
distance field, they can also be used to query a shortest path
between two points. We give a plot in Fig. 8c to show the
comparison between our algorithm and the three approxi-
mate approaches. It can be clearly seen that our algorithm
runs faster than FMM and Heat, and is comparable to
Dijkstra’s algorithm in performance (our algorithm has
higher accuracy than FMM and Dijkstra’s algorithm, which
shall be shown later). A more interesting observation is that
the timing costs of FMM, Heat and Dijkstra’s algorithm
climb w.r.t. the number of vertices of the input mesh while
our algorithm remains almost unchanged. This is due to the
fact that our optimization operates in the 3D space (except
the final projection step), rather than on the edge sequence.
Therefore, our approach is more suitable for computing
geodesics on high-resolution models.

It can be seen from Fig. 8e that for FMM, Heat and
Dijkstra’s algorithm, the errors decrease with regard to the
increasing of mesh resolutions. When the number of verti-
ces increases from 2K to 100K, the absolute error of length
given by FMM is reduced from 2.38% to 0.013%, that given
by the Heat algorithm is from 3.98% to 0.21%, while that
given by Dijkstra’s algorithm is reduced from 7.27% to
4.26%. We must point that since we use Dijkstra’s algorithm
to do initialization, the number of sample points will also
increase with regard to the increasing of mesh resolutions
and thus the results reported by our algorithm are more
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accurate - an error of 0.0624% on the 2K-vertex model (the
number of intermediate points is 39) and 0.0035% on the
100K-vertex model (179 points).

5.2.3 Comparison With Approximate Local Algorithms

There are several existing algorithms on computing a short-
est path between two points. They are roughly based on
keeping shrinking the original path until the path cannot be
shortened any more. For example, Martinez et al. [34] sug-
gested repeatedly straightening the path y(p, ¢) until the dif-
ference of length between two successive iterations is less
than a prescribed tolerance, while Liu et al. [32] used a L-
BFGS solver to minimize the total length of y(p, ¢) by taking
the intersections between the path and the base edge
sequence as driving variables. Both of them operate on the
mesh edges and thus depend on the number of the edge
sequences passed through by y(p, ¢). From Fig. 8d, we can
see that our algorithm outperforms the existing approximate
local algorithms when the mesh resolutions increase. As
Fig. 8f shows, we compare selective refinement (SR) [27],
local straightening (LS) [34], DE-Path (DE) [59] and length
optimization (LLM) [32]. By contrast, our algorithm has a
super higher convergence rate. For example, the initial path
in Fig. 8a passes through 179 vertices. Our algorithm requires
only 80 iterations to achieve an accuracy level of 1073.

5.3 Qualitative Discussion
In this paper, we mentioned some geometric domains such
as meshes, point clouds, implicit surfaces and parameter
surfaces. Therefore, whether a geodesic algorithm can work
across various geometric domains is an important indicator.
Recall that the heat based geodesic method bridges meshes
and point clouds using the Laplace operator. Our algorithm,
by contrast, can deal with a broader class of geometric
domains (see Fig. 9), which is due to the point-to-surface
projection operation. If the input is a parametric surface,
our algorithm can work on the parameterization plane.

In the rightmost column of Fig. 9, the Klein bottle model
has a parametric form

x(u,v) = (a + b( cos§sinv — sin§sin 2v)) cos u

y(u,v) = (a + b( cosysinv — singsin 2v)) cosu,, 17
z(u,v) = b(sin} sinv + cos}sin 2v)
where 0 <u <mand 0 < v < 2.
The Mobius surface model has a parametric form
x(u,v) = cos2u + vcosucos 2u
y(u,v) = sin2u + v cos usin 2u (18)
z(u,v) = vsinu
where 0 < u <swand —§ <v <1.
The Spiral surface model has a parametric form
z(u,v) = ucoswv
y(u,v) = usinv , (19)

2(u,v) = av

where u > —oo and v < oo.
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Fig. 10. Results on various surface domains.

6 APPLICATIONS

In this section, we demonstrate the uses of our algorithm in
various applications.

6.1 Geodesic Variants

There are many versions of the geodesic algorithm, depend-
ing on specific application occasions. Geodesic loops [51],
[52], or closed geodesic curves, are useful in many applica-
tions such as shape segmentation, girth estimation, and
topology analysis. Our algorithm can compute both geode-
sic paths and loops. Figs. 10a and 10b shows a 35K-vertex
Cat model and three initial cutting loops. Wu and Tai [51]
suggested finding the level set where the geodesic curvature
is zero. Xin et al. [52] proposed a shortening technique to
repeatedly unfold a long face sequence. The former runs in
0.23 seconds in average for this example and the latter
requires 0.14 seconds in average.By contrast, our algorithm
takes only 0.12 seconds in average to compute a geodesic
loop when the number of sampling points is set to 84, which
shows that our algorithm can be used in the scenario of
interactive shape segmentation.

In addition, although globally shortest paths are mostly
of researchers’ interest, there are also many scenarios where
one needs a long geodesic. Here we use the term “long geo-
desic” to denote a path that meets the geodesic property at
each point but is not globally shortest. In fact, as long as
users specify an meaningful initial path, our algorithm is
able to find a long geodesic that resembles the initial path.
In Figs. 10c, 10d, 10e, and 10f, we show four long-geodesic
examples on different models.

6.2 Extension to the Least-Cost Path Problem
It’s natural to extend our algorithm to infer the solution to
the least-cost path problem.

Here we take the brachistochrone curve problem as an
example to show its uses. A brachistochrone curve, also
known as curve of fastest descent, is a curve between two
fixed points in a vertical plane, on which a bead slides fric-
tionlessly under the influence of a uniform gravitational
field to a given end point in the shortest time. Imagine that
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Fig. 11. After users input three initial cutting loops (a), our algorithm can
shrink them quickly into geodesic loops (b). For this example, our algo-
rithm takes only 0.12 seconds in average for finding each geodesic loop.
Our method can compute long geodesics that are homologous to the ini-
tial path.

the curve can be represented by y = y(z). The total travel
time from (g, ¥o) to (41, Yni1) IS

/“Ln+1 /2
29y

With the support of our algorithm, it is easy to report a
sequence of intermediate states to approximate the real the
brachistochrone curve. Let

(20)

{p(l‘o, y0)7 (:171, y1)> Tt (-rm yn)a Q(InJrla yn+1)}

be a discrete representation of the sliding path. When slid-
ing from (z;,y;) to (xiy1,yi+1), the average speed in this

period is
— ./ Yi + Yiv1
Vi = 9{¥Yo — — )

Therefore, the time duration for sliding from (z;,y;) to
(Tit1,Yir1) I8

(21)
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(22)
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=

Fig. 12. A brachistochrone curve optimized by our algorithm with n = 10.

Similar to the geodesic path formulation, we minimize the
sum of squared time > H(t;). Fig. 11 shows a brachisto-
chrone curve with n = 10. When the optimization algorithm
terminates, the sequence of points (x;,y;) are evenly spaced
in terms of the sliding time. Our optimization method takes
less than 0.1 seconds.

7 CONCLUSION AND DISCUSSIONS

We propose a novel method for computing a two-point geo-
desic path on 3D surfaces. Our method has two fundamen-
tal differences than the conventional curve shortening
approaches. First, we discretize a geodesic path by a point
sequence {z;};_, in the ambient space so that the path is
independent of the surface representation. Second, we mini-
mize ) H(||x; — zi+1]|) instead of the path length > ||z;—
zi41||. Furthermore, we give a set of strategies on initializa-
tion, optimization and path post-processing.

The proposed algorithm can operate on a signed distance
function (SDF) representation that encodes the geometry of
a 3D shape regardless of the geometric domain, and outper-
form the existing two-point geodesic algorithms in terms of
accuracy, performance and scalability, which is validated
on meshes, point clouds, implicit surfaces and parametric
surfaces. Finally, we demonstrate its uses in many variant
geodesic problems and the least-cost path problem (e.g., the
brachistochrone curve problem).
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