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Computing Smooth and Integrable Cross Fields via
Iterative Singularity Adjustment

Long Ma™, Ying He

Abstract—We propose a new method for computing smooth and
integrable cross fields on 2D and 3D surfaces. our approach first
computes smooth cross fields by minimizing the Dirichlet energy.
Unlike existing optimization-based methods, our technique deter-
mines the singularity configuration-i.e., the number, locations, and
indices of singularities—by iteratively adjusting them. Singularities
can move, merge and split, akin to the behavior of like charges
repelling and unlike charges attracting. Once all singularities stop
moving, we obtain a cross field with (locally) the lowest Dirichlet
energy. In simply connected domains, this cross field is guaranteed
to be integrable. However, this property does not hold in multiply
connected domains. To make a smooth cross field integrable, we
construct a vector field c that characterizes the deviation of the
cross field from a curl-free field. We then optimize the locations of
singularities by moving them along the field lines of c¢. Our method
is fundamentally different from existing integer programming-
based approaches, as it avoids combinatorial optimization. It is
fully automatic and includes a parameter to control the number of
singularities. Our method is well suited for smooth models where
exact boundary alignment and sparse hard directional constraints
are desired, and can guide seamless conformal parameterization
and T-junction-free quadrangulation.

Index Terms—Cross field, dirichlet energy, integrability,
iterative singularity adjustment, singularity placement.

|. INTRODUCTION

CROSS field, also known as a4-RoSy field [1], [2], isa
directional field that exhibits rotational symmetry and is
invariant under rotations of 7 radians. Originally introduced
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by Hertzmann and Zorin as a computational tool for non-
photorealistic cross-hatching rendering [3], cross fields have
gained significant prominenceinthe construction of high-quality
quadrilateral meshes [4], [5]. These meshes are highly desired
in various engineering fields, including simulation [6] and finite
element analysis[7].

Constrained by the topology of the surface on which it is
defined, acrossfield cannot possess an arbitrary arrangement of
singularities. If the singularities of the cross field are predeter-
mined, including their number, placement, and indices, smooth
cross fields can be generated directly by solving a sparse linear
system [8]. The computation of smooth cross fields with un-
known singularitiesis commonly formulated as an optimization
problem, and numerous methods exist for solving it [4], [9],
[201, [11], [22].

Cross fields are commonly utilized as a guidance in the
computation of global conformal parameterization, from which
quadrilateral meshes can be extracted. A cross field is inte-
grable if it aligns well with the gradient of some scalar field
on the surface. When the computed cross fields are integrable,
the parameterization can be obtained directly by tracing the
integral curves of the cross fields. However, for non-integrable
cross fields, it is necessary to compute a pair of parameters
(u,v) by minimizing the difference between the gradients of
the parameters and the directions of the cross fields. In cases
where the integrability of the cross fields is poor, the resulting
parameterization may be misaligned with the desired crossfield
and can even exhibit inversions [13].

Itiswell known that in simply connected domains, a smooth
crossfield, which hastheminimal Dirichlet energy, isguaranteed
to beintegrable[14]. Unfortunately, thisdesirable property does
not extend to multiply connected domains, where the non-trivial
topology imposes significant constrainson the solution spacefor
achieving both smoothness and integrability in cross fields.

Existing research effortshave primarily concentrated on com-
puting smooth cross fields with optimal singularities, with rela-
tively lessattention givento theissue of integrability. Only afew
attempts have been made to explicitly address the integrability
problem by relaxing either the orthogonality [13], [15] or the
equal length constraints[16] of the crossfields, thereby expand-
ing the solution space. To the best of our knowledge, there is
currently no research that addresses both the smoothness and
integrability of cross fields on surfaces with arbitrary topology.

This paper aims to investigate the relationship between the
smoothness and integrability of cross fields defined on smooth
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(a) Initial random cross field 6g (b) Smooth cross field 61 (c) Smooth & integrable field 62 (d) Induced parameterization (u, v)

Fig. 1. We develop an automatic method for computing smooth and integrable cross fields on 3D surfaces of complex topology. The agorithm takes as input a
random cross field with 4,341 positive (red) and 4,397 negative (blue) singularities (a). It first smooths the cross field by iteratively adjusting singularities. When
two singularities of opposite indices meet, they annihilate, resulting in a drop in the Dirichlet energy. When all singularities stop moving, the Dirichlet energy
reaches alocal minimum. The resulting crossfield is smooth and has only 85 positive and 141 negative singularities (b). However, this crossfield is not integrable
since the surface is multiply connected. We visualize the discrepancy field c that characterizesthe deviation of the crossfield from acurl-freefield in the insets, and
show that moving singularities along the field direction of ¢ reduces ¢, thereby improving integrability. When ¢ = 0, the crossfield is both smooth and integrable
(c), which naturally induces aglobal conformal parameterization (d) whose parameter linesare well aligned with thefield. Each positive (resp. negative) singularity
has acone angle 7 (resp. ). The area and angle distortion metricsare E4p = 1.015 and Esp = 1.076, respectively. The closer the distortion metricsto 1,

the higher the quality of the parameterization.

surfaces of arbitrary topology. Let 2 be a smooth surface and
0 a cross field with the lowest Dirichlet energy defined on €.
By utilizing the singularities of # and the boundary (if present)
of Q2 as boundary conditions, we compute a conformal factor
field p : © — R by solving a Poisson’s equation. Subsequently,
we define a vector field c, referred to as the discrepancy field,
for al regular points, which quantifies the difference between
the gradient of the conformal factor V¢ and the rotation vector
of the cross field 6. In simply connected domains where 6 is
free of directional constraints, the discrepancy is aways a zero
vector. In multiply connected domains, c isglobally divergence
free and locally curl free. We then prove that a smooth cross
field 6 isintegrable if and only if the discrepancy field vanishes
everywhere except at the singularities.

The established necessary and sufficient condition in the
continuous setting serves a foundation for a new algorithm
for computing integrable cross fields on triangle meshes with
non-trivial topology. Our method isfully automatic and supports
boundary alignment and sparse hard directional constraints. It
also allows the user to balance the number of singularities and
the area distortion of the induced conformal parameterization
by tuning a parameter o, which represents the radius of each
singularity modeled asadisk. Through extensive eval uations, we
show that the algorithm enables the generation of high-quality
global conformal parameterizations that are well aligned with
the crossfields. See Fig. 1 for an example of our method.

Il. RELATED WORKS

For brevity, we restrict our survey to the most rel evant works
on cross fields, non-orthogonal fields and cone optimization in
surface parameterization. For a comprehensive survey of or-
thogonal and non-orthogonal directional fields, we refer readers
to[17].

Cross fields were first introduced by Hertzmann and Zorin
as a computational tool for non-photorealistic cross-hatching
rendering [3], and later generalized to N-rotational symmetric
directional field (V-RoSy) in [1] [2]. Since then, smooth
cross and N-RoSy fields have been extensively studied [17].

If singularities are given (i.e., their number, placement and
indices are fixed), smooth cross fields can be efficiently created
by solving a sparse linear system [8]. The design of cross fields
with unknown singularities (number, placement and indices)
are often formulated as a non-linear optimization problem with
or without integer variables [4], [10], [11], [12], [18], [19].

Cross fields are inherently isometric, meaning they do not
encode scale information. Frame fields, representing a more
generalized form of crossfields, are characterized by their non-
orthogonality and non-unit-lengths. This unique aspect makes
frame fields suitable for anisotropic quadrangulation with vary-
ing element size [20]. Viewing frame fields as cross fields in
a specific Riemannian metric, Jiang et a. [21] first computed
a discrete metric on the input surface that is compatible with
input constraints and then optimized the cross field in this
customized metric to obtain final frame field. Furthermore, 2D
singularity-free frame fields have found applications in line
drawing vectorization [22].

PolyVectors are sets of vectors that are unordered and repre-
sented astheroots of acomplex polynomial. A smooth PolyVec-
tor field can be computed by solving a sparse linear system
without integer variables [23]. By eliminating discrete curls,
one can obtain integrable PolyVector fields. These integrable
fields are particularly useful for computing global parame-
terizations that adhere to specific aignment constraints [13].
Sageman-Furnas et al. [15] formulated the global parameteri-
zation problem in terms of commuting PolyVector fields, and
designed an efficient optimization method to solve it. Based on
the modification of holonomic signature loops, Shen et a. [24]
developed a method aimed at generating parameterizations that
arelocaly injective and globally holonomic.

Cone singularities play acritical role in controlling the area
distortion of surface parameterization. Various heuristics and
optimization frameworks have been proposed to automatically
determine the singularity configuration [25], [26], [27], [29],
[29], [30], [31]. Campen et a. [32] showed that for arbitrary
given sets of topologically admissible parametric cones with
prescribed curvature, aglobal seamless parametrization always
exists.
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Fig. 2. Cross field and its associated rotation vector field. Top: A smooth
crossfield 0, isgenerated using boundary constraints only. Itsinduced rotation
field wy has vanishing divergence everywhere. Bottom: In the case of the cross
field 02, where adirectiona constraint is added at an interior point, it induces
arotation vector field wo in which that point becomes a source of the rotation
field. We visualize the magnitude ||w|| using aheat color map, where cold colors
indicate small magnitudes and warm colors indicate large magnitudes.

Our paper closely relates to the seminal work of Bunin [14],
who developed an elegant algorithm for computing conformal
parameterizations of simply connected domains. His method
computes the conformal factor ¢ by solving Poisson’s equation
with user-provided singularities. Thegradient of ¢ inducesanin-
tegrable crossfield, which yields aconformal parameterization.
Manual singularity selection heavily relies on human geometric
intuition and trial and error. We extend Bunin’s original idea
to surfaces of arbitrary topology by addressing the challenge
of integrability. Furthermore, our method can automatically
determine the singularity configuration and also allows the user
to control the number of singularities by tuning aparameter with
intuitive meaning.

I1l. SMOOTH CROSS FIELDS

A crossfield on asurfaceisdefined asapair of perpendicular
tangent directions, with a degree of freedom of 1. Consider
a cross field 0 defined on a smooth surface 2. As a cross
moves aong the field line, it undergoes rotation. To quantify
this rotation, we associate a unique vector field w with 6, where
w - dl representstherotation angle along theline element d1, and
- denotes the vector dot product. The magnitude of w indicates
the rotation speed. In this paper, we refer to w as the rotation
vector field of the cross field 6. It is important to note that the
rotation vector w is undefined at singularities, as its magnitude
becomes infinite.

The rotation vector field w can be seen as analogous to the
gradient field of a scalar function, as the cross experiences
the highest rotation speed while parallelly transported along
w. However, we cannot express w as V0, since 6 is not a
scalar-valued function and lacks a reference direction unless
Q has zero Gauss curvature everywhere. In Fig. 2, we provide
two examples of cross fields and their associated rotation vector
fields.

In cross fields, singularities are isolated points where the
direction field shows discontinuity, and they are inevitable in
al but the simplest shapes. Each singularity, denoted as s;, is
associated with a non-zero index I(s;). Thisindex, which is a
multiple of 2, characterizesthe behavior of the crossfield in the
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Fig. 3. lllustration of singularitiesin crossfields. The red and blue curves are
theintegral curves intersecting the singularity.

Iv)=-% I(v;)=-%

=

vicinity of s;. Fig. 3 illustrates typical types of singularities,
with their indices ranging from —1/2 to 1/2. According to
the Poincaré-Hopf Theorem, for a closed, orientable surface of
genus g, thesum of all theindicesof singularitiesin acrossfield
equals the Euler characteristic 2 — 2g.

By applying the Gauss-Bonnet Theorem, it is easy to see that
for an arbitrary simply connected subset D C €2, the rotation
vector field w satisfies the following equation [14]:

]ng.dI:f//l;KdaJr%TZ](si)’ )

s; €D

where K isthe Gaussian curvature, and dl and do are the line
and area elements, respectively.

Let S = {s;|s; € 2} denote the set of singularities of the
cross field 0. Equation (1), which represents a constraint on w
in integral form, can aso be expressed in differential form as
follows:

(Vxw)(z) n=-K@)+2r» dx-s) (2

S;ES

where z is an interior point of 2, n is the surface normal and
0(xz — s;) denotes the Dirac delta function.

Since the rotation vector w describes the rotational behavior
of the crossfield 6 between points, excluding singularities, it is
natural to use ||w||? as a measure of the smoothness of 0. The
smoothness energy of the crossfield ¢ is then defined as:

Emm:// |w||® dA. ©)
Q

By applying thevariational methodto (3), it becomesapparent
that if the crossfield 6 hasalocally minimal smoothness energy,
the corresponding rotation vector field w must be divergence-
free, satisfying the condition:

Vow=0. 4)

We define the smoothness of a cross field ¢ by the condition
that its associated rotation vector field w satisfies (4). All sub-
sequent discussions regarding cross field in this paper assume
their smoothness, as thisis a prerequisite for the application of
Bunin’s theory.

IV. SIMPLY-CONNECTED DOMAINS

As our work builds upon the theoretical framework estab-
lished by Bunin [14], we provide a brief overview of his key
findings. Throughout this section, we refer to €2 as a simply
connected domain.
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Fig. 4. Gradients of aboundary-aligned conformal parameterization.

A. Boundary-Aligned Conformal Parameterization

Let r(u,v) : R? — Q) be a conformal parametrization of ¢,
wherethe parameter lines are aligned with the domain boundary
0f). The tangent vectorsr,, and r,, are orthogonal:

r, Lr,
and have equal lengths:
[l = [ro|l-
Thus, the normalized tangent vectors (o,() =

(ro/|rull,ro/|Iry||) form acrossfield on Q.

Since the parameterization r is aligned with the surface
boundary 052, the cross field should rotate by an angle equal
to the geodesic curvature of the boundary when traversing along
092. Consequently, the associated rotation vector w satisfies the
equation

w-t =~k

for all boundary points, wheret representstheunit tangent vector
along 052 and «, denotes the geodesic curvature.
The conformal factor e, defined as

e ¥ = |lrall;

characterizes the local cell size. Intuitively, the gradient Vo
(illustrated in orange in Fig. 4) represents the direction in which
the rate of changein cell sizeis highest.

Bunin proved that for simply connected domains, the gradient
of the conformal factor ¢ at interior points is perpendicular to
the rotation vector, as expressed by the equation:

Vo =nxw, 5)

where n the outward normal of 2. At any boundary point, the
condition

Vo -n, = Ky

holds, where n; isthe normal of the boundary o).
Substituting (5) into (1), we obtain the following integral
equation:

V- nydl = *//Q Kdo+27 Y I(s;),  (6)

o0 ;€80

1For notation purposes, we use a 2-tuple of orthogonal vectors to denote a
cross field, aligning them with the gradients of the v and v parameters.
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Since 2 issimply connected, applying the Gauss-Bonnet Theo-
remresultsin

ZI(Si):qur(//gdeg_'—éQKgdl):l- @)

5,60

Equation (7) is a necessary condition for the singularities of
a conformal parameterization on a ssmply connected domain.
Bunin showed that this condition is also sufficient [14]. There-
fore, provided that a set of singularities satisfies (7), a unique
conformal parametrization exists, with parameter lines that are
aligned with the domain boundary.

Since | V|| = |jw]|, the smoothness energy of the crossfield
6 is equivalent to the Dirichlet energy of the conformal factor

Eemooth (UJ) = EDirichIet(QO) s

highlighting the profound relationship between smooth cross
fields and boundary-aligned conformal parameterizations.
Note that (5) immediately implies the following:

V-w=V- (Vg xn)
= (VxVy) - n—Ve-(Vxn)

which confirmsthat the rotation vector field w isdivergence-free
as specified in (4). Bunin aso proved that for simply con-
nected domains, the condition V - w = 0 is sufficient for 6 to
besmooth. Therefore, computing aboundary-aligned conformal
parameterization in simply connected domains is equivalent to
constructing a smooth cross field. In other words, for a cross
field with a divergence-free w, there always exists a conformal
factor to make it integrable.

B. Bunin's Algorithm

Given a set of singularities that satisfy (7) within a simply-
connected domain, Bunin's algorithm initiates by solving the
differential form of (6), which is Poisson’s equation

V- Ve(z) :271'2(5(33—51‘)—}((37), (8)

s, €8S

for aninterior point « ¢ 0<). The boundary condition applied to
points z € 0X is the Neumann condition:

Vo(z) - ny = kg(x). (9)

After determining the conformal factor e~%, Bunin con-
structed a cross field 6 using the gradient V. Since the cross
field 6 is integrable, the conformal parameterization can be
achieved by integrating the field lines of 6.

V. MULTIPLY-CONNECTED DOMAINS

Insimply-connected domains, Bunin showed that aconformal
factor o satisfying (8) and (9) can ensure the existence of a
cross field with a rotation vector w perpendicular to V. Un-
fortunately, this property does not extend to multiply-connected
domains. The primary distinction between simply- and multiply-
connected domains is that not every simple loop in a multiply-
connected domain encloses a region.

Authorized licensed use limited to: Nanyang Technological University Library. Downloaded on February 17,2026 at 04:37:32 UTC from IEEE Xplore. Restrictions apply.



4854 |IEEE TRANSACTIONS ON VISUALIZATION AND COMPUTER GRAPHICS, VOL. 31, NO. 9, SEPTEMBER 2025

@6  (b)w: (f) (u1,v1) D) (ug,v2)

Fig. 5. Smoothness does not automatically imply integrability in multiply connected domains. (a) Consider a cross field 6; = («, 8) with locally minimal
smoothness energy defined on atwo-holed disc. There are four singularities of indices *Tl. (b) The associated rotation vector field w; isdivergence-free. (c) Using
the singularities of 6, we compute the conformal factor e~ #1 by solving Poisson’s equation (8). (d) The gradient V¢, is not perpendicular to the rotation vector
w1. (€) Conseguently, the discrepancy field c; = V1 — n x w; does not vanish, indicating that the cross field 6, is not integrable. (f) As aresult, the induced
parameterization (uq,v1 ), which is the minimizer of ||Vu1 — «||? + [|[Vv1 — B]|2, is neither conformal nor aigned with 6. (g-k) Optimizing the locations of
singularities can significantly reduce the discrepancy field, leading to an integrable crossfield 5. (I) shows the induced conformal parameterization (u2, v2) that

@Qe1 (dVer (e)cy (g0 (Mlw @2 (Ve (kc2

iswell aligned with the crossfield 0.

Inamultiply-connected domain, €2, consider ascalar function
v : Q — R satisfying (8) and let 6 be an integrable cross field
sharing the same singularities of ¢. Consider asimpleloop C' C
Q) that does not pass through any singularity. Parallel transport
of across along C returns to the starting point with the cross
overlapping its initial position, implying that the angle change
in parallel transport along C'isamultiple of 7 radians:

k
f(w-t—ng)dl:l,
c 2

for some integer k € Z, where t is the unit tangent vector, and
kg4 isthe geodesic curvature of C'. Assuming the rotation vector
w of the cross field ¢ is perpendicular to the gradient Vo, the
scalar function ¢ must then satisfy the following condition:

km

j{ (=Ve-np —kg)dl=—,keZ
c

; (10)

where n,, is the normal vector along the loop C'. Equation (10)
representsan additional condition that ¢ must meet to ensurethe
existence of an integrable crossfield 8 where w is perpendicular
to V.

Applying Green’'s theorem and the Gauss-Bonnet theorem,
it can be demonstrated that (10) holds automatically if C is
the boundary of a simply connected domain and ¢ satisfies
(8). Consequently, this condition is redundant for ssmply con-
nected domains, where the inherent topological and geometric
properties ensure the required integrability without the need for
additional constraints.

However, (10) does not automatically hold if C' does not
border aregion. Fig. 5 provides an examplewhere o, defined on
a two-holed annulus, satisfies (8) but its gradient V¢ does not
satisfy (10). Thisillustrates that Bunin's algorithm is specially
applicable only to simply-connected domains, asit relieson cer-
tain topological characteristics that are absent in more complex
geometries.

Let .S beasmooth surface. To obtain aconformal parameteri-
zationthat iswell aligned withagiven crossfieldV = (o, 3), V
must be integrable. Local integrability of the direction fieldisa
necessary condition for seamlessparametrization. Specifically, a
crossfield onasmooth surface S isintegrableif thereexist scalar
functionsu: S - R,v: S - R,A: S - Ryandpu: S — Ry
such that Vu = Aa and Vv = p3, where V is the gradient
operator. In other words, a cross field isintegrable if it satisfies
the curl-free condition. According to the Frobuniustheorem, the

local integrability condition is equivalent to
wh - Via = ra - Vug.

If the cross field V' contains singularities or if the surface
has a non-disk topology, it is necessary to cut S open into a
single patch with disk topology, placing al singularities on its
boundaries. Although thefunction valuesw (respectively, v) may
be discontinuous across the seams, seamless parameterization
can still be achieved as long as the gradients Vu (respectively,
V) align across these seams.

We define the discrepancy field to measure the difference
between the gradient of the conformal factor and the crossfield’'s
rotation vector,

c2Vy—nxuw. (12)

We prove a smooth cross field is integrable if and only if the
discrepancy vanishes everywhere except at the singularities.
Theorem1: Let S be a smooth surface of arbitrary topology,
andletd = («, ) beasmooth and boundary-aligned crossfield
defined on S. The cross field ¢ is integrable if and only if its
discrepancy vector ¢ = 0 vanishes for all regular points.

V1. CONTINUOUS SETTING

Building on our theoretical insights, we develop a new ap-
proach for automatically computing a smooth and integrable
crossfield. This method is designed to

e alignswith the surface’sboundaries and adhere to the user-
specified directional constraints;

e incorporate a set of singularities to ensure the resulting
conformal parameterization exhibits low area distortion;
and

e function effectively acrosssurfaceswith complex topology.

Throughout our algorithm, we model singularities as moving
geodesic disks and iteratively adjust their number, indices, and
locations. Thisfeature distinguishes our method from traditional
optimization-based methods.

Initiated with arandom crossfield, which typically containsa
large amount of singularities due to initial non-smoothness, our
method begins by constructing asmooth crossfield  through the
minimization of the Dirichlet energy (3). Astheprocessunfolds,
singularities of opposite signs attract each other and annihilate
upon contact.

Although 6 achieveslocally minimal Dirichlet energy, it may
not be integrable in multiply-connected domains. To eliminate
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curlsin 6, we fix the indices and the number of singularities,
then proceed to optimize their locations.

We document the key technical aspects of our algorithm in
this section and present the corresponding pseudocode. For
implementation details, we refer readers to the supplementary
material.

A. Computing Smooth Cross Fields

1) Sngularity Movement: Starting with a randomly initial-
ized crossfield 99, wefirst compute the conformal factor ¢ by
solving Poisson’s (8) with the singularities of 6. The gradient
Ve anditsi3 rotations, i = 1,2, 3, generate a new cross field
6, which is noticeably smoother than (©).

Let w() be the rotation vector field of 1), Given that
M| = || V]|, the smoothness of crossfield §() corresponds
to the Dirichlet energy of ¢. As noted by Knoppel et al. [11],
[IVe|| — oo approaches infinity at singularities. Therefore, to
achievefinite energy, it is necessary to exclude the singularities.
We model each singularity s; as a geodesic disk D, (s;) and
define the smoothness energy for (1) as:

oo (00, 70) = / / IVelPdA.  (12)
AU, cs Dro (51)

The disk radius 7, which is a user-specified parameter, plays
acritical rolein controlling the number of singularities and the
area distortion of the resulting conformal parameterization.

Notice that V¢ isimplicitly controlled by two main factors:
1) the Gaussian curvature K of the domain 2 and 2) the sin-
gularities within the field. Since atering K is not alowed, a
possible way for reducing the Dirichlet energy of 6(1) involves
modifying the singularities.

If singularities were merely isolated points, moving a sin-
gularity would be straightforward, since the direction of the
movement would be clearly defined. However, as mentioned
earlier, we model singularities as geodesic disksto ensurefinite
Dirichlet energies. Therefore, it becomes necessary to consider
theindividua “force” acting on every point within the geodesic
disk and then compute a combined “force” to effectively move
the entire disk. Specifically, we calculate the area integra as
follows:

F(s;) = //DTO(Si)(V -Vo)VedA.

In the supplementary material, we show that the above area
integral is equivalent to a boundary loop integral:

F(s;) :j{ T - ndl, (13)
0Dy (1)
where T isthe Maxwell tensor:
1
T=Vo®RVp-— 5||w||21. (14)

We then move the singularity s; in the direction of the com-
puted force F(s;). When two singularities of opposite indices
encounter one another, they annihilate, leading to a significant
reduction in the smoothness energy. Additionally, a singularity

4855

Fig. 6. [lllustration of the forces acting on a singularity. Each singularity is
represented as a 2D disk Dy (s;), with the surrounding gradient field Vo
depicted. Theforceacting onthe singularity iscomputed viaaboundary integral,
which drives the singularity to move.

with an index £ can split into two singularities, each with an
index +1.

Once al singularities cease moving, the smoothness energy
reachesaloca minimum, and theresulting crossfield 6 achieves
astate of smoothness.

Remark 1. To comprehend why moving singularities reduces
the smoothnessenergy, consider thevicinity of D, (s;) forasin-
gularity s, asshowninFig. 6. Intheabsenceof s;, thefield Vg
might be approximated as evenly distributed around D, (s;).
The presence of s; introduces a radial component V¢, aug-
menting the original field. This configuration means that on the
sidewhere V¢ and Vi, aign, they collaboratively strengthen
V, thereby enhancing the field intensity. Conversely, on the
sidewhere Vo and V¢, oppose each other, they act to weaken
V, reducing the field’s strength. By moving the singularity in
the direction of the force, we decrease the area where ||V ||
is large and increase the area where ||V|| is small, leading
to a reduction in the Dirichlet energy. Another perspective to
explain the reduction in smoothness energy involves viewing
singularities as charged particlesand the gradient field Vp asan
electrostatic field. Thus, moving these charged particles under
electrostatic forces effectively reducesthetotal potential energy,
which is equivalent to the smoothness energy.

2) Global Sngularity Pairing: We observe that on surfaces
with simple geometry, where Gaussian curvatures maintain
consistent signs, electric-like forces can effectively guide sin-
gularities to globally optimal positions, as shown in Fig. 13.
However, on general surfaces characterized by a mixture of
positive and negative Gaussian curvatures, singularities tend to
become trapped in locally optimal positions. Thisis due to the
electrostatic-like forces driving them only locally, lacking the
capacity to merge two singularities that are distant from each
other (refer to Fig. 7).

To overcomethischallenge, we propose asimpleyet effective
heuristic that operates on a large scale to merge singularities.
Specifically, we identify two vertices, vyax and vy, Which
posses the largest and smallest conformal factors, respectively,
and label them as the peak and the valley (see Fig. 8). We
then compute the shortest path v (vmax, Vmin ) between them and
proceed to neutralize the value difference by moving v, and
Umin tOwards each other along .

Since the peak v,.x and the valley v,,;, are not necessarily
singularities, we consider four cases.
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(a) Unbalanced singularities (b) Local adjustment (c) Global pairing

Fig. 7. Local adjustment vsglobal pairing. (a) On asymmetric peanut-shaped
surface, we initially create a smooth cross field with unbalanced singularities:
4 positive and 2 negative singularities on the left side, and 6 positive on the
right. (b) Using only local adjustments, two negative singularities merge with
two nearby positive ones, resulting in 4 singularities on the left. However, the
additional singularities on the right remain isolated, maintaining an imbalance
inthe crossfield. (c) With the global pairing strategy, singularities are driven on
amuch large scale, achieving abalanced distribution with 4 singularitieson each
side. As aresult, the area distortion of the induced conformal parameterization
is also reduced significantly. The top and bottom rows illustrate the cross fields
and their corresponding parameterizations, respectively.

Fig. 8. Thisillustration compares two sets of singularities with identical in-
diceshbut varying radii. Thesingularities on theleft featurelarger radii compared
to those on the right. The set with smaller radii generates a more intense vector
field, Vo, characterized by steeper peaks and deeper valleys in the value of
. We depict ¢ using a color-coded height function to visually represent these
variations.

e Case 1. Both vy, and vy, are regular vertices. A pair
of singularities with opposite signs are created, i.e, a
negative singularity at v, and a positive singularity at
Umin, iNCreasing the total number of singularities by 2.

e Case 2 vy IS apositive singularity and vy, isregular.
The singularity is moved from v, 10 vyin, transform-
iNg vmax iNtO a regular vertex and vy,;, into a positive
singularity.

e Case 3: vy isregular and vy, IS anegative singularity.
The singularity is moved from vy, t0 V., transform-
iNg v, iNto a regular vertex and vy, iNtO a negative
singularity.

e Case4: Both vy, and vy, aresingularities. Thetwo sin-
gularities annihilate, reducing the number of singularities
by 2.

The radius of the geodesic disk, rq, significantly impacts the
behavior of singularities. When comparing two disks centered at
the same point but with different radii, the smaller disk exhibits
a higher Dirichlet energy due to a larger integration domain.
A smaller radius o not only increases the Dirichlet energy but
also accentuates the peak and valley of the conformal factor
. Thisintensification raises the likelihood that both vy, and
vmin Will manifest as singularities (as seen in case 4), thereby
reducing theoverall number of singularities. Conversely, alarger
radius r, leads to a lower Dirichlet energy, which results in
moreevenly distributed peaksand valleysof . Thisdistribution
increases the probability of vy, and vy, being regular (as
in case 1), and Since two new singularities are created in this
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scenario, it ultimately increasesthetotal number of singul arities.
In our agorithm, users can adjust rq to control the number of
singularities effectively.

Remark 2: Our global pairing strategy bears similarities to
Ben-Chen et al.’smethod [25], which iteratively adds singul ari-
ties at locations exhibiting the largest differences in the confor-
mal factor. Their algorithm terminates once the conformal factor
difference falls below a user-specified threshold. Similarly, our
global pairing strategy targets the vertex pair with the greatest
conformal factor difference. However, our approach allowsthese
vertices to move towards each other along a defined path. Upon
meeting, they significantly ater the conformal factor field. If
thisnew field configuration resultsin lower energy, it isretained.
Subsequent local adjustmentsof singul aritiesarethen performed
to further decrease the Dirichlet energy. Our method concludes
when additional global pairing failsto produce acrossfield with
reduced energy.

B. Eliminating Curls

Minimizing the Dirichlet energy produces a smooth cross
field, which in general contains curlsif the domain is multiply
connected. As discussed above, the key challenge is that in a
multiply-connected domain, the rotation vector w of a smooth
crossfield # may not be perpendicular to the gradient of ¢, even
though ¢ satisfies (8) and shares the same set of singularities as
0 (see Fig. 5(a)—(d)).

To characterize the misalignment between w and Vo, we
define avector field ¢ asfollows:

c=Vy—nxuw, (15

where n is the unit outward normal of €2. Clearly, if ¢ = 0, the
crossfield 6 isintegrable. In the following, we first examine the
properties of ¢, and then present our method to eliminate curls
ind.

1) Properties: Given that w and ¢ share the same set of
singularities, subtracting (2) from (8) resultsin (V x w) -n =
V - V. To analyze the divergence of c, we calculate:

V-c=V:-(Vp—nxuw)
=V -Vp—(Vxn)-w—n-(Vxw)
=0, (16)

confirming that c is divergence-free.
Additionaly, since § isaloca minimizer of Egqnooth, We have
V - w = 0. Computing curl of c gives:

Vxe=Vx(Vp—nxuw),
=V xVp—-Vx(1nxw)

—o0. (17)

Therefore, thevector field cisasolocally curl-free. Thisimplies
that there are no sources and sinksin c, and each integral curve
of ¢ forms a closed loop.

We show that moving the singularities along the field lines of
c reduces the energy [ ||c[|?dA. Therefore, a straightforward

Authorized licensed use limited to: Nanyang Technological University Library. Downloaded on February 17,2026 at 04:37:32 UTC from IEEE Xplore. Restrictions apply.



MA et al.: COMPUTING SMOOTH AND INTEGRABLE CROSS FIELDS VIA ITERATIVE SINGULARITY ADJUSTMENT

approach might involve computing forces for al singularities
and moving them incrementally along the field lines with small
time steps. This processis repeated until all singularities cease
movement. While conceptually simple, this method is time-
consuming because the forces act locally and only update the
singularities in their immediate vicinity. To enhance efficiency,
we propose a two-step approach: in the first step (discrete
adjustment), we rotate the cross field # while maintaining the
fixed locationsof singularities. Thisaction resultsinasignificant
alteration of c. Subsequently, in the second step (continuous
adjustment), wemovethesingularitiesalong thefield lines. This
modifies ||c|| in acontinuous manner.

2) Discrete Adjustment: Consider C', anon-contractibleloop
that passes no singularity and exhibits a consistent sign for
J ¢-dl Denoteby C* asthesidewherec-dl > 0and C~ as
the opposite side. We compute the rotation angle ¢ by solving
Laplace's equation

A =0 (18)
with the Dirichlet boundary condition
e
Ylo+r —Ple- = 5" (19

We then rotate the cross field ¢ by an angle . Since ¢ is a
solution of Laplace's equation, the rotated cross field remains
smooth. Additionally, dueto theboundary condition (19) and the
rotational symmetry of the crossfield, it iscontinuousacrossC'.

To understand how thisrotation impacts c, let us compute the
loop integral J that quantifies the strength of c:

J:f c~dl:% Vgo-dl—% w - npdl
c+ Jo+ c+
:—f w - npdl,
c+

where n,, isthe outward normal of C'. The last equality follows
because ¢ is a single-valued function and its gradient is curl
free, implying no net circulation around C'. J is positive due to
the chosen orientation of C ™ and can thus be interpreted as the
inward flux of the vector field w.

When @ isrotated by 1), the vector field w ismodified by V.
Consequently, the value of .J is adjusted to:

J:—ﬁ+(w+vw)-nbdz.

Thisadjustment resultsin asharp changein J dueto therotation.

3) Continuous Adjustment: In the continuous adjustment
phase, we move singularities along the field lines of c. To
understand why moving singularitiesreduces c, consider anon-
contractible loop L that does not intersect any singularities. We
calculate the flux of ¢ across L asfollows:

I:fc'nbdl:f Vgp~nbdlfj{w~tdl,
L L L

where n;, is the normal vector to L and t is the tangent vector
to L. Thisflux I measures the net number of field lines passing
through L, effectively indicating the strength of thefield c. The
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term §, w - tdl is a constant multiple of  radians, thus, the
primary contribution to I comes from the first integral.

Now, let us consider the movement of asingularity s near L.
Define L;,, asthe side where ¢ enters the loop and L,,,; asthe
side where c exits. There are four scenarios to consider based
on the location of s and the sign of itsindex I(s):

e If I(s) < 0andsisonthe L;, side, moving s dong —c

leadsit away from L. This reduces the contribution of V¢
to I, thereby decreasing /. See Fig. 12(a).

e |fI(s) > 0andsisontheL,, side, movingsalongc brings
it closer to L. Since V¢ and c are of opposite directions
for points on L, the contribution of V¢ to I decreases,
reducing . See Fig. 12(b).

e IfI(s) < 0andsisonthe L,,; side, moving s dong —c
bringsit closerto L. AsV and c are of oppositedirections
for pointson L, this decreases I. See Fig. 12(c).

e |f I(s) >0 and s ison the L,,; side, moving s aong c
drives it away from L, decreasing the contribution of V¢
to I and thusreducing I. See Fig. 12(d).

Tosumup, weeffectively reducetheflux I by moving positive
singularitiesinthedirection of ¢ and negative singularitiesinthe
oppositedirection, —c, asillustrated in Fig. 11. The divergence-
free property of ¢ ensures that any two cycles belonging to the
same homology classwill exhibit equal flux. Thus, reducing the
flux for a specific cycle L inherently reduces the flux for all
cycles homologousto L.

VI1l. DISCRETE ALGORITHM

Our algorithm consists of three steps, which are detailed as
follows.

Sep 1. Initializiing #: For boundary faces and faces with
user-specified directional constraints, we establish fixed crosses
aligned with the given direction. For all other faces, we generate
random crosses to initiate the field configuration.

Sep 2. Computing Smooth Cross Field: We begin by taking
the singularities of the initial random cross field as input. We
then solve Poisson’s (8) to compute the initial conformal factor
. Next, we identify the vertices vy,.x and vy, which have
the highest and lowest values of ¢, respectively. We merge
these vertices along a smple path and subsequently update
the field V. Following this, we move the singularities along
the field lines determined by the updated V. This process
continues until the singularities cease moving, indicating that
hasreached alocally minimal Dirichlet energy. If thenewly com-
puted energy is lower than the previously recorded energy, the
merging of v, and vy, IS deemed successful. The algorithm
then proceeds to merge another pair of vertices that exhibit the
largest difference in ¢ values and repeats the merging process.
This step is terminated after k., consecutive failed merging
attempts, where we set k.., = 3 in our implementation. See
Algorithm 1 for the pseudocode.

Sep 3. Eliminating Curls: The smooth crossfield 6 produced
in Step 2 may not be integrable if the surface has a non-disk
topology. The discrepancy field ¢ = Vi — n x w quantifies
the curls within #. The objective of this step is to reduce the
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Fig. 9.
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(d) @ @

Thedisk radius ro playsacritical rolein computing smooth cross fields. Thistoy model features one positive and one negative singularity, represented as

orange and blue spheres, respectively. Using the same conformal factor ¢, we experiment with asmall radiusin (a) and alargeradiusin (d). Let A be the surface
area. With asmall radius g = v/A10~3-5, the smoothness energy is (%) = 3.816. Since both vax and vy, are singular, applying the global pairing strategy
resultsin annihilation (case 4), producing asingularity-free crossfield (b) with energy E(*) = 3.009 < E(%). The corresponding parameterization is shown in (c).
With alargeradius g = v/A1072-2, the smoothness energy is E(%) = 2.460. Since both vy, ax ad vimin are regular, pairing them creates a pair of singularities
with opposite signs (case 1). This results in a cross field with four singularities show in (€) and a Dirichlet energy of E(¢) = 2.019 < E(*). Consequently, the

induced parameterization in (f) exhibits lower area distortion than (c).

Fig. 10. Discrete adjustment of the cross field. The initial cross field, 0y, is
smooth but non-integrable due to ¢; # 0. We compute the rotation angle v
by solving Laplace's equation (18) with the Dirichlet boundary condition (19)
along C' (green curve). The rotated cross field, 62, maintains smoothness and
continuity along C'. Moreover, its discrepancy field co vanishes, rendering 65
integrable.

[ reraa

(a) (b) © ) @

Fig. 11. Curl elimination. (a)—(d) show the discrepancy field c at the initial
state and after the 10-th, 20-th and 29-th iterations, respectively. (€) displays
the plot of the curl energy llc/|? across these iterations. These visuas
demonstratethat adjusting the positionsof thesingularitiesprogressively reduces
the curl energy, thereby enhancing the integrability of the cross field.

Fig. 12.  Continuous adjustment. Moving singularities along the field lines
effectively reduces c. A positive (orange) singularity, representing alocal max-
imum of ¢, occurs where V- Vo < 0, causing the gradients V¢ to converge
towards the singularity. Conversely, a negative (blue) singularity, indicating a
local minimum of of ¢, occurswhere V - Vo > 0, leading the gradients V¢ to
diverge from the point.

magnitude of ¢ to zero where possible, thereby enhancing the
integrability of the field (see Fig. 15). This is accomplished by
first computing a global rotation of # to align it more closely
with the gradient V¢, followed by adjusting the | ocations of the
singularities to further diminish the magnitude of c.

3.1 Discrete adjustment: We employ a trial-and-error ap-
proach for discrete adjustments. We identify a point p with the
highest ||c|| and anon-contractibleloop C' passing through p with
aconsistent signof [ ¢ - d1. Using C asthe boundary condition,
we solve Laplace's equation Ay = 0 (18). After rotating # and

w by angle v, we evaluate the curl energy:

B = / / ledo,
M

which can be viewed as a potential energy of c. If this energy
isreduced compared to the previous value, the adjustment isre-
tained. This coarse adjustment continues until no further energy
reductions are achieved.

3.2 Continuous adjustment: We refine the singularities’ po-
sitions iteratively to further minimize ||c||. Each singularity s
is assigned an electrostatic force, 27w 1(s)c(s). Each iteration
targets a singularity s; exerting the greatest force and moves it
along itsfield line. Movement continues only if the force during
each iteration exceeds the previously recorded force for that
mesh edge, avoiding endless loops. This step terminates when
no further movement of singularitiesis possible. If the resulting
energy F. is low, the cross field is deemed both smooth and
integrable. If not, the user may need to revise or remove some
directional constraints to achieve compatibility. Further details
and computational steps are outlined in Algorithm 2.

Remark 3: Our algorithmisdesigned withsimplicity inmind,
featuring only one model-dependent parameter: the disk radius
ro. Thisparameter directly controlsthe number of singularities,
which consequently affects the area distortion of the conformal
parameterization. Oncethis parameter is set, the algorithm func-
tions fully automatically, eliminating the need for any further
user intervention.

Remark 4: It isworth noting that since ||c|| isfinite at singu-
larities, we do not need to exclude singularitieswhen cal culating
thecurl energy E.. Furthermore, E. isunitlessastheunit of ||c||
corresponds to the reciprocal of edge length, which simplifies
some of the computational considerations.

Remark 5: Although the discrete setting aligns closely with
the continuous setting in principle, there are two practical
differences that necessitate careful attention in our algorithm
design. First, in the continuous setting, singularities are treated
as moving geodesic diskswith aradius o, which requires com-
puting geodesic distances-a computationally expensive task. To
streamline our implementation in the discrete setting, we model
singularities as vertices along with their 1-ring neighboring
triangles. This simplifies the computation of the smoothness
energy Esmooth, Where we initially compute the area integral
excluding the 1-ring triangles incident to the singularities and
subsequently apply a compensation term for each singularity to
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Algorithm 1: Computing Smooth Cross Fields.

Algorithm 2: Curl Elimination.

Data: A triangular mesh M = (V, E, F'), the disk
radius o, and (optional) sparse hard directional
constraints defined on triangular faces

Result: A smooth cross field 6

/* Initialization */

for each face f € F do

if f is on the boundary then
generate a fixed cross using the boundary
direction on f;

else if f has a directional constraint then

| generate a fixed cross using the constraint on f;
else

| generate a random cross on f;

end

Factor the Laplacian matrix using Cholesky
decomposition;

/* Smoothing 6 via iterative singularity adjustment */

k=0; Eyin =00; 6 =06,

while £ < kyax do

Compute conformal factor ¢ using the singularities
of 6,

Find vpax and vy, with the largest and smallest
©s

Find a shortest path v from vyax O Vmin;

for every edge e;; € v do

/* Assume v; (resp. v;) is close to Upyayx (resp.
Umin) */

Move singularity from v; to vj;

end

Re-compute ¢ using the singularities of 6;

for each edge e;; € E do

/* Fy; records the maximal force on edge e;;
so far */ F;; = 0;

end

do

done = true

for each singularity s; do

Compute Maxwell tensor
T = Vo ® Vo — 5[|Vol’L;

Compute force F(s;) = ﬁwr(](si) Tndl;

Find edge e;; = (s;,v;) with the largest
F(s;) - ey

if ‘F(SL)| > F,;j then

Move singularity from s; to v;;

Fij = |F(s)]
end
Compute ¢ using the singularities of 6;
while !done;

Compute Esmooth(g);
if Esmooth((i) < Em‘m then

‘ k=0; Emin = smooth(e); 0* =0,
else

| k++

end
Output 6*;

mitigate the biasintroduced by varying triangle sizes. Similarly,
we have a compensation term in computing conformal factor
o a singularities. See the supplementary material for details.
Second, inthe discrete setting, unlike the continuous framework
where singularities can move in any direction following F(s;),

Data: A triangular mesh M = (V| E, F) and a smooth
cross field 6 defined on triangular faces
Result: A smooth and integrable cross field 6
Computer the rotation vector w of 6;
Compute ¢ = Vo —n X w;
/* Reducing c via rotating 6 */
B = [y le|do
while true do
Find the point p with the highest ||c||;
Find a loop C' containing p and having consistent
sign c - dl;
Solve Laplace’s equation (18) to compute v;
Rotate ¢ and w by angle v;
Update c with the rotated w;
Compute E. = [[,, [|c?||do
if E. < Eyin then
| Save the current cross field 0; Ei, = Fe;
else
| Restore the previously saved 6; break;

end

/* Reducing ¢ via moving singularities */

Compute ¢ using the singularities of 6;

Set fmax|e;; = 0 for each edge e;; € E;

done = false;

while !done do

done = true;

for each singularity s; do

Set f.(s;) = 2m1(s;)c(s;) for each singularity
54

Find the singularity v; with the largest force
I

Find the incident edge e;; with the largest
|fc : fc 5

Compute f;; =

if |f’bj| > fmax
mazxle;; — Jijs

Move singularity from s; to v;;

Update ¢ and w;

Compute ¢ with the same set of
singularities of 6,

Update ¢ = Vyp —n X w;

done = false;

fc('ui)-vivj .
losvzll 2

... then

i

end
end

movements are restricted to the mesh connectivity. Specifically,
we confine singularities to mesh vertices and transition them
from onevertex to another, moving them along mesh edges. This
process involves identifying the edge e;; that is incident to the
singularity at vertex s; and aligns most closely with F(s;)-the
edge where the angle between F(s;) and the edge direction is
minimal. The singularity is then moved from s; to the adjacent
vertex v;.
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Fig. 13.

VIIl. EXPERIMENTAL RESULTS

We implemented our algorithm in C++ and tested it on a PC
equipped with an Inter(R) Xeon(R) E5-1650 CPU and 16 GB
of RAM. The algorithm requires only a standard sparse linear
solver to compute the conformal factor ¢. For this purpose,
we utilized Eigen,? which pre-factors the Laplacian matrix.
Consequently, solving Poisson’s (8) requires only linear time.

Given that our method iteratively moves singularities along
mesh edges during both the smooth energy minimization and
curl elimination processes, we operate on reasonably denseinput
meshes. These dense meshes provide ample degrees of freedom
necessary for the adjustments of singularities. For models with
lower resolution, we employ subdivision techniques to enhance
the resolution (see Fig. 23). The test models used in our exper-
iments ranged from 5K to 50K triangles. Our method is fairly
efficient, typically taking less than 20 seconds per model.

Global conformal parameterization: To demonstrate the effi-
cacy of our method, we applied it to compute global conformal
parameterization. We processed the input mesh by cutting it
into atopological disk, where the singularities of our computed
cross field were positioned on the boundary. We then utilized
the classic MIQ solver [4] to compute an integer-valued pa-
rameterization. Due to the integrability of our cross fields, the
resulting conformal parameterizationsclosely matched our cross
fields closely and were seamless across the cutting seams. We
evaluated the quality of our conformal parameterizations using
two commonly used metrics: shapedistortion Esp and areadis-
tortion F 4 p. These metrics are from the first fundamental form
of the parameterized surface. Specifically, Esp is calculated
based on the aspect ratio of an ellipse generated by the metric
matrix of the parameterization, while E' 4 is determined from
the scalar stretch of local areas, quantifying how much the area
is distorted in the parameterization process. Both metrics are
designed such that a value of 1 indicates no distortion, with
values greater than 1 indicating some level of distortion. Thus,
values closer to 1 are indicative of higher quality conformal
parameterizations.
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In simple models where Gaussian curvatures exhibit consistent signs, local adjustments of singularities achieve globally optimal results.

Relation between disk radius ry and singularity configura-
tion: The disk radius o plays a critical role in controlling the
number of singularities and the smoothness energy of the cross
field. Note that we exclude the geodesic disks when computing
theareaintegral for the smoothnessenergy Fsnooth. AStheradius
increases, the integral domain decreases, leading to areduction
in the computed integral value. Consequently, this alows the
addition of moresingularities, each with arelatively small index,
without acorrespondingincreasein thetotal smoothnessenergy.
To standardize r( relative to the model size, we define it as
ro = 1075/ A, where A is the surface area of the model. We
recommend setting theexponent s withinthe range|1, 4]. Fig. 14
illustrates the effects of varying disk radii on the parameter-
ization of the Stanford Bunny. We observe that the number
of singularities is roughly positively correlated with rq. The
minor fluctuationsin Fig. 14 (right) are dueto thetrial-and-error
method employed in the global pairing process (detailed in
Section VI-A2).

Local injectivity is a highly desired characteristic in param-
eterization methods. Although our method lacks a theoretical
guarantee for local injectivity, practical evaluations using the
8i Voxelized Full Bodies (8iVFB) dataset® demonstrate that it
consistently upholds this property. Fig. 16 (rightmost) provides
atypical example of amodel from this dataset that has been pa-
rameterized by our method, illustrating its capability to maintain
local injectivity.

Boundary alignment: Our method supports boundary align-
ment by incorporating boundary curves as the Dirichlet bound-
ary condition in the computation of crossfields (3). Asaresullt,
the field lines aign well with the boundaries, as illustrated
in Fig. 17. This feature is particularly valuable in free-form
architecture design, where precise boundary alignment is cru-
cia, as shown in Fig. 22. However, this method can lead to
significant area distortions, particularly when the boundaries
include non-orthogonal corners, asillustrated in Fig. 18.

2http://eigen.tuxfamily.org/
3http://plenodb.jpeg.org/pc/8ilabs
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(3.4,24,1.527) (3.0,28,1.120) (2.7,32,1.053) (2.5,34,1.035) (2.3,38,1.089) (2.1,40,1.051) (1.7,42,1.050)

Fig.14. Controlling areadistortionsthrough disk radiusr. A larger radius resultsin the generation of more singularities, which typicaly reduces areadistortion
in the parameterization. Each image below is annotated with a 3-tuple indicating — log, 7o, the number of singularities |S|, and the area distortion metric E4p.
The right-most figure provides plots of r¢ against £ 4 p and ¢ against | S|, visually demonstrating how changesin the disk radius impact both the area distortion

and the count of singularities.

(@) Ec = 0.266  (b) Ec = 0.257 (c) Ec = 1.182 x 10™*

Fig. 15. Discrete and continuous adjustments for curl elimination. (a) A
smooth cross field initially exhibits significant curls. (b) Following discrete
adjustment of 0, curlsarereduced, though not completely eliminated. (c) Further
fine-tuning of the locations of singularities diminishes c to a very low level,
rendering 0 effectively integrable.

Directional constraints are highly desired in the design of
cross fields and in achieving conformal parameterization. Typ-
ically, adding constraints introduces curls in the cross field,
makingit non-integrable (seeFig. 19). Fortunately, curlsin cross
fields can be eliminated when asufficient number of singularities
are present (see Fig. 20). Our method allows users to specify
sparse hard directional constraints in a trial-and-error manner
(asillustrated in Fig. 27). We have observed that sparse con-
straints are effective in producing geometry-aware cross fields
for simple shapes. For example, a single constraint applied to
the base of the Greek Sculpture model (see Fig. 16, second from
right) resultsin an optimal configuration, with eight singul arities
located at the base corners. Similarly, by placing two constraints
on each finger of the Hand model, we achieved cross fields that
arewell aligned with the fingers' cylindrical geometry.

Sharp features: Our method can handle sharp features by
allowing users to specify directional constraints along sharp
edges. Fig. 28 shows the Fandisk model, where 102 con-
straints were applied. The resulting cross fields and con-
formal parameterization align well with most of the sharp
features.

Extension: Our method can be extended to compute N-RoSy
fieldsforany N € Z., wherethefield index I(s;) isamultiple
of % Equations (8) (2) and (6) for computing ¢ and 6, and the
algorithms for minimizing the potential energy and eliminating
curlsremain unchanged. Thisisbecause their functionality does
not rely on a specific value of V. Fig. 21 demonstrates the
application of our method to a 6-Rosy field and the resulting
isotropic triangle mesh.

Comparison with Ben-Chen et al.’s method [ 25] : While both
our method and that of Ben-Chen et a. employ heuristics
based on the conformal factor difference between point pairs,
the underlying strategies and outcomes of the two approaches
are fundamentally different. First, their method begins with
a singularity-free configuration and iteratively introduces new
singularities at points exhibiting the largest conformal factor
differences. This process continues until the conformal fac-
tor difference falls below a specified threshold. In contrast,
our method starts from a random cross field typically rich in
singularities, and adjusts these by moving them a ong the gradi-
ent of conformal factor. To avoid getting stuck at local optimal,
weforcethepointswiththelargest conformal differencetowards
each other, effectively reducing thetotal number of singularities.
Second, their strategy is based on the intuition that points with
extreme conformal factors make good candidates for singulari-
ties. Our strategy, aternatively, focuses on annihilating pair of
points with the largest potential differences, thereby reducing
the peak-to-valley range of ¢, which is likely to reduce the
Dirichlet energy and smooth the field (as illustrated in Figs. 9
and 14). Third, our method provides control over the number
of singularities by adjusting the parameter ro (see Fig. 14),
whereas their method regulates singularity counts by setting a
thresholdfor the conformal factor difference. Fourth, our method
aims at computing integrable cross fields, leading to seamless
parameterizations. Their method scales the metric using the
conformal factor to compute a 2D embedding, resulting in
parameterizationswith seams. Fifth, our method supports sparse
hard directional constraints and aligns closely with boundaries,
enhancing its applicability in practical scenarios. Ben-Chen et
al.’s method does not offer similar capabilities for handling
directional constraints or boundary alignment.

Comparison with the GL-functional [33]: While Ginzburg-
Landau (GL) theory offers a sound and elegant framework for
computing boundary-aligned cross fields, it does not support
directional constraints nor does it guarantee integrability. Fur-
thermore, Viertel and Osting [ 33] limited their demonstrationsto
planar cases, and to date, there has been no documented imple-
mentation of GL theory on curved surfacesin existing literature.
Our method, in contrast, supports sparse directional constraints,
and allows users to control the number of singularities, and
guarantees integrability. Moreover, our method works for both
planar domains and curved surfaces of arbitrary topology, since
the singularity operations (e.g., movement, merging and split)
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Fig. 16.
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Seamless conformal parameterization induced by our cross fields. Our method works well for smooth surfaces with or without boundaries. Each image

includes a 4-tuple annotation detailing the number of directional constraints |C'|, the number of singularities N, the angle distortion E's p, and the area distortion
E Ap. Images are rendered in high-resolution to facilitate detailed examination upon zooming.

4.728¢—6 2.537e—T7 (1.009,1.021)

2.185e—4 3.240e—4 (1.131,1.016)

1.545e—5 2.603e—6 (1.046, 1.023)
MIQ Ours

Fig.17. Modelswithboundaries. The parameter linesarewell aligned withthe
boundaries, and the | ocations of the singularities also roughly capture the global
and local symmetries of the input surfaces, without the addition of directional
constraints. Below each crossfield, thedisplayed val uerepresent the smoothness
energy, while the 2-tuple accompanying the quad meshes details the angle and
area distortions, respectively.

Fig. 18. Given that crosses are orthogonal to the boundary curves, non-
orthogonal corners typically induce significant area distortions.

are local and our method does not require a global coordinate
system. Moreover, in [33], the GL-functional is computed over
theentiredomainincluding singularities. In contrast, our method
removes singularities and their vicinities to obtain tessellation
independent energy. Asaby-product, our method allowsthe user

(@) (b) (© (d)

Fig. 19. Compatible and incompatible directional constraints. (a) and (b)
show two examples of conformal seamless parameterization with compatible
constraints. (c) showsapair of incompatible constraints, leading to acrossfield
that isnot integrable. (d) showsthevector field ¢ # 0, highlighting the presence
of discrepancies due to the incompatible constraints.

ICl=0 ICl=3 ICl =6

C] =18

Fig. 20.  Our method allows sparse hard directional constraints. The first row
shows a toy model with 0, 3 and 6 constraints, respectively. We observe that
6 constraints are sufficient to yield high-quality, geometry-aware parameteri-
zation. The second row shows a cross field with 18 constraints. Although still
smooth, itisnolonger integrable, asevidenced by the non-vanishing discrepancy
field c. Consequently, the model had to be segmented into atopological disk to
compute a conformal parameterization with seam (green curves).

to tunetheradius of the geodesi ¢ disk to balance the smoothness
energy and the number of singularities, whereas their method
cannot control the number of singularities.

Comparison with 10Q [12]: First, IOQ istheoretically sound
and has an elegant formulation based on the resistance distance
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Fig. 21.  Our method can be extended to compute smooth N-RoSy fields for
various values of N. lllustrated here is a 6-RoSy field applied to a two-holed
torus, featuring 16 valence-7 and 6 valence-5 vertices, while all other vertices
maintain regular valence of 6.

Fig. 22.  Applying our method to architectural geometry can yield high-
quality quadrilateral meshes, which provide more aesthetic value than triangle
meshes. This example has 4 singularities and low angle and area distortions
Esp = 1.009 and E4p = 1.033. Thanksto our boundary alignment feature,
the parameter lines are well aligned with the surface boundary.

Eap = 1.052, Egp = 1.111 Eap = 1.044, Esp = 1.009

Fig. 23.  Our method necessitates a triangle mesh of relatively high resolution
to adequately provide the necessary degrees of freedom for singularity place-
ment. Row 1: Given a triangle mesh with a high degree of anisotropy and low
resolution, the singularities are constrained to the mesh vertices, leading to large
angle and area distortions in the resulting parameterization. Row 2: Increasing
the mesh resolution can reduce these distortions.

EypIQ = 5.417e—4B\1q = 3.943e— 4EMIQ = 8.959e—5E\1q = 3.385¢—5
Ec =9.939e—2 Ec = 2.683e—2 Ee¢ = 2.378 Ec =1.239¢—3

Ealign = 2:020e—2,1;,, = 5.870e—,jj4,, = 1.228e—1E )i,y = 1.177e—2
(1.013,1.074, 8, 2411 034,1.182, 6, 2211 056, 1.579,0, 16Y1.018, 1.016, 8, 24)
MIQ GODF 10Q Ours

Fig. 24. Thanksto integrability, our parameterization iswell aligned with the
cross field. We observe misalignment in the results of M1Q, GODF and 10Q,
which are not integrable. Fqjign isthe alignment measure. The 4-tupleis £ 4 p,
Esp, the number of position and negative singularities, respectively.
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|S| =14 |S| =24
E p =1.027 Esp = 1.056
Esp =1.003 FEsp = 1.007

MAD [32] Ours

Fig. 25. Theoptimal cone singularity method [31] can produce very few sin-
gularities and low distortions. However, their parameterization is not seamless.

matrix. Our method is loosely based on a physics model that
drives singularities to optimal locations. Second, their method
can be easily parallelized on GPUs, but is still computation-
ally expensive. For example, their approximate algorithm takes
around 20 seconds for amesh with 50 K faces on an Intel Core
i7 CPU and an NVIDIA GTX 1080 Ti GPU, while our method
takes no more than 3 seconds on the CPU only. Third, 10Q does
not guarantee integrability and cannot support directional con-
straints or boundary alignment, while our method can. Fourth,
10Q is numerically stable and can tolerate geometric noise of
certain degree, while our method requires the input meshes are
smooth and free of noise. Fifth, for most of the test models, 10Q
produces fewer singularities than ours. However, we observed
that on high-genus models, their results often have larger area
and angle distortions than ours (see Fig. 24).

Comparison with other field methods: Table | list the ma-
jor directional field methods with features. We quantitatively
compare our method with 5 representative directional field
methods. mixed integer quadrangulation (M1Q) [4], globally
optimal direction field (GODF) [11], integer-only cross field
(10Q) [12], framefield (FF) [20], and integrable polyvector field
(IPF) [13].

Note that MIQ, GODF and 10Q are cross fields, and FF
and IPF are non-orthogonal fields. A major application of cross
field isto guide aglobal parameterization. Our results with and
without curl elimination share the same number of singularities
and indices. Optimizing their locations can eliminate curls and
make the cross field integrable.

Thankstointegrability, our parameterizationsarewell aligned
withthecrossfieldsfor all test models. To quantitatively measure
the alignment, we define the following metric

Eaiign = //(hvu —e,)? + (hVv — e,)*do,

where (e, e,) arethe crossdirectionsand & isthe global scale
factor [4]. In Fig. 24, we compare our method with the other
crossfield methodsin terms of integrability. We observe that the
alignment measures of our results are consistently better than
the other cross field methods.
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EMIQ = 3.561le—5
Ny =23 N_=15
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EIVIIQ = 4.762e—4
Ny =22, N_ =14

EMIQ = 4.981e—3
Ny=15N_=7

EMIQ = 2.503e—5
Ny =21, N_ =13

Eap = 1.061 Eap = 1.045
Esp = 1.203 Esp = 1.234
MIQ GODF

Eap = 1.043 Esp =1.018
Esp = 1.154 Esp = 1.044
10Q Ours

EI\/IIQ = 1.406e—4
E. = T7.265e—1
N, =3, N_ =67

EMIQ = 9.037¢—6
E¢ =1.919e—1

EMIQ = 1.253e—2
E. =4.472e-2
Ny =16, N_ =80

Emiq = 2.207e—6
E. = 1.637e—2

EI\HQ = 1.582¢—4
E. = 6.384
Ny=0,N_=64

EMIQ = 5.845e—6
Ee = 5.444e—1

EMIQ = 5.148e—4
E. = 4.142e—-2

EMIQ = 8.351le—4
E. =1.867e—-3

Ny =16, N_ =80

EMIQ = 8.956e—7
Ee = 4.229¢—1

EI\/HQ = 3.990e—6
Ee = 7.74le—4

Ny =24, N_ =64 Ny =24, N_ =64

Ny =12, N_ =52
MIQ GODF 10Q

N, =20, N_ =60
Ours (smooth only) Ours (smooth & integrable)

Fig. 26. Comparing to other cross field methods, including MIQ [4], GODF [11] and 10Q [12]. For simply connected domains, smooth cross fields are also
integrable. But for multiply connected domains, only our method can produce integrable cross fields. The small insets show the vector field c. Eviq isthe MIQ
energy [4] for measuring the smoothness of cross fields (without removing the singularities). E. measures how far the crossfield is from an integrable field. N4

and N_ are the number of singularities with indices % and ‘Tl, respectively.

IPF can also compute integrable fields, but their fields are
non-orthogonal. As a result, their induced parameterizations
have larger angle distortions than ours. Since PolyVector fields
have larger solution space than crossfields, |PF alows the user
to specify more soft constraints in an intuitive manner (e.g., by
simple sketches on the model). Our method, which is restricted
to cross fields, can only take sparse hard constraints in a trial-
and-error manner. GODF supports soft directional constraints,

and MIQ supports both hard and soft directional constraints.
I0Q does not support directional constraints nor boundary
aignment.

We observe that 10Q produces the fewest singularities for
most of thetest models. For thesimpletoy model (Fig. 27, row 1),
our method generates more singularities than other approaches.
These singularities are well-placed, faithfully capturing both
global andlocal symmetry. For model swith non-trivial topology,
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IC| =12

(8,1.048,1.204) (8,1.103,1.118)

IC| =6

(8,1.047,1.205) (39,1.028,1.262)
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(8,1.030,1.136) (56,1.024,1.003)

(88,1.015,1.074,0.0221) (88,1.025,1.138,0.0428) (88,1.015,1.078) (64, 1.036,1.203) (93,1.018,1.121,0.353) (80,1.037,1.019,0.00644)

|C| = 39

(22,1.025,1.143,0.0371) (26, 1.105,1.022,0.0294) (22,1.024,1.138) (26, 1.065, 1.182) (16, 1.018,1.102,0.0255) (28,1.071,1.016, 0.00480)

(a) MIQ (b) GODF (C) FF

Fig. 27.

(d) IPF () I0Q (f) Our method

Comparison. The positive and negative singularities are colored in pink and cyan, respectively. The pink crosses are the hard directional constraints. |C|

is the number of constraints. The numbers below each figure are the number of singularities |S|, areadistortion E 4 , and angle distortion F's . For crossfield
methods (i.e., M1Q, GODF, 10Q and ours), the last number is the alignment measure Faign. The histograms show the angle distribution. The images are rendered
in high resolution, allowing zoom-in examination. Note that GODF supports soft constraints and 10Q does not support directional constraints.

TABLE |
QUALITATIVE COMPARISON OF REPRESENTATIVE CROSS AND DIRECTIONAL FIELD METHODS

Method Domain | Orthogonal | Efficiency Bpundary Dlrecngnal Dirichlet Integrability Singularity Sharp

alignment constraints energy number features
MIQ [4] 3D Yes Fair Yes Dense, hard/soft Low No Fair Yes
GODF [11] 3D Yes Fast No Dense, hard/soft Low No Fair Yes
FF [20] 3D No Fair Yes Dense, hard Low No Fair Yes
IPF [13] 3D No Fair Yes Dense, hard/soft Fair Yes Fair Yes
10Q [12] 3D Yes Fair No No Low No Small No
m-harmonic [18] 3D Yes Fast Yes Dense, hard/soft Low No Fair No
GL-functional [34] 2D Yes Fast Yes No Low No Fair No
OF [19] 3D Yes Fair Yes Dense, soft Fair No Fair Yes
Chebshev Net [24] 3D No Fair Yes No Low Yes Small Yes
Metric Customization [21] 3D No Fair Yes Dense hard/soft Fair No Fair Yes
Ours 3D Yes Fair Yes Sparse, hard Low Yes Fair Fair

Fig. 28. Our method can partialy support sharp features by specifying
sparse hard directional constraints. |C| = 102, Ny =20, N_ =12, E4p =
1.01521, Esp = 1.06955.

our method yields a comparable number of singularitiesto other
methods (see Fig. 27, rows 2 and 3, and Fig. 24).

We also compare our method with [31] that computes
conformal parameterization with optimal cone singularity and

minimal area distortion (MAD). As a convex optimization,
MAD isnumerically robust and efficient, and yieldsresultswith
a small number of singularities and a small total cone angles.
However, MAD does not support directional constraints and
boundary alignment and its produced parameterizations have
seams. See Fig. 25.

By specifying sparse hard constraints, our method can
partially support sharp features. The metric customization
method [21] is flexible to support both sparse and dense
congtraints, and also works well for sharp features. How-
ever, the cost is lack of orthogonality. The octahedral frame
method [19] minimizes energies with soft normal alignment
constraints, therefore, it is able to fully support sharp fea-
tures and compute feature-aligned cross fields. The Cheby-
shev Net method [15] addresses integrability by adding a soft
congtraint in the GL-functional, and it also allows bound-
ary alignment constraints and supports sharp features. How-
ever, it produces polyvector fields, which in general are not
orthogonal .
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Fig. 29.

IX. CONCLUSION

In the paper, we investigate the integrability problem of cross
fields on surfaces of arbitrary topology. A cross field is smooth
if it has a locally minimal Dirichlet energy. However, unless
the surface is simply connected, a smooth cross field is not
necessarily integrable. We prove that a smooth cross field is
integrable if ¢ = 0 holds everywhere. Based on the theoretical
results, we develop a novel method for computing smooth and
integrable crossfields on 3D surfaces of complex topology. Our
method is fully automatic and also has a parameter that can
bal ance the number of singularities and the smoothness energy.
The proposed method iswell suited for smooth modelsinwhich
exact boundary alignment and sparse hard directional constraints
aredesired, and can guide seamless conformal parameterization
(see Fig. 29) and T-junction-free quadrangul ation.
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