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 A B S T R A C T

Metamaterials are a family of artificial materials that achieve unique properties by designing the shape of 
unit cell structures. Expanding the metamaterial unit cell library is a key focus in this field, with the aim 
of enhancing the design flexibility to meet multifunctional requirements across diverse physical scenarios. 
Recent advancements in data-driven generative techniques using deep learning have significantly sped up 
innovations in metamaterial design. However, existing approaches mostly focus on the geometric characteristics 
of unit structures without considering their topological properties explicitly, which we believe are essential 
for enhancing design diversity and enriching material properties. In this study, we propose a novel data-
driven metamaterial design methodology that combines the denoising diffusion probabilistic model with the 
persistent homology technique. Our model is capable of generating high-fidelity and functionally effective 
unit structures. Furthermore, by incorporating topological properties derived from persistent homology into 
the diffusion process, our method facilitates the generation of a diversity of metamaterial unit structures 
with richer shapes and properties. To the best of our knowledge, this is the first approach to explicitly 
consider topological properties in metamaterial design. In addition, our method also supports multi-scale design 
applications, enabling the generation of metamaterial units that align with the desired properties to achieve 
the optimization objectives.
 

 

 

1. Introduction

Metamaterials are artificial engineered materials designed to exhibit 
effective properties beyond those found in nature [1,2], enabling ad-
vancements across various fields, including optics, acoustics, aerospace, 
mechanical engineering, and biomedicine [3–6]. Rather than discov-
ering new material compositions, metamaterials achieve their special 
properties through the design of unit cell structures with specific ge-
ometric and topological configurations. In recent years, advances in 
computer science and additive manufacturing technology have led 
to significant progress in the practical engineering applications of 
metamaterials [7,8]. The question of how to design reasonable and 
novel metamaterials has become a widely concern among researchers. 
Early metamaterials design methods relied on empirical knowledge [9]. 
Later, more mature approaches adopted parametric design strategies 
that confine metamaterials to a limited range of selectable proper-
ties [10]. However, these methods encounter significant challenges, 
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such as matching unit cell structures with their effective properties 
across multiple scales and navigating numerous local optima in the 
design optimization process. Their primary limitation lies in restricted 
design flexibility. Expanding the metamaterial library as broadly as 
possible is essential for meeting application demands across various 
fields, particularly in extreme environments.

The application and rapid development of artificial intelligence in 
engineering have opened up vast possibilities for metamaterial de-
sign [11,12]. Numerous data-driven methods have been developed [13],
advancing metamaterial design through efficient design space explo-
ration. By leveraging deep learning models, these approaches enable
rapid exploration of large-scale design spaces, facilitating the discov-
ery of high-performance or novel structures. Data-driven methods for 
metamaterial design encompass three primary components: First, a
dataset of unit cell structures is required, typically containing structural 
representations and corresponding physical properties. Subsequently, 
a neural network-based machine learning surrogate module extracts 
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Fig. 1. Pipeline. (a) Our dataset comprises unit structures of metamaterials with two representations: SDF-Rep and Bi-Rep, along with their physical and topological 
roperties. (b) We train a DDPM-based generative model to reconstruct these unit structures (Bi-Rep), conditioning on their physical and topological properties. 
(c) Our framework enables the generation of unit metamaterial structures with diverse shapes and properties.
 
 
 

 
 

 

 

 

 

 

 

 

 

features from the data to facilitate unit cell designs. Finally, the unit 
cell database and machine learning models are integrated to generate 
metamaterials with desired properties across multi-scales, from the 
microscopic level of individual unit cells to the macroscopic level of 
the assembled structure. The most commonly used network models in 
this field are deep generative models, such as Variational Autoencoders 
(VAEs) [14,15] and Generative Adversarial Networks (GANs) [16].
However, while VAEs are simple and efficient, they often suffer from
poor reconstruction accuracy, leading to low-quality structures that fail
to achieve the desired physical properties. Additionally, the diversity 
of novel metamaterial structures generated by VAEs remains limited. 
Although GANs can generate high-quality and diverse unit cells, their 
adversarial training process is unstable and prone to model collapse, 
which undermines the model’s reliability. Moreover, most existing 
data-driven methods capture structural features by focusing only on
local geometric characteristics, such as treating unit cell structures as
images and encoding them using CNNs [17]. The global topological 
characteristics of a structure influence its performance and function, yet 
this has not been directly considered in existing metamaterial design 
related work.

In this paper, we propose a novel framework, Topo-GenMeta, to
design metamaterials with an attention to topological features (see 
Fig.  1). Our method enables topology-aware generation by combining 
the Denoising Diffusion Probabilistic Model (DDPM) and the Persistent 
Homology (PH) technique. Specifically, we first prepare a dataset of 
unit cell structures, each represented in two formats: a discrete binary
representation (Bi-Rep) and a continuous signed distance function rep-
resentation (SDF-Rep). Using the Bi-Reps, we calculate the physical 
properties of each unit structure through the homogenization method. 
In this work, we focus on the stiffness matrix, but our approach
can be extended to other general properties. Meanwhile, we extract 
the topological properties of the unit structures from the SDF-Reps 
by applying PH analysis. Next, we train a self-supervised DDPM to
reconstruct the Bi-Reps of structures. To enhance control over the 
generation process, we introduce a conditioning mechanism that guides 
the diffusion process based on physical properties, topological features, 
or a combination of both. Once trained, the diffusion model enables 
the generation of novel metamaterial unit structures through sampling.
Our method supports specifying physical property conditions to gener-
ate metamaterials with desired properties. By explicitly incorporating 
topological characteristics, it enables the generation of metamaterial 
unit structures with highly diverse shapes and physical properties. 
2 
This expands the solution space for macroscopic material design, fur-
ther enhancing the application potential of metamaterials. Extensive 
conducted experiments demonstrate that our framework not only gen-
erates high-quality, effective metamaterials but also excels in enhancing 
diversity in both shape and properties. Our method successfully gen-
erates structures beyond the original dataset with varying stiffness, 
negative Poisson’s ratio, wave propagation, and biomedical properties, 
showcasing its versatility across different functional requirements.

We summarize our contributions as follows:

• We propose a novel metamaterial design framework that ex-
plicitly incorporates topological features by leveraging persistent 
homology.

• Our method remarkably enhances metamaterial design diversity 
through joint exploration of geometric and topological feature 
spaces.

• Our method not only generates high-quality, valid structures but 
also discovers diverse new properties beyond the original dataset.

2. Related work

2.1. Data-driven metamaterial design

Recent progress in designing metamaterials through data-driven ap-
proaches has shown impressive results. The creation of tailored neural 
architectures has notably sped up the inverse design procedure. Early
works used CNNs as encoder–decoder frameworks to predict the design 
of 2D metamaterials with target mechanical properties [17–19]. CNN-
based methods are constrained by resolution limitations, resulting in 
poor generalizability and design diversity. Later research applied VAEs 
to encode structures into a structured latent space, thereby enhancing 
the efficiency of design exploration [14]. However, VAEs tend to fall
short in the quality of both reconstructed and generated metamaterials. 
For specific material behaviors, cGANs were developed using Voronoi-
based datasets to achieve controllable generation of auxetic metama-
terials [16]. Graph neural networks (GNNs) further extended these ca-
pabilities by combining VAE with property predictors, creating behav-
iors [20]. Some innovations incorporate physical constraints and multi-
network architectures to enhance design precision. Physics-informed 
networks enabled the inverse design of anisotropic truss structures for 
bone implants [21], while multi-network systems facilitated the design 
of gradient metamaterials by prediction of parallel properties [22].
The advent of diffusion models has notably propelled the prediction of 
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nonlinear deformations, as demonstrated by the high performance of 
video diffusion frameworks [23] and DiffMat [24] in scenarios involv-
ing substantial strains. Moreover, specialized models for metamaterials 
with curved beams have successfully managed the concurrent control 
of Poisson’s ratio alongside dimensional constraints [25].

One of the primary objectives of metamaterial design is to ex-
pand the metamaterial library, enabling more efficient exploration and
discovery of novel structures with tailored properties. This, in turn, fa-
cilitates their applications in diverse engineering fields. METASET [26]
pioneered data-driven unit cell selection through similarity metrics 
and determinantal point processes, improving structural diversity. This 
was extended by t-METASET [15], which integrated active learning 
with generative shape descriptors to optimize dataset acquisition effi-
ciency. Recent work [27] incorporating guided diffusion models aims
to address boundary consistency issues in metamaterials generative 
design while covering a broader range of elastic properties. Never-
theless, current approaches focus solely on geometric characteristics 
when creating metamaterial structures, a limitation we assert hindering 
the diversification process. For the first time, we integrate topological 
features into the design of metamaterial unit cells by utilizing persistent 
homology techniques.

2.2. Persistent homology

The performance of a structure is influenced by both its geometric 
characteristics, including size and thickness [28], and its topological 
attributes, such as holes and connections [29,30]. Persistent homology 
(PH) is a powerful tool for extracting topological characteristics from
complex data [31–33]. PH has showcased successful applications in 
various machine learning-related fields, which can significantly en-
hance data analysis and pattern recognition capabilities [34–36]. Moor 
et al. proposed a topological autoencoder aimed at preserving the 
topological features of the input data in low-dimensional representa-
tions [37]. In the biomedical field, PH has found the most widespread 
applications [38–40]. In recent years, PH has also been used in the 
field of computer graphics to enhance traditional point clouds and 3D
geometric representations [41–43]. The development of topologically-
aware neural networks based on PH [44] has been greatly advanced
by technologies that convert PH analysis results into vectorized in-
formation, such as persistence landscape [45], Betti curve [46], and
persistence images [47].

In structural engineering, topology-based techniques leveraging PH
have also been gaining increasing attention. Lin  et al. utilized PH to
analyze and construct porous structures [48,49]. Behzadi et al. were 
the first to suggest the use of a PH-based topological loss to enhance 
structural continuity [50]. Hu et al. proposed an end-to-end topology 
optimization framework, which incorporates a topological loss based
on PH to improve the accuracy of the prediction [51]. In this work, 
we aim to develop a topology-aware diffusion model based on PH,
enabling metamaterial unit cell design to incorporate both geometric 
and topological features, thereby enhancing the diversity of structural 
design.

3. Preliminary

3.1. Denoising diffusion probabilistic model

The probabilistic denoising diffusion model mainly comprises two 
phases, i.e., a forward diffusion process and a reverse denoising process. 
We briefly introduce the principles of DDPM in this section; refer 
to [52] for more details.

Forward diffusion process. Given a sample from a certain distribu-
tion 𝑥0 ∼ 𝑞(𝑥), the forward process can be understood as a fixed Markov 
chain which adds Gaussian noise at each time step 𝑡, 
𝑞(𝑥 |𝑥 ) =  (𝑥 ;

√

1 − 𝛽 𝑥 , 𝛽 𝐼), (1)
𝑡 𝑡−1 𝑡 𝑡 𝑡−1 𝑡

3 
where 𝛽𝑡 ∈ (0, 1) is a variance schedule. We can sample 𝑥𝑡 at any 
time step 𝑡: 𝑞(𝑥𝑡|𝑥0) =  (𝑥𝑡;

√

𝛼̄𝑡𝑥0, (1 − 𝛼̄𝑡)𝐼), via setting 𝛼𝑡 = 1 − 𝛽𝑡, 
𝛼̄𝑡 =

∏𝑡
𝑖=1𝛼𝑖. And the sample can be given by 𝑥𝑡 =

√

𝛼̄𝑡𝑥0 +
√

1 − 𝛼̄𝑡𝜖
with 𝜖 ∼  (0, 𝐼).

Reverse denoising process. To obtain the original data by a de-
noising process, we approximate this probability distribution with a
neural network, denoted as 

𝑝𝜃(𝑥𝑡−1|𝑥𝑡) = 
(

𝑥𝑡−1;𝜇𝜃(𝑥𝑡, 𝑡), 𝛴(𝑥𝑡, 𝑡)
)

, (2)

here 𝜇𝜃(𝑥𝑡, 𝑡) is the predicted mean and 𝛴(𝑥𝑡, 𝑡) is set to a constant. 
𝜇𝜃(𝑥𝑡, 𝑡) can be decoupled into two terms relating to 𝑥𝑡 and 𝜖𝜃 . Specif-
ically, the formulation is 𝜇𝜃(𝑥𝑡, 𝑡) = 1

√

𝛼𝑡

(

𝑥𝑡 −
𝛽𝑡

√

1−𝛼̄𝑡
𝜖𝜃(𝑥𝑡, 𝑡)

)

, 𝜖𝜃 is 
commonly a neural network to learn the added noise, where 𝜃 are
learnable parameters.

3.2. Persistent homology analysis

Persistent homology (PH) aims to extract multi-scale topological 
features from original data filtered by a real value function, i.e., filtra-
tion function. We introduce the main concepts used in our study below;
please refer to [32] for more details.

Given that we represent unit cells of metamaterial as a spatial 
aggregate of solid/void elements, it is direct to select the use of a
cubical complex [53,54] to perform the PH analysis. A cubical complex 
is regarded as a discretization of its underlying space, which is suitable 
for handling grid-like data such as images and voxels. For the 𝑑th chain 
group C𝑑 () of a cubical complex , we define the 𝑑th cycle group 
Z𝑑 = Ker𝜕𝑑 = {𝜎 ∈ C𝑑 ∣ 𝜕𝑑𝜎 = 0} and the 𝑑th boundary group B𝑑 =
Im𝜕𝑑+1 = {𝜎 ∈ C𝑑 ∣ ∃𝜎̂ ∈ C𝑑+1, 𝑠.𝑡., 𝜎 = 𝜕𝑑+1𝜎̂}, where 𝜕𝑑 ∶ C𝑑 → C𝑑−1
is the boundary operator satisfy that 𝜕0 = 1 and 𝜕𝑘−1𝜕𝑘 = 0. The 𝑑th
homology group is the quotient group H𝑑 = Z𝑑∕B𝑑 . The Betti number 𝛽𝑑
is defined as the rank of H𝑑 as 𝛽𝑑 = rank(H𝑑 ) = rank(Z𝑑 ) − rank(B𝑑 ), 
which indicates discrete topological features, such as the number of 
connected components (𝛽0), loops (𝛽1), and voids (𝛽2).

The key concept of PH analysis is the filtration process, which 
generates a sequence of topological spaces at different scales. Based on
the filtration value function, we define a series of filtered complexes 
as 𝑖 = {𝜎 ∈  ∣ 𝑆(𝜎) ≤ 𝑠𝑖}, where 𝑠𝑖 is the corresponding threshold. 
Therefore, by gradually increasing the filtration value, we can obtain 
a nested sub-complexes sequence ∅ ⊂ 0 ⊆ 1 ⊆ ⋯ ⊆ 𝑁 = . Then 
we represent the 𝑝−persistent 𝑑th homology group at filtration value 
𝑠𝑖 as H𝑖,𝑝

𝑑 = Z𝑖
𝑑∕(B

𝑖+𝑝
𝑑

⋂

Z𝑖
𝑑 ), where Z𝑖

𝑑 = Z𝑑 (𝑖), B𝑖
𝑑 = B𝑑 (𝑖). The 

𝑝-persistent 𝑑th Betti number 𝛽𝑖,𝑝𝑑  of 𝑖 is the rank of H𝑙,𝑝
𝑑 .

For the 𝑙th 𝑛-dimensional topological feature, it corresponds to 
a pair (𝑏𝑛𝑙 , 𝑑𝑛𝑙 ), where 𝑏𝑛𝑙  and 𝑑𝑛𝑙  are the birth and death filtration 
values, respectively. The value |𝑑𝑛𝑙 − 𝑏𝑛𝑙 | indicates the persistence of 
the topological feature, which gives a geometric measurement of the 
topological invariant. We can represent the topological features by their 
birth and death pairs in a persistence diagram (PD) denoted as , where 
the pairs of points are embedded into R2. By examining the PD, one 
can easily determine the scale of the topological features (i.e., their 
persistence). Points closer to the diagonal indicate shorter durations of 
the corresponding topological features in the homology sequence, and
they are likely to be identified as noise points.

Persistence diagrams are challenging to be used directly in machine 
learning algorithms due to their set-like structure and infinite dimen-
sionality. Persistence images [47] offer a vectorization method that 
transforms PDs into a pixel-based representation. This transformation 
involves placing a Gaussian distribution at each point in the PD and
summing these distributions over a pixel to produce an image. Such 
images facilitate the extraction of topological features by conventional 
neural networks, such as CNNs.
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Fig. 2. Illustration of our metamaterials dataset. Each metamaterial unit cell is represented as a binary field (Bi-Rep). We compute its signed distance field
epresentation (SDF-Rep) to derive persistence diagrams (PDs), which capture the topological properties of the structure. Finally, each PD is transformed into a
ersistence images (PIs), serving as input for our generative model.
 

 
 

 

 

 

4. Method

Overview. First, we prepare a 2D metamaterial dataset consisting of 
structural representations, physical properties, and topological features. 
Then, we train a denoising diffusion probability model to reconstruct 
the unit cell structures. In addition, we integrate physical properties 
and topological features into the training process using the condition 
mechanism. Finally, we can generate unit cell structures with high 
diversity and accuracy by sampling in the learned distribution.

4.1. Data preparation

4.1.1. Unit cell structures
Following the work [14], we prepare a dataset composed of a large 

number of 2D unit structures of metamaterials. As illustrated in Fig.  2,
we represent each unit structure in two distinct representations. One is 
a discrete binary pixel field, referred to as Bi-Rep, where ‘‘1’’ indicates a
solid pixel (black) and ‘‘0’’ indicates a void pixel (white). The other is a
continuous signed distance field, referred to as SDF-Rep, indicating the 
shortest distance from each pixel to the nearest boundary pixel. Positive 
values signify pixels outside the structure, while negative values denote 
internal pixels.

4.1.2. Physical properties
Within our framework, we aim to discern the relationship between 

structural and functional properties via network learning, facilitating 
automated generation of metamaterial structures to target properties. 
Therefore, we also prepare the physical properties of all unit structures. 
Without loss of generality, we focus on the stiffness characteristics 
of the unit structure. Based on the Bi-Rep, we employ the energy 
homogenization algorithm [55] to calculate the stiffness matrix for 
each unit structure. Given that the unit structures in our dataset are
orthotropic, the homogenized elastic tensor is formulated as 
4 
𝐂 =
⎛

⎜

⎜

⎝

𝐶11 𝐶12 0
𝐶12 𝐶22 0
0 0 𝐶33

⎞

⎟

⎟

⎠

. (3)

The property of each unit structure is determined by four independent 
components: 𝐶11, 𝐶12, 𝐶22, 𝐶33. Our framework can be readily extended 
to other physical property design tasks. In the experiments, besides 
stiffness, we also evaluate the diversity of generated structures in terms 
of wave propagation, biomedical properties, and negative Poisson’s 
ratio. The Poisson’s ratio is computed based on the elastic tensor 
obtained according to Eq. (3) as following [56]: 

𝜈𝑥𝑦 =
𝐶21
𝐶22

, 𝜈𝑦𝑥 =
𝐶12
𝐶11

. (4)

4.1.3. Topological properties
Existing metamaterials datasets are limited to providing informa-

tion on the geometric properties of unit structures. In contrast, our 
approach employs persistent homology (see Section 3.2) to extract the 
topological properties corresponding to each unit structure. We then 
integrate the topological properties into the learning of our generative 
model, thereby enhancing its generative diversity. We use the signed 
distance field (SDF-Rep) of each structure as the filtration input for 
persistent homology analysis. The analysis process is illustrated in Fig. 
3. Given a unit structure, we compute its SDF-Rep and apply filtration 
by gradually increasing the SDF threshold. During this process, topo-
logical features such as connected components and loops appear and
disappear. Each feature is associated with a birth value and a death 
value. These (birth, death) pairs form the persistence diagram (PD),
where more persistent features lie farther from the diagonal. However, 
the results of persistent homology analysis are inherently discrete, 
expressed as isolated (birth, death) pairs. Such discrete points are not 
directly suitable for deep learning frameworks. The PD is therefore 
converted into a fixed-size persistence image (PI), following Adams 
et al. [47], which provides a stable and effective way to represent
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Fig. 3. Illustration of persistent homology analysis. Taking the SDF-Rep of unit structures as filtration values, we utilize the cubical complex to perform the 
ersistent homology analysis for extracting topological properties. We utilize the persistence diagrams to depict the multi-scale topological features, where each 
point indicates the birth value and death value of the corresponding topological feature, respectively.
Fig. 4. The network architecture of DDPM module.
 

 

 

 

 

topological features in a continuous form and enables smooth inte-
gration into our generative model. In 2D structures, 1-dimensional PD 
points indicate the quantity and persistence of connected components, 
while 2-dimensional points illustrate the quantity and persistence of 
holes. Considering that we focus solely on unit structures with a single 
connected component, we convert the 2-dimensional PDs into PIs with 
a resolution of 64 × 64 to serve as the topological properties of the 
structure. For the generated results, we use 1-dimensional PD points 
to examine whether the structure consists of a single connected com-
ponent. Structures with multiple connected components are considered 
failure cases. In our implementation, we utilize the GUDHI library [57]
to perform persistent homology analysis to obtain topological informa-
tion. It should be noted that topology and geometry are not strictly 
decoupled in this representation; for example, variations in thickness 
can affect persistence values. Nevertheless, for enhancing structural 
diversity, persistence-based features provide a sufficiently meaningful
characterization of topology.

4.2. Topo-GenMeta framework

We build our Topo-GenMeta framework based on the DDPM module 
(Section 4.2.1), which incorporates physical and topological properties 
through a conditional mechanism during training (Section 4.2.2).
5 
4.2.1. DDPM module
As detailed in Section 4.2.1, DDPM encompasses both a forward

diffusion process and a reverse denoising process. As illustrated in Fig. 
4, we gradually add noise to the Bi-Rep of the initial unit structure 𝑥0, 
resulting in the eventual generation of nearly Gaussian noise 𝑥𝑇  after 𝑇
iterations. In order to reconstruct the original Bi-Rep of unit structures, 
which are 2D tensors, we choose to use a denoising network 𝜖𝜃 based on
U-Net [52]. Fig.  4 illustrates the network architecture, which consists 
of downsampling blocks, bottleneck blocks, and upsampling blocks.

4.2.2. Integrating physical and topological properties
Our generative model can randomly generate a large number of 

diverse unit structures with high accuracy and details, as seen in Fig. 
5(b). However, it is necessary to introduce a conditional mechanism if
users want to create unit structures with specific shapes or properties. 
We introduce the topological features and physical properties of the 
stiffness matrix as conditional information to guide DDPM training. 
Topological information is mainly used to alter the shape and topology 
of generated structures, thus augmenting their diversity and function-
ality. The components of stiffness matrix, as physical information, 
are used to facilitate the network produce unit structures with ideal 
properties. It should be noted that the stiffness matrix can be replaced 
by other physical characteristics, as long as a suitable encoding method 
can be found to introduce physical properties into network training 
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as conditional encoding. As described in Section 4.1.3, we represent
the topological features of unit structures as persistence images (PIs),
which are 2D tensors. Therefore, we employ a topological encoder 𝜏𝜃 ,
which is a shallow CNN, to encode each PI into a 1-dimensional latent 
code 𝐜topo ∈ R𝐿𝑡 . Subsequently, we integrate the topological conditions 
into the main network utilizing context embedding mechanism. In our 
experiments, we set 𝐿𝑡 = 128.

Given that physical information is the stiffness matrix of each unit 
structure, which consists of four independent components, as intro-
duced in Section 4.1.2. Previous work [51] demonstrated that deep 
neural networks tend to learn lower frequency functions, which may 
limit their ability to accurately fit data with high frequency variation. 
Taking inspiration from NeRF [58] in the field of computer vision, we 
map each component of the physical properties 𝑐 ∈ R into a higher 
dimensional space R2𝑘 using an encoding function as 
(𝑐) = [sin(20𝜋𝑐), cos(20𝜋𝑐),… , sin(2𝑘−1𝜋𝑐), cos(2𝑘−1𝜋𝑐)], (5)

where we set 𝑘 = 6 in our experiments. Consequently, we obtain the 
embed physical information [𝛾(𝑐11), 𝛾(𝑐12), 𝛾(𝑐22), 𝛾(𝑐33)] ∈ R2𝑘×4, which 
is incorporated into the main network following the same integration 
approach described as topological conditions. Prior to this, a physical 
encoder 𝜙phy, which is a shallow MLP, is employed to encode the 
physical information into a 1 dimensional latent code 𝐜phy ∈ R𝐿𝑝 . In our 
experiments, we set 𝐿𝑝 = 128. During training, we utilize a probabilistic 
approach to mask conditional inputs to enhance robustness. Each condi-
tion, physical and topological, has a default masking probability of 0.3
in our studies. This approach allows the model to infer structures based
on just physical, just topological, or both types of properties, leading
to versatile conditional generation results as shown in Section 5.

4.2.3. Training and generating
Loss functions. During the training process, we use the Mean 

Squared Error (MSE) between the noise predicted by the model and
the real noise as the loss function to optimize the parameters of our 
network, 
(𝛩) = E𝐬,𝜖∼ (0,𝐈),𝑡[‖𝜖 − 𝜖𝛩(𝐬𝑡, 𝑡)‖], (6)

here 𝑡 is the randomly selected time step, 𝜖 is the real noise sampled 
from the standard normal distribution  (0, 𝐈), 𝜖𝛩 is the predicted noise. 
The detailed training procedure is outlined in the Algorithm 1.

Sampling. In the sampling generation phase, the fixed DDPM lever-
ages a reverse diffusion process to produce novel structures following 
the training process. We employ the strategy proposed by DDIM [59] to
improve sampling efficiency. Initiating with a sample from  (0, 𝐈), the 
process involves a sequence of reverse steps that gradually denoise the 
sample, thus converting the noise into a unit structure that resembles 
the training data in terms of distribution. At the same time, we can 
specify physical and topological properties to guide the generation of 
ideal unit structures. For topological information, CNN encodes the 
topological properties in a continuous space 𝑃 , allowing us to randomly
sample topological conditions within 𝑃  to enhance the diversity of 
shapes and functions. The detailed generating procedure is described 
in the Algorithm 2

5. Experiments and results

Given the experimental settings (Section 5.1), we first analyze the 
performance of our method on the mainly focused stiffness property, 
evaluating the quality, property fidelity, and diversity of generated 
structures (Section 5.2). Then, we extend our analysis to other ap-
plications considering various properties (Section 5.3), including the 
surface-to-volume ratio relevant to biomedical fields, wave propagation 
properties in acoustics, and the generation of negative Poisson’s ratio 
structures. Finally, to demonstrate the applicability of our method to
multiscale macroscopic structure design, we present a case where unit 
structures are generated to achieve target deformations (Section 5.4).
6 
Algorithm 1: Training of Topo-GenMeta.
Input: GT Bi-Reps, PIs and physical properties of unit cells 

structures: {𝐬𝑖Bi}𝑁𝑖=1, {𝐬𝑖topo}𝑁𝑖=1, {𝐬𝑖phy}𝑁𝑖=1
Output: The optimal network parameters: 

𝛩∗ = {𝛩∗
unet, 𝛩

∗
topo, 𝛩

∗
phy} and PI latent space: 

 = {𝐜𝑗topo} ⊂ R128.
Initialize the network 𝜙unet, 𝜙topo, 𝜙phy, and time steps 
while not converged do

Divide the dataset into 𝑀 batches {𝑖}𝑀𝑖=1
foreach batch 𝑖 do

Initialize 𝑖 = 0
foreach sample 𝐬𝑗 in 𝑖 do

𝑡𝑗 ← sample from Uniform({1,… ,  })
𝜖𝑗 ← sample from  (0, 𝐼)
𝐱𝑗𝑡 ← corrupt 𝐬𝑗Bi according to 𝑡𝑗 and 𝜖𝑗
𝐜𝑗topo ← encode 𝐬𝑗topo via topological encoder 𝜙topo
𝐜𝑗phy ← encode 𝐬𝑗phy via physical encoder 𝜙phy
𝜖𝑗 ← predict noise via Unet 𝜙unet(𝐱𝑗𝑡 , 𝑡𝑗 , 𝐜𝑗topo, 𝐜𝑗phy)
𝑖 ← compute loss between 𝜖𝑗 and 𝜖𝑗

end 
Update 𝛩 by 𝜕𝑖

𝜕𝛩 ;
end 

end 

5.1. Settings

Our metamaterial dataset contains 249396 samples, each similar to 
that shown in Fig.  2. We train our Topo-GenMeta model with batch size 
configured to 512. For each epoch, 80% of the samples were randomly
selected for training, while the remaining 20% were used for validation. 
We use the Adam optimizer with an initial learning rate of 1e−3, and
reduce the learning rate by 0.1 every 50 epochs. Our network reaches 
stable convergence during training.

To demonstrate the advancement of our method, we compare it 
with the previous VAE-based DDMD (Data-Driven Metamaterials De-
sign) methods [14,15], including VAE-Bi and VAE-SDF. Both methods 
employ VAE to map unit structures into a low-dimensional, continuous 
latent space. The distinction is in the input: binary representation and
SDF representation. Specifically, we use a combination of MSE and KL
divergence as the loss function, with their weights as hyperparameters: 
1 and 1e−3 for VAE-Bi, and 1 and 1e−4 for VAE-SDF. The trained 
decoder is capable of generating unit structures from a Gaussian distri-
bution. For the timing cost, we take approximately 27 h on one Nvidia 
A40 GPU during training process. And generation time for 100 structure 
is approximately 4 s during inference using Nvidia GeForce RTX 4090
(24 GB memory) for diffusion sampling with 100 timesteps.

Algorithm 2: Generating structures via Topo-GenMeta.
Input: Target physical properties: 𝐬𝑗phy; PI latent space:  ; 

Optimal network parameters: 𝛩∗ = {𝛩∗
unet, 𝛩

∗
topo, 𝛩

∗
phy}

𝑥𝑇 ← sample from  (0, 𝐼)
𝐜𝑗topo ← sample from 
for 𝑡 from 𝑇  to 1 do

𝜇,𝛴 ← 𝜙𝑢𝑛𝑒𝑡(𝐱𝑡, 𝑡, 𝐜
𝑗
topo, 𝐬

𝑗
phy;𝛩

∗
unet)

𝐱𝑡−1 ← sample from  (𝜇,𝛴)
end 
return 𝑥0
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Fig. 5. Comparison of generated unit structures. (a) Unit structures generated by a VAE trained on Bi-Rep dataset (top two rows) and SDF-Rep dataset (bottom 
two rows). (b) Unit structures generated by a GAN trained on Bi-Rep dataset (top two rows) and SDF-Rep dataset (bottom two rows). (c) Randomly generated 
unit structures by Topo-GenMeta: without (top two rows) and with (bottom two rows) topological properties. Our method generates structures with not only 
higher quality but also greater diversity.
Fig. 6. The 𝑅2 − score illustrates the disparity between the properties of the unit cells generated by Topo-GenMeta and target properties.
 

 

 

 

 

 

 

 

 

5.2. Performance

Structural quality. Our proposed method, Topo-GenMeta, effec-
tively reconstructs unit structures from the training dataset and gen-
erates novel, high-quality unit structures, capturing even fine details of 
local features, as illustrated in Fig.  5. Our method excels at producing 
unit structures with clearer and more accurate boundaries, rarely re-
sulting in floating materials. The presence of floating material indicates 
potential breakage and discontinuity, signaling that the structure is a
failed and unusable example. Therefore, we quantify the proportion of 
floating material in the structures, denoted as 𝑃FM, as a key metric for 
evaluating the performance of different methods. As shown in Table
1, the structures generated by our method exhibit the highest integrity 
and continuity, with the majority being fully usable.

Property fidelity. To assess the property fidelity of the unit struc-
tures generated by Topo-GenMeta according to specified physical prop-
erties, we conduct the generation process by fixing the target prop-
erties while perturbing the noise and topological features. Specifi-
cally, we randomly select 1000 sets of physical properties from the 
dataset and generate 𝑛 unit structures for each set. Homogenization 
methods [55] are then employed to compute the effective properties 
of these generated structures. We quantify the concordance between 
the target and generated physical properties using the coefficient of 
determination(𝑅2 − score): 

𝑅2 = 1 −

∑𝑁
𝑖=1

‖

‖

‖

𝑦𝑖 − 𝑦′𝑖
‖

‖

‖

2

∑𝑁
𝑖=1

‖

‖

𝑦𝑖 − 𝑦̄𝑖‖‖
2
, (7)

where 𝑦𝑖 denotes the target physical property(𝐶11, 𝐶12, 𝐶22, or 𝐶33), 𝑦′𝑖
represents the actual physical property of the generated unit structures 
and 𝑦̄𝑖 is the mean value of the target physical property. 𝑁 = 1000 ×
𝑛 denotes the total number of generated unit structures across all
property sets. To examine the impact of the number of generated unit 
structures on the metrics, we set 𝑛 = 4 and 𝑛 = 10 respectively in 
our experiments. We observe that the 𝑅2 − score for both 𝑛 = 4 and
𝑛 = 10 is greater than 0.99, achieving high fidelity for each independent 
component of the stiffness matrix. Considering the highly similar results 
for both two cases, we have chosen to only display the results for 𝑛 = 10
to save space, as shown in Fig.  6. This demonstrates that our method 
can effectively generate unit structures with accurate ideal properties.
7 
Diversity. In the denoising phase of our Topo-GenMeta framework, 
we generate a structure by denoising an input Gaussian noise, guided 
by topological and physical properties. We can regard the noise space 
as the geometric feature space, and the latent space encoded by the 
topological encoder 𝜙topo as the topological feature space. Our frame-
work can generate metamaterial unit structures with diverse shapes and
properties by applying different operations in these two feature spaces:

(1) Interpolation in the geometrical feature space. Interpolation is a
common technique in deep generative models to generate data with 
diversity and is also used to evaluate whether the feature space learned 
by the generative model is compact and effective. Given two source 
unit cells 𝐬1 and 𝐬2, we gradually add noise through the forward
process, resulting in two noise data, 𝐱1 and 𝐱2, which are taken as 
geometric feature codes. Subsequently, we decode the feature code 
obtained from spherical linear interpolation, 𝐱′ = sin((1−𝜆)𝜃)

sin 𝜃 𝐱1+
sin(𝜆𝜃)
sin 𝜃 𝐱2, 

where 𝜃 = cos−1(𝐱1 ⋅ 𝐱2) and 𝜆 ∈ [0, 1]. By varying 𝜆, we can obtain 
different interpolated unit structures with various shapes and physical 
properties. In Fig.  7(a), we present an interpolation example between 
two unit structures with low and high volumes, which are similar in 
shape, demonstrating a smooth transition in both shape and physical 
properties. To explore more complex cases, we interpolate between two 
unit cells with significantly different morphologies (Fig.  7(b)), We also 
observe the changes in the interpolation results through the Young’s 
modulus-relative density relationship, as shown in Fig.  8. The results 
demonstrate smooth transitions in both shapes and physical properties 
between two structures.

(2) Joint exploration of the geometric and topological feature spaces. To 
demonstrate that our framework effectively learns the geometric and
topological features of structures from the noise and topological spaces, 
we utilize the noise of one structure as the geometric feature input 
and the topological features (i.e. PI) of another structure as conditional 
guidance. As shown in Fig.  9, the generated structures are similar in 
both shape and topology. Furthermore, we randomly sample noise from
Gaussian noise  (0, 1) to obtain different geometric features while 
using a fixed topological features of a specific structure as conditional 
guidance. As illustrated in Fig.  10, our generative model produces a se-
ries of structures with similar topological features but various geometric 
shapes. Therefore, we can enhance the diversity of generated structures 
by jointly sampling in the geometric and topological feature spaces. Fig. 
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Fig. 7. Our framework can generating diverse unit structures with varying physical properties (illustrated by polar plot of Young’s modulus) through interpolation 
n the geometric feature space.
Fig. 8. We observed relatively smooth interpolation results between two significantly different shapes, both in terms of morphology and properties, with the 
latter reflected by the relationship between Young’s modulus (𝐸) and relative density (𝜌).
 

 

 
 
 

11 shows the unit structures generated under random geometric feature 
input and random topological feature conditions.

Considering both geometric and topological features enables our 
model to produce metamaterial unit structures with more diverse phys-
ical properties. The 1-dimensional topological feature 𝛽1 of a unit 
structure, which is actually the number of holes, can affect properties 
such as volume, mechanical strength, wave characteristics, and biolog-
ical properties. Therefore, we use 𝛽1 as a metric to measure topological 
diversity. Following the work of METASET [26], we utilize the det(𝐋𝑝)
metric to evaluate the diversity in terms of physical properties of the 
generated unit structures. Specifically, we first randomly generate a
set of unit structures and calculate the stiffness matrix 𝐂 for each 
structure. We represent the four independent components of 𝐂 as a
vector 𝐯 = (𝐶 ,𝐶 , 𝐶 , 𝐶 )⊤ to characterize the physical property. 
11 12 22 33

8 
Next, we obtain the Euclidean distance of the physical vectors between 
two structures as 𝑑(𝑖, 𝑗) =

√

(𝐯𝑖 − 𝐯𝑗 )⊤(𝐯𝑖 − 𝐯𝑗 ). After traversing all the 
generated structures, we obtain a matrix 𝐋𝑠 that measures similarity, 
where the matrix element 𝐋𝑖𝑗 = exp(−0.5𝑑(𝑖, 𝑗)2). The diagonal elements 
of 𝐋𝑠 are zero because they correspond to the same structure. As a
result, we define the final similarity matrix as 𝐋𝑝 = 𝐋𝑠+𝐈, where 𝐈 is an
identity matrix. From a mathematical perspective, the determinant of a
matrix reflects the range of its data distribution. Therefore, we calculate 
the det(𝐋𝑝) metric to assess the diversity, with larger values indicating 
higher diversity in terms of physical properties.

Comparison and discussion. The motivation behind our approach 
is that current methods focus solely on the geometric properties of 
structures, whereas incorporating topological features can greatly en-
hance the diversity in the generation of metamaterial unit structures. 
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Fig. 9. A series of unit structures generated by our framework under a fixed geometric feature code and a fixed topological feature code.
Fig. 10. A series of unit structures generated by our framework under random sampling from the geometric feature space and a fixed topological feature code.
Fig. 11. A series of unit structures generated by our framework under jointly random sampling from both the geometric and the topological feature spaces.
We conduct an ablation study on topological features to illustrate this 
point. As shown in Table  1, ‘‘w/o topo’’ indicates that topological 
features are not used as conditional information during the training 
and generation phases of our Topo-GenMeta model. We employ the 
same network architecture as depicted in Fig.  4, but we exclude the 
topological net 𝜙  and the input topological information. It is ev-
topo

9 
ident that topological features significantly enhance the diversity of 
generated structures and also slightly improve their quality.

In our experiments, we produce 1000 unit structures using both our 
approach and the VAE-based methods to compute the det(𝐋𝑝) metric. 
Additionally, we perform the generation process 10 times to acquire the 
average values, as shown in Table  1. Our method achieves the highest 
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Table 1
Quantity comparison. We compare the 𝑃FM and det(𝐋𝑝) metrics across differ-
ent methods to quantitatively evaluate their performance in terms of quality 
and physical property diversity in generated unit structures. We also conduct 
ablation study on topological features, demonstrating that using topological 
features as conditional input can improve the quality and diversity of the 
generated structures.
 Method 𝑃FM ↓ det(𝐋𝑝) ↑(×108) 
 VAE-Bi 37.78% 7.15  
 VAE-SDF 10.65% 8.39  
 GAN-Bi 14.47% 5.13  
 GAN-SDF 8.00% 5.21  
 Ours (w/o topo) 3.10% 3.79  
 Ours (w/ topo) 2.60% 18.72  

Fig. 12. The comparison between the unit structures in the original dataset 
nd the generated unit structures along the 1-dimensional topological quantity 
1, where 𝛽1 represents the number of holes in each structure. Incorporating 
opological properties significantly enhances the shape diversity of the gener-
ted metamaterial structures.

Fig. 13. The distribution comparison between the unit structures in the 
riginal dataset and the generated unit structures along the boundary-to-area 
atios.

diversity metric compared to previous methods. It is worth noting that 
the VAE-Bi and VAE-SDF methods often generate structures with signif-
icant quality issues, as shown in Fig.  5(a). This somewhat contributes 
to a rise in the diversity of physical properties; nevertheless, these 
structures are not practically usable. Similarly, GAN-Bi and GAN-SDF 
10 
also struggle to produce structurally consistent outputs. While GAN-SDF 
achieves a relatively low 𝑃FM score, many of the generated structures 
suffer from ambiguous shapes or blended topologies, as illustrated in 
Fig.  5(b). This ambiguity undermines their practical applicability and
limits the diversity gain. Consequently, the metric in Table  1 is higher 
for VAE-Bi and VAE-SDF than for our framework when topological 
features are excluded. We stress, however, that our model can boost 
structural diversity while maintaining high generation quality.

We calculate the quantity of 𝛽1 for the original dataset and the 
structures generated by our method, both with and without topological 
guidance. As shown in Fig.  12, our method can generate unit struc-
tures with more complex topological features. However, Topo-GenMeta 
without topological guidance produces a distribution similar to the 
original dataset, with fewer and more uniform structures containing 
holes. This strongly demonstrates the effectiveness and significance of 
the topological module in our method. The statistical results presented 
here are derived from randomly selecting 1000 samples from each 
structural dataset.

5.3. The significance of diversity in other applications

It is obvious that the diversity in the shapes of metamaterial unit 
structures can generate structures with more enriched properties, not 
only mechanical properties, but also other applications.

Boundary-to-area ratio. In the biomedical field, structures with 
high surface-to-volume ratios are commonly used as implants. There-
fore, we assess property diversity by the boundary-to-area ratio of the 
unit structures in the 2D case. Specifically, we randomly selected 1000
unit structures from the original dataset and generated an equal number 
of structures with and without topological guidance for comparison. 
Fig.  13 shows the distribution of boundary-to-area ratios by box-plots, 
illustrating that the introduction of topological features markedly in-
creases the diversity of unit structure boundary shapes. This enhance-
ment suggests potential applications in designing cell adhesion growth 
devices or thermal conduction devices.

Wave propagation. Metamaterials can achieve unique wave propa-
gation properties by controlling the dispersion relation. The dispersion 
relation plays a critical role across various applications [60–63]. As 
shown in Fig.  14(a), we conduct numerical simulations using the finite 
element method (FEM) [63] to calculate the dispersion relations of unit 
structures. The obtained dispersion relation is represented as a 10 × 30
eigenfrequency matrix, which is then reduced to three dimensions 
using PCA for visualization. We randomly selected 500 unit structures 
from the original dataset and generated an equal number of structures 
with and without topological guidance. We visualize the dimensionally 
reduced dispersion relation features in a 3D coordinate space, as shown 
in Fig.  14(b–d). The color in (c–d) represents the distance to the nearest 
point in the original dataset (b). It demonstrates that the inclusion of 
topological features significantly enhances the diversity of dispersion 
relations in the generated unit structures.

Negative Poisson’s ratio. Negative Poisson’s ratio property is an
important goal in metamaterial design. Its unconventional mechani-
cal behavior, such as lateral expansion under axial tension, provides 
significant advantages in energy absorption and impact resistance. To 
evaluate the effectiveness of our method in NPR metamaterial design, 
we first construct a sample set, denoted as 𝑆𝑜, comprising unit struc-
tures with negative Poisson’s ratios from the original dataset, along 
with their physical properties and PIs. We then encode these PIs into 
a latent space using the trained topological encoder, as introduced in 
Section 4.2.2. Next, we generate a sample set, denoted as 𝑆𝑔 , using 
the method illustrated in Fig.  11. As shown in Fig.  15, we visualize 
the distribution of 𝑆𝑜 and 𝑆𝑔 in the Young’s modulus-Poisson’s ratio 
space to quantify and analyze the model’s generative capability. Ac-
cording to our statistics, only 0.57% of our training dataset exhibit a
negative Poisson’s ratio. However, by leveraging topological features 
corresponding to unit structures with negative Poisson’s ratio, our 
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Fig. 14. We conduct finite element method to obtain the dispersion relation for a unit structure. Then we perform dimensionality reduction on all relationship 
ectors and visualize their distribution, which indicate the unit structures in the training dataset, structures generated without topology information, and structures 
enerated with topology information, respectively.
 
 

 

 

 

 

 

 

 

Fig. 15. Visualization of Poisson’s ratio values and corresponding Young’s 
odulus scatter plots for negative Poisson’s ratio structures in the training 

dataset. By incorporating topological feature guidance, our method is capable
of generating negative Poisson’s ratio structures with a broader range of
mechanical properties.

method significantly enhances the generation of negative Poisson’s 
ratio structures, as shown in Fig.  15, where the generated samples 
effectively cover and fill the entire distribution. This experiment also 
suggests that structures with the same target properties may share 
certain topological similarities, which inspires future research to further 
clarify their intrinsic relationships.

Note. We want to emphasize that this paper primarily focuses on
proposing a topology-aware framework for generating metamaterial 
unit structures. This framework possesses the ability to create diverse, 
high-quality metamaterial unit structures, which is comprehensively 
demonstrated by the experiments presented above. This capacity is 
crucial for expanding the metamaterial unit library, offering a broader
range of options to suit various application needs, which is indeed the 
main objective of this section. We also clarify that dynamic properties 
are not explicitly modeled in this section, and the results are only 
intended to demonstrate the potential of our framework to generate 
structures with diverse dynamic properties. Although exploring the ex-
act relationships among structure, topology, and properties is certainly 
interesting and significant, it remains a highly challenging task that 
extends beyond the scope of this paper. We will explore this issue 
further in future work.

5.4. Target deformation problem

For a beam with Height = 5 and Width = 20, we aim to achieve 
a specified target deformation under given boundary conditions by de-
signing the internal filling with metamaterial unit structures. Following 
11 
the 2D adaptation of the framework by Wang et al. [64], the topology 
optimization problem is formulated as: 
minimize 𝐼𝑑 = (𝐮 − 𝐮̂)𝑇𝐃(𝐮 − 𝐮̂),
subject to 𝐊(𝐶𝑖)𝐮 = 𝐟 ,

𝛷(𝐶𝑖) ≤ 0, 𝑖 = 1,… , 𝑁𝑒.

(8)

Here, 𝐶𝑖 denotes the four independent components of the elastic tensor 
(𝐶11, 𝐶12, 𝐶22, 𝐶33). 𝐮̂ is the target displacement vector, 𝐃 specifies the 
query nodes of interest. 𝐊 is the global stiffness matrix, 𝐮 is the 
displacement vector, and 𝐟 is the external loads applied to the object. 
The inequality constraint 𝛷 ≤ 0 ensures that the properties of each 
unit structure remain within the range of the data distribution. 𝑁𝑒
denotes the total number of unit cells. The configuration of the design 
problem is given in Fig.  16(a), and the design domain is discretized 
into 100 elements. We fix the left side of the beam and constrain the 
vertical displacement on the right side, then compress the right side to 
a horizontal displacement. In addition, the yellow dashed line indicates 
the target deformation location of interest. To this end, we conducted 
two experiments to fit the deformation in the curves depicted in Fig. 
16(b) and (c). In our implementation, we adopt a heuristic strategy. 
First, the target property of each unit cell is determined by topology 
optimization. Next, we generate multiple unit structures that meet 
the target properties as candidates. Finally, from these candidates, we
select metamaterial structures that guarantee overlap between adjacent 
unit cells for infilling. It should be noted that the effectiveness of this 
heuristic approach is primarily due to the ability of our method to 
generate unit metamaterial structures that are high quality, diverse and
exhibit high property fidelity. The resulting structures generated by our 
method are presented in Fig.  16(d) and (e). After simulation of finite 
elements, the displacement at the bottom of the beam precisely matches 
the design targets, with a mean square error (MSE) of 0.00329 and
0.00003, respectively. To reflect real-world conditions, the simulation 
base material is selected as a flexible material, as shown in Fig.  16(f)
and (g).

6. Conclusion and future work

In this paper, we introduce a novel topology-aware metamate-
rial unit structures generative model, Topo-GenMeta. Our framework 
combines persistent homology techniques with the denoising diffu-
sion probabilistic model, successfully decomposing the geometric and
topological feature space of metamaterial unit structures for learn-
ing. This enables our model to generate metamaterial unit structures 
with various geometric and topological variations. Extensive experi-
mental results demonstrate that the unit structures generated by our 
framework exhibit superior performance in both quality and diversity. 
Furthermore, our model has also been verified to be effectively ap-
plicable to the design of multi-scale structures. Our model is capable 
of producing numerous high-quality metamaterial unit structures with 
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Fig. 16. Application of the Topo-GenMeta framework to design multi-scale structures to achieve target deformation.
 

 

 

 
 

 

 

 

 

 

 

 

 

 

diverse properties, which effectively expands existing metamaterial 
library and act as a standard for future studies in this domain.

To further enhance the practicality of our approach, we aim to
extend Topo-GenMeta to 3D metamaterials. Several key challenges 
require further investigation. First, generating voxel-based 3D unit 
structure datasets entails substantial computational time and memory 
consumption. Future research could focus on optimizing the trade-
off between dataset scale and construction cost. Second, while dif-
fusion models outperform other generative approaches in producing 
high-quality unit structures, their training remains computationally 
intensive. Given the significantly higher complexity of 3D scenarios 
compared to 2D, developing more efficient generative models is a
critical direction for future work.
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